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Abstract. In this article we discuss how the existence of Kaehler metrics

with constant scalar curvature on the projectivization of a holomorphic vector

bundle over a Kaehler manifold M is related to a moment map condition for the

action of the automorphism group of M on the moduli of vector bundles.

In this note we will prove existence results (Theorem III.A and Corollary

III.A) for Kaehler metrics with constant scalar curvature on ruled manifolds when

the base manifold admits nontrivial holomorphic vector fields, as mentioned in

page 28 of [14], based on the solvability result of [9]. It is expected that this work

will be helpful to clarify the relation between the various stability conditions [14]

and the solvability of constant scalar curvature equation in the future. This work

originated from discussions with Professor Simon Donaldson who suggested the

author to characterize the (symplectic) stability condition presented in this

article from the moment map point of view. The (symplectic) stability condition

for the Hermitian-Yang-Mills case from the moment map point of view has been

explained in Chapter 6 of [6].

When the base manifold does not admit nontrivial holomorphic vector fields

the slope stability of the holomorphic vector bundle over the base manifold

suffices to ensure the existence of Kaehler metrics with constant scalar curvature

on ruled manifolds [8]. When the base manifold admits nontrivial holomorphic

vector fields, as considered in this article, we need an extra (symplectic) stability

condition, originating from the action of the Lie algebra of nontrivial holomorphic

vector fields (on the base manifold) on the moduli of holomorphic structures on a

vector bundle endowed with a fixed Hermitian metric over the base manifold, to

ensure the existence of Kaehler metrics with constant scalar curvature on ruled

manifolds. Our result Corollary III.A is derived from Theorem III.A following the
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argument explained in page 210, lines 15–25, of [6]. In Section III we will need the

fact that the asymptotic expansion (page 409, line 4,) constructed in [9] is

uniform, similar to (3) of Proposition 6 in [4], which can be obtained by tracing

through the same arguments in [9].

We will prove the existence results in the differential-geometric setting based

on the solvability of Gauge-Fixing Constant Scalar Curvature Equations on

Ruled Manifolds introduced in [9] through the following idea: At each point of an

orbit the corresponding Gauge-Fixing Constant Scalar Curvature Equation can

be solved (proved in [9]), but there is at most a non-degenerate critical point

(modulo discrete subgroup) where the solvability of the Constant Scalar

Curvature Equation is equivalent to the solvability of the Gauge-Fixing Constant

Scalar Curvature Equation. An orbit with a non-degenerate critical point is

exactly a stable orbit in the moment map sense. In Section I we will introduce a

moment map � which turns out to be the correct one needed in this work.

In this article we will adopt the approach similar to the one explained in page

210, lines 15–25, of [6]. Hence in Section I we will introduce the action of the Lie

algebra of nontrivial holomorphic vector fields (on the base manifold) on the

moduli of holomorphic structures on a vector bundle endowed with a fixed

Hermitian metric over the base manifold. In Section III we will switch our

approach to the other but equivalent one (varying the Hermitian metric but fixing

the holomorphic structure on a vector bundle) to derive Corollary III.A from

Theorem III.A. Section II is devoted to the introduction of notation and results

of [9]. However Corollary II.A has not been derived in [9]. It should be remarked

that the method presented in this article can also be used to produce ‘‘extremal

Kaehler metrics’’ (critical Kaehler metrics) on ruled manifolds for some ‘‘semi-

stable’’ case.

Assume that ðM : !MÞ is an m-dimensional compact Kaehler manifold with

constant scalar curvature. We have the following facts [12] about the structure of

the Lie algebra of holomorphic vector fields on M:

THEOREM 0. Assume that ðM : !MÞ is an m-dimensional compact Kaehler

manifold with constant scalar curvature. Here !M is the Kaehler form of M. Let

hðMÞ denote the complex Lie algebra of holomorphic vector fields on M. Let

hoðMÞ ¼ fZ 2 hðMÞ : iZ!M is �@@-exactg. Then we have the following direct sum

decomposition (in the Lie algebra sense) of the Lie algebra hðMÞ:

hðMÞ ¼ hoðMÞ � cðMÞ

in which cðMÞ ¼ fZ 2 hðMÞ : iZ!M 2 Hð0:1ÞðM : CÞg. Note that the complex Lie

algebra cðMÞ is commutative and is a Lie sub-algebra of the Lie algebra of the
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isometry group of ðM : !MÞ. Besides hoðMÞ is the complexification of the

intersection kðM:!M Þ of hoðMÞ with the Lie algebra of the isometry group of

ðM : !MÞ.

