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Abstract. We investigate Lagrangian submanifolds of the 3-dimensional complex
projective space. In case the second fundamental form takes a special form, we obtain
several classification theorems. As a consequence we obtain several new examples of
3-dimensional Lagrangian submanifolds.

1. Introduction.

In this paper we investigate 3-dimensional Lagrangian submanifolds of the
3-dimensional complex projective space CP3(4). A 3-dimensional submanifold
of CP3(4) is called Lagrangian if the complex structure J interchanges the
tangent and normal spaces. Besides the complex submanifolds, the Lagrangian
submanifolds form the most important class of submanifolds of complex pro-
jective spaces and have already been studied by many people.

In this paper, we particularly focus our attention on Lagrangian sub-
manifolds which admit a special type of tangent frame. In particular we will
consider two special cases. The paper is organised as follows. In Section 2 we
recall the basic formulas for Lagrangian submanifolds of the complex projective
space. This will include the basic existence and uniqueness theorem as well as
the existence of a horizontal lift (see respectively and [R]) in to the
7-dimensional sphere S7(1).

Next, we suppose that there exist one of two special type of orthonormal
frame on our submanifold. We also show that such a frame always exists, if
necessary by restricting to an open dense subset if M> admits one of the fol-
lowing geometric properties:

(i) M? is minimal, dy #2 and M? is quasi Einstein, where J,; is the
invariant introduced by Chen in [C1]. Minimal Lagrangian submanifolds with
oy = 2 were studied in [CDVV1] and [CDVV2]. A complete classification of the
3-dimensional ones was obtained in [BSVW]. Note that M is called quasi
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Einstein if the Ricci tensor has a double eigenvalue at each point p of
M?3. Recall that a 3-dimensional manifold is Einstein if and only if it has
constant sectional curvature and that the minimal Lagrangian submanifolds with
constant sectional curvature were classified in [E],

(i) M3 is minimal and M is semi symmetric,

(iii) M3 is Lagrangian H-umbilical in the sense of [C3], i.e. it is nowhere
minimal, JH is an eigenvector of Ay and Ay restricted to {JH}" is a multiple of
the identity. Here H denotes the mean curvature vector field. In particular this
class is a generalization of the one studied in [Cal, and [CV],

(iv) M? is nowhere minimal and JH/|H| is a Killing vector field whose
integral curves lie in a complex vectorplane in CP?. Minimal Lagrangian
submanifolds admitting a unit length Killing whose integral curves are geodesics
were studied in [CaV].

In the next sections, we then express the Gauss and Codazzi equations for
the two main cases. In order to solve this system of equations, we have to
introduce several more subcases. We then, in the different subcases show
how these equations can be solved explicitely and construct the corresponding
Lagrangian immersions using the existence and uniqueness theorem.

In particular, we also obtain some new examples of Lagrangian submani-
folds with constant sectional curvature. It becomes then straightforward to
apply these results to obtain classification theorems for the different classes of
Lagrangian submanifolds introduced above.

One of the main reasons for studying the above classes of Lagrangian
submanifolds is the following problem, which can be seen as a Lagrangian analog
of Chern’s problem for minimal hypersurfaces in spheres:

PrROBLEM 1. Let M be a minimal Lagrangian submanifold of CP"(4) with
constant scalar curvature. Which are the possible values of the scalar curvature
which can occur?

2. Preliminaries.

First, we want to recall some basic definitions about distributions on
Riemannian manifolds. For more details we refer to [KN]. Let E be a dis-
tribution. Denote by E* its orthogonal distribution. Then E is called parallel
if Vy Y € E for all vectorfields X tangent to M and Y € E; it is called autoparallel
if VyY eE for all X,Y € E; it is called totally umbilical if there exists a vector
H e E+ such that h(VyY,Z)=h(X,Y)h(H,Z) for all X,Y eE and for all
Z e E*, in this case H is called the mean curvature normal of the distribution
E. We call E spherical if it 1s totally umbilical and its mean curvature normal H
satisfies A(VyH,Z) =0 for all X e E and Z € E*+. If E is autoparallel, totally
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umbilical or spherical, then E is involutive and all the leaves of the foliation of M
induced by E are totally geodesic, totally umbilical or spherical respectively.

Let M be a Lagrangian submanifold of CP"(4). We denote the Levi-Civita
connections of M and of CP"(4) by V and V, respectively. The formulas of
Gauss and Weingarten are given respectively by

Vi¥Y =VyY +h(X,Y), (1)
Vyé = —A:X + D¢, (2)

for tangent vector fields X and Y and normal vector fields &, where D is the
connection on the normal bundle. The second fundamental form /4 is related to
the shape operator Az by

Ch(X,Y), &) =<4 X, Y). (3)

The mean curvature vector H of M is defined by H = 1/ntraceh.
For Lagrangian submanifolds of a Kaehler manifold, we have (cf. [COJ)

DyJY = JVy Y, (4)
A Y = —Jh(X,Y) = Ay X. (5)

The above formulas imply that {(h(X,Y),JZ) is totally symmetric. If we
denote the curvature tensors of V and D by R and RP?, respectively, i.e.

R(X,Y)=[Vx,Vy]=Vix.yj, RP(X,Y)=[Dx,Dy]— Dy, v,
then the equations of Gauss, Codazzi and Ricci are given respectively by
(RX,Y)Z, W) = {Any,2)X, W) = {Anx, 20 Y, W)
(X, WYY, Zy = (X, Z)CY W), (6)
Vh)(X,Y,Z)=(Vh)(Y,X,Z), (7)
RP°(X,Y)IZ,JW) =[Asz, Ajw]X, Y )

+C(<X7 W><Y,Z>—<X,Z><Y, W>)7 (8)

where X, Y,Z W (respectively, # and &) are vector fields tangent (respectively,
normal) to M and Vh is defined by

(Vh)(X,Y,Z) = Dyh(Y,Z) — h(Vy Y, Z) — h(Y,VyZ). (9)
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We recall the following Existence and Uniqueness Theorems for later use (cf.

[CDVVI1] and [CDVV2]).

