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Abstract. We study the minimality of an isometric immersion of a Riemannian
manifold into a strictly pseudoconvex CR manifold M endowed with the Webster
metric hence consider a version of the CR Yamabe problem for CR manifolds with
boundary. This occurs as the Yamabe problem for the Fefferman metric (a Lorentzian
metric associated to a choice of contact structure § on M, [20]) on the total space of
the canonical circle bundle S — C(M) 5 M (a manifold with boundary dC(M) =
7~1(OM)) and is shown to be a nonlinear subelliptic problem of variational origin.
For any real surface N = {¢ = 0} C H; we show that the mean curvature vector of
N — H, is expressed by H = —% ]2:1 Xj(\Xgprlchp){ provided that N is tangent
to the characteristic direction T' of (H1,6p), thus demonstrating the relationship
between the classical theory of submanifolds in Riemannian manifolds (cf. e.g. [7])
and the newer investigations in [1], [6], [8] and [16]. Given an isometric immersion
U : N — H, of a Riemannian manifold into the Heisenberg group we show that
AW = 2JT1 hence start a Weierstrass representation theory for minimal surfaces in
H,.

1. Introduction.

Minimal surfaces N2 in the lowest dimensional Heisenberg group H;, or more
generally in a 3-dimensional nondegenerate CR manifold, have been recently con-
sidered by a number of people (cf. N. Arcozzi and F. Ferrari [1], I. Birindelli and
E. Lanconelli [6], J.-H. Cheng et al. [8], N. Garofalo and S. D. Pauls [16], and
S. D. Pauls [25]) motivated by the interest in a Heisenberg version of the Bern-
stein problem, or by anticipating an appropriate formulation of the CR Yamabe
problem on a CR manifold with boundary and a CR analog to the positive mass
theorem.

All the notions of minimality dealt with are but ordinary minimality of N?2
with respect to the ambient Webster metric (as demonstrated by our Theorem 5)
provided that the characteristic direction T'= 9/t of H; is tangent to N2.
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We also study minimality of a given isometric immersion ¥ : N — H,, of
an m-dimensional Riemannian manifold (N™,g) into (H,,gy,) (the Heisenberg
group carrying the Webster metric gy, associated with the contact form 6y =
dt 41377 (2jdz’ —z;d27)), cf. our Theorem 4.

A first step towards a Weierstrass type representation of minimal surfaces in
H,, is taken in Theorem 7.

The Yamabe problem on a compact n-dimensional (n > 3) Riemannian man-
ifold (M, g) with boundary OM is to deform conformally the given metric

g=u""g (u>0)

such that (M, g) has constant scalar curvature and M is minimal in (M, §). This
is equivalent to solving the boundary value problem

n—2

Au — mpgu + Cu("+2)/(”_2) =0 in ]\47 (1)
0 -2
£+nThgu:O on OM, (2)

where A and p, are respectively the Laplace-Beltrami operator and the scalar
curvature of (M, g), hy is the mean curvature of OM — (M, g), and 7 is a unit
outward normal on OM with respect to g.

When M is closed (that is M is compact and OM = () the full solution to
(1) is described in [21].

When M # @ the problem (1)-(2) was solved by J. F. Escobar [12], under
the assumptions that 1) n € {3,4,5}, or 2) n > 3 and OM has some nonumbilic
point, or 3) n > 6, M is totally umbilical, and either M is locally conformally
flat or the Weyl tensor doesn’t vanish identically on OM.

A CR analog of the Yamabe problem was formulated by D. Jerison and
J. M. Lee [17], though only on closed CR manifolds. Precisely, if M is a (2n 4 1)-
dimensional closed strictly pseudoconvex CR manifold on which a contact form
0 has been fixed then the CR Yamabe problem is to look for a contact form
0 = uP=20 (p = 2+ 2/n) such that the Tanaka-Webster connection of (M, 6) has
constant pseudohermitian scalar curvature p = \. This is equivalent to solving

2
—(2+ n)Abu—Fpu: AuP ™! (3)

(the CR Yamabe equation) where A, and p are respectively the sublaplacian! and

LAs to the sign convention the sublaplacian in [18] is —A.
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the pseudohermitian scalar curvature of (M, 6).
D. Jerison and J. M. Lee solved (cf. [18] and [19]) the problem (3) under the
assumption that? \(M) < A(S?"*1), where A\(M) is the CR invariant

inf { /M(bnnme? + pu?)O A (dO)" /M |ulPO A (dO)™ = 1}.

Moreover, the inequality A(M) < A(S?"*1) holds true. (cf. also Chapter 3 in
11))

The remaining case A(M) = A(S?"!) was settled by N. Gamara and R.
Yacoub [14]. It is noteworthy that the proof in [14] doesn’t rely on a CR analog
to the positive mass theorem, but rather on techniques within the theory of critical
points at infinity (by analogy with A. Bahri and H. Brezis [2]).

When M # () no formulation of the CR Yamabe problem is available as yet,
perhaps due to the previous lack of a natural CR analog to minimality.

Our approach (as well as in [18]) is to formulate the CR Yamabe problem as
the Yamabe problem for the Fefferman metric Fy, a Lorentz metric on the total
space C(M) of the canonical circle bundle S — C(M) 5> M (cf. [20]). That
is, to look for a positive function u € C°°(M) such that the Fefferman metric Fj
corresponding to the contact form 6 = uP~26 has constant scalar curvature. What
is the appropriate boundary condition?

When 0M is nonempty C(M) is a manifold with boundary as well, and (by
Theorem 1) the tangent space T,(0C(M)) is nondegenerate in (T,(C(M)), Fy. )
at all points z, except for those projecting on Sing(7T'7), the singular points of the
tangential component (with respect to OM) of the characteristic direction T' of
df. Tt also turns out that OC(M) \ 7= (Sing(77)) is a Lorentz manifold (with
the metric induced by Fp). Therefore, when Sing(T7) = () we may request that
OC(M) be minimal in (C(M), F;). By Theorem 2 this projects to the natural
boundary condition (45) on OM, thus leading to the CR Yamabe problem (44)—
(45) on a CR manifold with boundary. This is shown (cf. Theorem 6) to be a
nonlinear subelliptic problem of variational origin. Throughout the present paper
we emphasize on the geometric aspects and relegate all analytic considerations to
further work.

ACKNOWLEDGEMENTS. The author is grateful to E. Lanconelli for stimula-
ting conversations on the arguments in this paper and for introducing him to the
results in the preprint [6]. Also, the author wishes to express his gratitude for the
hospitality and excellent working atmosphere in the Department of Mathematics
of the University of Bologna and for discussions with N. Arcozzi and F. Ferrari

2If n > 2 and M is not locally CR equivalent to S2?T1 then A(M) < A(S?"*1), cf. [18].
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2. CR manifolds with boundary.

Let M be an oriented (2n + 1)-dimensional C°*° manifold-with-boundary OM.
Except for the fact that manifolds in this paper have a nonempty boundary and
the additional geometric structures (e.g. CR structures, contact forms, etc.) are
smoothly defined up to the boundary, we adopt the standard notions in CR and
pseudohermitian geometry (cf. e.g. [11]). A CR structure is a complex subbundle
Ty o(M) of the complexified tangent bundle T'(M) ® C, of complex rank n, such
that

Ty o(M)NTh1 (M) = (0),
Z,W e FOO(TL()(M)) - [Z, W] € FOO(TLQ(M))

Here Tp1(M) = T1,0(M) (complex conjugation). The pair (M, T} o(M)) is a CR
manifold (with boundary) and the integer n is its CR dimension.

