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Abstract. We study the initial-boundary value problems and the corresponding sta-

tionary problems of the one-dimensional discrete Boltzmann equation in a bounded

region. The boundary conditions considered are of mixed type and involve both the

reflection and di¤usion parts. It is shown that a unique solution to the initial-boundary

value problem exists globally in time under the general situation that the reflection parts

of both the boundary conditions do not increase the number of gas particles. Fur-

thermore, it is proved that stationary solutions exist under the restriction that the re-

flection part of the boundary condition on one side really decreases the number of gas

particles. This restriction plays an essential role in proving the existence result.

1. Introduction.

This paper is concerned with the study of the global existence and uniqueness

of solutions to the initial-boundary value problems for the one-dimensional discrete

Boltzmann equation in a bounded region 0 < x < 1, and also of the existence of

solutions to the corresponding stationary problems.

We consider the following initial-boundary value problem for the one-dimensional

discrete Boltzmann equation in the region 0 < x < 1:

qF

qt
þ V

qF

qx
¼ AðF Þ; 0 < x < 1; t > 0; ð1:1Þ1

Fðx; 0Þ ¼ F0ðxÞ; 0 < x < 1; ð1:1Þ2

Fþð0; tÞ ¼ BþF ÿð0; tÞ þ bþðtÞ; t > 0; ð1:1Þ3

F ÿð1; tÞ ¼ BÿFþð1; tÞ þ bÿðtÞ; t > 0; ð1:1Þ4
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Here each Fi ¼ Fiðx; tÞ denotes the mass density of gas particles with the (constant) i-th

velocity at time t and position x, vi is the x-component of the i-th velocity, and AiðFÞ is

a collision term given explicitly as
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AiðF Þ ¼
1

ci

X

jkl

ðA ij
klFkFl ÿ Akl

ij FiFjÞ; ð1:2Þ

where the summation is taken over all j; k; l ¼ 1; . . . ;m; ci is a positive constant and A
ij
kl

are nonnegative constants. Let L ¼ f1; . . . ;mg and put

Lþ ¼ fi A L; vi > 0g; Lÿ ¼ fi A L; vi < 0g; L0 ¼ fi A L; vi ¼ 0g: ð1:3Þ

Then FG ¼ ðFiÞi ALG
, BG ¼ ðBijÞi ALG; j A LH

with Bij being nonnegative constants, and

bG ¼ ðbiÞi ALG
with bi ¼ biðtÞ being nonnegative functions. In what follows, without

loss of generality, we may assume that

Lþ ¼ f1; . . . ;mþg; Lÿ ¼ fmþ þ 1; . . . ;mþ þmÿg; L0 ¼ fmþ þmÿ þ 1; . . . ;mg

and put m 0 ¼ mþ þmÿ and m ¼ mþ þmÿ þm0. Also, we put L
0 ¼ Lþ ULÿ and

B ¼
O Bþ

Bÿ O

� �

; b ¼
bþ

bÿ

� �

; F 0 ¼
F þ

F ÿ

� �

: ð1:4Þ

Throughout the paper we assume the following conditions (A) and (B) for the problem

(1.1):

(A) The A
ij
kl are nonnegative constants satisfying

(A1) A
ji
kl ¼ A

ij
kl ¼ A

ij
lk for any i; j; k; l A L;

ðA2Þ A
ij
kl ¼ Akl

ij for any i; j; k; l A L;

ðA3Þ vi þ vj ÿ vk ÿ vl ¼ 0 for any i; j; k; l A L such that A ij
kl 0 0:

(B) The Bij are nonnegative constants such that

ðc1v1; . . . ; cm 0vm 0Þ
Bþ

I

� �

UO; ðc1v1; . . . ; cm 0vm 0Þ
I

Bÿ

� �

VO:

Here, for a k � n matrix A, AVO (resp. A > O) means that every element of A is

nonnegative (resp. strictly positive). AVB and A > B are defined similarly. We note

that ðA1Þ represents the indistinguishability of gas particles, ðA2Þ the reversibility of

collisions, and ðA3Þ the conservation of momentum (in the x-direction) in the collision

process (or, in other words, v ¼ ðviÞi AL is a collision invariant). The inequalities in (B)

are rewritten as

cjvj þ
X

i ALþ

civiBijU 0 for any j A Lÿ; ð1:5Þ1

cjvj þ
X

i ALÿ

civiBijV 0 for any j A Lþ: ð1:5Þ2

These inequalities imply that the reflection parts of the boundary conditions ð1:1Þ3 and

ð1:1Þ4 do not increase the number of gas particles.
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The stationary problem corresponding to the above problem (1.1) is

V
dF

dx
¼ AðFÞ; 0 < x < 1; ð1:6Þ1

Fþð0Þ ¼ BþFÿð0Þ þ bþ; ð1:6Þ2

F ÿð1Þ ¼ BÿFþð1Þ þ bÿ: ð1:6Þ3

8

>

>

>

<

>

>

>

:

ð1:6Þ

For this stationary problem we assume, in addition to (A), the following condition that

is stronger than (B).

ðc1v1; . . . ; cm 0vm 0Þ
Bþ

I

� �

< O; ðc1v1; . . . ; cm 0vm 0Þ
I

Bÿ

� �

VO:ðB 0Þ

The case where

ðc1v1; . . . ; cm 0vm 0Þ
Bþ

I

� �

UO; ðc1v1; . . . ; cm 0vm 0Þ
I

Bÿ

� �

> O

hold can be treated similarly. We note that the first inequality in (B 0) implies that the

reflection part of ð1:6Þ2 really decreases the number of gas particles. We also impose

the following technical condition that is introduced in [10].

(C) There exists a mapping p, which is a Cy-mapping from ð0;yÞm
0

to ð0;yÞm0

and is a C0-mapping from ½0;yÞm
0

to ½0;yÞm0 , such that F 0 ¼ pðF 0Þ satisfies

AiðF Þ ¼ 0 for any i A L0.

Here F 0 ¼ ðFiÞi AL0
. This condition ensures the solvability of AiðFÞ ¼ 0; i A L0; w.r.t.

F 0.

The initial-boundary value problems for the one-dimensional discrete Boltzmann

equation in a bounded region were discussed in [8], [9] when the boundary condition is

given by

Fþð0; tÞ ¼ bþð> 0Þ; Fÿð1; tÞ ¼ bÿð> 0Þ

or

Fþð0; tÞ ¼ bþð> 0Þ; Fÿð1; tÞ ¼ BÿFþð1; tÞ

or
Fþð0; tÞ ¼ BþFÿð0; tÞ; Fÿð1; tÞ ¼ BÿFþð1; tÞ:

It is proved that for any case of these boundary conditions the corresponding problem

admits a unique global solution ([8], [9]). Similar global existence results are known

also for the half-space problems ([9]). The stationary problems are studied by Cer-

cignani, Illner, Shinbrot [3]. They proved the existence of stationary solutions in the

region 0 < x < 1 when the boundary condition is given by

Fþð0Þ ¼ bþð> 0Þ; Fÿð1Þ ¼ bÿð> 0Þ

or

Fþð0Þ ¼ bþð> 0Þ; Fÿð1Þ ¼ BÿFþð1Þ:
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They proved the result under the assumption that L0 is an empty set but this technical

assumption was removed by Kawashima [10]. In this paper we study the case where

the boundary condition is in a general form. Our boundary conditions are of mixed

type and involve both the reflection and di¤usion parts. We prove the global existence

and uniqueness of solutions to the initial-boundary value problem (1.1) in the general

situation that the reflection parts of both the boundary conditions do not increase the

number of gas particles (B). This is an improvement on the results in [8], [9] and the

precise statement is given in Theorem 2.1. On the other hand, for the stationary

problem (1.6), we prove the existence (without uniqueness) of solutions under the

restriction that the reflection part of the boundary condition on one side really decreases

the number of gas particles (B 0). This is a generalization of the results in [3], [10] and is

stated in Theorem 2.2.

