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Abstract. We determine the module structure of Morava K-theory for the special

orthogonal groups and the spinor groups at the prime 2, using the Atiyah-Hirzebruch

spectral sequence.

1. Introduction.

This paper is a continuation of [HMNS ], in which K�n���G� for G � G2, F4,

E6, E7, E8, PE7 and PSp�m� at the prime 2, PE6 at the prime 3 and PU�m� for

all primes, are calculated. In this paper we compute the Morava K-theory of

SO�m� and Spin�m� at the prime 2 using the Atiyah-Hirzebruch spectral sequence

H ��G;K�n��� ) K�n���G�:

The relation between the Atiyah-Hirzebruch spectral sequence and vn torsion is

described brie¯y as follows: if it collapses, then the connective Morava K-theory

k�n���G� has no vn torsion, and if E��
2r�p nÿ1��2 � E��

y
for some r, then k�n���G� has

at most vrn torsion.

In [Ho], Hodgkin notes that the Atiyah-Hirzebruch spectral sequence of

mod 2 K-theory for Spin�m� has only d3 as a non zero di¨erential for mV 7,

which means that k�1���Spin�m�� has no higher v1 torsion. He also shows that

k�1���E7� and k�1���E8� have higher v1 torsion at the prime 2. Our calculation

of the Atiyah-Hirzebruch spectral sequence induces that k�n���SO�m�� and

k�n���Spin�m�� have no higher vn torsion for any m and n. Therefore, for a

simple, simply connected Lie groups G, the connective Morava K-theory k�n���G�

has no higher vn torsion at the prime 2 except k�1���E7� and k�1���E8�.

For SO�m�, K-theory is computed by Held and Suter in [HS ]. Rao

[Rao] studied the Rothenberg-Steenrod spectral sequence converging to

K�n���SO�2l � 1��. We compute the Atiyah-Hirzebruch spectral sequence for

K�n���SO�m�� in Section 2. When mU 2n�1, the spectral sequence collapses

(Theorem 2.4). Rao's result implies that, if m is odd and m > 2n�1, then

rankK�n� � K�n���SO�m�� � 2 f
;

2000 Mathematics Subject Classi®cation. Primary 57T10; Secondary 55T25, 55N20.

Key Words and Phrases. Morava K-theory. Lie groups. Atiyah-Hirzebruch spectral sequence.



where f � �mÿ 1�=2� 2n ÿ 1, and we use it to see when rankK�n� � E
��
r equals

2 f . We show that there is only one non zero di¨erential d2 n�1ÿ1 if m is odd

and m > 2n�1. If m is even and m > 2n�1, we see by using the induced homo-

morphism i� that there is also only one non zero di¨erential d2 n�1ÿ1, where

i : SO�m� ! SO�m� 1� is the natural inclusion.

We compute the Atiyah-Hirzebruch spectral sequence for K�n���Spin�m�� in

Section 3. When mU 2n�1, the spectral sequence collapses (Theorem 3.2), and

when m > 2n�1, using the induced homomorphism p
�, we see that there is only

one non zero di¨erential d2 n�1ÿ1, where p : Spin�m� ! SO�m� is the natural

projection.

The K�n��-module structures for K�n���SO�m�� and K�n���Spin�m�� are

determined in Theorems 2.4, 2.10, 3.2 and 3.6.

2. Special orthogonal groups.

In this section and Section 3, we use two lemmas which appeared in

the previous paper [HMNS ]. Before introducing the lemmas, we recall some

properties of the Atiyah-Hirzebruch spectral sequence for K�n���X�. First, it is

a spectral sequence of K�n��-algebra. Secondly, the Morava K-theories enjoy

the KuÈnneth isomorphism and so do the Er-terms of their Atiyah-Hirzebruch

spectral sequence. Therefore, if G is a Hopf space, E��
r have the K�n��-Hopf

algebra structures. Moreover the Hopf algebra structure on E��
2 is given by that

on H ��G;K�n���. The Hopf algebra structure on E��
y

is related to that on

K�n���G�. One needs to note that, if p � 2, the product of K�n���G� is not

always commutative, while that of E��
y

is always commutative.