There is a natural first order differential operator d; (the tangential Cauchy-
Riemann operator) given by (9yu)Z = Z(u), for any C* function u : M — C and
any Z € Ty o(M). Then dyu = 0 are the tangential Cauchy-Riemann equations.
A solution to the tangential Cauchy-Riemann equations is a CR function on M.
Let CR"(M) denote the space of all CR functions on M of class C". The Levi
distribution of the CR manifold (M, T} o(M)) is

H(M) = Re{T1,0(M) ® To1(M)}.
It carries the complex structure
J:HM)— HM), J(Z+2)=iZ~Z), Z<cTioM).
H(M) is oriented by J so that the conormal bundle
H(M): ={weT;(M):Ker(w) D HM),}, x€M,
is an oriented real line bundle, hence trivial. Let then 6 be a global nowhere

vanishing section in H(M)* (a pseudohermitian structure on M). The Levi form
is
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LQ(Z7W) = —i(d@)(Z,W), Z,W e Ty o(M),

and M is nondegenerate (respectively strictly pseudoconvex) if Ly is nondegen-
erate (respectively positive definite) for some 6. Also M is Levi flat if Ly = 0
(equivalently if H(M) is integrable). An alternative definition of the Levi form is

Go(X,Y) = (d0)(X,JY), X,Y € H(M).

Note that Ly and the C-linear extension of Gy coincide on T1 (M) ® To1(M). If
M is nondegenerate then any pseudohermitian structure € is a contact form i.e.
0 A (df)™ is a volume form on M. Let M be a nondegenerate CR manifold and
0 a fixed contact form (the pair (M, 0) is commonly referred to as a pseudoher-
mitian manifold). There is a unique vector field T on M such that 6(7) = 1 and
(dO)(T,X) =0 for any X € T(M) (T is the characteristic direction of df). The
Webster metric of (M, 6) is given by

ge(X’ Y) = GO(X7 JY)a 99(Xa T) =0, gQ(TvT) =1,

for any X,Y € H(M). gg is a semi-Riemannian (Riemannian, if M is strictly
pseudoconvex and Ly is positive definite) metric on M. Let us look at a few
examples of CR manifolds-with-boundary. For instance, let H,, = C™ x R be the
Heisenberg group, with the CR structure spanned by

o _ 0 )
Zj:aizj—i-lzjﬁ, 1§]§n7

(if n = 1 then Z; is the Lewy operator, cf. [22]). H,, is a Lie group with the
group law

(z,t) - (w,8) = (z +w,t + s+ 2 Im(z - W)),

for (2,t), (w,t) € H,, where z-W = §;,2/w" (with the convention 2/ = z;), and Z;
are left invariant. As a first example H;" = RY"™' = {(2,¢) € H,, :t > 0} isa CR
manifold with boundary 0H,” = C™ x {0}. Throughout RY = {(z1,...,zn) €
RY : zx > 0}. The Heisenberg norm is || = (|z|*+t2)1/4, for any = = (2,t) € H,,
where |z|> = z-Z. Then Q, = {z € H,, : |z| <r} (r > 0) is a CR manifold with
boundary 99Q, = ¥, = {z € H,, : |z| = r} (the Heisenberg sphere, cf. [15]). Let
us set ¢(2,t) = |z|2—i t. Note that 9,¢ = 0i.e. $ € CR™(H,). The Folland-Stein
operators are
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n

1 - .
Zoa=—35 > (ZZ;j+Z;Z;) +ial, a€C, (4)

j=1
where T'= 9/0t. Let us consider the function

(naa)/2 T —(n—a)/2
Soa(zvt) = (;5(Z,t) (nte)/2 (;5(Z,t) )

and the constant ¢, = 2272771 /(D(242) I(25%)). « € C is admissible if
¢ # 0 (equivalently if +a € {n, n+2, n+4, ...}). The Folland-Stein operators
(4) form a family of operators of the form A + aB (where A is a second order
hypoelliptic operator and B is a first order operator) which are hypoelliptic for
any admissible « (cf. [13, p.444]). This is by now classical, and as well known the
key ingredient in the proof is to build a fundamental solution to (4) i.e. to show
that £, (pa/ca) = 0, for any admissible a. It is noteworthy that the Heisenberg
spheres ¥, are the level sets of

o2 t) = oz, 1) " = (|2 +12) .

Let 6y be the canonical pseudohermitian structure on H, i.e.

Op =dt +i» (zdz —z;dz7).
j=1

H,, is strictly pseudoconvex and Ly, is positive definite. Moreover, the Webster
metric of (H,,,0) is expressed by

gé‘o(Xj;Xk) = 990(3/37}/]6) = Ojk; geo(Xj7Yk) = Oa
900 (X, T) = g9, (Y;,T) = 0, 90, (T, T) = 1,

where

1 _ i _
Xj = E(Zj +75), Yj=—7x(Z; = Z;).

PROPOSITION 1.  The Heisenberg spheres form a foliation of (H,, gg,) whose
normal bundle is the span of

V:T+%#%+%?Z. (5)
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Then perhaps (5) is the Heisenberg analog to the radial vector field in R?"*! (see
[15, pp. 331-332]).

PROOF OF PROPOSITION 1. Let us set

E;=2Z;+7;—

| =

(pzj + 02T, Fj=i(Z; — Z;) + %(ész — ¢z;)T.

Then {E;, F}} is a local frame of the tangent bundle of the foliation and a calcu-
lation shows that (5) satisfies gg, (E;, V) = go,(F;, V) = 0. O

Let M and N be two CR manifolds with boundary. A CR map is a C*
map f : M — N such that (d;f)T1,0(M), C T1,0(N)¢(), for any x € M. A
CR immersion is an immersion and a CR map. A CR immersion f : M — N is
neat if i) f(M)NION = f(OM) and ii) for each point x € OM there is a local
chart ¢ : V — R of N such that f(z) € V and "' (RT) = V N f(M)
(m = dim(M)). For instance

PROPOSITION 2.
1) F =%, NH,} is a CR manifold with boundary 0%} = S?"~1(r) x {0} and
the inclusion X — H; is a neat CR immersion.
2) S7 = S HINRA2 is o CR manifold with boundary 055" = S x {0}
and F = f~1o% is a neat CR diffeomorphism F : ST\ {(0,...,0,-1)} ~

Here % is the Cayley transform

C/ ‘1_Cn+1
¢(¢) = (1+C”H’ 21+C”+1

>a C:<<Iagn+1)7 1+Cn+17£0

Let f : H, — 90Q,.1 be the CR isomorphism f(z,t) = (z,t + i|z|?) with the
obvious inverse f~1(z,w) = (z,Re(w)). Here Q,,1; is the Siegel domain Q,, 11 =
{(z,w) € C"" : Im(w) > |2z|?}. To check the last statement in Proposition
2 let ¢ € S¥"*! and ¢("*! = w+iv (v > 0) such that (z,t) = F(¢). Then
t=2v/[(14u)?+v?] > 0.