The contents of this paper are as follows. In section 2, we state our main theo-

rems. In section 3, we prove the global existence and uniqueness of solutions to the

problem (1.1) by a combination of the local existence result and the a priori esti-

mates. Our a priori estimates are derived essentially in the same way as in [8], [9] and

are based on the conservation equations and the Boltzmann H-theorem. In section 4,

we show the existence of solutions to the stationary problem (1.6) by applying the fixed

point theorem of the Leray-Schauder type. The proof is similar to the one in [10] but a

new technical consideration is needed in solving the linearized stationary problem.

Notations. For a nonnegative integer k and a region W, we denote by C kðWÞ the

space of k-times continuously di¤erentiable functions on W. We denote by 1k;n the

k � n matrix whose entries are all equal to one, i.e., 1k;n ¼

1 . . . 1

.

.

.

.

.

.

.

.

.

1 . . . 1

0

B

@

1

C

A
. We use the

abbreviation 1k ¼ 1k;1: Let f ¼ ð fiÞ be an n - vector and let A ¼ ðaijÞ be a k � n

matrix. We put

j f j ¼ max
i

j fij; jAj ¼ max
f00

jAf j

j f j
:

Note that when AVO, we have jAj ¼ jA1nj ¼ maxi
P

j aij .

Acknowledgement. The author would like to thank Prof. Shuichi Kawashima for

his suggestion and encouragement.

2. Main results.

First we formulate the compatibility conditions up to order one for the initial-

boundary value problem (1.1). The said conditions are

Fþ
0 ð0Þ ¼ BþFÿ

0 ð0Þ þ bþð0Þ; Fÿ
0 ð1Þ ¼ BÿFþ

0 ð1Þ þ bÿð0Þ; ð2:1Þ1

Fþ
1 ð0Þ ¼ BþFÿ

1 ð0Þ þ
dbþ

dt
ð0Þ; Fÿ

1 ð1Þ ¼ BÿFþ
1 ð1Þ þ

dbÿ

dt
ð0Þ; ð2:1Þ2

where
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F G

1 ¼ ÿV G
dF G

0

dx
þ AG ðF0Þ;

where V G ¼ diagðviÞi ALG
, and AG ðF Þ ¼ ðAiðFÞÞi ALG

. The initial-boundary value

problem (1.1) is then solved globally in time as follows.

Theorem 2.1. We assume (A) and (B). Suppose that F0 A C 1½0; 1� and F0ðxÞ > O

for x A ½0; 1� and that b A C1½0;yÞ and bðtÞVO,

B1m 0 þ bðtÞ > O ð2:2Þ

for t A ½0;yÞ, where B and bðtÞ are given in (1.4). Moreover, we assume the com-

patibility conditions (2.1). Then the problem (1.1) has a unique global solution F ¼

ðFiÞi AL satisfying F A C1ð½0; 1� � ½0;yÞÞ and F ðx; tÞ > O for ðx; tÞ A ½0; 1� � ½0;yÞ.

Next, we state an existence theorem for the stationary problem (1.6), which is as

follows.

Theorem 2.2. We assume (A), ðB 0Þ and (C ). Suppose that bVO and

ðI ÿ BÞÿ1
b > O: ð2:3Þ

Then the stationary problem (1.6) has a solution F ¼ ðFiÞi AL satisfying F A Cy½0; 1� and

F ðxÞ > O for x A ½0; 1�.

Remark 2.1. That the matrix I ÿ B is invertible follows from ðB 0Þ. In fact, when

ðB 0Þ is assumed, the absolute value of any eigenvalue of B is strictly less than 1, which

will be proved in Lemma 4.2.

Remark 2.2. Let bVO. Then the condition (2.3) implies B1m 0 þ b > O so that

(2.3) is stronger than (2.2).

In the proof of Theorems 2.1 and 2.2 we make use of several basis properties in

discrete kinetic theory. Here we review these properties (see [2], [5], [7]). Let AiðF ;GÞ

be the bilinear form associated with the collision term AiðFÞ in (1.2), that is,

AiðF ;GÞ ¼
1

2ci

X

jkl

fA ij
klðFkGl þ FlGkÞ ÿ Akl

ij ðFiGj þ FjGiÞg; i A L:

Put AðF ;GÞ ¼ ðAiðF ;GÞÞi AL. Then AðF ;FÞ ¼ AðFÞ. We denote by M0 the space of

collision invariants; M0 consists of vectors f ¼ ðfiÞi AL A R
m satisfying

fi þ fj ÿ fk ÿ fl ¼ 0 for any i; j; k; l A L such that A ij
kl 0 0:

Note that 1m and v1 ðviÞi AL belong to M0, which is a consequence of (A3).

The following lemma is due to [5], [7].

Lemma 2.3. We assume (A). Then the following three conditions are equivalent to

each other.

(i) f ¼ ðfiÞi AL A M0.
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(ii) hf; IcAðF ;GÞi ¼ 0 for all F ;G A R
m.

(iii) hf; IcAðF Þi ¼ 0 for all F A R
m.

Here Ic ¼ diagðciÞi AL and h ; i denotes the standard inner product of R
m.

3. Global solutions.

In this section, we prove Theorem 2.1 by showing a local existence theorem

(Proposition 3.8) and the a priori Ly-estimates (Proposition 3.7) to the problem (1.1).

3.1. Entropy estimates and L
1-estimates on characteristics.

We first note that, since 1m and v ¼ ðviÞi AL are collision invariants, by virtue of

Lemma 2.3, we have the conservation equations:

q

qt

X

i

ciFi

 !

þ
q

qx

X

i

civiFi

 !

¼ 0; ð3:1Þ

q

qt

X

i

civiFi

 !

þ
q

qx

X

i

civi
2Fi

 !

¼ 0: ð3:2Þ

Making use of these conservation equations, we have the following L1-estimates.

Lemma 3.1. We assume (A) and (B). Let T > 0 and let F ¼ ðFiÞi AL be a solution

to the problem ð1:1Þ such that F A C1ð½0; 1� � ½0;T �Þ and Fðx; tÞ > O for ðx; tÞ A ½0; 1��

½0;T �. Then we have

ð1

0

jFðx; tÞj dxþ

ð t

0

jF 0ð0; tÞj dtþ

ð t

0

jF 0ð1; tÞj dt

UC1ð1þ TÞ

ð t

0

jbðtÞj dtþ

ð1

0

jF0ðxÞj dx

� �

; t A ½0;T �; ð3:3Þ

where C1 is a positive constant independent of T.

