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Abstract. Montiel, Ros and Urbano [M3] showed a complete characterization of

compact totally real minimal submanifold M of CPn�c� with Ricci curvature S of M

satisfying SV 3�nÿ 2�c=16. The purpose of this paper is to answer Ogiue's conjecture

which the above result remains true under the weaker condition of the scalar curvature

r of M satisfying rV 3n�nÿ 2�c=16.

1. Introduction.

Let CPn�c� be an n-dimensional complex projective space with the Fubini-

Study metric of constant holomorphic sectional curvature c�>0� and let M be an

n-dimensional compact totally real minimal submanifold isometrically immersed in

CPn�c�. Let h be the second fundamental form of M in CPn�c�.

Recently, Montiel, Ros and Urbano [M3] proved the following: Let M be an

n-dimensional compact totally real minimal submanifold isometrically immersed in

CPn�c�. Then the Ricci curvature S of M satis®es

SV
3�nÿ 2�

16
c

if and only if one of the following conditions holds: a) S � �nÿ 1�c=4 and M is

totally geodesic, b) S � 0, n � 2 and M is a ®nite Riemannian covering of a ¯at

torus minimally embedded in CP2�c� with parallel second fundamental form, c) S �

3�nÿ 2�c=16, n > 2 and M is an embedded submanifold congruent to the standard

embedding of: SU�3�=SO�3�, n � 5; SU�6�=Sp�3�, n � 14; SU�3�, n � 8; or E6=F4,

n � 26.

Ogiue [O1] conjectured the following: Under the weaker assumption of rV

3n�nÿ 2�c=16, the above result remains true, where r is the scalar curvature of M.

With respect to this conjecture the author [M1] and, independently, [X1] showed:

Let M be an n-dimensional compact totally real minimal submanifold isometrically

immersed in CPn�c�. Then

jh�v; v�j2 U
1

8
c
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for any v A UM if and only if one of the following conditions is satis®ed: A)

jh�v; v�j2 1 0 and M is totally geodesic, B) jh�v; v�j2 1 �1=8�c, n � 2 and M is a ®nite

Riemannian covering of a ¯at torus minimally embedded in CP2�c� with parallel second

fundamental form, C) jh�v; v�j2 1 �1=8�c, n > 2 and M is an embedded submanifold

congruent to the standard embedding of: SU�3�=SO�3�, n � 5; SU�6�=Sp�3�, n � 14;

SU�3�, n � 8 or E6=F4, n � 26.

Gauchman [G ] showed a similar result under the assumption of jh�v; v�j2 U

�n� 1�c=12n.

The purpose of this paper is to answer Ogiue's conjecture.

Theorem. Let M be an n-dimensional compact totally real minimal submanifold

isometrically immersed in CPn�c�. Then r � constant and

rV
3n�nÿ 2�

16
c

if and only if one of the following conditions holds:

A) r � n�nÿ 1�c=4 and M is totally geodesic,

B) r � 0; n � 2 and M is a ®nite Riemannian covering of the unique ¯at torus

minimally embedded in CP2�c� with parallel second fundamental form,

C) r � 3n�nÿ 2�c=16; n > 2 and M is an embedded submanifold congruent to the

standard embedding of: SU�3�=SO�3�, n � 5; SU�6�=Sp�3�, n � 14; SU�3�, n � 8 or

E6=F4, n � 26.

Xia [X2] showed a similar result under the assumption of jhj2 < �n� 1�c=6.

2. Preliminaries.

Let M be a compact Riemannian manifold, UM its unit tangent bundle, and UMx

the ®bre of UM over a point x of M.

Now, we suppose that M is isometrically immersed in an �n� p�-dimensional

Riemannian manifold M. We denote by h ; i the metric of M as well as the one

induced on M. Let h be the second fundamental form of the immersion and Ax the

Weingarten endomorphism associated a normal vector x, we de®ne

L : TxM ! TxM

by the expression

Lv �
Xn

i�1

Ah�v; ei�ei:

Then, L is a self-adjoint linear map.