Let M be a nondegenerate CR manifold with boundary. A complex p-form
non M is a (p,0)-form if Ty 1(M)]n = 0. Let AP°(M) — M be the bundle of
all (p,0)-forms. If M has CR dimension n then the top degree (p,0)-forms are
the (n + 1,0)-forms. K(M) = A"T10(M) is the canonical bundle over M. There
is a natural action of Ry = (0,+00) on K(M) \ {0}. Let C(M) be the quotient
space and 7 : C(M) — M the projection. This construction leads to a principal
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bundle S' — C(M) — M (the canonical circle bundle over M). Let 6 be a
pseudohermitian structure on M and T the characteristic direction of dfl. Given
a local frame {T,} of T o(M) on a local coordinate neighborhood (U, z4), let 6
be the locally defined complex 1-forms determined by

0%(Tp) = 03, HQ(TE) =0, 9%(T)=0.
Here Ty = T,. Then

7N U) = U xS, [2]— (:r, f\\|>7

2= MOAO* A AOY),, AeC\{0}, ze M,

is a local trivialization chart of the canonical circle bundle. Let ussety : 7= 1(U) —
R, y([z]) = arg(\) (where arg : C — [0,27)). Then (7~ 1(U), 34 = 24 o7, v)
are naturally induced local coordinates on C(M) and 7= (U N9M) consists of all
c € m~H(U) with #2"*1(c) = 0, i.e. C(M) is a manifold with boundary modelled
on R?"*! x R. We obtained

LEMMA 1. Let M be a nondegenerate CR manifold with boundary. Then
the total space C(M) of the canonical circle bundle is a manifold with boundary
OC(M) = 7=1(OM). In particular OC(M) is a principal S*-bundle over OM.

Let V be the unique linear connection on M (the Tanaka-Webster connection)
satisfying the axioms 1) H (M) is parallel with respect to V, 2) VJ =0, Vgyg =0,
and 3) the torsion Ty of V is pure, i.e. Ty (Z,W) =0, Ty (Z,W) = 2iGy(Z, W)T,
and 7o J 4+ Jor1 =0. Here 7(X) = Ty (T, X) is the pseudohermitian torsion. We
set A(X,Y) = go(7X,Y), for any X,Y € T(M). By a result of S. Webster [28],
A is symmetric.

With respect to a local frame {T,, : 1 < a < n} of T3 o(M), defined on an
open set U C M, it is customary to set g,5 = Lo(Tn, 1) (the local coefficients of
the Levi form), VI = wj ® T, (the connection 1-forms) and RY (T4, T)Tc =
ReP u5ThH (the curvature components). The range of the indices A4, B,C,... is
{0,1,...,n,1,...,7} (with the convention Ty = T'). Next, the pseudohermitian
Ricci tensor is Rygz = R)“,z and the pseudohermitian scalar curvature is p =
go‘ﬁRaﬁ. When M is strictly pseudoconvex and 6 is a pseudohermitian structure
such that Ly is positive definite C'(M) carries a Lorentz metric Fy such that
F; = "™ Fy, where 6 = €', u € C°°(M) (in particular the restricted conformal
class [Fy] = {€"°"Fp : u € C*°(M)} is a CR invariant). (cf. J. M. Lee [20]), Fy is
given by
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Fy =Gy + 2(1%0) © 0, (6)
1 . 1 .3 o
* a__ " _af _
o= 2{d~y+7r (zwa 59 dg,5 i 1)0)}. (7)

Fy is the Fefferman metric of (M, 0). Here Gy is the degenerate (0, 2)-tensor field
on M given by

Go(X,Y) = (d0)(X,JY), Go(T,Z)=0,

for any X, Y € H(M) and any Z € T(M). Also ® denotes the symmetric tensor
product.

Let S = /0y be the tangent to the S'-action. o is a connection 1-form in
St — C(M) — M. If X € T(M) is a tangent vector field on M then X' €
T(C(M)) will denote the horizontal lift of X with respect to the connection . =
Ker(o). Although the submersion 7 : C(M) — M is not semi-Riemannian (its
fibres are degenerate) a technique similar to that in [23] leads to

LEMMA 2.  For any X,Y € H(M)

VYT = (V)T = (d0) (X, Y)T" = (A(X,Y) + (do) (X', YT))S,
VOMT! = (X + X)),
Ve XT = (VrX + ¢X)T +2(do) (X1, TS,
voM§ = v X1 — (7x)1,
voltrt = vt vig =,

C(M)pt _ gC(M) & _
Vs T =V, "5 =0,

where ¢ : H(M) — H(M) is given by Go(¢X,Y) = (do)(XT,YT"), and V € H(M)
is given by Go(V,Y) = 2(do)(T",YT1). Also S = ((n+2)/2)S.

Lemma 2 relates the Levi-Civita connection VM) of (C(M), Fp) to the
Tanaka-Webster connection of (M, ). (cf. [4] for the proof of Lemma 2.)

3. The geometry of the first fundamental form of the boundaries.

Let M be a strictly pseudoconvex CR manifold and 6 a contact form on M
such that Gy is positive definite. Let T(9M)*+ — OM be the normal bundle of
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OM — (M, gg). Let tan, : T,(M) — Ty(OM) and nor,, : T,(M) — T(OM)+ be
the projections associated with the direct sum decomposition

T, (M) = T,(dM) @ T(OM):, x € OM.

If T is the characteristic direction of df then we set T+ = nor(7T) and T7 = tan(T).

THEOREM 1. Let Null(j*Fy) consist of all V. € T(0C(M)) such that
Fy(V,W) =0, for any W € T(OC(M)). Let us consider the closed set Sing(TT) =
{x € OM : TT =0} and set Q = M \ Sing(TT). Then

0, zem 1(Q),

Nuu(.j*FG)z =
Ker(d,m), =z € 7 (Sing(T7)),

for any z € OC(M). Moreover (m=(2), j*Fy) is a Lorentz manifold.

Here j : 0C(M) — C(M) is the inclusion. Hence 0C(M) is degenerate at each
point z € 7~ 1(Sing(TT)). In particular, if M is tangent to T then the bound-
ary (0C(M), j*Fy) is a Lorentz manifold. For instance (with the conventions in
Theorem 1) T(9H;’) is the span of {X; —v2y;T, Y;++v2x,;T : 1 < j < n} hence

PROPOSITION 3. & = T +V2y'X; — V227Y; is normal to OH; (with
2 = a9 +iy?). Then T decomposes as

T =al(X; — V2y;T) + b (Y; + V22,;T) + ¢,
i \/iyj b \/ij 1

T2 T T a2 T Tt

Consequently one has T+ = c& and Sing(TT) = {0} hence the pair (0C(H}) \
7=1(0), j*Fy,) is a Lorentz manifold.

PROOF OF THEOREM 1. Let V € T(O0C(M)) such that Fyp(V,W) = 0 for
any W € T(0C(M)) i.e.

(m*Go)(V, W) + (7*0)(V)a (W) + (7*0)(W)a (V) = 0.