Proof. Put

I1ðtÞ ¼

ð t

0

jbðtÞj dtþ

ð 1

0

jF0ðxÞj dx: ð3:4Þ

We integrate (3.1) over ½0; 1� � ½0; t� and use the boundary conditions ð1:1Þ3 and ð1:1Þ4,

obtaining

ð1

0

X

i

ciFiðx; tÞ dxþ

ð t

0

X

j ALÿ

cjjvj j ÿ
X

i ALþ

civiBij

 !

Fjð0; tÞ dt

þ

ð t

0

X

j ALþ

ðcjvj ÿ
X

i ALÿ

cijvijBijÞFjð1; tÞ dt

¼

ð t

0

X

i AL 0

cijvijbiðtÞ dtþ

ð1

0

X

i

ciFi0ðxÞ dx:
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Since the second and third terms on the left hand side are nonnegative by (1.5), we

have

ð1

0

jF ðx; tÞj dxUCI1ðtÞ; ð3:5Þ

where and what follows C denotes a positive constant. Next, we choose a function

wðxÞ A Cy
0 ðRÞ such that

wðxÞ ¼
1 jxjU

1

3

� �

0 ðjxjV 1Þ,

8

>

<

>

:

and multiply (3.2) by wðxÞ. This yields

q

qt
w
X

i

civiFi

 !

þ
q

qx
w
X

i

civ
2
i Fi

 !

¼
qw

qx

X

i

civ
2
i Fi: ð3:6Þ

Integrating (3.6) over ½0; 1� � ½0; t� gives

ð t

0

jF 0ð0; tÞj dtUC

ð 1

0

jF0ðxÞj dxþ

ð1

0

jFðx; tÞj dxþ

ð t

0

ð1

0

jF ðx; tÞj dxdt

� �

UCð1þ TÞI1ðtÞ; ð3:7Þ

where we used (3.5). Furthermore, integrating (3.2) over ½0; 1� � ½0; t� and using (3.5)

and (3.7), we obtain

ð t

0

jF 0ð1; tÞj dtUC

ð1

0

jF0ðxÞj dxþ

ð1

0

jF ðx; tÞj dxþ

ð t

0

jF 0ð0; tÞj dt

� �

UCð1þ TÞI1ðtÞ: ð3:8Þ

Thus we have shown the desired estimate (3.3). This completes the proof. r

Secondly, we derive the entropy estimates associated with the Boltzmann H-

function. We multiply the i-th equation of ð1:1Þ1 by cið1þ logFiÞ and take the sum

over i A L. Then, using (A1) and (A2), we obtain the equation for the Boltzmann

H-function:

q

qt

X

i

ciFi logFi

 !

þ
q

qx

X

i

civiFi logFi

 !

¼ ÿ
1

4

X

i; j;k; l

A
ij
klðFiFj ÿ FkFlÞ log

FiFj

FkFl

� �

U 0: ð3:9Þ

Making use of this inequality, we have the following entropy estimates.
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Lemma 3.2. Under the same condition of Lemma 3.1 we have

ð1

0

max
i AL

Fiðx; tÞj logFiðx; tÞj dx

UC2ð1þ TÞ2
�
ð t

0

jbðtÞj j log bðtÞj dt

þ

ð1

0

jF0ðxÞj j logF0ðxÞj dxþ 1

�

; t A ½0;T �; ð3:10Þ

where C2 is a positive constant independent of T.

Proof. Put

I2ðtÞ ¼

ð t

0

jbðtÞj j log bðtÞj dtþ

ð1

0

jF0ðxÞj j logF0ðxÞj dxþ 1: ð3:11Þ

Because of the inequality f U f j log f j þ 1 for f > 0 we see that I1ðtÞU ð1þ TÞI2ðtÞ,

where I1ðtÞ is given by (3.4). We now integrate (3.9) over ½0; 1� � ½0; t�, obtaining

ð1

0

X

i

cigðFiðx; tÞÞ dxþ

ð t

0

X

i

civigðFið1; tÞÞ dtÿ

ð t

0

X

i

civigðFið0; tÞÞ dt

U

ð1

0

X

i

cigðFi0ðxÞÞ dx; ð3:12Þ

where we put gð f Þ ¼ f log f ; gð f Þ is a strictly convex function of f > 0. We estimate

the second and third terms on the left hand side of (3.12). To this end, we put ai ¼
P

j ALÿ
Bij þ 1 for i A Lþ. This implies that

1

ai

X

j ALÿ

Bij þ
1

ai
¼ 1; i A Lþ:

Now, applying the relation gða f Þ ¼ agð f Þ þ gðaÞ f and making use of the convexity of

gð f Þ, we see that

X

i ALþ

civigðFið0; tÞÞ ¼
X

i ALþ

civi aig
1

ai
Fið0; tÞ

� �

þ gðaiÞ �
1

ai
Fið0; tÞ

� �

¼
X

i ALþ

civi aig
1

ai

X

j ALÿ

BijFjð0; tÞ þ
1

ai
biðtÞ

 !

þ gðaiÞ �
1

ai
Fið0; tÞ

( )

U

X

i ALþ

civi
X

j ALÿ

Bij � gðFjð0; tÞÞ þ gðbiðtÞÞ þ j log aijFið0; tÞ

( )

;

where we used ð1:1Þ3. By virtue of this inequality, we find that
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X

i

civigðFið0; tÞÞU
X

j ALÿ

cjvj þ
X

i ALþ

civiBij

 !

gðFjð0; tÞÞ

þ
X

i ALþ

civigðbiðtÞÞ þ
X

i ALþ

civij log aijFið0; tÞ

UCð1þ jbþðtÞj j log bþðtÞj þ jFþð0; tÞjÞ; ð3:13Þ

where we used ð1:5Þ1 and gð f ÞVÿ 1=e. Similarly,

ÿ
X

i

civigðFið1; tÞÞUCð1þ jbÿðtÞj j log bÿðtÞj þ jF ÿð1; tÞjÞ: ð3:14Þ

Substituting (3.13) and (3.14) into (3.12) gives

ð1

0

X

i

ciFiðx; tÞlogFiðx; tÞ dxUCð1þ TÞðI1ðtÞ þ I2ðtÞÞ; ð3:15Þ

where we used (3.7) and (3.8). Since f j log f jU gð f Þ þ 2=e, we have from (3.15) that

ð1

0

max
i AL

Fiðx; tÞj logFiðx; tÞj dxUCð1þ TÞðI1ðtÞ þ I2ðtÞÞ;

which together with I1ðtÞU ð1þ TÞI2ðtÞ gives the desired estimate (3.10). This com-

pletes the proof. r

Thirdly, we make a preparation for showing the L1-estimates on the characteristics.

Let us fix constants V0 and h0 such that maxijvij < V0 and 2V0h0 ¼ 1. Letting t0V 0

and 0 < hU h0, we consider the rectangle

W ¼ ½0; 1� � ½t0; t0 þ h�

contained in ½0; 1� � ½0;T �. Let ðx1; t1Þ be an arbitrary point in W, and consider the

straight lines lG with the slope GV0, respectively, which pass through the point ðx1; t1Þ,

that is, lG : x ¼ GV0ðtÿ t1Þ þ x1. Let ð0; t�Þ be the intersection of lþ and x ¼ 0, and

let ð1; t��Þ be the intersection of lÿ and x ¼ 1. Then we have the following L1-estimates

on lG.

