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Abstract. The vertical bundle of the twistor fibration over a 4-dimensional
self-dual manifold is a holomorphic line bundle and plays an important role in a
study of the twistor space. On the other hand, the vertical bundle of the twistor
space over a quaternionic manifold is not a holomorphic line bundle, in
general. We shall give the condition for a vertical bundle to be a holomorphic
line bundle.

1. Introduction.

We are concerned with holomorphic structures on the vertical bundle of the twistor
fibration over a quaternionic manifold.

For an oriented m-dimensional conformal manifold M, we may consider a Weyl
structure D on M, which is a symmetric linear connection preserving the conformal
structure of M. Over M, there is a line bundle L associated to the CO(m)-principal
bundle of M and the representation 4 — |detA|1/ " of the linear group. Thus a Weyl
structure D on M induces a linear connection D* on L. In the case of m =4, if the
curvature of D’ is a self-dual 2-form, then D is called a self-dual Weyl structure. While
it is known that if M is a 4-dimensional self-dual manifold, then there is a complex 3-
manifold Z fibered over M by a family of projective lines. Z is called the twistor space
of M. The vertical bundle ® of Z is considered as a complex line bundle over Z and
has a natural Hermitian metric. We choose a Weyl structure D on M, then a linear
connection V on @ is induced by D. If the curvature of V is of type (1, 1) relative to the
complex structure on Z, then we call V a Chern connection. A Chern connection on @
induces a holomorphic structure that renders ® a holomorphic line bundle over Z. In
particular, if D is the Levi-Civita connection of a self-dual metric on M, then the
induced connection V on @ is a Chern connection, and ®% 0 is isomorphic to the dual

bundle of the canonical bundle of Z as a holomorphic bundle.
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Gauduchon showed that for a 4-dimensional self-dual manifold, a linear connection
V on O is a Chern connection if and only if a Weyl structure D that induces V is self-
dual. Furthermore, if M is compact, he classified the types of the conformal structures
admitting holomorphic sections on ®” @. Using these results and a vanishing theorem,
he proved that if the conformal class of M contains a metric with negative scalar
curvature then the twistor space of M does not contain any nontrivial divisor.

A 4n-dimensional manifold (n > 2) is called quaternionic if it has a GL(n, H)Sp(1)-
structure preserved by a torsion-free connection. We note that if n=1 then
GL(1,H)Sp(1) = CO(4). Salamon showed that there is a twistor space Z over a
quaternionic manifold M. The fiber Z, over each point x € M is a real 2-sphere, which
parametrizes almost complex structures on 7, M, and the total space of Z admits a
complex structure. Therefore, we regard the notion of quaternionic manifold as a
generalization of that of self-dual manifold and examine quaternionic manifolds and
their twistor spaces.

In the next section, we recall the twistor space of a quaternionic manifold. We
express a twistor space and its vertical bundle as associated bundles with the
GL(n, H)Sp(1)-principal bundle and representations of GL(n, H)Sp(1). Thus we see that
a connection D on a quaternionic manifold induces a connection V on a vertical bundle.
Further, we may describe the curvature RV of V explicitly, and see the relation between
the curvatures R” and R”. In Section 3, we recall representations of the structure group
GL(n,H)Sp(1) and the first prolongation of its Lie algebra. Combining the Clebsch-
Gordan formula and the formulas of irreducible decompositions of GL(n, H)-modules,
we describe the first prolongation as a GL(n, H)Sp(1)-module. In Section 4, we shall
study a curvature of a quaternionic manifold by means of representation theory. We
consider RP as a 2-form with values in the Lie algebra gl(n,H)®sp(1) of
GL(n,H)Sp(1). From the first Bianchi identity, we see that R? determines an element
of a Spencer cohomology. By using some irreducible decompositions of GL(n, H)Sp(1)-
modules, we have the irreducible decomposition of a curvature of a quaternionic
manifold. In Section 5, we have the main theorem. From the results in Sections 3 and
4, we may describe a curvature of a quaternionic manifold explicitly. We shall obtain
the condition for the vertical bundle of the twistor space of a quaternionic manifold to
have a Chern connection. We also find that this condition corresponds to the condition
for a Weyl structure to be self-dual in the case of a 4-dimensional self-dual manifold. In
Section 6, we deal with hypercomplex manifolds. A 4n-dimensional manifold that has a
GL(n, H)-structure with a torsion-free connection is called a hypercomplex manifold. We

note that the class of hypercomplex manifolds is included in that of quaternionic
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manifolds. It is known that a hypercomplex manifold has a unique torsion-free
connection. It is called the Obata connection. Applying the theorem in Section 5 to the
case of a hypercomplex manifold, we see that an Obata connection induces a Chern
connection on a vertical line bundle.