By taking into account

T(C(M)) = Ker(o) ® Ker(dn) (8)
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we may decompose V = Vi + Vi, with Vi € Ker(o). Then

G ((dm)Var, (dm)Wir) + 0((dm) Vi )o (W) + 0((dm)Wi)o (Vi) = 0. (9)

As OC (M) is a saturated set, it is tangent to the S'-action. Hence we may apply
(9) for W = S € Ker(dn) C T(0C(M)). As o(S) = 1/(n + 2) we obtain

0((dm)Ve) = 0,

ie. (dm)Vy € H(M), hence (9) becomes

Applying (10) for W =V gives
Go((dm) Vi, (dm)Vi) =0

hence (dm)Vy = 0, and then Vi = 0 (due to Ker(o) N Ker(dn) = (0)). Therefore,
on one hand

Null(j*Fy) C Ker(dr) (11)
and on the other (10) becomes
0((dm)Wg)o(Vy) = 0. (12)

Let 29 €  (so that T, # 0) and 29 € 7! (x0). We may apply (12) for W = (T7)T,
at the point zy. Yet

(T 0)(Wr)z = 0T )zy = 7713, #0
hence (by (12)) o(Vy)s, = 0, or (Vi),, = 0 and we may conclude that
Null(5*Fp),, = (0). To complete the proof of Theorem 1 it suffices to show that

Null(j* Fp). is 1-dimensional, for any z € 7=(C). Let us set = 7(z). Then, for
any W e T(0C(M))

Fp(S, W)z = (7" 0)(W).0(5). = 0 ((d.m)W>)

= g@,x(TzJ_v (dzﬂ—)Wz) =0
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as (d,m)W, is tangent to M. Hence S, € Null(j*Fp), (and we may apply (11)).

Since Fyp(S,S) = 0 and S is tangent to 0C(M), Fy is indefinite on T'(0C (M)).
However (by the first part of Theorem 1) Fp is nondegenerate on T'(7~1(Q)) hence
(j*Fy). has signature (2n,1) at each z € 7=1(Q).

PROPOSITION 4. Let M be a strictly pseudoconvexr CR manifold with bound-
ary and 0 a contact form with Gy positive definite. Let T be the characteristic
direction of df. The property that T € T(OM) is not CR invariant. If T € T(OM)
and T is the characteristic direction of df, where § = €240 (u € C=(M)), then
Sing(1T7) = 0.

PROOF. Let us consider a local orthonormal (with respect to gg) frame of
T(OM) of the form {En, ..., E2,_1,T}, so that E, € H(M), 1 < a < 2n—1. Next,
let us complete {E,} to a local orthonormal frame {E1,..., Fs,} of H(M) and
set T, = (1/V2)(Eo +iFqyn), 1 < a < n. Given another contact form 0 = e2up
(u € C>(M)) the characteristic direction of df is expressed by

T = e (T + iuTy — iuTy)

_— T
eQu{T—i— L u® —u*)E, + — (u* +u*)E, n}
where u® = uo = To(u) (as Lo(Ta,T5) = dap). Let { be a unit normal on OM.
Then ¢ € {+FEs,} hence Sing(T7) = Sing(T) = 0. O

If z € C(M) we denote by 3. : Tr(.)(M) — Ker(c.) the inverse of the R-linear
isomorphism d.7 : Ker(o.) — Tyr(;)(M). It is an elementary matter that

LEMMA 3.  Given v € T,,(OM) its horizontal lift B,v, z € 7~ 1(x), is tangent
to O0C(M).

Indeed, let a : (—€,¢) — OM be a smooth curve such that a(0) = z and
a(0) = v. Let X € T(OM) be a tangent vector field such that X, = v. Let a' :
(—¢€,€) — C(M) be the unique horizontal lift of a, issuing at 2. As w(a'(t)) = a(t)
one has al(t) € C(M), |t| < e. On the other hand a'(0) € Ker(c,) and it projects
on v hence

T.(0C(M)) 3 ' (0) = X] = B.v. O
We set T(OM)! = {X : X € T(OM)} and ¥, = Ker(d,7), for z € C(M).

As observed above OC (M) is tangent to the S!-action hence ¥ is a smooth dis-
tribution on OC(M).
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LEMMA 4. Let M be a strictly pseudoconvex CR manifold with boundary.
One has the decomposition

T(OC(M)) =TOM) @ 7. (13)

Moreover if the boundary OM is tangent to the characteristic direction T of df
then

T(OC(M))* CKer(o), (dm)T(OC(M))* C H(M), (14)
Ker(o) = T(OM)" @ T(dC(M))*. (15)
Here T(0C(M))* — 0C (M) is the normal bundle of j : 0C(M) — (C(M), Fy).
ProoF OF LEMMA 4. Note that

T(OM)" N ¥ C Ker(o) NKer(dr) = (0),

hence the sum T(OM)! + 7 is direct. The arguments preceding Lemma 4 show
that T(OM)! & ¥ C T(0C(M)). Vice versa, let V € T(0C(M)) C T(C(M)).
Then (by the decomposition (8))

V=X"4+75, (16)
for some X € T(M) and f € C>°(C(M)). Then
Xr(z) = (dom)Ve € Tr(y(OM), 2z € 0C(M),
ie. X € T(OM) and then T(OC(M)) C T(OM)! & ¥. To check (14) let V €
T(OC(M))t c T(C(M)) and use (8) to decompose as in (16). By assumption

T € T(OM) hence T' € T(0C(M)) and then

0= Fy(V.T1) = G((dm)V, (dm)T") + 6((dm) T ) (V')

fo_f
n+2 n+2

= é@(Xv T) +

ie. f=0,0r V=X'¢eKer(c). To check the second statement in (14) let

V e T(0C(M))* C Ker(o) = T(M)" = HM)" @ (RT)!
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ie. V=Y1+ fTT for some Y € H(M). Moreover S € Ker(dr) C T(0C(M)),
hence S and V' are orthogonal

0= Fy(S,V) = 0((dn)V)o(S) =

n+2
ie. f=0,0or Ve H(M) (14) is proved and may be equivalently written
T(OC(M))* C H(M)'.

When T+ = 0 the space T(0C(M)) is nondegenerate in (T(C(M)), Fp) hence so
does the perp space T(0C(M))*. Also

T(C(M)) = T(0C(M)) & T(dC(M))*.
Let us prove (15). First
TOM)' NnT(OC(M))*t C T(OC(M))NTAC(M))* = (0)
hence the sum T(OM)! + T(dC(M))* is direct and (by (14))
T(OM)' © T(OC(M))* C Ker(o). (17)
Finally (by (13))

Ker(o) @ Ker(dr) = T(C(M)) = T(0C(M)) & T(OC(M))*
=T(OM)" @ Ker(dr) ® T(dC(M))*

and (17) yields (15). O

From now on we assume that OM is tangent to 1. Then let us consider a
local orthonormal frame {F, ..., Fa,_1,T} of T(OM), with respect to i*gy (the
first fundamental form of ¢ : IM — M), defined on some open set U C 9M. In
particular E, € H(M), 1 <a <2n—1.

LEMMA 5. Let M be a strictly pseudoconvexr CR manifold-with-boundary.
Let 0 be a contact form on M such that Gy is positive definite and let T be the
characteristic direction of df. Assume that OM 1is tangent to T'. Then
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2
{EI,...,Egn_l,TTi ";L S}

is a local orthonormal (with respect to j*Fy) frame of T(OC(M)) defined on the
open set m~H(U) C 0C(M). In particular TT — ((n + 2)/2)S is a global timelike
vector field on OC(M) i.e. (OC(M),j*Fy) is a spacetime.

See also [5]. The proof is straightforward.

4. The geometry of the second fundamental form of the bound-
aries.

As (0C(M), j*Fy) is a Lorentz submanifold of (C(M), Fy) we may write the
Gauss equation

viMy = vi¢My + B(X,Y),
for any X,Y € T(9C(M)). Here VO¢M) is the induced connection and B is the

second fundamental form of j : 0C(M) — C(M). (cf. e.g. [24, p.100].) At this
point we wish to compute the mean curvature vector of j

= o1 trace;- g, (B).