THEOREM 1. Let (M",<.,.)) be an n-dimensional simply connected
Riemannian manifold. Let o be a TM-valued symmetric bilinear form on M
satisfying

(1) <e(X,Y),Z) is totally symmetric,

(i) (Vo)(X,Y,Z2)=Vyxa(Y,Z)—0a(VxY,Z)—a(Y,VxZ) is totally sym-
metric,

(i) RX,Y)Z=(Y,Z>X —<X,Z>Y)+0(o(Y,Z),X) — o(c(X,Z), Y),
then there exists a Lagrangian isometric immersion L:(M,<.,.)) — CP"(4)
whose second fundamental form h is given by h(X,Y)=Jo(X,Y).

THEOREM 2. Let Ly,L,: M — CP"(4) be two Lagrangian isometric
immersions of a Riemannian manifold M with second fundamental forms h' and
. If

WX, Y),JLLZy = (X, Y),ILa 2, (10)

for all vector fields X,Y,Z tangent to M, then there exists an isometry ¢ of
CP"(4) such that Ly = ¢o L.

In order to obtain the immersions more explicitly, it is often very convenient
to consider the Hopf fibration 7 : $**!(1) — CP"(4). On S¥*(1) c C"™ we
consider the Sasakian structure ¢ (the projection of the complex structure J of
C"! on the tangent bundle of S¥"*!) and the structure vector field & = Jx,
where x is the position vector. An isometric immersion f : M — S?**! is called
C-totally real if ¢ is normal to f,(TM). Note that for a C-totally real submani-
fold {¢(f.(TM)), f.(TM)»=0. On C™' we consider the complex structure J.
The main results of [R] can be specialized to our situation as follows.

First let g : M — CP"(4) be a totally real isometric immersion. Then there
exist an isometric covering map 7: M — M, and a C-totally real isometric
immersion f: M — S>*! such that g(r) =n(f). Hence every totally real
immersion can be lifted locally (or globally if we assume the manifold is simply
connected) to a C-totally real immersion of the same Riemannian manifold.
Conversely, let f: M — S>*! be a C-totally real isometric immersion. Then
g=mn(f): M — CP"(4) is again an isometric immersion, which is totally real.
Under this correspondence, the second fundamental forms 4/ and A9 of f and ¢
satisfy m.h/ = h9. Moreover, h/ is horizontal w.r.t. 7.

We now restrict ourselves to the case that our Lagrangian submanifold is
3-dimensional and admits a frame of a special type. Namely, we call M a
Lagrangian submanifold of Type 1 if and only if around each point p of an open
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dense subset of M there exists a local orthonormal basis {E), E», E3} such that
Ve Er =0, Ve, B> = a1 Es, Vi B3 = —a1 Es,
Vi, Ei = by Ej, Vi, Ey = by Ej, Vi, E3 = —bi E\ — by By,

Ve, Ey = —Db 1 E, Ve, Er = D1 E| + ax B3, Vi, E3 = —ar B,

h(E],El) = /11JE1, h(Ez,Ez) = WLJE| +aJE, + bJE3,
h(El,Ez) = /12JE2, h(Ez, E3) = bJEz — aJE3,
h(El,E3) = /13JE3, h(E3,E3) = 13JE1 — ClJEz — bJE3,

and we call M a Lagrangian submanifold of Type 2 if and only if around each
point p of an open and dense subset of M there exists a local orthonormal basis
{El,Ez,E3} such that

Ve By = a1 By + ar B3, Ve £r = —a1E1 + a3 B3, Vi B3z = —aE) — az s,
Ve, Ey = D1 Ey + by Es, Ve, Ey = —D1E| + b3 E3, Ve, Es = —byE| — b3 Es,
Ve, E1 = c1 By + oo 3, Vi, Er = —c1Ey + c3E3, Vi, B3z = —o By — 3By,

h(El,El) = i]JEl, h(Ez,Ez) = }QJE] + aJE,,
h(El,Ez) = /12JE2, h(Ez,Eg) = —CZJE3,
h(El,E3) = /12JE3, h(E3,E3) = /12JE1 — aJEz.

We now give some examples of geometric conditions which imply that the
Lagrangian submanifold M? is either of Type 1 or Type 2.

LeMMA 1. Let M?® be a minimal Lagrangian submanifold of CP3(4).
Assume moreover that M is quasi Einstein and that oy # 2. Then M is of Type 2.

Proor. Denote by S the Ricci tensor of M? defined by
S(Y,Z) =trace{X — R(X,Y)Z},

and denote by ricci the associated 1-1 tensor field, i.e. (ricci(Y),Z) = S(Y,Z).
Let p e M and assume that p is not a totally geodesic point of M>. Then,
by choosing e; as the vector in which the function

f(l)) = h(K(U, U),U),

defined on all unit length vectors at the point p, attains an absolute maximum
it follows that e; is an eigenvector of Ay,. Next we choose e, and e; as
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eigenvectors of Ay, with respective eigenvalues 4, and A3. More details of this
construction can be found in [E]. Using now that M3 is minimal and that
Ch(x, p),Jzy is symmetric in x, y and z, it follows that

h(el,el) = }qJe], h(ez, 82) = lhJey +ale, + bJ€3, (11)
h(el,ez) = ﬂzfez, h(ez, 63) = b]ez — aJ€3, (12)
h(€1,€3) = 13‘]83, h(€3, 63) = /13]6’1 — aJ€2 — b]€3, (13)

where 41 + 4, + 43 =0. Since f attains an absolute maximum in e;, we must
have that 4} >0, 4 —24, >0, 4, —243>0. If A, = A3 it is also clear that by
rotating e, and e3, we can choose e, and e; such that b = 0.

A straightforward computation, using the Gauss equation now shows that

[S(eis €7)]
21— =13 —(J2 — X3)a —(Ja — A3)b
=| —(—A)a 2-2);5—2a*—2b 0 (14)
—(Jy — J3)b 0 2—2/3—2d% - 2b°

It now follows that

ricci(ey) = —(Ja — Ja)aey +2(1 — 23 — a® — b?)e,

<ricci(e1), €3> = —(j.z — i3)b

Since M? is quasi-Einstein, we know that e, ricci(e;) and ricci(ricci(e;)) have to
be linearly dependent. Hence the above formulas imply that

ab(Jy — 43)* = 0.

So, if necessary by interchanging e, and e;, we may assume that h=0. If
Jo = A3, we see that {ej,es,e3} is a basis of Type 2 at the point p.