The author would like to express his gratitude to Professors Takashi Nitta and Shin

Nayatani for their valuable advice and kind encouragement.

2. Twistor spaces.

Let M be a quaternionic manifold, which is a real 4n-dimensional manifold, n > 2,
with a GL(n,H)Sp(1)-structure admitting a torsion-free connection. We choose a
connection D out of such connections. We denote by E, H the standard complex
representations of GL(n, H), Sp(1) on C*", C? respectively. The complex vector spaces
E and H possess antilinear structure maps v +— v commuting with the action of the
respective groups and satisfying o = —v. Such representations are called quaternionic.

Then the complexified cotangent bundle of M has the form
(2.1) (T*M)€ ~E®cH,

where E, H are vector bundles associated to representations E, H respectively. The
symmetric powers S¥H (k > 0) are the irreducible complex representations of Sp(1). If
k is even, then S¥H has a real structure induced from the structure map of H, so we
regard it as a real vector space. In particular, S>H is the adjoint representation of
Sp(1). There is an Sp(1)-invariant skew form wpy e A?H* which induces an iso-
morphism H =~ H*. Using the inclusion S’H — H® H ~,, H® H* = End H, we
may identify sp(1) with S?H. Let ¢, ) be the inner product on S?H < H ® H induced
by wy. If J,K € S?H, then as endomorphisms of TM,

(2.2) JoK+KoJ=—{J,K>I.
We consider the bundle
Z={JeSH |, J>'? =2}

whose fiber Z, over a point x € M is a real 2-sphere. From [2.2), an element J € Z,

LB
defines an almost complex structure on 7, M. The bundle Z is called the twistor space
of M. Let n be the natural projection from Z to M and O the vertical tangent bundle

on Z. For any point J € Z,, we have a natural identification

O;={4eS’H|Jod=—AoJ},
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where ©; = T;Z, is the fiber of ® at J. The bundle @ admits a complex structure
determined by

JA=Jod, Ae0y.

An inner product {, > on @, is induced by the embedding of @; in S*H. ¢ is
compatible with {, ), so @ has a canonical Hermitian structure. We denote by QW the
Kihler form on @; (J e Z,) induced by {, >. Let v” denote the vertical projection
from TZ to © with respect to D. Any vector U on Z, at a point J, is represented by

U= (v(U),X),

where X = 7, (U) is the projection of U in T M. Thus we obtain an almost complex
structure ¢ on Z defined by

JU = (Jov?(U),JX).
Salamon showed that ¢ is integrable when M is a quaternionic manifold. We define 17
the orthogonal projection of 7*S*H onto @ such that for any point J of Z,,

1
I’ (A) =4 - S<AIY, e S?H.

A connection D on M induces a connection DY on S?H via the adjoint representation
of Sp(1). We denote by n*DA¢ the pull back connection on 7*S*H. We may define a

Hermitian connection V on @ as follows:
V =1II on* DAY,
more explicitly,

. o= 1
Vyd = D94 — 5<A,J>UD(U), UeT,Z,

where A is a vertical vector field on Z defined by

AJ)=1"(4), AeS’H, JeZ,.
We may compute the curvature of V as follows.

Lemma 2.1 ([3]). Let RV denote the curvature of the Hermitian connection V on ©

induced by a connection D of M. Then we have

1
59Y(C, B) g4,

(1) RZ’,CA =
v _
(2) RB,XA =0,

(3) RY ;A =1I'[RP(X,Y), 4],
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where A,B,Ce 0y, X,Y € T\M, X, Y is the horizontal lift of X, Y respectively, and R”

is the curvature of D.

Proor. (1) We note that [B,C] = QY (B, C)J and [2.2), we have
Ry cA=VVed —VeVAd—Vig A
1 ~ | -
=~ 5¢4.0¢ ) e (=5 <an8)
1
= —51(K4,VpJ)C ~ ({4, VeI ) B}

DI —

= %Q(“‘)(C,B) JA.