To this end it is convenient to use the local frame in Proposition 5.

THEOREM 2. Let M be a strictly pseudoconvex CR manifold with bound-
ary, of CR dimension n, and 6 a contact form on M such that Gy is positive
definite. Assume that OM is tangent to the characteristic direction T of df. Let
{E1,...,Fon_1,T} be a local gg-orthonormal frame of T(OM) and £ a unit nor-
mal vector field on OM , both defined on the open set U C OM. Then the mean
curvature vector H of the immersion j : 0C(M) — C(M) is given by

2n—1
1
z = Eaa m(z ! 1
1 aE=1 90(VE,Ea, §)r(=)&2 (18)

for any z € m=Y(U). Here V is the Tanaka-Webster connection of (M,0). In
particular H = (2n/(2n + 1)) H', where H is the mean curvature vector of the
immersion i : OM — M. Therefore, 0C (M) is minimal in (C(M), Fp) if and only
if OM is minimal in (M, gg).
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For example

PROPOSITION 5. Rf_” X R is a strictly pseudoconvex CR manifold (with the
CR structure induced from H,) whose boundary N = O(R3" x R) is tangent to
T = 0/0t and minimal in (R3" X R, gg,). In particular 0C(R3" x R) is minimal
in (C(R®" x R), Fy,).

PROOF. The normal bundle of the boundary is the span of £ = 9/0y™ —
2z, T. By the Gauss formula the second fundamental form of the boundary is
given by

o 0 0 0 0 0
B(@x”’@x”) = —4dyng, B<8x“’8m") = —2ya&, B((‘)x“’axﬁ) =0,
g 0 o0 0 g 0
5(ae) = Bam o) 26 2(5m57) 70

0 0 o

Here 1 < o, 8 < 2n — 1. On the other hand, the induced metric on N is given by

2(8i5 + 2yiy;) —dyixg —2y;
g: —4zay; 2(0ap + 2zaxs) 224
—2y; 2zg 1

hence (by an argument similar to the proof of Lemma 7) the corresponding co-
metric on T*(N) is given by

gt 0 3098 —z (19)
v =2 1202 4 2y)?

where 2/ = (z1,...,22,-1), |2/|*> = zo2® and |y|* = y;»7. Finally a calculation

(based on (19)) shows that 2nH = g**B(0,,9,) = 0, i.e. N is minimal in (R?" x

R, go,). The last statement in Proposition 5 follows from Theorem 2. g

Let {X4:1< A <2n+ 1} be a local Fy-orthonormal frame of T'(0C(M)),
ie. Fy(Xa,XB) =¢€abap, with e =-+- =€, =1 = —€2,41. Then H is locally
given by
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1
C2n+1

> eaB(Xa, Xa).
A

ProOOF OF THEOREM 2. Using the local frame furnished by Lemma 5 we
obtain

(2n+1)H = nz_: B(E!,E!) +2(n+2)B(T", S). (20)

a=1

As a consequence of Lemma 2 we have

2
VOOl — (Vi B — 2 A(E,. EL)S, (21)
veMs . (22)

The equation (22) implies B(T'',S) = 0 (with the corresponding simplification of
(20)). As T € T(OM) we have

T(OM)* C H(M).

We need the following

LEMMA 6. Assume that OM is tangent to T. Let T(OM)* — OM be the
normal bundle of the immersion i : OM — M. Then

[T(OM)*]' = T(9C(M))*. (23)

PROOF OF LEMMA 6. Let ¢ € T(OM)* and V € T(OC(M)) = T(OM)! @
Ker(dnr), ie. V=X + fS. Let us set Xy := X —0(X)T € H(M). Then

FO(M gT) = é@(ng) + f FO(Sng)
= Go(Xu, &) + f0(§)o(S) = go(Xu,§) =0

because X, T € T(OM) implies Xg € T(OM). Tt follows that
[T(OM)L]T C T(DC(M))* .

The desired equality follows by inspecting dimensions. O
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Let £ be a unit normal vector field on M, defined on the open set U C N.
Then (by Lemma 6) ¢ is a unit normal vector field on dC(M). Then (by the
Gauss equation and by (21))

Fy(B(E], E)), &) = Fp(V " Bl €1) = Fy(Vi, Ba)', €1)
- é@(anEaa 5) = g@(anEav f)

which yields (18). O

The Levi-Civita connection V9 of (M, gg) is related to the Tanaka-Webster
connection V of (M, 0) by

VLY =VxY + (UX,Y) — AX,Y)T
+7(X)O(Y) + 6(X)JY +6(Y)JX, (24)

for any X,Y € T(M). Here Q = —df. (cf. eg. [3, p.238]) Thus, for any
X, Y e HM)

vggy =VxY + (QX,Y) - AX,Y))T
and then
V%"GEQ =Vg,E, — A(E,, E,)T

implies (as go(T,&) = 0)

(27’L + 1)H = 299(ng?aEaa §)€T = ZQG(B(EM Ea)v €)§T = 2”9‘9(H7 €)§T

because VYT = 0 implies B(T,T) = 0. Here B is the second fundamental form
of t : OM — M and H = (1/(2n)) tracey, (B) is its mean curvature vector. Then
H=2n/2n+1)H'.

THEOREM 3. Let M be a strictly pseudoconver CR manifold with boundary
and 6 such that T € T(OM). Then OC(M) has nonumbilic points in (C(M), Fp).
Moreover OM is totally umbilical in (M, gg) if and only if

B(xhvy") =

2 1
L R YDH,
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B(XT,T7) = {(do)(XT,£7) + go(X, JO) ¢,
for any XY € T(OM)N H(M).
PROOF. By (24) and the Gauss formula for the immersion OM — (M, go)

B(X,)Y) =go(VxY,£)¢, B(X,T) = go(7X + JX, £)E,

for any X,Y € T(OM) N H(M). Next, by Lemma 2 and the Gauss formula for
the immersion 0C(M) — (C(M), Fp)

B(xX",Y")=B(X, V), (25)
B(X",T") = B(X,T)" + {(do)(X",£") + go(X, JE)}¢, (26)
B(X'",8) = —gy(X,JE)E", B(T',8)=0. (27)

Note that J¢ is tangent to OM. Assume that B = Fy ® H. Then (by (27)) J¢ is
orthogonal to M, hence £ = 0, a contradiction. The last statement in Theorem
3 follows from B = gy ® H and (25)—(26). O

5. Minimal submanifolds.

The purpose of this section to investigate minimal submanifolds in the Heisen-
berg group H,. First, we establish the relationship between the notion of X-
minimality of N. Arcozzi and F. Ferrari, cf. (3) in [1], I. Birindelli and E. Lan-
conelli, cf. (3.23) in [6], and N. Garofalo and S. D. Pauls, cf. (2.5) in [16] (see also
[25]) and minimality of an isometric immersion (between Riemannian manifolds).
Second, we prove the following

THEOREM 4. Let ¥ : N — H, be an isometric immersion of a m-
dimensional Riemannian manifold (N,g) into (H,,ge,). Then ¥ is minimal if
and only if

AV =2JT+ (28)

where A is the Laplace-Beltrami operator of (N, g). In particular, there are no
minimal isometric immersions ¥ of a compact Riemannian manifold N into the
Heisenberg group such that T is tangent to U(N).