The ®rst covariant derivative `h is symmetric and the second covariant derivatives

`2h satis®es

�`2h��X ;Y ;Z;W� � �`2h��Y ;X ;Z;W� � R?�X ;Y�h�Z;W��2:1�

ÿ h�R�X ;Y �Z;W� ÿ h�Z;R�X ;Y�W�;
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where R? and R are the curvature tensors of the normal and tangent bundles over M,

respectively.

Now let v A UMx; x A M. If e2; . . . ; en are orthonormal vectors in UMx

orthogonal to v, then we can consider fe2; . . . ; eng as an orthonormal basis of

Tv�UMx�. We remark that fv � e1; e2; . . . ; eng is an orthonormal basis of TxM. We

denote the Laplacian of UMxGS nÿ1 by D.

If S and r is the Ricci tensor of M and the scalar curvature of M, respectively, and

M is minimally immersed in M, then from the Gauss equation we have

S�v;w� �
Xn

i�1

R�v; ei; ei;w� ÿ
Xn

i�1

hAh�v; ei�ei;wi;�2:2�

r �
Xn

i; j�1

R�ej; ei; ei; ej� ÿ jhj2;�2:3�

where R is the curvature operator of M.

De®ne a function f1 on UMx; x A M, by

f1�v� � jAh�v; v�vj
2 �

Xn

i�1

hh�v; v�; h�v; ei�i
2
:

Using the minimality of M we can prove that

�D f1��v� � ÿ6�n� 4� f1�v� � 8
Xn

i�1

hAh�v; v�v;Ah�v; ei�eii�2:4�

� 8
Xn

i�1

hAh�v; v�ei;Ah�v; ei�vi� 8
Xn

i�1

hAh�v; ei�v;Ah�v; ei�vi

� 2
Xn

i�1

hAh�v; v�ei;Ah�v; v�eii:

Similarly, de®ne f2; f3; f4; f5; f6; f7; f8; f9; f10; f11; f12 and f13 by

f2�v� �
Xn

i�1

hAh�v; ei�v;Ah�v; ei�vi;

f3�v� �
Xn

i�1

hAh�v; ei�v;Ah�v; v�eii;

f4�v� �
Xn

i; j�1

hAh�ej ; ei�ej;Ah�v; v�eii;

f5�v� �
Xn

i�1

hAh�v; v�v;Ah�v; ei�eii;

f6�v� �
Xn

i; j�1

hAh�ej ; ei�ej;Ah�v; ei�vi;
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f7�v� �
X

n

i; j�1

hAh�ei ;v�ei;Ah�v;ej�eji;

f8�v� �
X

n

i�1

hAh�v; v�ei;Ah�v; v�eii;

f9�v� � jh�v; v�j4;

f10�v� � jh�v; v�j2;

f11�v� �
X

n

i�1

hAh�v; ei�ei; vijh�v; v�j
2
;

f12�v� �
X

n

i�1

hAh�v; ei�ei; vi

 !2

;

f13�v� � jhj2jh�v; v�j2;

respectively. Then we obtain

�D f2��v� � ÿ4�n� 2� f2�v� � 4 f6�v� � 4
X

n

i; j�1

hAh�ej ; ei�v;Ah�v; ei�eji�2:5�

� 2
X

n

i; j�1

hAh�ej ; ei�v;Ah�ej ; ei�vi� 2
X

n

i; j�1

hAh�v; ei�ej;Ah�v; ei�eji;

�D f3��v� � ÿ4�n� 2� f3�v� � 2 f4�v� � 4
X

n

i; j�1

hAh�ej ; ei�v;Ah�ej ; v�eii�2:6�

� 4
X

n

i; j�1

hAh�v; ei�ej;Ah�ej ; v�eii;