Therefore we may assume that A, # A3. Suppose now that ¢ =0. Hence
e1, ey and e3 are eigenvectors of ricci. Since we assumed that A, # A3, we see
that (if necessary after interchanging e, and es, which is allowed in this case since
a and b both vanish) M? is quasi Einstein if and only if

2 2 2 2
which reduces to

—247 =213y = 0.
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Hence, since 4; # 0, we see that 1, = —4; and A3 = 0. Thus e3 is a vector such
that h(x,e;) =0, for any vector x. It follows that Jy(p) =2, which is a
contradiction.

Finally, we consider the case that 4, # 43 and a # 0. Since a # 0, we see
that M3 is quasi-Einstein if and only if 2 — 2/1§ —2a” is a double eigenvalue of
S. This 1s the case if and only if

ot == g2 (l—la) _ 0
(43 = 42)a 243 = 43) |

Since 4, # A3 and A3 = —4; — Ay, this is the case if and only if

det (211/12 + 24 —(},1 + 212)61) —0,
a —2/11

1.e. if and only if
4030y = =30d* + 2)ad®. (15)

Now, we consider the following change of basis

1
U = —————=(ae; — 241e3),
Va2 + 403
1
Uy = —————=(211e1 + aes),
\/a? + 447
Uz = e3.

Then, using (15), we have
h(aey — 241ep,ae; — 211€3) = (azlll + 4&%&2)J€1 + (—4dalidr + 4aﬂ,12)Je2
= —=2(41 — Ah)a(aley —211Jey),
h(aey —21e3,e3) = a(A) — Ay)Jes,
h(221e1 + aey,e3) = (24143 — az)Je3,
h(aey — 241ep,241e1 + aey) = (2a/112 —2alAy)Jer + (a2 — 4/112)/12Je2 —2a* 1 Je;

=a(l — A2)(2A1Je; + aJe),

from which it follows immediately that the basis {u;,uy,u3} is of Type 2 at the
point p.
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Since the Ricci tensor has two distinct eigenvalues, it is clear that such a
basis can be extented differentiably on an open dense subset of M. ]

LEMMA 2. Let M3 be a minimal semi-symmetric Lagrangian submanifold of
CP3(4) without totally geodesic points. Then, M? is of Type 2.

Proor. It is well known, see for example that a 3-dimensional semi-
symmetric manifold is quasi Einstein. Therefore, applying the previous lemma,
we see that the set of point with J,/(p) # 2 defines a Lagrangian submanifold of
Type 2.

Therefore, in order to complete the proof, we have to show that the set
of non-totally geodesic points with dy(p) =2 is empty. Assume there exists
a point p such that dy(p) =2. Then, since M is minimal, we know from
[CDVVI] and [CDVV2] that there exists an orthonormal basis {e|, ez, e3} at the
point p such that

h(ey,e)) = AJey, h(ey,er) = —AJey,
hiey,er) = —AJes, h(ey,e3) =0,
h(ey,e3) =0, h(es,e3) = 0.
Then, it follows from the Gauss equation that
R(er,e)es = (1 —27%)e
R(x, y)es = (p,e3)x —<x,e3)y
R(e1,e)er = —(1 —24%)e,
R(x,e3)y = <e3, yox —{x, y)es,
where x and y are arbitrary tangent vectors. It now follows that
R.R(ey,e3,e1,er,e2) = R(ey,e3)R(er,ex)es — R(R(ey,e3)er,er)er
— R(e1, R(e1,e3)ez)er — R(er, e2)R(e1, e3)er
= (1 —22%)R(e1, e3)e1 + Res, e2)e
=2)%es,
which vanishes only if A =0, i.e. if p is a totally geodesic point. ]

Remark that the class of semi-symmetric submanifolds i1s a natural gen-
eralization of the one of locally symmetric manifolds. For a survey of further
generalizations, we refer to [Ver].

LemMmA 3. Let M3 be a Lagrangian H-umbilical submanifold of CP3. Then
M3 is of Type 2.
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PrOOF. Since H is a nowhere vanishing vector field, we can take E; as the
unit length vector field in the direction of JH. Then, using the symmetries of
the second fundamental form and the assumptions about H, it follows that we
can write

h(El,El) = MWJE], h(Ez, Ez) = WJE| + aJE, + bJEj3,
h(El,Ez) = inEz, h(Ez,E3) = bJEz — aJE3,
/’l(El,E3) = AQJE:?,, h(E3,E3) = inEl — GJEz — bJE3

It is now clear that, at least on an open dense subset, by rotating E, and E3, we
may assume that b = 0. ]

LEMMA 4.  Assume that M? is a minimal Lagrangian immersion which admits
a unit length Killing vector field whose integral curves, when considered in C*, lie in
a complex vector plane. Then M3 is of Type 1.

Proor. We denote the unit length Killing vector field by E;. By the
assumption that the integral curves lie in a complex vector plane, it follows that

we can write
h(Ey, E)) = LWJE;.

Hence Ajg E) = 21E; and E; is an eigenvector of Ayg. Denote by E, and Ej
the other two eigenvectors of the symmetric operator A;z. It follows that
h(Ey, E3) = AJE),
h(Ey, E3) = A3JE,,
where due to the minimality, we have that 4; + A, + 43 = 0. Using the sym-
metries of A, it now follows that we can introduce functions ¢ and b such that
h(Ez,Ez) = WJE| + aJE, + bJEj3,
h(Ez,E3) = bJEz — aJE3,
h(E3,E3) = ].3JE1 — aJEz — bJE3.
Since E; is a unit length Killing vector field it follows that the connection
coefficients are as for a Type 1 submanifold. ]

LEMMA 5. Let M* be a Lagrangian submanifold of CP*(4) with nowhere
vanishing mean curvature vector H. Assume that JH/|H| is a Killing vector field
whose integrals, when considered in C* lie in a complex vectorplane. Then M? is
of Type 1.