The ®rst lemma we need is:

Lemma 2.1. If x A Em;0
r and dr�x

0� � 0, for all x 0
A E u;0

r with u < m, then

dr�x� is primitive.

If there is no primitive element in E s;�
r for sV r� 2, the lemma implies that

dr � 0.

The second one is due to Yagita [Yag]:

Lemma 2.2. The ®rst non-trivial di¨erential in the Atiyah-Hirzebruch spectral

sequence for K�n���X� is d2�p nÿ1��1 and is represented by a unit multiple of

Milnor's operation Qn.

We now compute the Atiyah-Hirzebruch spectral sequence for

K�n���SO�m��. First we recall the mod 2 ordinary cohomology for SO�m�.

Throughout this paper, su½xes of elements represent their degree.

Theorem 2.3. We have

H ��SO�m�;F2�GD�x1; x2; . . . ; xmÿ1�;
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where jxij � i. The action of the mod 2 Steenrod operation is given by

Sq jxi �
i

j

� �

xi�j:

The basis of the primitive elements are fxi j 1U i < mg.

For simplicity we consider separately the two cases: (1) mU 2n�1 and (2)

m > 2n�1.

Theorem 2.4. The Atiyah-Hirzebruch spectral sequence for K�n���SO�m��

collapses whenever mU 2n�1 and there is an isomorphism of K�n��-modules

K�n���SO�m��GK�n�� nH ��SO�m�;F2�:

Proof. The cases where the di¨erential may be non zero are d2i�2 nÿ1��1

where i is the positive integer. Using Lemma 2.1, one can see that all dif-

ferentials are zero since there is no primitive element of degree equal or higher

than 2n�1. r

Notation 2.5.

f �i; r� � 2 i�4r� 2� ÿ �2n�1 ÿ 1�;

k�r� � nÿ �log2�2r� 1��;

h�m; r� � ÿ�ÿlog2�m=�4r� 2���:

Next, we consider case (2). We need to calculate Qnxi for Lemma 2.2

where Qn � Qnÿ1Sq
2 n

� Sq2
n

Qnÿ1 is the Milnor operation.

Lemma 2.6. The following equality holds

Qnxi � ixi�2 n�1ÿ1:

Proof. We use induction on n. If n � 0, we have

Q0xi � Sq1xi � ixi�1:

Next, suppose that the lemma is true for n � k. Then,

Qk�1xi � QkSq
2k�1

xi � Sq2
k�1

Qkxi

� Qk

i

2k�1

� �

xi�2k�1 � iSq2
k�1

xi�2k�1ÿ1
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� i
i

2k�1

� �

xi�2k�2ÿ1 � i
i � 2k�1 ÿ 1

2k�1

� �

xi�2k�2ÿ1

� ixi�2 n�1ÿ1;

since
i

2k�1

� �

�
i � 2k�1 ÿ 1

2k�1

� �

1
i

2k�1

� �

�
i � 2k�1

2k�1

� �

1 1mod 2 if i is odd.

r

To calculate the E2 n�1 -term, we replace the expression of the algebra

structure of H ��SO�m�;F2� by

H ��SO�m�;F2�GD�x1; . . . ; x2i�1; . . . ; x�m=2�ÿ1�

nF2�x2; . . . ; x4r�2; . . . ; x4��mÿ3�=4��2�=�x
2 h�m; r�

4r�2 �:

We now de®ne di¨erential modules �Mm; r : d� for 0U rU ��mÿ 3�=4� as

follows:

1. If 0U r < 2nÿ1, then

Mm; r � F2�x4r�2�=�x
2h�m; r�

4r�2 �nD�xf �k�r�; r�; . . . ; xf �i; r�; . . . ; xf �h�m; r�ÿ1; r��;

dx4r�2 � 0; dxf �i; r� � x2 i

4r�2:

2. If 2nÿ1 U rU ��mÿ 3�=4�, then

Mm; r � F2�x4r�2�=�x
2 h�m; r�

4r�2 �nD�xf �0; r�; . . . ; xf �i; r�; . . . ; xf �h�m; r�ÿ1; r��;

dx4r�2 � 0; dxf �i; r� � x2 i

4rÿ2:

Note that the ®rst generator of the simple system is xf �k�r�; r� in case 1 but xf �0; r� in

case 2.