(2) We note that [X,B] is vertical, we have

Ry cA=ViVyd —ViVsd Vi oA
N 1 .
= Vp(D{IA4) -V <—§<A7J>B>
1, ad L oAd 7,
= —5<Dy4,J)B + 5 D3 ({4, 1) B)

1 1
= — 5Dy 4. J)B +5 (DA, ) + <A, D)) B
=0.

(3) We note that R?" = d(Ad)(RP) = ad(RP), we have

R yA=ViVid —ViVid —Vig 54
=Vy(Dyi4) = Vy(Dyd) — D3ty A
= DDA~ DDA - DY, A

= IT"(R”™ (X, Y)A)

=ITI"[RP(X,Y), A]. O
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From this lemma, we see that R” is #-invariant in cases of (1) and (2). In (3), [, ]
is the bracket of the Lie algebra g=gl(n,H) ®sp(l) of the structure group
GL(n,H)Sp(1). RP? is a 2-form with values in g and 4 is in @; = S?H = sp(1), so we
take notice of the component on sp(1) of R? in Section 5. By virtue of representation

theory, we examine the curvature of a connection on a quaternionic manifold.

3. Representations of GL(n, H)Sp(1).

We denote by G the structure group GL(n, H)Sp(1) of M. Let g!) be the first
prolongation of the Lie algebra g of G and T the representation of G corresponding to

the tangent bundle. We have
gcEndT=TQ®T",
then g!) is defined to be the kernel of the skewing mapping
:gQT* > TQ®AT*.
We shall determine the above homomorphism for g = gl(n, H) ® sp(1) = E*E ® S°H.

Tensor products are indicated either in the usual way or simply by juxtaposition. From

(2.1), we have
g T~ (E*E® S*H) ® EH,
and
T A*T* ~ E*H ® A*(EH)
~ E*H® (S’E @ A’ES*H).

There is a contraction ¢ : E* ® S>E — E, so by Schur’s lemma, E appears in E* ® S*E,

and we have
(3.1) E*®S’EXE®C,
where C =kergp. In a similar fashion, we see
(3.2) E*QA’E~E®D.
C and D are both irreducible. Combining the above isomorphisms and the Clebsch-
Gordan formula
‘ min(j.k)

(3.3) S'H® S'H ~ Sitk=ry.

r=0

we have
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Lemma 3.1 ([8]).
g®T*~3EH® CH ® DH ® ES°H,
TQRA’T* ~2EH ® CH ® DH ® ES°H ©® DS°H,

where nEH denotes an isotypic component isomorphic to the direct sum of n copies of EH.

From this lemma, we obtain

ProposiTION 3.1 ([8]).

g = kerd ~ EH.

We represent the isomorphism in [Proposition 3.1l more precisely. There is one copy
of EH in each of the three terms on the right-hand side of

T = (CPsl(n,H) ®sp(l)) ® EH.

We take a basis {e,}fﬁl of E, such that & = e ,,€j1, = —¢; (j=1,...,n), and an
SU(2)-basis {h,h} of H (wy(h,h) =1), where v+~ ¥ are antilinear structure maps
commuting with the action of GL(n, H) or Sp(1) and satisfying v = —v. Let {ei}fjl
denote the dual basis of E*, then

2n

o = Z(eiheiiz - eiizeih)elh e C® EH,
i=1

2n

. . 1
oy = E(e’helh — e'heih)eih — ﬂfxl esl(n,H) ® EH,

2n
o3 = Z{2eiheiheliz — (e'heih + e'heih)e h} € sp(1) ® EH,
i=1

are representatives of the element e;/ in each of the three copies of EH, and ker? is
spanned by the element

(3.4) OC:n;I/l_IOC1+2OQ+OCg
— Z{(e’hel-h —e'heih)eth + 2(e'heih — e'heyh)e;h

i=1

+ 2¢'heiheih — (e'heih + e'he;h)e h}.
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By using [3.4), in Section 5, we may describe a curvature of a quaternionic manifold

concretely.