Lemma 3.3. Under the same condition of Lemma 3.1 we have:

(1) In case when t� > t0,

ð t1

t�

jFðV0ðtÿ t1Þ þ x1; tÞj dt

þ

ð t1

t0

jF ðÿV0ðtÿ t1Þ þ x1; tÞj dtþ

ð t�

t0

jF 0ð0; tÞj dt

UC

ð t�

t0

jbþðtÞj dtþ

ðÿV0ðt0ÿt1Þþx1

0

jFðx; t0Þj dx

 !

: ð3:16Þ1
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(2) In case when t�� > t0,

ð t1

t0

jFðV0ðtÿ t1Þ þ x1; tÞj dt

þ

ð t1

t��

jF ðÿV0ðtÿ t1Þ þ x1; tÞj dtþ

ð t��

t0

jF 0ð1; tÞj dt

UC

ð t��

t0

jbÿðtÞj dtþ

ð1

V0ðt0ÿt1Þþx1

jF ðx; t0Þj dx

 !

: ð3:16Þ2

(3) In case when t�U t0 and t��U t0,

ð t1

t0

jF ðV0ðtÿ t1Þ þ x1; tÞj dtþ

ð t1

t0

jFðÿV0ðtÿ t1Þ þ x1; tÞj dt

UC

ðÿV0ðt0ÿt1Þþx1

V0ðt0ÿt1Þþx1

jF ðx; t0Þj dx

 !

: ð3:16Þ3

Proof. We prove the estimates only in the case (1) because the other cases can

be treated similarly. First we apply the Green formula to (3.1) over the trapezium

bounded by lþ, lÿ, x ¼ 0 and t ¼ t0, and then use the boundary condition ð1:1Þ3,

obtaining

ð t1

t�

X

i

ciðV0 ÿ viÞFiðV0ðtÿ t1Þ þ x1; tÞ dt

þ

ð t1

t0

X

i

ciðV0 þ viÞFiðÿV0ðtÿ t1Þ þ x1; tÞ dt

þ

ð t�

t0

X

j ALÿ

cjjvjj ÿ
X

i ALþ

civiBij

 !

Fjð0; tÞ dtÿ

ð t�

t0

X

i ALþ

civibiðtÞ dt

¼

ðÿV0ðt0ÿt1Þþx1

0

X

i

ciFiðx; t0Þ dx:

Since the third term on the left hand side is nonnegative by ð1:5Þ1, we have

ð t1

t�

jF ðV0ðtÿ t1Þ þ x1; tÞj dtþ

ð t1

t0

jFðÿV0ðtÿ t1Þ þ x1; tÞj dt

UC

ð t�

t0

jbþðtÞj dtþ

ðÿV0ðt0ÿt1Þþx1

0

jF ðx; t0Þj dx

 !

: ð3:17Þ

Next, we apply the Green formula to (3.2) over the same trapezium used above. This

yields
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ð t1

t�

X

i

ciðV0 ÿ viÞviFiðV0ðtÿ t1Þ þ x1; tÞ dt

þ

ð t1

t0

X

i

ciðV0 þ viÞviFiðÿV0ðtÿ t1Þ þ x1; tÞ dt

¼

ð t�

t0

X

i

civ
2
i Fið0; tÞ dtþ

ðÿV0ðt0ÿt1Þþx1

0

X

i

civiFiðx; t0Þ dx:

This equality together with (3.17) shows that

ð t�

t0

jF 0ð0; tÞj dtUC

ð t�

t0

jbþðtÞj dtþ

ðÿV0ðt0ÿt1Þþx1

0

jFðx; t0Þj dx

 !

: ð3:18Þ

Therefore the proof of Lemma 3.3 is complete. r

Finally in this subsection we derive the L1-estimates on the characteristics. Let

a A L be arbitrary. We consider the va-characteristics la which pases through the point

ðx1; t1Þ, that is, la : x ¼ vaðtÿ t1Þ þ x1. When va 0 0, we denote by ð0; ta�Þ the inter-

section of la and x ¼ 0, and by ð1; ta��Þ the intersection of la and x ¼ 1. We define ta

by

ta ¼

maxðta�; t0Þ ðva > 0Þ

maxðta��; t0Þ ðva < 0Þ

t0 ðva ¼ 0Þ:

8

>

>

<

>

>

:

We use the following equation

q

qt

X

i

ciðva ÿ viÞFi

 !

þ
q

qx

X

i

ciðva ÿ viÞviFi

 !

¼ 0; ð3:19Þ

that is obtained by subtracting (3.2) from va times (3.1).

Lemma 3.4. Assume the same condition of Lemma 3.1. For any a A L, we put La ¼

fi A L; vi ¼ vag: Then we have:

(1) In case when t� > t0,

ð t1

ta

X

i BLa

Fiðvaðtÿ t1Þ þ x1; tÞ dt

UC

ð t�

t0

jbþðtÞj dtþ

ðÿV0ðt0ÿt1Þþx1

0

jF ðx; t0Þj dx

 !

: ð3:20Þ1

(2) In case when t�� > t0,

ð t1

ta

X

i BLa

Fiðvaðtÿ t1Þ þ x1; tÞ dt

UC

ð t��

t0

jbÿðtÞj dtþ

ð1

V0ðt0ÿt1Þþx1

jF ðx; t0Þj dx

 !

: ð3:20Þ2
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(3) In case when t�U t0 and t��U t0,

ð

t1

t0

X

i BLa

Fiðvaðtÿ t1Þ þ x1; tÞ dt

UC

ðÿV0ðt0ÿt1Þþx1

V0ðt0ÿt1Þþx1

jFðx; t0Þj dx

 !

: ð3:20Þ3

Proof. We show the estimates only in the case (1). First we consider the case

where vaðt0 ÿ t1Þ þ x1 < 0. Notice that va > 0 and t� > ta ¼ ta� > t0 in this case. We

apply the Green formula to (3.19) over the trapezium defined by la, lÿ, x ¼ 0 and t ¼ t0,

obtaining

ð

t1

ta�

X

i

ciðva ÿ viÞ
2
Fiðvaðtÿ t1Þ þ x1; tÞ dt

þ

ð

t1

t0

X

i

ciðva ÿ viÞðV0 þ viÞFiðÿV0ðtÿ t1Þ þ x1; tÞ dt

¼

ð

ta�

t0

X

i

ciðva ÿ viÞFið0; tÞ dt

þ

ðÿV0ðt0ÿt1Þþx1

0

X

i

ciðva ÿ viÞFiðx; t0Þ dx:

This together with ð3:16Þ1 gives the desired estimates ð3:20Þ1. Next, we consider the

case where vaðt0 ÿ t1Þ þ x1 > 0. Note that ta ¼ t0 < t� in this case. We again apply

the Green formula to (3.19) over the triangle defined by la, lÿ and t ¼ t0. Then we have

ð

t1

t0

X

i

ciðva ÿ viÞ
2
Fiðvaðtÿ t1Þ þ x1; tÞ dt

þ

ð

t1

t0

X

i

ciðva ÿ viÞðV0 þ viÞFiðÿV0ðtÿ t1Þ þ x1; tÞ dt

¼

ðÿV0ðt0ÿt1Þþx1

vaðt0ÿt1Þþx1

X

i

ciðva ÿ viÞFiðx; t0Þ dx;

which together with ð3:16Þ1 gives ð3:20Þ1. Therefore the proof of Lemma 3.4 is

complete. r

3.2. L
y
-estimates.

We want to show the a priori Ly-estimates. We define

EðtÞ ¼ sup
0UxU1;0UtUt

jF ðx; tÞj: ð3:21Þ

For the data F0ðxÞ and bðtÞ, we put
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DðtÞ ¼ E0 þ B0ðtÞ; ð3:22Þ

E0 ¼ sup
0UxU1

jF0ðxÞj; B0ðtÞ ¼ sup
0UtUt

jbðtÞj: ð3:23Þ

First, we drive a di¤erence inequality for EðtÞ.