Therefore, we have the isomorphism of di¨erential modules with respect to

the Milnor operation Qn:

�H ��SO�m�;F2� : Qn�G 1
��mÿ3�=4�

r�0

�Mm; r : d�

n �D�x2i�1 j ��mÿ 1�=2� ÿ 2n � 1U iU �m=2� ÿ 1� : 0�

as di¨erential modules.

Lemma 2.7. If 0U r < 2nÿ1, then there exist elements yf �i;r� for k�r� � 1U
i < h�m; r� and yf �h�m; r�; r� such that

H�Mm; r : d�GF2�x4r�2�=�x
2k�r�

4r�2�nD�yf �k�r��1; r�; . . . ; yf �i; r�; . . . ; yf �h�m; r�; r��;

and if 2nÿ1 U rU ��mÿ 3�=4�, then

H�Mm; r : d�GD�yf �1; r�; . . . ; yf �i; r�; . . . ; yf �h�m; r�; r��:
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Proof. We prove the case for 0U r < 2nÿ1. We rechoose the generators

as follows:

yf �i; r� � xf �i; r� � xf �k�r�; r�x
2 iÿ2k�r�

4r�2

for k�r� < i < h�m; r�. Then

Mm; r � F2�x4r�2�=�x
2 h�m; r�

4r�2 �nD�xf �k�r�; r�; yf �k�r��1; r�; . . . ; yf �i; r�; . . . ; yf �h�m; r�ÿ1; r��;

where

dxf �k�r�; r� � x2k�r�

4r�2; dx4r�2 � dyf �i; r� � 0:

Thus, we have

H�Mm; r : d� � F2�x4r�2�=�x
2k�r�

4r�2�nD�yf �k�r��1; r�; . . . ; yf �i; r�; . . . ; yf �h�m; r�; r��;

where yf �h�m; r�; r� � xf �k�r�; r�x
2 h�m; r�ÿk�r�

4r�2 .

The case for 2nÿ1 U rU ��mÿ 3�=4� can be proved similarly. r

In this way we get the E2 n�1 -term of the Atiyah-Hirzebruch spectral sequence

as follows:

E2 n�1 � K�n�� n 1
��mÿ3�=4�

r�0

H�Mm; r : d�

nD�x2i�1 j ��mÿ 1�=2� ÿ 2n � 1U iU �m=2� ÿ 1�:

We use the following result to show that Ey � E2 n�1 .

Theorem 2.8. ([Rao]) K�n���SO�2l � 1�� is isomorphic to the following

modules as K�n��-modules:

1. for lV 2n�1,

K�n�� n 1
��lÿ1�=2�ÿ2 nÿ1

i�2 nÿ1

L�b2i�n 1
lÿ1

i�2��lÿ1�=2�ÿ2 n�2

L�bi�

n 1
lÿ1

i��l=2�

L�a2i�1�n 1
2 nÿ1ÿ1

i�0

Gk�i��gi�;

2. for 2n U l < 2n�1,

K�n�� n 1
2 nÿ1ÿ1

i�0

Gk�i��1�bi�n 1
lÿ1

i�2 nÿ1

L�bi�

 !,

�bi j 0U iU l ÿ 2n�

n 1
lÿ1

i�2 nÿ1

L�a2i�1�;
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where Gk�x� is the truncated divided power algebra of height k which is the dual of

F2�x�=�x
2k

�.

Corollary 2.9. If l > 2n, then we have

rankK�n��
K�n���SO�2l � 1�� � 2 f ;

where f � l �
P2 nÿ1ÿ1

i�0 k�i� � l � 2n ÿ 1.