4. Curvature of a quaternionic manifold.
We consider the Spencer complex
RN g(l) ®AS—IT* N g(r—l) R AT* — g(r—2) ®AS+1T* —

where g") denotes the r-th prolongation of g, where g°) =g, ¢!’ = 7. The cohomology
at the point "1 ® A°T* is denoted by H"’(g).

For a quaternionic manifold M with a torsion-free connection D, the curvature R?
of D lies in g ® A>T*. The first Bianchi identity implies that AR =0, and hence R”

represents the cohomology class in H'2(g) of the sequence
(1) * 2 ik 3k
0’ T - g@AT" - TRAT".
In order to decompose these spaces, we introduce some irreducible decompositions of

GL(n, H)-modules. First,

2 ~ Q3
(1) {E@SE:SE®R

EQANE=~AEQ@F,
where modules F and F’ are irreducible, and F =~ F’ via Schur’s lemma. Secondly,

* 3 ~ Q2
(4.2) {E QS’ExSE® U,

E*QAE~A’EQ@V,

with U, V irreducible, and from (4.1) and (4.2),

(4.3)

{H@E@yEgyE@U@PR
E*QEQANE~A’E@®V @ E*F.

We see that both left-hand members in contain £ ® E from and [3.2], thus we
have that

E'F~S’E@A’E® W,
for some irreducible module . Thirdly,
A*(EH) =~ A*ES*H @ FH.

Combining the above decompositions and the Clebsch-Gordan formula 3.3], we have
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Lemma 4.1 ([8]).

GRAT" 22S°EQIPPEQUOW @ (2S’EQ@3APEQV ® W)S*H @ A’ES*H,

TQAT =2S’EQAEOW @ (S’EQ2A’PEQV ® W)S’H ® (A’E® V)S*H.

On the other hand, from (2.1} and [Proposition 3.1, we have

(4.4) ) ® T* ~ EH ® EH =~ S’E ® A*E ® (S*E ® A*E)S*H.

Thus we see that the components of g ® A*T* minus those of d(g'!) ® T*) all occur in
T ® A3T* with the exception of U. Using Schur’s lemma, we may check that
0:9® A*T* — T ® A3T* has full rank. Hence we obtain

ProposiTION 4.1 ([8]).
H'?(g)=U.

Therefore, the curvature R” has the form

(4.5) RP = a(Z v ® t”) + Ry,

where v; € g1, ' € T*, and Ry € U, i.e., RP? decomposes into irreducible GL(n, H)Sp(1)-
components in S2E, A*E, S?ES*H, A’ES*H, and U.

REMARK. In the case of a 4-dimensional conformal manifold, we see that g(l) ®
T*~S’E®C®S’ES’H® S*H and H'?(g) ~ U® S*H. Thus a curvature has its
components in S’E, C, S?ES’H, S?’H, U and S*H. If M is self-dual, then the S*H-
component vanishes. The components lying in C, S?ES>H, and U correspond to the
parts of the scalar curvature, the traceless Ricci curvature, and the self-dual Weyl tensor,
respectively. And the S?E-component and the S?H-component correspond to the self-

dual part and the anti-self-dual part of the curvature of D’ respectively.

5. Chern connections.

Let X be a complex manifold and ¥ a Hermitian line bundle over X. A Hermitian
connection on % is called a Chern connection, if its curvature is of type (1,1) with
respect to the complex structure on X. It is well-known that for any fixed Hermitian

structure on %, there is a natural bijection between Chern connections and holomorphic
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structures on %, obtained by identifying a Chern connection with its (0, 1)-part. In
Section 2, we have seen that the twistor space of a quaternionic manifold is a complex
manifold and its vertical bundle is a Hermitian line bundle. In this section, we shall
obtain the condition for a Hermitian connection on the vertical bundle to be a Chern
connection.