ProOF. We define E; as the unit length vector field in the direction of
JH. Proceeding now in the same way as in the previous lemma completes the
proof. [
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By a lengthy but straightforward computation we now compute that the
Codazzi equations for a Lagrangian immersion of Type 1 are equivalent with

LemmaA 6. Assume that M is a 3-dimensional Lagrangian submanifold of Type
1. Denote by {E\, E», E3} the corresponding orthonormal basis. Then, we have

bl(/12-|—/13) =biA4 =0, (16

)

ai(Zy — A3) = 2b1 Ay, (17)

Ey(A1) = E3(41) = Ei(42) = Ei(43) =0, (18)
Er(A) = —Ex(A3) = ax(As — Ao), (19)
E3(A) = —E3(A3) = ba(Ay — 23), (20)
Ei(a) = b(3ar — by) + (73 — Ja), (21)
Ei(b) = a(by — 3a1) + bs(7a — 43), (22)
Es(b) + Ex(a) = 3(bbs — aay), (23)
Es(a) — Ex(b) = 4b1J2 + 3(abs + bas). (24)

Proor. Assuming that M 1s of Type 1, and taking the corresponding
orthonormal basis, we find that

(Vh)(Es, Es, Ey) = Vi h(Es, E3) — h(Vi, E3, Ez) — h(Vi, Ez, Es)
= V3, (bJE, — aJE3) — h(=biEy — byEs, E>) — h(byE3, E3)
= |ab) + byAy — byA3]JE| + [E2(b) + b1 4y + 3byalJE,
+ [~Es(a) + 3byb)JE;

and
(Vh)(Es, Ez, Ey) = Vi h(Ey, Ex) — 2h(Vi, Es, E»)

=V, (2JE| + aJE; + bJE3) — 2h(b Ey + ayE3, Ey)
= [E3(42) + ab1|JE| + [Es(a) — 3b1 4y — 3axblJE;
+ [E3(b) + 3axa)JE;5.
Consequently, it follows from the Codazzi equation that
aby + byly — byds = Ex(;) + ab
E>(b) + b1 Ay + 3bya = Es(a) — 3b14; — 3azb
—Ey(a) + 3byb = Ex(b) 4 3asa.
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The other equations are then derived in a similar fashion using the other Codazzi
equations. ]

Using the definition of the curvature tensor and the Gauss equation, the
following lemma follows by straightforward computations.

LEMMA 7.  Assume that M is a 3-dimensional Lagrangian submanifold of Type
1. Denote by {E\, Ey, E3} the corresponding orthonormal basis. Then, we have

14 A4l — 25 = b2, (25)

Mg = 23) = (Jo + 23)(Ja = 23), (26)

Ei (b)) =0, (27)

Ey(by) = b(Jg — 23), (28)

Es(b)) = a(ls — Jy), (29)

Ei(by) — Ex(ay) = b(A3 — Jo) + az(a; — by), (30)

Ex(a)) — Ei(ay) = a(A3 — Jo) + ba(a; — by), (31)

Ei(b) — Ex(@) = 1+ Jopdy + b + b3 +a3 —2(a® + b*) +2a1by.  (32)

Proor. By the definition of the curvature tensor, we obtain that
R(Ey, Ey)Ey = Vi Vg, By — Vi, VE Ey — Vg, g E2
= VE1b2E3 - VE2a1E3 - ValEg—b1E3E2
= b%El + [El (bz) — Ez((ll) —a1ay + blaz]E3.
On the other hand, from the Gauss equation it follows that
R(E\, E2)Ey = Ey + Jh(Jh(Ey, Ey), Ey) — Jh(Jh(E), E>)E>)
=F + Jh(—izEl — aE, — bEjs, El) — Jh(—ﬂzEz, Ez)
= [1 4+ Aida — B)E1 + [b(J3 — 22)]E3.
So by comparing components of both expressions, we deduce that
bl =1+l — 23
E; (bz) — Ez(al) —ayar + bia, = b(ﬂg — },2)

The other equations can be derived similarly from the other Gauss equations.
[

Similar, we obtain that if M is a Lagrangian of Type 2 that the Codazzi and
Gauss equations reduce respectively to



614 C. R. MONTEALEGRE and L. VRANCKEN

LemMmA 8. Assume that M is a 3-dimensional Lagrangian submanifold of
Type 2. Denote by {E\, Ey, Es} the corresponding orthonormal basis. Then, we
have

Jn(er — ba) = Ai(er — by) =0, (33)
a(by + ¢1) = 2ario = —2a(3as — by), (34)

a(by — ¢2) = —2aiJa, (35)

by(h — 222) = aas, (36)

(A — 225)(c2 — by) = 2aay, (37)
Ex(A) = a1(i — 22a), (38)

Es(A) = as(Ay — 22a), (39)

Ei(3) = b1 (2 — 222) + aa, (40)

Ex(3) = ales — by), (41)

Es(22) = a(by + c1), (42)

E(a) = Joay — c2a, (43)

Ex(a) = Ja(b1 — ¢2) — 3acs, (44)

Es(a) = Ja(ci — 3by) + 3abs (45)

Lemma 9. Assume that M is a 3-dimensional Lagrangian submanifold of
Type 2. Denote by {Ei, Ey, E5} the corresponding orthonormal basis. Then, we
have

Ez(dl) — El(bl) =1- /1% + 2112 + Cl12 —I—b12 + b201 — b2a3 +a2b3 — azcy, (46)

Es(@) — Ei(c2) = 1 =15 + Mo+ a5 + &5 + bacr + baas — ayes + azer,  (47)
E>(ax) — Ey(b2) = braz + biby + ayay — ayby + c2by — cras, (48)
Es(ay) — Ei(c1) = are3 — azer + ayar + bicy + cicy + byas, (49)
E>(¢c2) — E3(by) = bicy — byep — aoby + azey — baby — cacs3, (50)
Ex(c1) — E3(b1) = bsca — c3by + arey — arhy — c1¢3 — by bs, (51)
E;(a3) — Ei(c3) = ajcy — apcy + axas + azbs + bscy + cacs, (52)
E\(b3) — Ex(a3) = biay — a1by — ayas — b1by + azcs — c3by, (53)
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3. Lagrangian submanifolds of Type 1.

In this section, we will assume that M is a Lagrangian submanifold of
CP3(4) of Type 1, i.e. by restricting to an open and dense subset if necessary, we
may assume that in a neighborhood of each point p, we have an orthonormal
frame {E|, E,, E;} such that the equations and 7 are satisfied. We
denote the immersion of M3 into CP? by ®.