Proof. Recall that k�i� � nÿ �log2�2i � 1��. The set f1; 2; 3; . . . ; 2n ÿ 1g is

the disjoint union of

f�2i � 1�; 2�2i � 1�; . . . ; 2 j�2i � 1�; . . . ; 2k�i�ÿ1�2i � 1�g

for 0U iU 2nÿ1 ÿ 1. This shows that

X2 nÿ1ÿ1

i�0

k�i� � 2n ÿ 1:

First, we consider the case 1 of Theorem 2.8:

log2�rankK�n��
K�n���SO�2l � 1��� � ���l ÿ 1�=2� ÿ 2nÿ1� ÿ 2nÿ1 � 1

� �l ÿ 1� ÿ �2��l ÿ 1�=2� ÿ 2n � 2� � 1

� �l ÿ 1� ÿ �l=2� � 1�
X2 nÿ1ÿ1

i�0

k�i�

� 2l ÿ 1ÿ ��l ÿ 1�=2� ÿ �l=2� �
X2 nÿ1ÿ1

i�0

k�i�

� l �
X2nÿ1ÿ1

i�0

k�i�:

Next, we consider the case 2 of Theorem 2.8:

log2�rankK�n��
K�n���SO�2l � 1��� �

X2 nÿ1ÿ1

i�0

�k�i� � 1�

� �l ÿ 1� ÿ 2nÿ1 � 1ÿ �l ÿ 2n� ÿ 1

� �l ÿ 1� ÿ �2n ÿ 1� � 1

� l �
X2 nÿ1ÿ1

i�0

k�i�:

Consequently, we get the required equation. r
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If m is odd, we have rankK�n� � E2 n�1 � rankK�n��
K�n���SO�m�� and hence

Ey � E2n�1 .

Let i be the natural inclusion i : SO�2l� ! SO�2l � 1�, where l � 2 t�2s� 1�

and consider the induced map in the E2n�1 -term:

i� : E2 n�1�SO�2l � 1�� ! E2 n�1�SO�2l��:

The generators which are in the image of i� are clearly permanent cycles. The

generators which are not in the image of i� are xlÿ2 n�1�1 and the generators of

H�M2l; s� of odd degree. But there is no primitive element with even degree and

higher than 2n�1, and so they are permanent cycles. Hence Ey � E2 n�1 for all m

and we get the following theorem.

Theorem 2.10. If m > 2n�1, then K�n���SO�m�� is isomorphic to the fol-

lowing module as K�n��-modules:

K�n���SO�m��GK�n�� n 1
2 nÿ1ÿ1

r�0

F2�x4r�2�=�x
2k�r�

4r�2�

n

D�yf �k�r��1; r�; . . . ; yf �i; r�; . . . ; yf �h�m; r�; r��

0

B

B

@

1

C

C

A

n 1
��mÿ3�=4�

r�2 nÿ1

D�yf �1; r�; . . . ; yf �i; r�; . . . ; yf �h�m; r�; r��

nD�x2i�1 j ��mÿ 1�=2� ÿ 2n � 1U iU �m=2� ÿ 1�:

3. Spinor groups.

We calculate the Atiyah-Hirzebruch spectral sequence for K�n���Spin�m�� in

this section. First we recall the mod 2 ordinary cohomology for Spin�m�.

Theorem 3.1. ([IKT ]) There is an isomorphism

H ��Spin�m�;F2�GD�xi; z j 3U i < m; i0 4; 8; . . . ; 2 tÿ1�;

where 2 tÿ1 < mU 2 t, deg xi � i, deg z � 2 t ÿ 1. The following equations hold

Sq jxi �
i

j

� �

xi�j;

Sq1z �
X

i�j�2 tÿ1

i<j

x2ix2j and Sq jz � 0 for j > 1:

For simplicity we consider separately the two cases: (1) mU 2n�1 and (2)

m > 2n�1. Observe that the proof of the case (1) is similar to that of Theorem

2.4.
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Theorem 3.2. The Atiyah-Hirzebruch spectral sequence for K�n���Spin�m��

collapses whenever mU 2n�1 and there is an isomorphism of K�n��-modules

K�n���Spin�m��GK�n�� nH ��Spin�m�;F2�:

Next we consider the case (2). It has been shown that Qnxi � ixi�2n�1ÿ1.

We need some lemmas to calculate Qnz. The following lemma is well known.

Lemma 3.3. Let a �
P l

i�0 ai2
i and b �

P l
i�0 bi2

i, where 0U ai; bi U 1.

Then

b

a

� �

1
Y

l

i�0

bi

ai

� �

mod 2:

The following lemma is necessary to prove Proposition 3.5.