We extend the curvature R of a torsion-free connection on a quaternionic manifold

to a complex bilinear form, also denote it by R, on TM¢. We see that the U-

\
/l

component Ry of R is gl(n, H)-valued. So from (4.5), we also see that the sp(l)-
component of R is constructed by the vectors e,he,h, eyhe,h, eyhe,h, and eyhe,h in
gV ® T* =~ EH ® EH. We denote the coefficients of these vectors by o, %, %5, and
a5 respectively. On the other hand, from [3.4), we may express the component on sp(1)

of R as follows:

R(ePh, e h) g2y = apgh - 1+ byt - h,

R(ePh,eh) o0y = apgh - h+ bpgh - h+ cpgh - h,

R(ePh,elh) gy = asgh - h+ bgh - h + csgh - h,

R(epiz, eq/jl)szH = bﬁqil -h+ Cﬁqil - h,

where a - b means the symmetric product of @ and b. We note that coefficients a,,, a,g,

Asq, bpg, bpa, big, bpgs Cpay Cogs Cpg and 04y, 05, Opg, o5 satisfy the following relations:

Upg = Upg — Ugp, Apg = —Opq, Apg = Xgp,
(5.1) bpg = %pg — %gp, bpg = —%pq — tgps big = pg + %gp, bpg = ogp — tpg,
Cpq = —%gps Cpg = %pgs Coq = %gp — %q  (Pyg=1,...,2n).

At first, since a curvature is skew-symmetric, its complex coefficients satisfy

(dpqg = —Agps dpg = —Agp;
bpg = =bgp, bpg = —=bap, bpg = —bp,
(5.2) Cpg = ~Cips Cpg = ~Cips

dpg + Apg = bpg, Cpg + Cog = bpg,
apq—bpq—bﬁq+c,;q:0 (p,g=1,...,2n).

Next, the curvature R is real, i.e., R(X,Y) = R(X,Y) for X, Y € TMC, where * is
the operation of complex conjugation, so that its coefficients also satisfy the following
conditions (5.3):
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'chan];:n (1<j,k<n)
- —Ci (1<j<
EAR faaes (n+1
| i (n+1<j,k <2n)
( —Ckn (1 <j,k<n)
B Cpkn (1<j<
= C kern (n+1
|~k (n+1<j,k<2n)
'—].Tnm (1<j,k<n)
e b (1<j<
Fara (n+1
| 0 (n+1<jk<2n)
bﬁ%km (1 <j,k<n)
TR G
J—nk+n
e (n+1<j,k<2n)

of type (1,1) if and only if R satisfies the condition

(*)

I’ ([R°(JX,JY) — RP(X,Y),A4]) =0

for each X,Y e T M and 4 € ®,;. We take a real basis

(5.4)

X/ = elh+ e/,
Y/ =/—=1(elh — e/tmh),
Z) = elth — elh,

Wi =~—1(e/*"h + e/h)

G=1,...

7n)

495

Moreover, we assume that R is of type (1,1). From [Lemma 2.1, we see that RV is

on TMC, and put J =ah-h+ bh-h+ch-h. Since J is a real operator, i.e., J = J, and
(J,JY=+2, we have c=a,b= —b and 4ac —b*=1. For each 4€®;, A=dh-h+
eh-h+fh-h, we also have f =d,é = —e,4df —e* =1, and 2af —be +2cd =0 (ie.,
(J,AY =0). We compute the condition (x) for the basis [5.4), we obtain the following

conditions for coefficients of R (5.5):
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A + b/k+n bj-}—nlg ~ k= 0,

Jk+n ]/-l:_l’/l/; o C]~1€ - 0’

Girn — by + b, — G = 0,

jkn + b]k + bj+nk+n Sin = 0,

b +b~~ =0,

+nk+n

bic = b =0,

bjkin = br =0,

bjk+n +b—~

Jnk O’

bj+nk+n + b]]% = 0,
bj+nk+n_b];;:0 (j,kzl,...,l’l).
For example, we compute (x) for X/ and X*, then we have

I ([RP(JX7, X" — RP(X/, YK, 4])

= (el + b5, + by~ ) — 4o+ B Y
+ {4f(ajk + b]k+n + b]+nk ~'12) + 4d(aj+nk+n — Yjk4n — b]-H'Ik ]+nk+n>}il -h

+{2e(ajrnkn — bjtsn — bjrnk — i nkn ) +4f (b + bﬁﬁlgrn)}il h
= O,

for each 4. So we get some equations in (5.5).
From (5.2), (5.3) and (5.5), we obtain

(56) Apg = Cpg and bpq:bﬁqzo (p,q:l,...,zn).