�D f4��v� � ÿ2n f4�v�;�2:7�

�D f5��v� � ÿ4�n� 2� f5�v� � 4 f6�v� � 4 f7�v� � 2 f4�v�;�2:8�

�D f6��v� � ÿ2n f6�v� � 2
X

n

i; j;k�1

hAh�ej ; ei�ej;Ah�ek ;ei�eki;�2:9�

�D f7��v� � ÿ2n f7�v� � 2
X

n

i; j;k�1

hAh�ej ; ei�ej;Ah�ek ;ei�eki;�2:10�

�D f8��v� � ÿ4�n� 2� f8�v� � 8
X

n

i; j�1

hAh�ej ; v�ei;Ah�ej ; v�eii;�2:11�

�D f9��v� � ÿ8�n� 6� f9�v� � 32 f1�v� � 16
X

n

i�1

hAh�v; ei�ei; vijh�v; v�j
2
;�2:12�
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�D f10��v� � ÿ4�n� 2� f10�v� � 8
Xn

i�1

hAh�v; ei�ei; vi:�2:13�

�D f11��v� � ÿ6�n� 4� f11�v� � 16 f5�v� � 2jhj2jh�v; v�j2 � 8 f12�v�;�2:14�

�D f12��v� � ÿ4�n� 2� f12�v� � 8 f7�v� � 4jhj2
Xn

i�1

hAh�v; ei�ei; vi;�2:15�

�D f13��v� � ÿ4�n� 2� f13�v� � 8jhj2
Xn

i�1

hAh�v; ei�ei; vi:�2:16�

Since

1

2

Xn

i�1

�`2 f10��ei; ei; v� �
Xn

i�1

h�`2h��ei; ei; v; v�; h�v; v�i

�
Xn

i�1

h�`h��ei; v; v�; �`h��ei; v; v�i;

we have the following (See [M1], [M2] and [M3]):

Lemma 1. Let M be an n-dimensional totally real minimal submanifold isometrically

immersed in CPn�c�. Then for v A UMx we have

1

2

Xn

i�1

�`2 f10��ei; ei; v� �
Xn

i�1

j�`h��ei; v; v�j
2 �

n� 1

4
cjh�v; v�j2�2:17�

� 2
Xn

i�1

hAh�v; v�ei;Ah�ei ;v�vi

ÿ 2
Xn

i�1

hAh�v; ei�ei;Ah�v; v�vi

ÿ
Xn

i�1

hAh�v; v�ei;Ah�v; v�eii:

The following lemma will be useful:

Lemma 2 ([C ]). Let M be as in Lemma 1. If r is constant and nU 3, then M

satis®es

1

2
rÿ inf K�x� �

1

8
�n� 1��nÿ 2�c

if and only if either:

(1) M is totally geodesic, or

(2) n � 3; c � 1=4 and M is locally congruent to S3 isometrically immersed in CP3,

where K�x� is the sectional curvature at x.
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3. Proof of Theorem.

Proposition. Let M be an n-dimensional compact totally real minimal submanifold

isometrically immersed in CPn�c�. Then

rV
3n�nÿ 2�

16
c

if and only if one of the following conditions holds:

A) r � n�nÿ 1�c=4 and M is totally geodesic,

B) r � 0; n � 2 and M is a ®nite Riemannian covering of the unique ¯at torus

minimally embedded in CP2�c� with parallel second fundamental form,

C) r � 3n�nÿ 2�c=16; n > 2 and M is an embedded submanifold congruent to the

standard embedding of: SU�3�=SO�3�, n � 5; SU�6�=Sp�3�, n � 14; SU�3�, n � 8 or

E6=F4, n � 26.

D) r � n�nÿ 1�c=4ÿ 4l2 V 3n�nÿ 2�c=16; n0 2 and the second fundamental form

of M takes the following form: h�e1; e1� � lJe1, h�e2; e2� � ÿlJe1, h�e1; e2� � ÿlJe2,

otherwise zero for some non-constant function l.

By Lemma 2 we know that we have only to prove the above Proposition. For if r

is constant, then the case of D cannot occur.