Now we consider again different subcases. First, we assume that b; # 0 at
p and hence in a neighborhood U of p. In this case it follows from that
Ji=7Jy+73=0. Hence @: U — CP*4) defines a minimal Lagrangian im-
mersion. Notice that since A, =0, we also have that the integral curves of E)
are geodesics in CP3(4). These are precisely the Lagrangian immersions studied
in [CaV]. We recall from there the following two examples:

ExaMPLE 1. Let ¢: N> — CP3(4) be a horizontal holomorphic curve on a
simply connected domain N2. It is well known that using the Hopf fibration
there exists an invariant (and hence minimal) immersion to the Sasakian space
form (S7(1),1,&,<.,.)) such that the following diagram commutes

M3 L S7(1) c C4 :Hz

| |
N L. P,

where p denotes the Hopf fibration. On S7 — H?, there exist 3 orthogonal
Sasakian structures I, J and K. Since ¢ is horizontal, the immersion y is
horizontal with respect to J and K. Hence projecting using the Sasakian
structure J produces a minimal Lagrangian immersion  of M? into CP3(4).

EXaMPLE 2. Let D « R? be a simply connected domain and let /: D — R
be a solution of the sinh-Gordon equation, i.e.

fxx—l—fyy—l—Ssinhf:0.

Then, denoting by x and y the coordinates on D = R? and by z the coordinate
on R, we define a metric on D x R by

o 0\ | a o\ 1

<a,a> = COShf‘FEfy, <@aa> = _Efxfyﬂ (55a)
0 0\ _ | a o\ 1

<@,@> = COShf—Ffo, <a;&> = 4fy7 (55b)

o o\ 1 o a
_ N\ =_ —  —Y=1
<ay’az> 4> <az’az> ! (55¢)
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where f, (resp. f,) denotes the partial derivative of f with respect to x (resp. y)
and a tensor T by

AN f. 0 IS 0
T(&’&) ~ 2coshf 8y+ <1+8coshf)> 0z’

(56a)
(20N Ao (i, N2
dy'dy)  2cosh f ox 8cosh f) ) 0z’
T(g a)_ £ f 6
dy'0x) ~  4cosh f dx 4coshf dy’
Y / J oy (56)

o o L (o 1.0
T2 =~ I
<8x’6z> cosh (ax+4fy az>’

0o 0 1 o 1,0 0 0
T\—— )| =——|——fi= T\—,=— ) =0. 56
(ay’az> cosh / (ay g az)’ <az’az> (56c)
A straightforward computation shows that, for more details see [CaV], the exis-
tence theorem of [CDVV2| can be applied and hence there exists a Lagrangian

immersion ¥, : D x R — CP3(4) with induced metric {.,.> and with second
fundamental form h=J(y,),(T).

The Main Theorem of [CaV] then states that:

THEOREM 3. The Lagrangian immersions defined in Example 1 and 2 are of
Type 1, with by #0. Conversely, every Lagrangian immersion of Type 1 with
by # 0 can be locally obtained in this way.

Therefore, restricting once more to an open and dense subset, we may now
assume that by =0 in a neighborhood of the point p. In this case, it follows
from that a;(/, — 43) =0, so we have to consider again 2 subcases: 4, = 13
and A, # /3. Restricting once more to an open and dense subset if necessary, we
may assume that either 4, = 43 in a neighborhood of the point p or that 4, # 43
in a neighborhood of the point p.

31. by =0 and /1, = 4s.
In this case by rotating the vector fields E>, and E3, we may assume that
b=0. So from we now find that
aa; =0 (57)
and from we have
-1

A1 22

(58)
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On the other hand, we know from [18], and (20) that A, is constant, and
therefore by /1 18 a constant too.

From (57) it follows that either a =0 or a; =0. Therefore by restricting
once more to an open and dense subset, we may assume that either a # 0 (and
hence a; =0) in a neighborhood of p or ¢ =0 in a neighborhood of p. In
the first case, it follows from ((21), (23), (24), (30}, (31) and (32) that we have the
following system of differential equations for the other functions:

Ei(a)=0 E>(a) = —3aa, E;(a) = 3ab,
El(@m)=0 E(bh)=0 Es(by) — Ex(ay) = 1 + 23 — 2a* + b3 + a2,
And in the other case, i.e. when a =0, we obtain the following system

E\(by) — Ex(a1) = ara,

Es(ay) — Ei(a2) = byay,
Es(by) — Ex(ay) = 1 + 25 + b3 + a3.
We now can prove the following theorem.

TuEOREM 4. Let G: N — CP?*(4) be a Lagrangian immersion. We denote
by g a horizontal Hopf lift of G to S°(1). Then, for every constant number 7,

D(1,u,v) = Kl/ l—l—/1§>g(u, v)e™", (/12/ 1+/1§)eiz/z2]

defines a Lagrangian immersion of Type 1 with by =0 and Ay = 13. Conversely
every Lagrangian immersion of Type 1, with by =0 and J, = /3 can be locally
obtained in this way.

PrOOF. The fact that @ as defined in the theorem is a Lagrangian sub-
manifold of Type 1 with the desired properties can be straightforwardly verfied.
In order to obtain the converse, we use the equations derived before together
with the [Lemma 7. We consider the disributions 7 = span{E;} and T» =
span{E,, E3}. 1Tt is clear that 7| and T, are orthogonal distributions satisfying
the following properties:

Vi, Th < Ty
Vr,T' = Ti
Vi, 1o = 1)
Vi, T < T>.
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From this, it is well known, see for instance that M can be locally written
as a product manifold (with metric the product metric). So, we can write
M? =R x N? and there exists coordinates

0
_E
a
0 0
span{%,%} = span{E,, E3}.

Since N2 is a 2-dimensional we may also assume that 0/0u and 0/dv are
isothermal coordinates on the surface N2.

The immersion ¢ (which denotes the local horizontal lift of @ to S7(1), and
as usual we identify M with its image in S7(1)) now satisfies the following system
of differential equations:

¢tt = Ml¢z —¢
¢tu = M“2¢u
¢tv = M*2¢v'

The first differential equation implies that we can write @(,u,v) = A;(u,v)e™" +
As(u,v)e™" where a; and o are the solutions of the equation

> —al —1=0,

from which it follows that o; =4, and oy = —1/4;. On the other hand, the
other two differential equation for ¢ now yield that A5, = 45, = 0. Therefore A4,
1S a constant vector.