Lemma 3.4. Let j be an integer such that 1U j < 2n�1 and j1 2kÿ1 mod2k

for some kU n� 1. If nU tÿ 2, then

2i

j

� �

2 t ÿ 2n�1 ÿ 2ÿ 2i

2n�1 ÿ j

� �

1 0 mod 2:

Proof. If 2i1ÿ2;ÿ4; . . . ;ÿ2kÿ1 mod2k, then we have the expansions

2 t � 2n�1 ÿ 2ÿ 2i � bl2
l � � � � � bk2

k � bkÿ22
kÿ2 � � � � � b02

0
;

2n�1 ÿ j � al2
l � � � � � ak2

k � 2kÿ1
:

From them it follows that

2 t � 2n�1 ÿ 2ÿ 2i

2n�1 ÿ j

� �

1 0 mod 2:

We can similarly show that

2i

j

� �

1 0 mod 2;

if 2i1 0; 2; 4; . . . ; 2kÿ1 ÿ 2mod 2k. Therefore, we have

2i

j

� �

2 t ÿ 2n�1 ÿ 2ÿ 2i

2n�1 ÿ j

� �

1 0 mod 2

for all i. r

Proposition 3.5. For nV 1 we have

Qnz �
X

2 tÿ2�2nÿ1ÿ1

i�2 n�1

x2ix2 t�2 n�1ÿ2ÿ2i:
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Proof. We use induction on n. If n � 1, we have

Q1z � Sq2Sq1z

� Sq2
X

2 tÿ2ÿ1

i�3

x2ix2 tÿ2i

�
X

2 tÿ2ÿ1

i�3

�ix2ix2 t�2ÿ2i � ix2i�2x2 tÿ2i�

�
X

2 tÿ2ÿ1

i�3

ix2ix2 t�2ÿ2i �
X

2 tÿ2

i�4

�i ÿ 1�x2ix2 t�2ÿ2i

�
X

2 tÿ2

i�3

x2ix2 t�2ÿ2i:

Suppose that the lemma is true for n � k. Then, we have

Qk�1z � Sq2
k�1

Qkz

�
X

2 tÿ2�2kÿ1ÿ1

i�2k�1

X

2k�1

j�0

2i

j

� �

2 t � 2k�1 ÿ 2ÿ 2i

2k�1 ÿ j

� �

x2i�jx2 t�2k�2ÿ2ÿ2iÿj

�
X

2 tÿ2�2kÿ1ÿ1

i�2k�1

2 t � 2k�1 ÿ 2ÿ 2i

2k�1

� �

x2ix2 t�2k�2ÿ2ÿ2i

�
X

2 tÿ2�2kÿ1ÿ1

i�2k�1

2i

2k�1

� �

x2i�2k�1x2 t�2k�1ÿ2ÿ2i

�
X

2 tÿ2�2kÿ1ÿ1

i�2k�1�1

2 t � 2k�1 ÿ 2ÿ 2i

2k�1

� �

x2ix2 t�2k�2ÿ2ÿ2i

�
X

2 tÿ2�2k�2kÿ1ÿ1

i�2k�1�1

2i ÿ 2k�1

2k�1

� �

x2ix2 t�2k�2ÿ2ÿ2i;

since x2 t�2k�2ÿ2ÿ2i � 0 if i < 2k�1, and x2i � 0 if i � 2k�1. If k > tÿ 2, then

Qk�1 � 0 since both 2 tÿ2 � 2k � 2kÿ1 ÿ 1 and 2 tÿ2 � 2kÿ1 ÿ 1 are smaller than

2k�1 � 1. Therefore, suppose that kU tÿ 2. We have the expansion

i �
X

al2
l
:
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If ak � 0, then

2 t � 2k�1 ÿ 2ÿ 2i

2k�1

� �

� 0 and
2i ÿ 2k�1

2k�1

� �

� 1;

while if ak � 1, then

2 t � 2k�1 ÿ 2ÿ 2i

2k�1

� �

� 1 and
2i ÿ 2k�1

2k�1

� �

� 0:

Consequently, we get the required result

Qnz �
X

2 tÿ2�2nÿ1ÿ1

i�2 n�1

x2ix2 t�2 n�1ÿ2ÿ2i: r

Replacing the generator z by

w � z�
X

2 tÿ2�2nÿ1ÿ1

i�2 n�1

x2iÿ2 n�1�1x2 t�2 n�1ÿ2ÿ2i;

we can represent the cohomology of the spinor group as follows:

H ��Spin�m�;F2�GD�x3; . . . ; x2i�1; . . . ; x�m=2�ÿ1;w�

nF2�x6; . . . ; x4r�2; . . . ; x��mÿ3�=4��2�=�x
2 h�m; r�

4r�2 �:

Since Qnw � 0, we have the homology with respect to the Milnor operation Qn:

�H ��Spin�m�� : Qn�G 1
��mÿ3�=4�

r�1

�Mr : d�

n �D�xf �n�1;0�; . . . ; xf �i;0�; . . . ; xf �h�m;0�ÿ1;0��; 0�

n �D�x2i�1;w j ��mÿ 1�=2� ÿ 2n � 1U iU �m=2� ÿ 1�; 0�:

Consequently, we get the E2n�1 -term of the Atiyah-Hirzebruch spectral

sequence

E2n�1 � 1
��mÿ3�=4�

r�1

H�Mr�

 !

nD�xf �j;0�; x2i�1;w�;

where n� 1U j < h�m; 0� and ��mÿ 1�=2� ÿ 2n � 1U iU �m=2� ÿ 1.

Let p be the natural projection p : Spin�m� ! SO�m� and consider the

induced map in the E2 n�1 -term

p
�
: E2n�1�SO�m�� ! E2 n�1�Spin�m��:
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The generators which are in the image of p� are clearly permanent cycles. The

generators which are not in the image of p
� are xf �n�2;0� and w. Since there is

no primitive element with even degree and higher than 2n�1, they are permanent

cycles. Therefore, Ey � E2 n�1 for all m and we get the following.

Theorem 3.6. If m > 2n�1, then K�n���Spin�m�� is isomorphic to the fol-

lowing module as K�n��-module

K�n���Spin�m��GK�n�� n 1
2 nÿ1ÿ1

r�1

F2�x4r�2�=�x
2k�r�

4r�2�

n

D�yf �k�r��1; r�; . . . ; yf �i; r�; . . . ; yf �h�m; r�; r��

0

B

B

@

1

C

C

A

n 1
��mÿ3�=4�

r�2 nÿ1

D�yf �1; r�; . . . ; yf �i; r�; . . . ; yf �h�m; r�; r��

nD�xf �n�2;0�; . . . ; xf �i;0�; . . . ; xf �h�m;0�ÿ1;0��

nD�x2��mÿ1�=2�ÿ2 n�1�3; . . . ; x2i�1; . . . ; x2�m=2�ÿ1;w�:

Finally, we have the following remark.

Remark 3.7. Quite similarly one can calculate the Atiyah-Hirzebruch

spectral sequence for K�n���PO�4l � 2��, where PO�4l � 2� is the projective or-

thogonal group, using the natural projection SO�4l � 2� ! PO�4l � 2� as follows:

1. If lU 2nÿ1, then the Atiyah-Hirzebruch spectral sequence collapses and the

K�n��-module structure is given as follows:

K�n�� nH ��PO�4l � 2��:

2. If l > 2nÿ1, then there is only one non zero di¨erential d2 n�1ÿ1 and the

K�n��-module structure is given as follows:

K�n�� nF2�x2�=�x
n�1
2 �nD�yf �k�0��2;0�; . . . ; yf �i;0�; . . . ; yf �h�m;0�;0��

n 1
2 nÿ1ÿ1

r�1

F2�x4r�2�=�x
2 h�m; r�

4r�2 �

n

D�xf �k�r��1; r�; . . . ; xf �i; r�; . . . ; xf �h�m; r�; r��

0

B

B

@

1

C

C

A

n 1
��mÿ3�=4�

r�2 nÿ1

D�yf �r;1�; . . . ; yf �i; r�; . . . ; yf �h�m; r�; r��

nD�y1; x2i�1 j ��mÿ 1�=2� ÿ 2n � 1U iU �m=2� ÿ 1�;

where m � 4l � 2.
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