Using the relation [5.I], we may rewrite the conditions (5.3) and (5.6) as the
following (5.7):

(%, (1<pa<n)

— 0 (1<p<nn+1<qg<2n)
0 (mn+1<p<2n1<g<n)
S (n+1<p,q<2n)
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(
g U Spg<n)
- U (L Sp<nnt1<q<2n)
Pq —
Ugin  (MH1=p<2n,1<q<n)
[ % (n+1<p,q<2n)
Upg = %gps Opg = %gps
Upg — %gp = %gp — Ypq (p.q=1,...,2n).

In (5.7), we note that the first 2 conditions correspond to (5.3), and the last 3 conditions
correspond to (5.6). From (5.7), we see that the curvatures of type (1, 1) are constructed

by the vectors
Aj = ejhekiz — ejizekh + ej+nhek+n}~z — ej+n}~zek+nh,
Bj, = \/jf(ejhekiz — ejizekh — ethekJrniz + eHnljlekJrnh),
Ci = ejhek+niz — ejizek+nh + €j+nilekh — ej+nhek;z,
Dj = \/:(ejhek+nl~z — ejizek+nh — ej+n}~zekh + ej+nhek1~z),
Ej = ejheih + exhe;h + ej+,,fzek+niz + ek+nizej+niz,
Fy = \/—_l(ejhekh + exheih — eHnizekJrniz - €k+nil€j+n/jl),
Gix = ejhexnh + ejnheih — ej+nfzekiz — ekizejJrniz,
Hy = \/—_l(ejhekﬂlh + exinheih + ejﬂ,izekiz + ekizeﬁniz),
Ly = ejinheiinh + ejynhej,h + ejizekiz + ekizejiz,
Ji = \/—_l(ej+nhek+nh + exnhejinh — ejizekiz — ekizejiz),
Kj = ekizejh + ejizekh - ek+nhej+niz — ej+nhek+n}~z,
Ly = vas (ekizejh + ejizekh + €k+nh€j+nil + €j+nh€k+nil),
My = ek+nhejl; + ejizekﬂh + ekizejJrnh + ej+nhekf~z,
Ny = \/—_l(ek+nhej}~z + ejizek+,1h — ekizej+nh — ej+nhek}~z) (j,k=1,...,n)

over R. We note that ¢’ @ T* ~ EH ® EH ~ S’E @ A’E ® (S*E ® A’E)S*H. We
may see that the above vectors are all in S2E @ A°E @ S2ES?*H and span S?E @
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A’E ® S’ES?H. More precisely, S’E, A*E, and S?ES?H are spanned by {4, + Ay,
Bji + Byj, Cix — Cij, Djg + Dy}, {Aj — Ayj, Bix — Byj, Cix + Cij, Djx — Dy}, and {Ejy, Fj,
Gik, Hik, Tie, Jjk, Ajx + Awj + 2Kjk, Bjx + Byj + 2Lk, Ci + Cig + Mjx + Myg, Dy — Dy +

Njc — Ny}, respectively. Hence we obtain the following

THEOREM 5.1. Let M be a quaternionic manifold with a torsion-free connection D,
and O the vertical bundle of the twistor fibration Z. Then the linear connection V on ©
induced by D is a Chern connection if and only if the curvature R of D has no
component in A*ES*H.

REMARK. The condition for the curvature R? of D to have no component in
A’ES’H in corresponds to the condition for a Weyl structure to be self-

dual in the case of a 4-dimensional self-dual manifold (¢f/. Remark in Section 4).

ExampLE. If (M,g) is a quaternionic Kédhler manifold with Levi-Civita connection
D, then D induces a Chern connection. Because the components of the curvature R lie
in ’E@® U.

6. Hypercomplex manifolds.

A 4n-dimensional manifold M with a GL(n, H)-structure admitting a torsion-free
connection is a hypercomplex manifold. Therefore the family of quaternionic manifolds
contains that of hypercomplex manifolds. Applying the results of Sections 3 and 4 with
the Lie algebra gl(n, H), we obtain

THEOREM 6.1 ([8]).
ol(n, H)'" =0,
H'"2(gl(n,H)) =~ U @ S°E.

For any two torsion-free G-connections V! and V®) the difference V) — v
belongs to ). From the first equation in [Theorem 6.1, we see that a torsion-free
GL(n, H)-connection is unique if it exists. We call it the Obata connection. And we also
see that the curvature of an Obata connection has the components in U @ S?E. Hence

an Obata connection induces a Chern connection.
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