With respect to 4; we know that

o Ay
E| = ¢, = Ajijge™! — =itk
2
and so, we have

—e hlj), < i¢>
Ay =———2 B+
1 2541 Y

a function of length [4,|> = 1/(1+2). Similarly, we obtain that
i1/,

_Ei +igh),
211 (—E1 +iglr)

Ay =

implying that 4; and A, are orthogonal and that the length of the constant
vector A, equals |Aa)* = 22/(1+ A3).
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If we call g=1/1+/34;, we can consider g: N> — S7(1) and it follows

that
Dr,g=1\//3 + le™'E,
Dp,g=1\//5 + le™™'E;,

showing that ¢.(7N) is spanned by E, and E;. Since

Dp,Ey = byE3 + aJE, — e'\[ 2} + 1g,

DE2E3 = —b2E2 — aJE3,

DE3E3 =—ay k3 —alJE, — BMZZ\/ ig + lg,

it follows that g(N) is obtained in a 3-dimensional complex linear subspace of C*
and thus g defines an immersion of N? into S°(1).

And as g:—e”@’((i/lz)/ /1§+1(E1+(i¢//12))) we know that g is

horizontal and moreover 4; and A, are orthogonal, it follows that ¢ can be
written as

)e/qzt —it/ 2y

P(t,u,v) =

1+ V1+73

with /4, constant and the projection of g under the Hopf fibration defines a
Lagrangian immersion of N? into CP>. ]

In the other case, A, # A3, we have a; = 0, and from and it follows
that 4, =A +43 and A3 =—-1. As by =0, for and (29), we obtain
a=>b=0. Thus, for and we have ay = b, = 0. Finally, from and
(20) we know that 4, is constant, and thus 4; and /; are also constants. Also in
this case, we can prove the corresponding theorem.

THEOREM 5. Let Ay and A3 be different constants satisfying ilz = —1.
Then, we define @ : R® — CP3(4) by

D(x, y,z) = (1/(\/5 1+ lg) eihaxoEiV/ 1445y 1/<\/§ 1+ }é)ei/lgxeii\/l+)éz)

Then @ defines a Lagrangian immersion of Type 1. Conversely every Lagrangian
immersion of Type 1, with by =0 and 1, # A3 can be obtained in this way.
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ProOOF. It is straightforward to compute that @ as defined above is a
Lagrangian immersion of Type 1. In order to obtain the converse, we use
the equations derived before. Since in this case VgE; =0, we can choose
coordinates

0 0 0

—=F, —=EF, —=E;.

So, the horizontal lift of the immersion satisfies

P = ih1y — &, (59)
by = id2ghy, (60)
P = ih30, (61)
Py = 220 — @, (62)
¢,. =0, (63)
¢.. = id3h, — ¢. (64)

We now obtain from (59) that we can write our immersion as
B(x,,2) = ™ A1(y,2) + " Aa(y,2)
where o; and o, are the solutions of the equation

o —o—1=0,

thus, we have o« = 4, and a, = 13. Moreover, of (60), (61)] and [63) we have

Ay = Az = Ary = A1: =0
and, of and we have
Ay = —Ai(1 +/1§),
Ay, = —Ay(1+23).
So, we can write our immersion as
¢:Blei/12xei 1+/122y+Bzesze—i 1443y

. . 2 . : 12,
B3el)»3xel\/1+},32 +B4el),3xe—z\/1+A3u'
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It follows that
¢x — MzBleilzxei 1443y + Mszeiizxe—i 1473y

L 2. . . . B
l/13B3€l}'3’\€lV 1+4;5z + 1138481/13)66 i/ 1+)»3z’

¢y =ii/1 -I—i%Ble’me’ by i /1 _l_jéBZezﬂ,zxefz 1+xzy,

$.=ir/1+ ingei)»axei\/H-/l%z — i1+ A§B4€i)v3xe—i\/l+/l3zz.
From which we deduce that

Bleiﬂ,zxei 1+/122y

1
= ( 14 45236 + /1 + A3iE) +i(J —ig)Ez),

228 = )3/ (1 +43)

Bzeizzxe—i 143y

1
= ( 1+ 23734 + 1/ 1 + A3iE) —i(Jy — /13)E2>,

2 = o)y (1 + 43)

B3ei).3xei\/ 1+/132:

A/ 1+ 73700 — \J 1+ 23iE) +i(Ja — /13)E3> :

—(
2043 = Aa)y/ (1 + 43)
B4ei23xe—i\/l+/l3zz

1
— . GMM — 1+ AJiE —i(Jy — '13)>E3'
2(d3 = A2)/ (1 4+ 43)

Since ¢, E, E, and E; are mutually orthonormal and /4,43 = —1 it now follows
that By, B, By and B4 are mutually orthogonal. Therefore, we can apply a
isometry such that ¢ is given by

¢(x,y,2) = (1/(\6 1+ ig) e“zxei"\/lﬂzzy, 1/<\/§ 1+ )é)ei?gxeiiw/l—)—)éz)

where /1, and A3 are constants satisfying 443 = —1. ]
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Summarizing the results of this section, we have

THEOREM 6. Let @ : M3 — CP*(4) be a Lagrangian immersion of Type
1. Then there exists an open and dense subset V of M* such that for each point p
of V there exists a neighborhood U of p and ®|, is congruent to one of the
immersions constructed in the previous 3 theorems.

4. Lagrangian submanifolds of Type 2.

From it follows that we can have two cases, namely either ¢; # b, or
ci =b,. In the first case it follows that A, =/, =0, implying that M3 is
minimal and satisfies Chen’s equality. Those submanifolds were classified in
[BSVW].

In the second case, from we obtain that aas = 0, leading once more to
two different subcases: namely @ = 0 or a # 0. Restricting once more to an open
and dense subset, and dividing M up into several pieces, we may assume that
either a =0 on M or a# 0 on M. In the first case, we call M of Type 2.1
whereas in the second case, we call M of Type 2.2.

4.1. Lagrangian submanifolds of Type 2.1.
If @ =0, we deduce from [34), [35), [44) and that we have

Clz/lz = 01/12 = (bl — 6‘2)/12 = bz/lz =0.

So, we consider again 2 cases: Ay =0 or A, # 0.