Now, from (2.3) we have

r �
n�nÿ 1�

4
cÿ jhj2:

Thus we prove Proposition under the assumption

jhj2 U
n�n� 2�

16
c:�3:1�

We see the following equations hold for v A UMx; x A M (See [M1] and [M2]):

Xn

i; j�1

hAh�ej ; ei�v;Ah�ej ; v�eii �
Xn

i; j�1

hAh�v; ei�ej;Ah�v;ej�eii;�3:2�

Xn

i; j�1

hAh�ej ; ei�v;Ah�ej ; ei�vi �
Xn

i; j�1

hAh�v; ei�ej;Ah�v; ei�eji:�3:3�

In terms of (2.4), (2.5), (2.6), (2.7), (2.8), (2.9), (2.10), (2.11), (2.17), (3.2) and (3.3) we

obtain

1

2

Xn

i�1

�`2 f10��ei; ei; v� ÿ
1

6
�D f1��v� ÿ

1

3�n� 2�
�D f2��v��3:4�

�
1

6�n� 2�
�D f3��v� �

1

3n�n� 2�
�D f4��v� �

1

6�n� 2�
�D f5��v�

ÿ
1

3n�n� 2�
�D f6��v� �

1

3n�n� 2�
�D f7��v� �

1

6�n� 2�
�D f8��v�

�
Xn

i�1

j�`h��ei; v; v�j
2 �

n� 1

4
c f10�v� � �n� 4� f1�v� ÿ 4 f5�v� ÿ 2 f8�v�:
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Since M is totally real, the following equations also hold for v A UMx; x A M (See

[M2]):

X

n

i; j�1

hAh�ei ;ej�ej;Ah�v; ei�vi �
X

n

i; j�1

hA2
JvA

2
Jej
ei; eii;�3:5�

X

n

i; j�1

hAh�v;ej�ei;Ah�v;ej�eii �
X

n

i; j�1

hAJvA
2
Jej
AJvei; eii;�3:6�

where J is the complex structure. Combining (2.7), (2.8), (2.9), (2.10), (2.11), (2.12),

(2.14), (2.15), (2.16), (3.5), (3.6) with (3.4), we obtain

1

2

X

n

i�1

�`2 f10��ei; ei; v� ÿ
1

6
�D f1��v� ÿ

1

3�n� 2�
�D f2��v��3:7�

�
1

6�n� 2�
�D f3��v� �

1

3n�n� 2�
�D f4��v� �

1

6�n� 2�
�D f5��v�

ÿ
1

3n�n� 2�
�D f6��v� �

1

3n�n� 2�
�D f7��v� �

1

6�n� 2�
�D f8��v�

�
�3n� 2��n� 4�

6n�n� 2�2
1

n
�D f4��v� � �D f5��v�

� �

ÿ
�6n� 8��nÿ 2�

6n2�n� 2�2
��D f6��v� ÿ �D f7��v��

ÿ
1

2�n� 2�
�D f8��v� �

n� 4

8�n� 2�
�D f9��v�

ÿ
4�n� 1�

6n�n� 2�
�D f11��v� �

2

n� 2
�D f12��v� ÿ

1

2
�D f13��v�

� �� �

�
X

n

i�1

j�`h��ei; v; v�j
2 �

n� 1

4
c f10�v� ÿ

4�n� 1�

n�n� 2�
jhj2jh�v; v�j2

�
�n� 6��n� 4�

n� 2
� f1�v� ÿ f9�v�� �

�6n� 4��n� 4�

n�n� 2�
� f11�v� ÿ f5�v��

Suppose that f10 attains its maximum at u A UMx. We shall call u a maximal direction

at x. We choose an orthonormal basis fu � e1; e2; . . . ; eng of M at x such that AJu is

diagonalized. Since u is a maximal direction, we have

�

�

�

�

�

h u� t
X

n

a�2

xaea; u� t
X

n

a�2

xaea

 !�

�

�

�

�

2

U 1� t2
X

n

a�2

�xa�2
" #2

jh�u; u�j2:�3:8�

at x for all t; x2
; . . . ; xn A R. Expanding (3.8) in terms of t, we obtain

4t
X

n

a�2

xahh�u; u�; h�u; ea�i�O�t2�U 0:
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It follows that

hh�u; u�; h�u; ea�i � 0; a � 2; . . . ; n:�3:9�

Expanding (3.8) again in terms of t, we obtain

2t2

"