Lemma 3.5. We assume the same condition of Lemma 3.1. Then, for any 0 < hU

h0 and tV 0 with tþ hUT , we have

Eðtþ hÞUC3½EðtÞ þ B0ðtþ hÞ þ Eðtþ hÞfMðt; 2V0hÞ þ hB0ðtþ hÞg�; ð3:24Þ

where C3 > 1 is a constant independent of T and h. Here we put

Mðt; rÞ ¼ sup
jJjUr

ð

J

jFðx; tÞj dx; ð3:25Þ

where the supremum is taken over all the interval JH ½0; 1� with the length jJjU r.

Proof. We multiply the i-th equation of ð1:1Þ1 by ci and add the resulting equation

over i A La. This yields

q ~FF a

qt
þ va

q ~FF a

qx
¼ ~AAaðFÞ; ð3:26Þ

where

~FF aðx; tÞ ¼
X

i ALa

ciFiðx; tÞ; ~AAaðF Þ ¼
X

i ALa

X

k BLa

X

j; l

A
ij
klðFkFl ÿ FiFjÞ:

Note that ~AAaðFÞ does not contain the summation over k A La. We consider the

va-characteristics la : x ¼ xaðtÞ1 vaðtÿ t1Þ þ x1. Here we only discuss the case where

va > 0 and t0 < ta� < t1. We integrate (3.26) along the characteristics la to obtain

~FF aðx1; t1Þ ¼ ~FF að0; ta�Þ þ

ð t1

ta�

~AAaðFÞðxaðtÞ; tÞ dt: ð3:27Þ

From the boundary condition ð1:1Þ3 we have

~FF að0; ta�Þ ¼
X

i ALa

ci
X

j ALÿ

BijFjð0; ta�Þ þ biðta�Þ

 !

: ð3:28Þ

Let vb < 0 and l �ab be the vb-characteristics passing through the point ð0; ta�Þ, that

is, l �ab : x ¼ xabðtÞ1 vbðtÿ ta�Þ. Noting that 0 < xabðt0Þ < 1, we integrate (3.26) with a

replaced by b along l �ab to obtain

~FF bð0; ta�Þ ¼ ~FF bðxabðt0Þ; t0Þ þ

ð ta�

t0

~AAbðFÞðxabðtÞ; tÞ dt: ð3:29Þ

Now, estimating each term in (3.27), (3.28) and (3.29), we see that

Discrete Boltzmann equation 769



~FF aðx1; t1Þ

UCðEðt0Þ þ B0ðt0 þ hÞÞ þ CEðt0 þ hÞ

�

ð t1

ta�

X

k BLa

FkðxaðtÞ; tÞ dtþ
X

b ALÿ

ð ta�

t0

X

k BLb

FkðxabðtÞ; tÞ dt

8

<

:

9

=

;

: ð3:30Þ

On the other hand, it follows from Lemma 3.4 that both the integrals in (3.30) are

majorized by

C

ð t�

t0

jbþðtÞj dtþ

ðÿV0ðt0ÿt1Þþx1

0

jFðx; t0Þj dx

 !

UCfMðt0; 2V0hÞ þ hB0ðt0 þ hÞg:

Substituting this estimate into (3.30), we arrive at the desired di¤erence inequality (3.24).

Thus we have proved Lemma 3.5. r

The following lemma concerning the estimate for Mðt; rÞ in (3.25) is well known so

that the proof is omitted (see [1], [12], for example).

Lemma 3.6. Under the same condition of Lemma 3.1 there exists a continuous

function dðrÞ > 0 of r A ð0; 1� with the property that dðrÞ ! 0 as r ! 0, such that

Mðt; rÞU dðrÞ �MðtÞ; t A ½0;T �; ð3:31Þ

where

MðtÞ ¼

ð1

0

max
i AL

Fiðx; tÞj logFiðx; tÞj dxþ 1: ð3:32Þ

The estimate (3.31) is crucial in solving the di¤erence inequality (3.24). In fact,

making use of (3.31) together with the entropy estimate (3.10), we can solve (3.24),

obtaining the following a priori Ly-estimate.

Proposition 3.7. Assume the same condition of Lemma 3.1. Then there exists a

constant KðTÞ depending only on T, E0 and B0ðTÞ such that

EðTÞUKðTÞ: ð3:33Þ

Proof. We have from (3.10) that

MðtÞUC2ð1þ TÞ2I2ðTÞ þ 1UCð1þ TÞ3ðDðTÞj logDðTÞj þ 1Þ;

where DðTÞ is given by (3.22). Substituting (3.31) together with the above estimate into

(3.24), we obtain

Eðtþ hÞUC3ðEðtÞ þ B0ðTÞÞ þ Eðtþ hÞK0ðTÞðdð2V0hÞ þ hÞ;

where K0ðTÞ ¼ Cð1þ TÞ3ðDðTÞj logDðTÞj þ 1Þ with a suitable constant C independent

of T. Now we take h ¼ hðTÞ with 0 < hU h0, such that K0ðTÞðdð2V0hÞ þ hÞU 1=2.

For this choice of h, we have

Eðtþ hÞU 2C3ðEðtÞ þ B0ðTÞÞ:
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Solving this simplified di¤erence inequality, we obtain

EðtÞU ð2C3Þ
1þT=hðE0 þ 2B0ðTÞÞ; t A ½0;T �:

This completes the proof of Proposition 3.7. r

3.3. Proof of Theorem 2.1.

We need to show a suitable local existence result, which is as follows.

Proposition 3.8. We assume the same condition of Theorem 2.1. Let h0 be a

positive constant determined in subsection 3.1. Then there exist positive constants T0U h0
and K0, which depend only on E0 and B0ðh0Þ, such that the problem (1.1) admits a unique

solution F ¼ ðFiÞi AL satisfying F A C 1ð½0; 1� � ½0;T0�Þ, F ðx; tÞ > O for ðx; tÞ A ½0; 1��

½0;T0�, and

EðT0ÞUK0: ð3:34Þ

Proof. We give an outline of the proof. For a positive number n, we introduce a

new unknown function f ¼ ð fiÞi AL by fi ¼ Fi expðntÞ and transform the problem ð1:1Þ

into

q f

qt
þ V

q f

qx
¼ n f þ eÿntAð f Þ; 0 < x < 1; t > 0; ð3:35Þ1

f ðx; 0Þ ¼ F0ðxÞ; 0 < x < 1; ð3:35Þ2

f þð0; tÞ ¼ Bþ f ÿð0; tÞ þ entbþðtÞ; t > 0; ð3:35Þ3

f ÿð1; tÞ ¼ Bÿ f þð1; tÞ þ entbÿðtÞ; t > 0: ð3:35Þ4

8

>

>

>

>

>

>

<

>

>

>

>

>

>

:

ð3:35Þ

We solve this equivalent problem by the standard iteration method. To this end, we

define the successive approximation sequence f f ng as follows: Let f 0ðx; tÞ ¼ F0ðxÞ: For

nV 1, let f nðx; tÞ be a unique solution to

q f n

qt
þ V

q f n

qx
¼ n f nÿ1 þ eÿntAð f nÿ1Þ; 0 < x < 1; t > 0,

f nðx; 0Þ ¼ F0ðxÞ; 0 < x < 1 ,

f nþð0; tÞ ¼ Bþ f nÿð0; tÞ þ entbþðtÞ; t > 0,

f nÿð1; tÞ ¼ Bÿ f nþð1; tÞ þ entbÿðtÞ; t > 0,

8

>

>

>

>

>

>

<

>

>

>

>

>

>

:

where f nÿ1ðx; tÞ is assumed to be given. To ensure the positivity of f nðx; tÞ, we choose

n > 0 such that n ¼ 2M0M1Dðh0Þ, where Dðh0Þ ¼ E0 þ B0ðh0Þ, and

M0 ¼ max 1;max
i ALÿ

X

j ALþ

Bij;max
i ALþ

X

j ALÿ

Bij

( )

; M1 ¼
X

i

1

ci

X

j;k; l

A
ij
kl :

Then, for a suitable positive constant T0U h0 depending only on E0 and B0ðh0Þ, it is

proved that f nðx; tÞ is strictly positive and uniformly bounded on ½0; 1� � ½0;T0�, and

that f nðx; tÞ converges to a strictly positive function f ðx; tÞ in the C1ð½0; 1� � ½0;T0�Þ-

topology. It turns out that the limit f ðx; tÞ is a desired solution to the equivalent

problem ð3:35Þ and hence the proof of Proposition 3.8 is complete. r
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Proof of Theorem 2.1. We have shown a local existence result (Proposition 3.8)

and the a priori Ly-estimate (Proposition 3.7). Therefore, the standard argument of

continuating a local solution is applicable and we obtain a desired global solution to the

problem ð1:1Þ. We omit the details and refer the reader to [9]. The proof of Theorem

2.1 is complete. r

4. Stationary solutions.

In this section, we prove Theorem 2.2 by applying a fixed point theorem of the

Leray-Schauder type, which is stated in Theorem 4.5 below.

4.1. Linearized problem.

We want to obtain a solution to the stationary problem ð1:6Þ as fixed point of a

suitable mapping depending on a parameter l A ½0; 1�. To define a desired mapping, we

consider the following linearized problem corresponding to the problem ð1:6Þ:

V 0 dF
0

dx
¼ lðq 0ðGÞ ÿ r 0ðGÞF 0Þ; 0 < x < 1; ð4:1Þ1

F 0 ¼ pðF 0Þ; 0 < x < 1; ð4:1Þ2

Fþð0Þ ¼ BþFÿð0Þ þ bþ; ð4:1Þ3

F ÿð1Þ ¼ BÿFþð1Þ þ bÿ; ð4:1Þ4

8

>

>

>

>

>

>

>

<

>

>

>

>

>

>

>

:

ð4:1Þ

where l is a parameter with l A ½0; 1� and p is the mapping in the condition (C). Here,

for L 0 ¼ Lþ ULÿ ¼ fi A L; vi 0 0g, we put F 0 ¼ ðFiÞi AL 0 , V 0 ¼ diagðviÞi AL 0 , q 0ðGÞ ¼

ðqiðGÞÞi AL 0 and r 0ðGÞ ¼ diagðriðGÞÞi AL 0 , with

qiðFÞ ¼
1

ci

X

j;k; l

A
ij
klFkFl ; riðF Þ ¼

1

ci

X

j;k; l

Akl
ij Fj: ð4:2Þ

When the problem ð4:1Þ has a solution F ¼ F l depending on the parameter l, we can

define a mapping Fl by F l ¼ Fl½G �. Since ð4:1Þ1 and ð4:1Þ2 with G ¼ F give

V
dF

dx
¼ lAðF Þ; ð4:3Þ

we see that a fixed point of F1 becomes a solution to the stationary problem ð1:6Þ.

We prove the solvability of the problem (4.1). First, we note that the general

solution of the ordinary di¤erential equations ð4:1Þ1, is given in the form

FiðxÞ ¼ bi exp ÿ
l

jvij

ð x

0

riðGðxÞÞ dx

� �

þ
l

jvij

ð x

0

qiðGðxÞÞ exp ÿ
l

jvij

ð x

x

riðGðhÞÞ dh

� �

dx; i A Lþ; ð4:4Þ1

FiðxÞ ¼ bi exp ÿ
l

jvij

ð1

x

riðGðxÞÞ dx

� �

þ
l

jvij

ð1

x

qiðGðxÞÞ exp ÿ
l

jvij

ð x

x

riðGðhÞÞ dh

� �

dx; i A Lÿ; ð4:4Þ2
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where bi are arbitrary constants. We put (4.4) into the boundary conditions ð4:1Þ3 and

ð4:1Þ4. This yields the following system of linear algebraic equations for b ¼ ðbiÞi AL 0 :

ðI ÿ BS l½G �Þb ¼ BT l½G � þ b; ð4:5Þ

where B and b are given in (1.4), S l½G � ¼ diagðS l
i ½G �Þi AL 0 and T l½G � ¼ ðT l

i ½G �Þi AL 0 ,

with

S l
i ½G � ¼ exp ÿ

l

jvij

ð1

0

riðGðxÞÞ dx

� �

; i A L 0; ð4:6Þ

T l
i ½G � ¼

l

jvij

ð1

0

qiðGðxÞÞ exp ÿ
l

jvij

ð1

x

riðGðhÞÞ dh

� �

dx; i A Lþ; ð4:7Þ1

T l
i ½G � ¼

l

jvij

ð1

0

qiðGðxÞÞ exp ÿ
l

jvij

ð x

0

riðGðhÞÞ dh

� �

dx; i A Lÿ: ð4:7Þ2

Thus we have shown the following lemma.

Lemma 4.1. In order that there exists a unique solution F > O to the problem ð4:1Þ,

it is necessary and su‰cient that there exists a unique solution b > O of the equation (4.5).

The next lemma plays a crucial role in solving the equation (4.5).

Lemma 4.2. (i) Under the condition (B), any eigenvalue m of the matrix B verifies

jmjU 1.

(ii) When ðB 0Þ is assumed, we have jmjU ð1ÿ d1Þ
1=2. Moreover, we have

jBnjU gm 0ð1ÿ d1Þ
½n=2�; n ¼ 1; 2; . . . ; ð4:8Þ1

jðI ÿ BÞÿ1jU
2gm 0

d1
; ð4:8Þ2

where d1 ¼
d0

maxi ALÿ
cijvij

and g ¼
maxi AL 0 cijvij

mini AL 0 cijvij
, with

d0 ¼ min
j ALÿ

cjjvjj ÿ
X

i ALþ

cijvijBij

 !