When 1, # 0, we get from the above equations that ay =a; =by=¢; =0
and by = ¢;. And the other functions satisfy, using (40), (41), (42), (43), [(44),
[45), (46), (50), (51), (52), (53) and (54),

E>(Jy) = Es(4)) =0,
El(iz) = bl (/11 — 2&2),
Es>(Ja) = E5(Ja) =0,

Es(b3) — Ex(c3) = 1 + 25 + b + b3 + ¢3.
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In this case it is clear that we have 2 integrable distributions 7' = span{E,, E3}
and T, = span{E,} with T; L T,. We also see that 7 is autoparallel, i.e.

VT1 T1 cT 1.
The distribution 7> is in general not autoparallel. However, since in this case

Vi, Ey = —b\Ey + b3 E3,
Vi, B3 = —b3Ej,
Vi, By = 3 E3,
Vi, B3 = —b1E| — c3E,
we deduce that the distribution 7> 1s umbilical with mean curvature normal
—b1E;. Since E(b)) = Es(b;) =0, it is also spherical. Therefore applying the
result of Hiepko we get that M can be written as a warped product with

warping function f, M = R x,s N> with f: M — R, where 0/0t = E3 and such
that

af
E - bla (65)
%: — —blz—l—/g—il/lz, (66)
ot
oA
a—f = by (A1 — 275). (67)

Using the standard formulas for warped product metrics, see for example [ON] it
follows that the Gaussian curvature K of the surface N is given by

K=e¥ (1475 +b?).

Since f, A, and b; depend only on ¢, and K has to be independent of ¢ (which
also can be varified by a straightforward computation). So, we deduce that N2
has constant curvature ¢ = e¥ (1 + A3 + b?) and is therefore congruent with the
sphere with radius 1/c¢. Therefore, by applying the existence and uniqueness
theorems, we have the following theorem:

THEOREM 7. Consider on an interval I a solution (f,by,1y) of the system
of differential equations (67) for an arbitrary function 1;. Introduce a constant c

by
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2 =e¥ (1445 +b?)

and denote by S*(1/c) the sphere with radius 1/c. We then consider M =
I x,s S*(1/c¢) and define a (2,1)-tensorfield ¢ on M by

00N _, 0
\ovar) ” Mar

0
—. X | =4X
a(at7 ) 12 Y
0
o(X,¥) = X, YD o,

where /0t is tangent to I and X, Y are tangent to S*(1/c). Then there exists a
Lagrangian isometric immersion of Type 2 of M into CP*(4) such that h= Jo.
Conversely every Lagrangian immersion of Type 2.1 with 1, #0 can be locally
obtained in this way.

In the case that A, =0, if follows from that bj4; =0. If 1, =0 we
again have that M is minimal and satisfies Chen’s equality, and if A; # 0 then,

from [36], and we get
b1:C2:b2201:0.

Since a is zero, we still are allowed to choose E, and E; appropriately. By
applying a suitable rotation, we can choose a; = 0. So, (46) reduces to E»(a;) =
1 + a}, which implies that a; is not a constant. Therefore, restricting once more
to an open and dense subset and changing the sign of E, if necessary, we may
assume that a; > 0. Now, from (48) it follows that we have b3 =0, and from
(47) it follows that ¢ = 1/a;. The other functions satisfy, using (46), (49), (52),
(53), (38) and [39),

Ez((ll) = 1—|-6112, E3(a1) =0,
Ez(/ll) :al/ll, E3(/11) =0
E
Ey(a3) = aja3 — @, Es(az) + 1(?1) =0,
a1 Cll

where 4; is not a constant. We now introduce a function f by E;(a;)=f. Com-
puting [E|, E3]la; and [Ej, Eb|a; in two different ways it follows that E;(f) =
a3(1 +af) and Ey(f) =3a1f. Next, we introduce functions o, 8, y and & by
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_a
w/1+af,
B=—(1+d})i?,
y= 1,

-3
0= a3a1/11 .

o =

A straightforward computation then shows that

[Ez, OCEg] = 0,
[0E3, BE| + yE> +0E3] = 0,
[Ez,ﬁEl + j/EQ -|-5E3] =0.

Hence there exist coordinates such that

with

0

B

8X 2

0

— —oE

ay oaLs,

0

E = PE| + yE;, + 0E;

aix =1+ alz,

ay = 0,

Alx = aihy,

ily - 07

fy=3a1f,

fy = azo(l +a12),

aj; = 0;

f _ ajz; — y(l —I_alz)
ﬁ )

ay

o a?’

625

obtaining, after applying suitable translations of the coordinates, the following

solutions:
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_ Aq(z)cos y+ Ay(z)sin y
/= cos’ x (72)
a; = tanx (73)
jy =) (74)
COS X
“ :Az(z) cos y — Aj(z)sin y (75)

Sin X COS X

where A4, A, and A3 are functions. Applying the existence and uniqueness
theorem then gives the following result:

THEOREM 8. Let Ay, Ay and Az be three arbitrary functions defined on
an interval I and depending only on the variable z. Consider M =]—7/2,
n/2[ X Rx 1. Leta,...,0,ay,...,f be as defined in (75) and (71). We define a
metric on M by assuming that E,, E, and E5 defined by

0

—_ —E

Ox 2
0

~ —oE
ay o 37

0
— = ﬂEl + yEz —|—5E3
0z

forms an orthonormal basis of M. We define a tensor field o by
O'(E,', E]) = iléjléijEl-

Then there exists a Lagrangian isometric immersion of Type 2 of M into CP?(4)
such that h=Ja. Conversely every Lagrangian immersion of Type 2.1 with
Ay =0 and which is not minimal can be locally obtained in this way.

4.2. Lagrangian submanifolds of Type 2.2.

If @ # 0 then a3 =0 and of we have by = axA»/a.  And from [35),
and we have that

ag(az + },2(2),2 — 11)) = O,
(b] — 6‘2)(612 + /12(212 — /11)) =0.

Now, we again have to consider two subcases. First, we have that a”+
J2(220 — A1) #0. Then ay =by =¢; =0 and by = ¢;. From it follows that
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a; = 0. The other functions satisfy the following equations, as can be deduced
from [38), (39), (40}, (41), (42), [43), (44], (45), (46), (50), (51), (52), (53) and (54),

Ey(A1) = E3(41) =0,
E1(Z) = by(A1 — 24),
E)(X) = E3(4) =0,

Ei(a) = —aby,

E>(a) = —3acs,

E;(a) = 3abs,

—Ei(b) =1—=75+ Ay + b7,

Ey(by) = E3(by) =0,

Ei(c3) = —bics,

Ey(b3) = —by b3,

E;(b3) — Ex(c3) =1+ /1§ —2a* + b} + b3 + 3.