X

n

a�2

�jh�u; u�j2 ÿ hh�u; u�; h�ea; ea�iÿ 2jh�u; ea�j
2��xa�2�3:10�

ÿ
X

n

a;b�2;a0b

�hh�u; u�; h�ea; eb�i� 2hh�u; ea�; h�u; eb�i�x
axb

#

�O�t3�V 0:

Since (3.10) must hold for all real xa, we obtain

jh�u; u�j2 ÿ hh�u; u�; h�ea; ea�iÿ 2jh�u; ea�j
2
V 0�3:11�

for a � 2; . . . ; n. From (3.9) we get Ah�u;u�u � jh�u; u�j2u so that the equalities

f1�u� � f9�u�;

f5�u� �
X

n

i�1

jh�u; u�j2hAh�u; ei�ei; ui

hold. If f10�u�0 0 at x, then it satis®es that Ju � h�u; u�=jh�u; u�j at x, since hh�u; u�,

Jeai � hAJuu; eai � 0; a � 2; . . . ; n, where we use the property AJvw � AJwv for v;w A

TxM. Then it holds that

f8�u� �
X

n

i�1

jh�u; u�j2hAh�u; ei�ei; ui:

From (2.13) we also have

0V �D f10��u� � ÿ4�n� 2� f10�u� � 8
X

n

i�1

hAh�u; ei�ei; ui:�3:12�

Hence

X

n

i�1

hAh�u; ei�ei; uiU
n� 2

2
f10�u�:�3:13�

De®ne f14 by

f14�v� � ÿ
1

6
f1�v� ÿ

1

3�n� 2�
f2�v� �

1

6�n� 2�
f3�v� �

1

3n�n� 2�
f4�v��3:14�

�
1

6�n� 2�
f5�v� ÿ

1

3n�n� 2�
f6�v� �

1

3n�n� 2�
f7�v� �

1

6�n� 2�
f8�v�

�
�3n� 2��n� 4�

6n�n� 2�2
1

n
f4�v� � f5�v�

� �

Y. Matsuyama58



ÿ
�6n� 8��nÿ 2�

6n2�n� 2�2
� f6�v� ÿ f7�v��

ÿ
1

2�n� 2�
f8�v� �

n� 4

8�n� 2�
f9�v�

ÿ
4�n� 1�

6n�n� 2�
f11�v� �

2

n� 2
f12�v� ÿ

1

2
f13�v�

� �� �

Combining (3.1) with (3.7), we obtain

1

2

X

n

i�1

�`2 f10��ei; ei; u� � �D f14��u�V
X

n

i�1

j�`h��ei; u; u�j
2
V 0:�3:15�

On the other hand, from (2.4), (2.5), (2.6), (2.7), (2.8), (2.9), (2.10), (2.11), (2.12), (2.14),

(2.15), (2.16), (3.2), (3.3) and (3.14) we have

�D f14��u� � 4
X

n

i�1

hAh�u; ei�ei; uijh�u; u�j
2 ÿ 2

X

n

i�1

hAh�u;u�ei;Ah�u; ei�ui

ÿ
X

n

i�1

hAh�u;u�ei;Ah�u;u�eiiÿ
4�n� 1�

n�n� 2�
jhj2jh�u; u�j2:

Assume that hLu; uiU jhj2=n. Then

�D f14��u� � ÿ2
X

n

i�1

hAh�u;u�ei;Ah�u; ei�ui�
3

n
ÿ
4�n� 1�

n�n� 2�

� �

jhj2jh�u; u�j2

Also,

f3�u� � jh�u; u�jtraceA3
Ju:

By changing Ju by ÿJu if necessary, we may assume without loss of generality that

f3�u�V 0. Hence

�D f14��u�U 0:�3:16�

Since u is a maximum direction at x, we get

1

2

X

n

i�1

�`2 f10��ei; ei; u�U 0:�3:17�

Thus from (3.15), (3.16) and (3.17) we have

1

2

X

n

i�1

�`2 f10��ei; ei; u� � �D f14��u� � 0:

Therefore from (3.15) we obtain �`h��ei; u; u� � 0 so that jh�u; u�j2 � const:0 0 and

jhj2 � n�n� 2�c=16 or jh�u; u�j2 � 0. Hence the equalities of (3.12) and (3.13) hold.