Compare to Theorem 6.2 and Corollaries 6.1 and 6.2 in [9, pp. 45-48]. Let M = H;
be the lowest dimensional Heisenberg group and ¢ : H; — R a C? function. Let
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us set
={x € H; : p(x) =0}
and assume there is an open neighborhood O D N such that
[Vo(z)| >a>0, ze€O. (29)
Here Vi is the Euclidean gradient of ¢. Let (z,t) be the natural coordinates on
H, = C xR and set Z = Z; = 0/0z + 1z 0/0t (the generator of Ty o(Hq)).

Let 6y = dt 4+ i(2dz — Zdz) be the canonical contact form on H;. Note that
Ly, (Z,Z) = 1. The Tanaka-Webster connection of (Hq,6p) is given by

4, =0, A B,Ce{1,1,0}.

Let us set X; =
following

L (Z-i—?) andX2:Y1:

% " (Z — Z). We shall prove the

N

THEOREM 5. Let N = {x € H; : p(x) = 0} be a surface in Hy such that
(29) holds. Assume that N is tangent to the characteristic direction T = 0/0t
of (H1,6p). Let & be a unit normal vector field on N. Then the mean curvature
vector of N in (Hy,gg,) is given by

H:—éi&(éﬁ)g. (30)

Jj=1

Here | Xp|? = (X19)? + (Xap)? is the X -gradient of .

PROOF OF THEOREM 5. T(N) is the span of {E, T} while T(N)' is the
span of &, where

E= L {(X0)X - (Xi9)Xa), €=

| X o] —{(X19) X1 + (X290) X5},

1
Xl
so that gg,(E, E) = 1 and gy, (&,£) = 1. A calculation (based on Vx, X} = 0)
leads to

X X
o = () %6 (g )
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X X
(35 ()

hence

e g [ () - wom (G2 )

Then (by (31))

2

900(VEE. ) ==Y X; < |XXj<p|>

j=1

1 Xg(p Xlgﬁ
+— (X102 X ( >+ X102 X ( )
|X«p|2{( ) X\ ) & S

09 () X (928) + (e (ee) X (5 ) ] (02

Using the identity
[ X X5 (1X¢l) = (X190) X; X1+ (Xop) X Xop

one may show that the second term in the right hand member of (32) is |X¢| ™4
times

(X20)*{(X2X200)| X o] — (X200) X2(|X ]}
+ (X19) {(X1X190)[ X | = (X190) X1(| X))}
+ (X19) (Xa@){ (X1 Xo90)[ X o] — (Xa0) X1 (| X o))}
+ (X19) (X2 { (X2 X19) [ X o — (X190) Xa (| X))}
= —{(X19)X1(1X¢l) + (X20) X2 (|1 XD H(X19)* + (X290)*}

+ [ Xo{(X19)? X1 X190 + 2(X190)(X29) X1 X290 + (X290)* X2 X000}

(as [X1,X2) = —2T and T(¢) =0) or
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— (Xo9) [ Xo{(X19) X2 X194+ (Xo9) X2 Xop}
— (X19)| X {(X19) X1 X ¢ + (Xop) X1 X200}
+ [ Xo|{(X19)* X1 X190 + 2(X10)(X20) X1 X200 + (X20)> X2 X0} = 0

hence (32) leads to (30). O

Let us prove Theorem 4. Let (x!,...,2%", 2°) be the Cartesian coordinates
on R and (U,u!,...,u™) a local coordinate system on N. Let H(¥) be the
mean curvature vector of ¥ : N — H,,. Then H(V) = HA9y4, where 04 is short
for 0/0x". Let go = gy, be the Webster metric of (H,,,0y) and D° the Levi-Civita
connection of (H,, go). We set B2 = U4 /ou®, so that U, (0/0u®) = BA04. Let
{E1,...,En,} be a local orthonormal (with respect to g) frame of T'(NN), defined
on U. Then E, = ES9/0uP. Taking into account that Eng‘ = E,(¥4), the
Gauss formula of ¥

DY, Es=V,Dg Es+ B(Eq., Eg)
may be written
{Ea(Eg¥") — (Dp, Ep)(¥4)}04 = B(Ea, Ep) — Ea(¥4) Es(¥P) D3, 0p.

Here D is the Levi-Civita connection of (N,g) and B is the second fundamental
form of W. Contraction of o and [ gives

(AUM)Ds = mH (V) = Y Eo(V*)Eq(¥7) DY, 0p. (33)
a=1
Since
d ~ ; o — ;
0j=55=%i+2i - 2T, aj+n=@=Z(Zj—Z.j)+2x T, (34)

it follows that the Tanaka-Webster connection of (H,,, 6y) satisfies

Vo, 0k = Vo

i+tn

8k+n = 07
Vo, Ohin = —Vo,. 0k = 20T, (35)

Vo, T = Vg = 0.
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Let J be the complex structure in H(H,,), extended to a (1, 1)-tensor field on H,
by requesting that JT = 0. Using D° =V — (dfp) @ T + 2(6p ® J) it follows that

Eo (T4 Es(¥P)DY, 05

= B, (VY E3(VP)Vo,0p — (d0)(Ey, Eg)T + 0(E)JV. Es + 0(Eg)JU . E,

where § = ¥*6,. On the other hand, by (35)

Eo(¥*)Es(V")V5,0p = Qi{Ea(‘Iﬂ)Eﬁ(\I’j+n) = Eo (W) Eg(W7)}T.

j=1
Also Y., 0(Eq) =Y, 90(T, W, Ey) = >, 9(TT, E,) hence

> 0(Eo)JV.Ey = JU,T" = —JT+,

so that (33) becomes mH (V) = AU — 2JT (yielding (28)). O

Our Theorem 5 demonstrates that the Webster metric is the “correct” choice
of ambient metric. Nevertheless, even the geometry of a hyperplane in (H,, go)
turns out to be rather involved. In the sequel, we work out explicitly the case of
{z € H, :t=0}. Let ¥ : 0H,; — H, be the inclusion and g = ¥*g, (the first
fundamental form of ¥). Let A be the Laplace-Beltrami operator of (0H?Y,g).
We may state

PROPOSITION 6.  The coordinate functions 27 on OH ~ C™ satisfy Azl =
227 /(1 +2|2|?). Consequently the boundary of (H,,go) is minimal.

Note that
00(0;) = —2yi, 6o(0iyn) = 225,

(dBo) (0, 0;) = (dB)(Oitn,Oj4+n) =0, (dbo)(0i, 0jn) = 2845,
JOj = Ojin — 2251, JOjip = =05 = 2y;T.