Let E be a smooth complex vector bundle of rank n endowed with a

Hermitian metric HE over ðM : !MÞ. Suppose that A is an Einstein-Hermitian

connection on E, compatible with HE, defining a simple holomorphic structure on

E. Let PAðEÞ denote the projectivization of E over M endowed with the

holomorphic structure defined by A. Let ���A : PAðEÞ �!M denote the natural

surjective holomorphic map. Let LA denote the universal line bundle on PAðEÞ.
Let eðLAÞ denote the Euler class of LA on PAðEÞ. In [9] we introduce the Gauge-

Fixing Constant Scalar Curvature Equation on PAðEÞ, depending on sufficiently

large k 2 N , which can be expressed concisely as follows:

SA
G-F� ¼ SA � þ

km

k � k �K A� ¼ 0

with � being a Kaehler form on PAðEÞ lying in the Kaehler class

�eðLAÞ þ k � ½����A!M �. Note that

SA� ¼ 0

is exactly the usual Constant Scalar Curvature Equation. Besides K A (the gauge-

fixing operator) is a natural projection operator, depending on sufficiently large

k 2 N , which, by identifying i � kðM:!M Þ with the space of infinitesimal deforma-

tions of !M with constant scalar curvature in the Kaehler class ½!M �, essentially
takes value in i � kðM:!M Þ.

In [9] the solvability of the Gauge-Fixing Constant Scalar Curvature

Equation SA
G-F� ¼ 0 on PAðEÞ has been established for sufficiently large k > 0.

Besides, in [9], asymptotic expansion for the solutions of the Gauge-Fixing

Constant Scalar Curvature Equation on PAðEÞ, as k! þ1, has been shown to

exist. By tracing through the same arguments in [9] it can be shown that the

solutions of the Gauge-Fixing Constant Scalar Curvature Equation, depending on

sufficiently large k > 0, on PAðEÞ constructed in [9] actually depend smoothly on

the Einstein-Hermitian connection A which defines simple holomorphic structure

on E. Let K̂K A denote the i � kðM:!M Þ-value of K
A substituted by the corresponding

solution constructed in [9] for the Gauge-Fixing Constant Scalar Curvature

Equation, depending on sufficiently large k > 0, on PAðEÞ. It is obvious that to

solve the Constant Scalar Curvature Equation, depending on sufficiently large

k > 0, on PAðEÞ it suffices to find natural conditions which lead to the vanishing

of K̂K A.
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Let K̂K A
o denote the nontrivial leading term of the asymptotic expansion of

K̂K A as k! þ1. By considering K̂K A, depending on sufficiently large k > 0, as a

vector-valued function on the moduli space of simple Einstein-Hermitian

connections on E it will be shown in Section III that we can solve the Constant

Scalar Curvature Equation, with 1
k near 0, on PAðEÞ through the Implicit

Function Theorem by finding non-degenerate zero points of K̂K A
o on the moduli

space of simple Einstein-Hermitian connections on E. Besides in Section III it will

be inferred from Corollary II.A that the ‘‘non-degenerate zero point’’ condition is

equivalent to the stability condition (Definition I.A) introduced in Section I.

Hence the moment map � introduced in Section I is crucial to the solvability of

constant scalar curvature equations on ruled Kaehler manifolds. However the

relation between the stability condition (Definition I.A) introduced in Section I

and the various stability conditions discussed in [14] is so far not clear to the

author.

I. Moment maps and stability.

In this article we will use the Real version of Theorem 0. Thus we define

h
R
o ðMÞ ¼ fZ þ �ZZ 2 �ðM : T ðMÞÞ : Z 2 hoðMÞg:

Note that h
R
o ðMÞ is naturally isomorphic to hoðMÞ in the Lie algebra sense.

Besides hRo ðMÞ is the complexification of

kðM:!M Þ ¼ fX 2 �ðM : T ðMÞÞ : LXIM ¼ 0 and iX!M is d-exactg:

Here IM is the complex structure of M.

Assume that E is a smooth complex vector bundle of rank n endowed with a

Hermitian metric HE over ðM : !MÞ. Let A^nE be a fixed Einstein-Hermitian

connection on ^nE, compatible with the Hermitian metric HE on E, defining

holomorphic structure on ^nE. Let A denote the affine space of smooth

connections on E compatible with the Hermitian metric HE on E. Then there is

a symplectic form !A on A defined as follows:

!A ð� : �Þ ¼
Z
M

traceð� ^ �Þ ^ !
ð�1þmÞ
M

ð�1þmÞ!

2�2
:

Note that this symplectic form is compatible with the natural complex structure

on A and so ðA : !A Þ becomes formally a flat Kaehler manifold.
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Let A ðE : ^nEÞ denote the space of smooth connections on E, compatible

with the Hermitian metric HE on E, which, modulo the group of unitary

transformations of the holomorphic line bundle ^nE over M, induce the

connection A^nE on ^nE. Let A E-H
simple denote the subspace of A ðE : ^nEÞ

consisting of Einstein-Hermitian connections defining simple holomorphic struc-

tures on E.