> 0: ð4:9Þ

Proof. We only prove (ii). Let P ¼ diagðcijvijÞi AL 0 and put B̂B ¼ PBPÿ1. We

have

B̂B ¼
O B̂Bþ

B̂Bÿ O

� �

:

It then follows from (B 0) that

t
1m 0

ÿB̂Bþ

I

� �

V d1 �
t
1mÿ

; t
1m 0

I

ÿB̂Bÿ

� �

VO:

This implies that tB̂Bþ
1mþ
U ð1ÿ d1Þ1mÿ

and tB̂Bÿ
1mÿ
U 1mþ

; so that we have j tB̂BþjU
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1ÿ d1 and j tB̂BÿjU 1: In paticular, we know that

j tB̂BjU 1: ð4:10Þ

Also, since

ð tB̂BÞ2 ¼
tB̂Bÿ � tB̂Bþ O

O tB̂Bþ � tB̂Bÿ

 !

;

we see that

jð tB̂BÞ2jU j tB̂Bþj j tB̂BÿjU 1ÿ d1: ð4:11Þ

Now, let m be any eigenvalue of B. Then m is also an eigenvalue of tB̂B, with the

corresponding eigenvector f :
tB̂B f ¼ m f . Then ð tB̂BÞ2 f ¼ m2 f . Therefore,

jmj2j f jU jð tB̂BÞ2j j f jU ð1ÿ d1Þj f j

by (4.11). Thus we have proved that jmjU ð1ÿ d1Þ
1=2. Next we show ð4:8Þ1 and

ð4:8Þ2. A simple calculation, using (4.10) and (4.11), gives

jBnjUm 0jð tBÞnj ¼ m 0jPð tB̂BÞnPÿ1jU gm 0jð tB̂BÞ2j½n=2�U gm 0ð1ÿ d1Þ
½n=2�;

which is ð4:8Þ1, where we used the fact that jPj jPÿ1jU g. By virtue of ð4:8Þ1, we obtain

jðI ÿ BÞÿ1j ¼

�

�

�

�

X

y

n¼0

Bn

�

�

�

�

U 2gm 0
X

y

k¼0

ð1ÿ d1Þ
k
U

2gm 0

d1
:

Thus the proof of Lemma 4.2 is complete. r

Now, we consider the linear algebraic equation (4.5). Let l A ½0; 1� and suppose

that

OUGðxÞUR1m; x A ½0; 1�; ð4:12Þ

for some R > 0. Then

SðRÞUS l
i ½G �U 1; 0UT l

i ½G �UTðRÞ; i A L 0; ð4:13Þ

where

SðRÞ ¼ exp ÿmax
i AL 0

riðR1mÞ

jvij

� �

; TðRÞ ¼ max
i AL 0

qiðR1mÞ

jvij
:

Lemma 4.3. We assume ðB 0Þ. Moreover, we assume bVO and ð2:3Þ. Let l A

½0; 1� and let G A C 0½0; 1� satisfy ð4:12Þ for some R > 0. Then there exists a unique

solution b > O of the equation ð4:5Þ. This solution is given explicitly by

b ¼ bl½G �1 ðI ÿ BS l½G �Þÿ1ðBT l½G � þ bÞ ð4:14Þ

and verifies the estimate

d0ðRÞU b l
i ½G �UK0ðRÞ; i A L 0; ð4:15Þ
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where d0ðRÞ and K0ðRÞ are positive constants depending on R, which is specified

below. In particular, when l ¼ 0, we have

b ¼ b0
1 ðI ÿ BÞÿ1

b: ð4:16Þ

Proof. Since BS l½G �UB by (4.13), we have ðBS l½G �ÞnUBn, so that

OU ðI ÿ BS l½G �Þÿ1 ¼
X

y

n¼0

ðBS l½G �ÞnU
X

y

n¼0

Bn ¼ ðI ÿ BÞÿ1:

Therefore, we have from (4.8) and (4.13) that

jbl½G �j ¼ jðI ÿ BS l½G �Þÿ1ðBT l½G � þ bÞj

U jðI ÿ BÞÿ1j jBT l½G � þ bj

U
2gm 0

d1
ðgm 0TðRÞ þ jbjÞ1K0ðRÞ: ð4:17Þ

This proves the upper estimate in (4.15). On the other hand, it follows from (2.3) that

d21m 0U ðI ÿ BÞÿ1
b ¼

X

y

n¼0

Bnb; ð4:18Þ

with a positive constant d2. By virtue of ð4:8Þ1, we can choose a large integer N such

that

�

�

�

�

X

y

n¼Nþ1

Bnb

�

�

�

�

¼

�

�

�

�

BNþ1
X

y

n¼0

Bnb

�

�

�

�

¼ jBNþ1ðI ÿ BÞÿ1
bjU gm 0ð1ÿ d1Þ

N=2 �
2gm 0

d1
jbjU

d2

2
;

where we also used ð4:8Þ2. Substituting this in (4.18) gives

X

N

n¼0

BnbV
1

2
d21m 0 :

Also, we have from (4.13) that

ðI ÿ BS l½G �Þÿ1
V

X

N

n¼0

ðBS l½G �ÞnVSðRÞN
X

N

n¼0

Bn:

Consequently, we obtain

b l½G �V ðI ÿ BS l½G �Þÿ1
bVSðRÞN

X

N

n¼0

BnbV
d2

2
SðRÞN1m 0 1 d0ðRÞ1m 0 ; ð4:19Þ

which gives the lower estimate in (4.15). This completes the proof of Lemma 4.3. r

Now, we put b ¼ b l½G � in (4.4). This gives the formula FiðxÞ ¼ Fl
i ½G �ðxÞ, i A L 0,

where
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Fl
i ½G �ðxÞ ¼ b l

i ½G � exp ÿ
l

jvij

ð x

0

riðGðxÞÞ dx

� �

þ
l

jvij

ð x

0

qiðGðxÞÞ exp ÿ
l

jvij

ð x

x

riðGðhÞÞ dh

� �

dx; i A Lþ; ð4:20Þ1

Fl
i ½G �ðxÞ ¼ bl

i ½G � exp ÿ
l

jvij

ð1

x

riðGðxÞÞ dx

� �

þ
l

jvij

ð1

x

qiðGðxÞÞ exp ÿ
l

jvij

ð x

x

riðGðhÞÞ dh

� �

dx; i A Lÿ: ð4:20Þ2

Moreover, we put FiðxÞ ¼ Fl
i ½G �ðxÞ, i A L 0, in ð4:1Þ2, obtaining FiðxÞ ¼ Fl

i ½G �ðxÞ,

i A L0, where

Fl
i ½G �ðxÞ ¼ piððF

l
j ½G �ðxÞÞj AL 0Þ; i A L0: ð4:20Þ3

Thus we arrive at the solution formula F ðxÞ ¼ Fl½G �ðxÞ ¼ ðFl
i ½G �ðxÞÞi AL for the lin-

earized problem ð4:1Þ. This is summarized as follows:

Proposition 4.4. We assume ðB 0Þ, ðCÞ, bVO and (2.3). Let l A ½0; 1� and let

G A C0½0; 1� satisfy (4.12) for some R > 0. Then the linearized problem ð4:1Þ admits a

unique solution F ¼ ðFiÞi AL > O satisfying F A C 1½0; 1�. This solution is given by the

formula F ¼ Fl½G � and verifies the estimates

dðRÞ1m UFðxÞUKðRÞ1m;

�

�

�

�

dFðxÞ

dx

�

�

�

�

UK 0ðRÞ; ð4:21Þ

for x A ½0; 1�, where dðRÞ, KðRÞ and K 0ðRÞ are positive constants depending on R.