Next, from the de®nition of u we have

ÿjh�u; u�j2 U ba U jh�u; u�j2; a � 2; . . . ; n;�3:18�
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where ba � hh�u; u�; h�ea; ea�i. Because of the minimality of the immersion, we have

X

n

a�2

hh�u; u�; h�ea; ea�i � ÿjh�u; u�j2:�3:19�

Then note that hAJuea; ebi � 0; a0 b; a; b � 2; . . . ; n and

X

n

a�2

b2a � f8�u� ÿ jh�u; u�j4:

In terms of (3.13) and the equality of (3.12) since the convex function f �b2; . . . ; bn� �
Pn

a�2 b
2
a of (nÿ 1) variables b2; . . . ; bn subject to the constraints (3.18) and (3.19) exactly

attains its maximal value �n=2�jh�u; u�j4, it holds that

b2 � � � � � br � ÿbr�1 � � � � � ÿb2r � jh�u; u�j2;

b2r�1 � 0:

Hence if n is even, then we obtain

hh�u; u�; h�ea; ea�i
2 � jh�u; u�j4; a � 2; . . . ; n:

By the inequality of Schwarz we see that M is isotropic at x. If n is odd, then we get

hh�u; u�; h�ea; ea�i
2 � jh�u; u�j4; a � 2; . . . ; nÿ 1;

hh�u; u�; h�en; en�i � 0:

Thus each ea; a � 2; . . . ; nÿ 1 is also maximal direction. Hence we get

hh�en; en�; h�en; ei�i � 0; i0 n:

Thus

hh�ei; ei�; h�ei; ej�i � 0; for any i; j �i0 j�:

Therefore M is isotropic at x. That is, M is a submanifold of CPn�c� with parallel

second fundamental form ([N ]). It remains the case of hLu; uiV jhj2=n. Then assume

that f10 attains its minimal value at u0 A UMx. Let fu � e1; e2; . . . ; enÿ1; u0 � eng be an

orthonormal basis of M at x. By the similar way with (3.8) and (3.9) we have

hh�u0; u0�; h�u0; ea�i � 0; a � 1; . . . ; nÿ 1:�3:20�

If hLu0; u0iV jhj2=n, then hLu; ui � jhj2=n. Thus we may assume that hLu0; u0iU

jhj2=n. That is, from (3.11) and (3.13) we have

jh�u0; u0�j
2 ÿ hh�u0; u0�; h�ea; ea�iÿ 2jh�u0; ea�j

2
U 0; a � 1; . . . ; nÿ 1;�3:21�

n� 2

2
f10�u0�U hLu0; u0iU

jhj2

n
 

resp:jh�u; u�j2 ÿ hh�u; u�; h�ea; ea�iÿ 2jh�u; ea�j
2
V 0; a � 2; . . . ; n;

n� 2

2
f10�u�V hLu; uiV

jhj2

n

!
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If nV 3, we may assume that there exists a, ®xed a; 2U aU nÿ 1 such that ea 0 u

and ea 0 u0. Let a�s� be any curve in the sphere UMx such that a�0� � ea, a
0�0� � eb,

1U b0 aU n. Then we have

d

ds
� f10 � a��0� � 4hh�ea; ea�; h�ea; eb�i:

As we can choose an orthonormal basis fu � e1; e2; . . . ; ea; . . . ; enÿ1; u0 � eng such that

hh�ea; ea�; h�ea; eb�i � 0; 1U b0 aU n (for example, we may choose an orthonormal

basis such that AJea is diagonalized), f10 attains its critical value at ea. If f10 attains its

critical value with the signature ��; . . . ;�
z�����}|�����{
nÿ1 times

�, i.e., jh�ea; ea�j
2 ÿ hh�ea; ea�; h�eb; eb�iÿ

2jh�ea; eb�j
2
U 0 for b0 a; 1U bU n, (resp. �ÿ; . . . ;ÿ

z�����}|�����{
nÿ1 times

�, i.e., jh�ea; ea�j
2 ÿ hh�ea; ea�;

h�eb; eb�iÿ 2jh�ea; eb�j
2
V 0 for b0 a; 1U bU n) at ea, then f10�ea� � f10�u0� (resp.