Then by (24) (with 7 = 0) and by (35) it follows that

0
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0 0
Dgﬁjm = 2(%8 5 +z;— g ) + 4(yiy; — xix)T,

DY 0jin = —2(i6F + 2;0) = 0

9k A(ziy; + 25y:)T.

i+n
Next, we shall need the Gauss formula
Dgaab = Daaab + B(aa, 8b),

where D is the Levi-Civita connection of (0H,', g). We obtain

B(9;,05) = 4e(yir; + yjz4)8,
(aw ajJrn) - 4C(yzyj - xiwj)€7 (36)
B(0i4n, 0j4n) = —4c(ziy; + xv:)€,

hence W is not totally geodesic, and if Dy, 0y =1¢;0. then

F?j = —de(yiz; + iji)yk»

iy = —Ae(wiy; +@59:)a",
Fiﬁ_n = 4c(yixj + iji) (yzék + yjak)

TF = 2005 — de(yiy; — mixy)y”,
Ffj’fn = 29:j5f + de(yiy; — xizj)xk,
k k k s DR
D jin = (xld +x;07) + de(zy; + 2v:)y" .
We need the following

LEMMA 7.  The local coefficients of the cometric g=* on T*(OH,}) are given
by
Iy 309 —ey'y ey'ad (38)
cx'y? 16 — ca'lzd

Consequently

1 Ju - 0% .. 0%u o 0%u
== — - iy —— — 2yt ——— t) ———
Au 5 Agu+ 2¢ o c{y Y D0iBa y'x Dzidy + 'z Gyoy }
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for any u € C*(OH,T), where Ay is the ordinary Laplacian on R*" and 9/0r is
the radial vector field 27(0/0x7) + 37 (0/0y7).

By Lemma 7 it follows that Az/ = 2cx/ and Ay? = 2cy?, hence the first statement
in Proposition 6. On the other hand T+ = ¢ implies JT+ = ¢ §/0r hence (by
Theorem 4) H(¥) = 0. Note that the mean curvature vector may be also computed
from 2nH (V) = g**B(9,, ) by (36) and (38).
It remains that we prove Lemma 7. The first statement is elementary yet
rather involved. The identities g,.g®® = 6 may be written
2(8i5 + 2yiy;)g7* — dyiw g7t = OF,
205 + 2yiy;) g M — dyiag? TR = 0,
A , (39)
—4£Cingjk + 2(52] + Qxixj)gJJr"’k = 0,
—daiy;gt T+ 2(05; + 2wiay) g T = oF.
Contraction of the first two equations (respectively of the last two equations) by

y® (respectively by ') gives

(1 +2[y*)y; 9" —2ly[Pzjg™F =",

(L+2ly )y " = 2ly ey g/t = 0,
2|22y 97% — (1 + 2|z|?)2,;¢7 T =0,

— 20z Py g 4 (14 2)z]?)a g TR = ok

where from

. 15 .
ngﬂk = 5(1 + 2|9c|2)yk7 acjg”‘"’k = c|;1c|2 k.

g k+n

, c
Yig = cly]Pa®, gt = F(I+ 2[y|*)z*,

and substitution back into (39) yields (38). To compute the Laplacian

_ 0 [ 0u a0 ou
Au = dx® (g 8xb> tg &r“(bg\/a) Oxb

(with G = det[gap]) we recall that d(log VG)/0z® = I'}, hence (by (37))
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0
ox®

(log \/5) =2cx,, 1< a<2n.

Then (38) yields the result.

6. The CR Yamabe problem.

Let M be a compact strictly pseudoconvex CR manifold-with-boundary, of
CR dimension n, and 6 a contact form on M with Gy positive definite. Let us
assume that OM is tangent to the characteristic direction T" of df.

LEMMA 8.  Let us set p=2+2/n and f = (p — 2)logu, with u € C(M),
u> 0. If 0 = e/0 then OC (M) is minimal in (C(M), Fy) if and only if

O(uom)
o

—nFp(H,n)uor=0 on 9C(M), (40)

where n and H are respectively an outward unit normal and the mean curvature
vector of the immersion 0C(M) — (C(M), Fy). In particular, if §& and H are
an outward unit normal and the mean curvature vector of the immersion OM —
(M, gg) then (40) projects to

Ju 2n?
— —— go(H =0 oM. 41
S e . u=0 on (a)
The first statement in Lemma 8 is of course well known in conformal geometry. We
give a brief proof for the convenience of the reader. If # = eff the corresponding
Fefferman metric is F; = e/°" Fy hence the Levi-Civita connections D and D (of
F; and Fy, respectively) are related by

Dy = DyW + L{V(NW + WV ~ B(V,W)D(fom)},  (42)

for any VW € T(C(M)), where D(f o 7) is the gradient of f o m with respect
to Fp. Our assumption T' € T(OM) and Proposition 1 imply that T(0C(M)) is
nondegenerate in T'(C(M)) with respect to Fp, hence with respect to F; as well.
Let B and B be the second fundamental forms of the immersions dC(M) —
(C(M), Fg) and 0C(M) — (C(M), F;). Then (by (42) and the Gauss formula)

E:B_%Fm(p(fow))% (43)
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Taking traces in (43) shows that the mean curvature vectors of the two immersions
are related by H = e "{H—%(D(for))*} hence C(M) is minimal in (C(M), F)
if and only if H = (1/2)(D(f o))" and (40) is proved. Let & be an outward unit
normal on M in (M, gg). Then n = ¢! is an outward unit normal on dC(M) in
(C(M), Fp). Then (by Theorem 2) the mean curvatures of OM — (M, gg) and
0C(M) — (C(M), Fy) are related by

2n
Fy(H,n) = H
9( 777) m+1 g@( af)oﬂ-
hence (40) projects on M to give (41).

We may consider the problem
— by Apu+pu=AuP™! in M, (44)
Ou 2n2
== = M 4
o€ o1 Mo 0 on OM, (45)

(the CR Yamabe problem on a CR manifold with boundary) where
Ayu = div(VHu), e C*(M),

is the sublaplacian of (M, 0), b, = 2+ 2/n, A is a constant, and py = go(H,§) €
{£||H||}. Also Vu is the gradient of u with respect to go and VHu = 75 Vu (the
horizontal gradient) where wg : T(M) — H(M) is the projection associated with
the direct sum decomposition T (M) = H(M) & RT. The divergence operator is
meant with respect to the volume form w = 6 A (df)"™. The problem (44)—(45) is
a nonlinear subelliptic problem of variational origin. Indeed, we may state

THEOREM 6. Let us set
Ag(u) = / (b IV u|? 4 p u?}w — an/ e u? do,
M

OM
mw:/wm
M

where o = vol(i*gy), the canonical volume form associated with the induced metric
i*go on OM, and a, = 2""? (n+1)!n/(2n + 1). Moreover, let

Qolu) = QM) = inf{Qa(u) : u € C¥(M), u> 0},
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If u € C™(M) is a positive function such that Qo(u) = Q(M) then u is a solution
o (44)—(45) with A = (p/2)Q(M), a CR invariant of M.

Proor. If {T,} is a local frame of T (M) then the horizontal gradient is
expressed by VHu = uT, + u®Ty, where u® = g“ﬂug and ug = Tg(u)7 hence
VHu|? = 2uqu®. Then

i{Ag(u +th)}i—o = 2/ {bn(uhe + uah®) + puh}w — Qan/ o wh do,
dt M oM
for any h € C?(Int(M)) N C*(M) (where Int(M) = M \ dM). On the other hand

/M W w = /M{Ta (Wh) — KT (™)}
- /M div(hu®T, ) — /M{Ta(u“) +utdiv(T) Pho.

Note that div(T,) = Fga hence T, (u®) + u®div(T,) = u®,, where u®g = g7 uzg
and u,5 = (VQu)(Ta,TE). The complex Hessian is meant with respect to the
Tanaka-Webster connection i.e.