In this case we again have two integrable distributions 77 = span{E,, E3} and
T, = span{E} with T} L T,. Tt follows again that 7, is autoparallel and 7} is
spherical with mean curvature normal —b{E;. Therefore according to we
have that M = R x,, N> with f: R — R satisfying

of
E_ b17

b _
or

o
2= bi(h - 2%)

1 — b3+ 25 — Jyla,

and the curvature of N2 is given by
K(N?) = ¥ (1 + 12— 24> + 1),

which we verify by a straightforward computation is indeed independent of t.
By translating f, i.e. by replacing a homothety N> with a homothetic copy of
itself, we may assume that e % (1 + 25 4+ b?) = 1. It is also clear that U; = e/ E;
and U, = e/ E3 form an orthonormal basis on N2. We denote by V the Levi



628 C. R. MONTEALEGRE and L. VRANCKEN

Civita connection of the metric ¢ on N2. Using the formulas for warped
product immersions, see [ON], we get that

Vo, Uy = e/ by3Us, Vi, Uy = —e/ b3 Uy,
VUZ U = ef(33 U,, ﬁUz U, = —ef03 U,.
We also define a tensor field 7 by
T(U,U) = -T(Uy, Uy) =elaly, T(U,Us) = —eal.

A straightforward computation now shows that V7 is totally symmetric. Hence
applying the existence and uniqueness theorem, we obtain that there exists an
isometric horizontal minimal immersion ¥ : N> — S>(1). Therefore, we obtain
the following theorem:

THEOREM 9. Let W : N> — CP*(4) be a minimal isometric Lagrangian
immersion. Denote by K its sectional curvature, by g its metric and by o its

second fundamental form. Put T = —Jo. We also consider a solution, defined on
an interval I, of the system of differential equations

0

8_]; = by,

%: —1 = b} 473 — Mo,

% = b1 (41 — 24y),

where Ay is an arbitrary function, with initial conditions chosen such that
e¥ (1 + /15 +b})=1. We then define on the 3-dimensional warped product mani-

fold I x,; N* a tensor T by
T(g,X> =X,

ot
0 0 0
T(&’E) =Mz

T(X,Y)=(X, Y>/12%+ T(X,Y).

Then there exists a Lagrangian immersion @ : I x,r N> — CP*(4) such that
JT = h. Conversely every Lagrangian of Type 2.2 with a® + J,(24y — A1) # 0 can
be locally obtained in this way.

Finally, we consider the case that a® + 2,(24, — 41) = 0. Using [38), [39),
[41), [42), [44) and to compute the lefthandsides, we obtain that
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Ez(az + 12(2;{2 — il)) = E3(612 + 12(212 — il)) =0

implies that a; = 2b3; and a; = —2¢3. Now, after many tedious but straight-
forward computations, using the Mathematica computer program it follows that
a; =a, =0, thus b, =c¢; = b3 =3 =0 and in view of also by = ¢;. From
(54) we have

b} =2a*-1-3,

with —Ej (b)) = 1 + A5 + b? + a?, thus b; is not a constant. Therefore, restricting
to an open dense subset and replacing E; by —E; if necessary, we may assume
that by > 0. Similarly, by choosing E, we may assume that a > 0. The dif-
ferential equations determining the other functions are now obtained from [40},
(41), [42), [43), [44) and and reduce to

a*y/|2a% =1 - 73|
Ei(42) = \/ 7 ;

Es>(J2) = E3(Jy) =0,
E1 (a) = —bla,
Ez(d) = E3(Cl) = 0,

where a, 4; and A, are not constant. In this case a straightforward computation
now shows that there exist coordinates x, y and z such that

0

—_ —E

ox b

0o 1

A _E27

oy a

o 1

—=-F;.

oz a
Solving now the system of differential equations it follows that /15 = —a’ +d°,
where d is a positive constant and a’(x) = —ay/|3a? — 1 — d?| obtaining after a
translation in the x coordinate that

B V14 d?
V3sin(xv1+d?)

Applying the existence and uniqueness theorem we then obtain the following

THEOREM 10.  Consider |0,7/2[ and let d be a positive constant.  Define a as
above and denote by I the interval where d> —a®> > 0. We define a metric on
I x R? such that E\, E, and Es defined by
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0

Y _E
0x b
a_1
ay_a 2
o 1
S __F
0z a

form an orthonormal basis and we define a tensor T* by
T*(E\,E)) =ME, T*(Ey,E)=hE +ak,
T*(E\, E) = hE,, T*(Ey, E3) = —akEs,
T*(Ey, E3) = LLE;3, T*(E;, E3) = LhE| — aJE;,

where Jy = +Vd? —a® and Jy is determined by a*+ Ay(2/5 — A1) =0. Then
there exist Lagrangian immersions ¢~ : I x R* — CP3(4) with second fundamental
forms respectively given by JT*. Conversely every Lagrangian of Type 2.2 with
a’ 4 1(275 — A1) = 0 can be locally obtained in this way.

As seen before each of the geometric conditions described in [Lemma 1 upto
leads upto the existence of a frame of Type 1 or Type 2. Combining

the above formulas with those lemmas it is straightforward to compute which of
the examples remain.

COROLLARY 1. Let M? be a minimal Lagrangian submanifold of CP3(4).
Assume moreover that M is quasi Einstein and that oy #2. Then M is as
obtained in Theorem T or 9, where (f,b1,4) is a solution of

af

9y
ot 1

ob
— =1 —b? 4305,

s
2 _ab)s,
5 by/2

COROLLARY 2. Let M? be a Lagrangian submanifold of CP? with nowhere
vanishing mean curvature vector H.  Assume moreover that JH is an eigenvector of
Ay and Ay restricted to {JH}" is a multiple of the identity. Then M?* cor-
responds to the non-minimal examples in Theorems 7, 8, 9 and 10.

COROLLARY 3. Assume that M* is a minimal Lagrangian immersion which
admits a unit length Killing vector field whose integral curves, when considered in
C*, lie in a complex vector plane. Then M? is as in Theorem 3, or as in Theorem
4 with Jy = —1/\/3 or as in Theorem 5 with ly = 1.
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