f10�ea� � f10�u�). Now, if necessary, by renumbering, we may consider the case of

fu � e1; e2; . . . ; enÿ1; u0 � eng which satis®es

f10�e1�V � � � V f10�ea�V � � � V f10�en�;�3:22�

f10 attains its critical value with the signature �ÿ; . . . ;ÿ
z�����}|�����{

p times

; �; . . . ;�
z�����}|�����{
nÿ1ÿp times

�, 0U pU nÿ 1; at

ea, 1 < a < n. At ®rst, f10 attains the signature �ÿ; . . . ; �
bth

. . .� at ea. Since we may

assume that AJea is diagonalized, we can put h�ea; ea� � hh�ea; ea�; JeaiJea. Then

hh�ea; ea�; Jeai
2 ÿ hh�ea; ea�; Jeaihh�e1; e1�; Jeaiÿ 2hh�e1; e1�; Jeai

2
V 0;�3:23�

hh�ea; ea�; Jeai
2 ÿ hh�ea; ea�; Jeaihh�eb; eb�; Jeaiÿ 2hh�eb; eb�; Jeai

2
U 0:�3:24�

Since hh�e1; e1�; Jeai
2
V hh�eb; eb�; Jeai

2, from h�e1; ea� � hh�e1; e1�; JeaiJe1, h�eb; ea� �

hh�eb; eb�; JeaiJeb, (3.23) and (3.24) we obtain jh�e1; ea�j
2 � jh�eb; ea�j

2. Thus we may

assume that f10 attains its critical value with the signature �ÿ; . . . ;ÿ� or ��;G; . . .� at

ea. Next, assume that f10 attains its critical value with the signature �ÿ; . . . ;ÿ� and

��;G; . . .� at u and ea; a � 2, respectively. Let f �v� � hh�v; v�; Je1i. If there exists

eb; 3U b < n, at which f attains critical value, then we consider the case with the

signature � at eb. Changing an orthonormal basis, we may choose an orthonormal

basis such that AJe1 is diagonalized. Then we may assume that if there exists eb,

2U b < n, at which f attains critical value, then we consider the case with the signature

� at eb, and we can put h�e1; e1� � hh�e1; e1�; Je1iJe1. Hence

jh�e2; e2�j
2 ÿ hh�e2; e2�; h�e1; e1�iÿ 2jh�e1; e2�j

2
U 0;

i.e.,

ÿhh�e2; e2�; Je1ihh�e1; e1�; Je1iÿ hh�e2; e2�; Je1i
2
U 0:

Thus, hh�e2; e2�; Je1iV 0. From the above mention

hh�e3; e3�; Je1iV 0; . . . ; hh�en; en�; Je1iV 0:
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Thus the case cannot occur. We assume that f10 attains the signature �ÿ; . . . ;ÿ� and

�ÿ; . . . ;ÿ� at u and ea; a � 2, respectively. If there exists eb; 3U b < n, at which f

attains critical value, then we consider the case with the signature � at eb. Set

h�e2; e2� � hh�e2; e2�; Je2iJe2. Then since

jh�e2; e2�j
2 ÿ hh�e2; e2�; h�e1; e1�iÿ 2jh�e1; e2�j

2
V 0;

ÿhh�e2; e2�; Je2iU hh�e1; e1�; Je2iU
1

2
hh�e2; e2�; Je2i:

Hence jh�e1; e1�j
2 � hh�e2; e2�; Je2i

2. On the other hand, hh�e3; e3�; Je2iV 0; . . . ;

hh�en; en�; Je2iV 0. Thus f10�e1� � f10�e2� � l2 for some real number l and f10�e3�

� � � � � f10�en� � 0. Then hLu; ui � 2l2 > jhj2=n �n > 2� and jhj2 U n�n� 2�c=16

for some l. We remark that if l2 < �1=8�c (resp. l � const.), then M is totally

geodesic ([M1] and [X1] (resp. [C ])) and that by the similar way with [C ] we can show

there exists a non-constant function l which satis®es Gauss, Codazzi and Ricci

equations. It remains the case that f10 attains its critical value with the signature