Proof. We show the estimates in (4.21). It follows from ð4:20Þ1, ð4:20Þ2, (4.13)

and (4.15) that

d1ðRÞUFl
i ½G �ðxÞUK1ðRÞ; i A L 0

; ð4:22Þ

for x A ½0; 1�, where d1ðRÞ ¼ d0ðRÞSðRÞ and K1ðRÞ ¼ K0ðRÞ þ TðRÞ. Also, we see that

pð½d1ðRÞ;K1ðRÞ�
m 0

ÞH ½d2ðRÞ;K2ðRÞ�
m0 by the condition (C), where d2ðRÞ and K2ðRÞ are

some positive constants depending on R. Therefore, substituting (4.22) into ð4:20Þ3
gives

d2ðRÞUFl
i ½G �ðxÞUK2ðRÞ; i A L0; ð4:23Þ

for x A ½0; 1�. Thus we have shown the first estimate in (4.21). Next we show the

estimate for the derivative. Since F 0 ¼ ðFl
i ½G �Þi AL 0 saisfies ð4:1Þ1, we have from (4.12)

and (4.22) that

�

�

�

�

d

dx
Fl

i ½G �ðxÞ

�

�

�

�

UK 0
1ðRÞ; i A L 0

; ð4:24Þ

for x A ½0; 1�, where K 0
1ðRÞ is a positive constant depending on R. Also, di¤erentiating

ð4:20Þ3 with respect to x gives
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d

dx
F

l

i ½G �ðxÞ ¼
X

j AL 0

qpi

qFj

ððFl

j ½G �ðxÞÞj AL 0Þ
d

dx
F

l

j ½G �ðxÞ; i A L0:

We substitute (4.22) and (4.24) to this expression and conclude that
�

�

�

�

d

dx
F

l

i ½G �ðxÞ

�

�

�

�

UK 0
2ðRÞ; i A L0; ð4:25Þ

for x A ½0; 1�, where K 0
2ðRÞ is a positive constant depending on R. Thus we have shown

the second estimate in (4.21). This completes the proof of Proposition 4.4. r

4.2. Proof of Theorem 2.2.

In this subsection we prove Theorem 2.2 by applying the following fixed point

theorem that is due to Browder-Potter (see [11]).

Theorem 4.5. Let S be a closed convex subset of a Banach space X. Let Fl½F � be

a continuous mapping of ðF ; lÞ A S � ½0; 1� into X such that

(i) Zl A ½0;1�F
l½S� is contained in a compact set in X,

(ii) F
0½qS�HS,

(iii) for l A ½0; 1�, F
l½ � � has no fixed point on qS.

Then F
1½ � � has a fixed point in S.

In the application of the fixed point theorem, the following proposition concerning

the a priori estimate plays an important role.

Proposition 4.6. We assume (A), ðB 0Þ, ðCÞ, bVO and (2.3). Let l A ½0; 1� and let

F A C 0½0; 1� with F VO be a fixed point of the mapping F
l½ � � defined by (4.20). Then

we have the regularity F A C1½0; 1�. Moreover, there are positive constants d1 and R1

such that

d11m UFðxÞUR11m; x A ½0; 1�: ð4:26Þ

Proof. Let F A C0½0; 1� with F VO and let F ¼ F
l½F �. Then F belongs to

C 1½0; 1� and is a solution to the problem ð4:1Þ with G ¼ F . Consequently, F satisfies

(4.3). The conservation equations for (4.3) are

d

dx

X

i

civiFi ¼ 0;
d

dx

X

i

civi
2Fi ¼ 0; ð4:27Þ

which correspond to (3.1) and (3.2), respectively. We integrate the first equation of

(4.27) over ½0; 1� and substitute the boundary conditions ð4:1Þ3 and ð4:1Þ4, obtaining

X

j ALÿ

cjjvjj ÿ
X

i ALþ

civiBij

 !

Fjð0Þ þ
X

j ALþ

cjvj ÿ
X

i ALÿ

cijvijBij

 !

Fjð1Þ ¼
X

i AL 0

cijvijbi:

This equality together with (B 0) gives Fið0ÞUC0, i A Lÿ, with a positive constant

C0. It then follows from ð4:1Þ3 that Fið0ÞUC1, i A Lþ, where C1 is some positive

constant. Next, we integrate the second equation of (4.27) over ½0; x�. This yields

X

i

civi
2FiðxÞ ¼

X

i

civi
2Fið0Þ;
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which together with the estimate for ðFið0ÞÞi AL 0 obtained above gives

FiðxÞUC2; i A L 0
; ð4:28Þ

for x A ½0; 1�, where C2 is some positive constant. On the other hand, the condition (C)

implies that pð½0;C2�
m

0

ÞH ½0;C3�
m0 for some positive constant C3. Therefore, sub-

stituting 0UFiðxÞUC2, i A L 0, into ð4:1Þ2, we conclude that

FiðxÞUC3; i A L0; ð4:29Þ

for x A ½0; 1�. Thus we have OUF ðxÞUR11m for x A ½0; 1�, where R1 ¼ maxðC2;C3Þ.

Now, we apply Proposition 4.4 with G ¼ F and obtain the lower bound d11m UF ðxÞ,

x A ½0; 1�, where d1 ¼ dðR1Þ. This completes the proof of Proposition 4.6. r

Proof of Theorem 2.2. Let us consider the mapping Fl ¼ ðFl
i
Þ
i AL defined by

(4.20). Let X ¼ C0½0; 1� and

SR ¼ fF ¼ ðFiÞi AL A X ; OUF ðxÞUR1m; x A ½0; 1�; i A Lg;

with R > R1, where R1 is the constant in (4.26). Obviously, SR is a closed convex

subset of X , and Fl½F � is a mapping of ðF ; lÞ A SR � ½0; 1� into C1½0; 1�HX . In order

to apply Theorem 4.5, we need to verify the conditions (i), (ii) and (iii) in Theorem 4.5.

(i) Let ðF ; lÞ A SR � ½0; 1�. Then we have from Proposition 4.4 that Fl½F � A

C 1½0; 1� and

dðRÞ1m UFl½F �ðxÞUKðRÞ1m;

�

�

�

�

d

dx
Fl½F �ðxÞ

�

�

�

�

UK
0ðRÞ;

for x A ½0; 1�. This combined with the Ascoli–Arzelà theorem shows that 6
l A ½0;1�F

l½SR�

is contained in a compact set in X . Therefore the condition (i) has been verified.

(ii) Let F A SR. Then

F0½F �ðxÞ ¼ F ¼
b0

pðb0Þ

 !

;

where b0 is defined in (4.16). Since F > O, we see that F0½SR�HSR if R is chosen such

that R > jF j. Thus we have verified the condition (ii).

(iii) To verify the condition (iii), we assume that there exists a fixed point F A SR

of Fl½ � � for some l A ½0; 1�. Then we have from Proposition 4.6 that

d11m UFðxÞUR11m;

for x A ½0; 1�, where d1 and R1 are positive constants in (4.26), which are independent of

R. This implies that F B qSR if R > R1: Thus the condition (iii) is verified.

Now, Theorem 4.5 is applicable and we conclude the existence of a fixed

point F of F1½ � � in SR. This fixed point F is in C1½0; 1�, strictly positive, and is

a solution to the problem (1.6). The regularity F A Cy½0; 1� follows from the

smoothing property of Fl½ � �, and hence F is a desired solution. The proof of

Theorem 2.2 is complete. r
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