(V2u)(X,Y) = (Vxdu)Y = X (Y (u)) — (VxY)(u),

for any X,Y € 2 (M). Note that w = ¢, dvol(gg) (with ¢, = 2"n!). Then (by
Green’s lemma)

/uahaw:cn/ huagg(Ta,f)da—/ u“y hw.
M oM M

As the sublaplacian is locally given by
Ayu = u%, + 1%

we may conclude that

(=bn Aputp u)hw—i—Q/ [bncngg(VHu, &)—anpoulhdo.

d
a{Ag(u—&—th)}t:O = 2/1» oM
(16)

1

Also
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i{Bg(u +th)heo = p/ T hw. (47)
dt M

As T € T(OM) one has ¢ € H(M) hence go(VHu, &) = £(u) (also denoted by
Ou/0€). If u achieves Q(M)

d
%{Qe(u +th)} =0 =0
hence
2/ (=bp Apu+ pu)hw + 2/ [brcn &(u) — apupulh do
M oM
—p Qo(u) / w2 hw = 0.
M
In particular this holds for h|sps = 0 hence
—by, Apu + pu = gQ(M)uH'Z/"

and going back to arbitrary h

ou an

9 bucy,

wou=0 on OM

which is (45) because a,,/(bnc,) = 2n?/(2n + 1). The proof that Q(M) is a CR
invariant is similar to the arguments in [18, pp.174-175]. Let Et — M be the
R -bundle spanned by 6 and let us set

E*={v:Ef@ — R:v(th,) =t""v(0,), for all t > 0}, (a>0)
for any x € M. Then (vy).(t0,) = 1/t defines a global frame {vy} of E! — M

(and of course {v§'} is a global frame of E* — M). We need the CR invariant
sublaplacian

L:T®(E"?) - T%(EY?) L(uvy”®) = (=by Ayu+ pu)ry ™.

By definition [,, uvyt' = [,, uw. A section s = uvg in E® is positive if u > 0.
Finally, the fact that Q(M) is a CR invariant follows from
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Q(M) :inf{/M(Ls)®s . s e I®(E™?)

a positive section such that / sP = 1}. (48)
M

The identity (48) follows from the fact that the sets {Ag(u) : Bo(u) = 1,u > 0}
and {Ag(u)/Byp(u) : u > 0} coincide and from the calculation

/ (Ls) ® s = / (—=bp ulAyu + pu®)w,
M M

/M u(Apu) w = /M{div(uVHu) — IVHu|?}w = Cn/a U — dO’ —/ V7w,

hence (by (45)) [,,(Ls) ® s = Ag(u), for any s = uy)/? € T°°(E"/2), O

7. Minimal surfaces in H,,.

Let (N,g) be a 2-dimensional Riemannian manifold and ¥ : N — H,, a
minimal isometric immersion of (N,g) into (H,,go). Let (U,z = z + iy) be
isothermal local coordinates on N, i.e. locally

g = 2E(dz* + dy?),
for some E € C>*(U), E > 0. As well known the Laplace-Beltrami operator of
(N, g) is locally given by
2

2 U
A= T 5o

u € C*(N).

Let us set F9 = W/ 4{0it" 1 < j < n,and f = ¥°. Also, we consider K : U — C
given by

3f 5F —jaFj

LEMMA 9. The normal component of the characteristic vector field T = 0/t
of dby is locally given by

(1 2 e\ L (OF OFTN (L OF OF
T_<1 SIKP ) T— o (B +E o ) 2+ (K -+ K—— | Z; - (49)
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PrROOF. The characteristic direction decomposes as T' = v, 7T —i—TL, where
T = \3/02+X0/ 0%, for some A € C>(U). Taking the inner product with ¥,.0/9z
yields A = K /E hence (34) yields (49). O

LEMMA 10. Let ¥ : N — H, be an isometric immersion of (N,g) into
(Hp,,g90). Then

OFJ QF7

2
2T o + K% =0, (50)
" (|OF7 |? L |oF 2
> ( e > +|K|? # 0. (51)

Jj=1

PROOF. A calculation based on (34) shows that the Webster metric of
(H,,,00) is given (with respect to the frame {9/0z7, 8/dy’, 0/0t}) by

20851 + 2y,yr) —4dyjzy —2y;
go : —4z Y 206k + 2252) 22
*ka 2Ik 1

hence

0 0
gg(\pa \1/8) VAL gap = K2+ S(FI + [FIP2),

J

o o L
go (@*82, \1/*82) =By, = K? + ZFgFg,

(where gap = g0(04,05)). Since ¥ is an isometric immersion

0 0
v, 2w, L) =o, 2
(. gy ) =0 (52)
0 0 0 0
9o <\Ij*8ac’ ‘I’*am> =90 <\II*8y’ lh@y)’ (53)
and then (52)—(53) yield (50)—(51), respectively. O

Note that (again by (34))
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AT = (ApN)d, = (AF)Z;+ (AF)Z; + {Af+ 23 (VAW — I AY) }T

j=1
and (by Lemma 9)
iEJT+ = (KF! + KF) 7, — (K F. + KF)Z,
hence the minimality condition (28) becomes

N Y :
AFJZ,EZ(KFZJ+KF;), 1<j<n, (54)

and Af = £ (F'AFI — FIAF) or (by (54))

Af = LAR(FP). + K(FP):). (55)

Let N be a Riemann surface. An immersion ¥ : N — H,, is conformal if (52)—(53)
hold, for any local complex coordinate system (U,z = x + iy) on N. Moreover
(54)—(55) lead to the following definition. A minimal surface in H,, is a Riemann
surface N together with a conformal immersion ¥ : N — H,, such that

F_+i(KF! + KFJ) =0, 1<j<n, (56)
1. —
fo= = S{K(F): + K(F*)z} = 0. (57)

Here [F|* =3, FIF’. We may state the following

THEOREM 7. Let Q C C be a simply connected domain and ¥ : Q — H,
a minimal surface such that JT+ =0 (e.g. W(Q) is tangent to the characteristic
direction of dfy). Let us set ® = 0¥ /Jz. Then ® is holomorphic and (50)—(51)
hold in Q. Vice versa, let ® : Q — C?"*! be a holomorphic map and let us set

T4(2) :Re/z ®I(¢)d¢, Ae€{0,1,...,2n}, (58)

for any z € Q, where o € Q is a fized base point. Let K : Q0 — C be given by
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n 2 z
K=2"-2)" {qﬂ‘ Re/ It (()d¢ + I Re/ @j(C)dC}.
J=1 o o

If the following identities hold in §)

23 {|@72 — (@77 4 i(@F 4+ 97T+ K2 =0, (59)
j=1
2> (19717 +|®7T%) + |K|* # 0, (60)
j=1
K(® +id ) + K@ +i® ") =0, 1<j<n, (61)

then U : Q — H,, is a minimal immersion such that JT+ = 0.

Compare to Theorem 8.1 in [9, p. 58]. Proof of Theorem 7. (50)—(51) follow from
Lemma 10. Next JT+ = 0 and (54)—(55) yield 99/9z = 0 in Q.

Vice versa, given a holomorphic map ® : Q — C?"t! the function ¥4 given
by (58) is well defined (by the classical theorem of Cauchy the integral doesn’t
depend upon the choice of path from o to z) and 9V /9z = ® hence (59)—(60) yield
(50)—(51) so that (52)—(53) are satisfied and go(¥.9/0x, ¥,0/0x) # 0, i.e. ¥ is a
conformal immersion. Finally (61) may be written

KF/I 4+ KFl =0, 1<j<n,
which is equivalent (by Lemma 9) to JT* = 0 and (56)—(57) imply minimality.
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