�ÿ; . . . ;ÿ�; . . . ; �ÿ; . . . ;ÿ� at e1; . . . ; ea�aV 3�, respectively. If there exists eb; a� 1U

b < n, at which f attains critical value, we consider the case with the signature �

at eb. Put h�ea; ea� � hh�ea; ea�; JeaiJea. If a � �n� 4�=3 �nV 5�, then hLea; eai �

��n� 2�=2�jh�ea; ea�j
2 and hLen; eni � 2jh�en; en�j

2. Thus the case cannot occur.

Assume that n � 4 and a � 3. Then h�e1; e1� � ÿhh�e3; e3�; Je3iJe3; h�e2; e2� �

ÿhh�e3; e3�; Je3iJe3 and 0U hh�e4; e4�; Je3iU 1=2hh�e3; e3�; Je3i show that M is totally

geodesic. If n � 3aÿ 3 or 3aÿ 2, then changing an orthonormal basis, put

h�ea�1; ea�1� � hh�ea�1; ea�1�; Jea�1iJea�1. Then

h�e1; e1� � �ÿ1ÿ b1�hh�ea�1; ea�1�; Jea�1iJea�1 � hh�e1; e1�; Jea�2iJea�2

� � � � � hh�e1; e1�; JeniJen;

� � � ;

h�eaÿ1; eaÿ1� � �ÿ1ÿ b1�hh�ea�1; ea�1�; Jea�1iJea�1 � hh�e1; e1�; Jea�2iJea�2

� � � � � hh�e1; e1�; JeniJen;

h�ea; ea� � �1� b1�hh�ea�1; ea�1�; Jea�1iJea�1 ÿ hh�e1; e1�; Jea�2iJea�2

ÿ � � � ÿ hh�e1; e1�; JeniJen;

h�ea�1; ea�1� � hh�ea�1; ea�1�; Jea�1iJea�1;

h�ea�2; ea�2� � b2hh�ea�1; ea�1�; Jea�1iJea�1 � hh�ea�2; ea�2�; Jea�2iJea�2

� � � � � hh�ea�2; ea�2�; JeniJen;

� � � ;

h�en; en� � bnÿahh�ea�1; ea�1�; Jea�1iJea�1 � hh�en; en�; Jea�2iJea�2

� � � � � hh�en; en�; JeniJen:
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Since

jh�e1; e1�j
2 ÿ hh�ea; ea�; h�e1; e1�iÿ 2jh�e1; ea�j

2 � 0;

� � � ;

jh�eaÿ1; eaÿ1�j
2 ÿ hh�ea; ea�; h�eaÿ1; eaÿ1�iÿ 2jh�eaÿ1; ea�j

2 � 0��O2��;

we have

�1� b1�
2
hh�ea�1; ea�1�; Jea�1i

2 � hh�e1; e1�; Jea�2i
2 � � � � � hh�e1; e1�; Jeni

2

� hh�e1; ea�; Jea�2i
2 � � � � � hh�e1; ea�; Jeni

2
;

� � � ;

�1� b1�
2
hh�ea�1; ea�1�; Jea�1i

2 � hh�e1; e1�; Jea�2i
2 � � � � � hh�e1; e1�; Jeni

2

� hh�eaÿ1; ea�; Jea�2i
2 � � � � � hh�eaÿ1; ea�; Jeni

2
:

Also, it holds

jh�ea; ea�j
2 ÿ hh�ea; ea�; h�ea�2; ea�2�iÿ 2jh�ea; ea�2�j

2
V 0;

� � � ;

jh�ea; ea�j
2 ÿ hh�ea; ea�; h�en; en�iÿ 2jh�ea; en�j

2
V 0:

Hence, we obtain

hh�e1; e1�; Jea�2i � � � � � hh�e1; e1�; Jeni � b2 � � � � � bnÿa � 0:

Hence M is totally geodesic. This proves Proposition.
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