We will now introduce a family of smooth vector fields on A E-H
simple associated

with h
R
o ðMÞ. Let uðEÞ denote the sub-bundle of HomCðE : EÞ over M defined as

follows:

uðEÞ ¼ fu 2 HomC ðE : EÞ : uþ u� ¼ 0g

in which u� is the adjoint of u with respect to the Hermitian metric HE on E. Let

�M denote the adjoint of the C-linear map

� 7�! !M ^ �

on M with respect to the Kaehler form !M . Given an element X ¼ ZX þ �ZZX of

h
R
o ðMÞ with ZX being holomorphic we consider at each A 2 A E-H

simple the following

equation for gX 2 �ðM : HomCðE : EÞÞ:

�M � @Að �@@AgX þ iZXFAÞ ¼ 0 () @Að �@@AgX þ iZXFAÞ ^
!
ð�1þmÞ
M

ð�1þmÞ! ¼ 0

in which FA is the curvature form of E defined by A.

PROPOSITION I.A. Let id. denote the identity transformation of E over M.

Given A 2 A E-H
simple there exists, modulo fc � id. : c 2 Cg, a unique solution

gX 2 �ðM : HomC ðE : EÞÞ, depending on A 2 A E-H
simple, for the equation

�M � @Að �@@AgX þ iZXFAÞ ¼ 0:

PROOF. Note that, according to a result of Andre Lichnerowicz [12], there

exists for each A 2 A E-H
simple a corresponding f 2 �ðM : CÞ such that

traceðiZXFAÞ ¼ iZX ðtrace FAÞ ¼ �@@f:

In particular we have
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Z
M

ðtrace �M � @A � iZXFAÞ ^
!mM
m!

¼ i �
Z
M

traceð �@@�A � iZXFAÞ ^
!mM
m!

¼ i �
Z
M

�@@� � �@@f ^
!mM
m!

¼ 0:

Thus the solvability of �M � @Að �@@AgX þ iZXFAÞ ¼ 0 follows immediately from the

simplicity of the holomorphic structure on E defined by A. �

Note that for each solution gX of �M � @Að �@@AgX þ iZXFAÞ ¼ 0 found in

Proposition I.A we have �@@AgX þ iZXFA being traceless. This fact can be observed

readily from the proof of Proposition I.A. Besides we note that ð�@Ag�X þ �@@AgX þ
iXFAÞ satisfies �M � dAð�@Ag�X þ �@@AgX þ iXFAÞ ¼ 0 and is traceless because

F �
A ¼ �FA. We can now define the smooth vector field �X on A E-H

simple associated

with X 2 h
R
o ðMÞ as follows: Given A 2 A E-H

simple we define the tangent vector �XjA
assigned by �X at A as

�XjA ¼ �ð�@Ag�X þ �@@AgX þ iXFAÞ:

LEMMA I.A. Let A 2 A E-H
simple. Suppose that w 2 �ðM : HomC ðE : EÞÞ sat-

isfies

�M � dAð�@Aw� þ �@@AwÞ ¼ 0

with w ¼ uþ i � v in which u 2 �ðM : uðEÞÞ and v 2 �ðM : uðEÞÞ. Then we have
�@@Av ¼ 0 ¼ @Av and �@Aw� þ �@@Aw ¼ dAu.

PROOF. Note that

�@Aw� þ �@@Aw ¼ dAuþ i � ð�@Avþ �@@AvÞ

and so Lemma I.A follows readily from the simplicity of the holomorphic structure

on E defined by A. (See page 476 of [8].) �

Let G denote the gauge group of gauge transformations of E generated by

�ðM : uðEÞÞ. Let G o denote the quotient group

G o ¼
G

fc � id. 2 G : c 2 C with jcj ¼ 1g
:
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Here id. 2 HomC ðE : EÞ is the identity map of E over M. Our next result

(Proposition I.B) implies that the action of h
R
o ðMÞ on the complex moduli

space

ME-H
simple ¼

A E-H
simple

G o

is Lie-algebraic. Hence ME-H
simple is divided into orbits generated by h

R
o ðMÞ.

PROPOSITION I.B. Given elements X and Y of h
R
o ðMÞ we have, at each

A 2 A E-H
simple, the following result

��½X:Y � þ ½�X : �Y � ¼ ��½X:Y � þ ð�r�Y �X þr�X�Y Þ 2 dA �ðM : uðEÞÞ:

PROOF. Direct computation shows that ½�X : �Y � ¼ �r�Y �X þr�X�Y can be

expressed as

ð�@Ag� þ �@@AgÞ þ ð�iX � dA � iY FA þ iY � dA � iXFAÞ

in which g is a smooth section of HomCðE : EÞ over M. Since dAFA ¼ 0 we

have

dA FAðX : Y Þ þ i½X:Y �FA ¼ ð�iY � dA � iXFA þ iX � dA � iY FAÞ

and so

½�X : �Y � ¼ �r�Y �X þr�X�Y ¼ �ðdA FAðX : Y Þ þ i½X:Y �FAÞ þ ð�@Ag� þ �@@AgÞ:

It follows from the Einstein-Hermitian condition that there is a constant �

such that �MF� ¼ � � id. () F� ^
!
ð�1þmÞ
M

ð�1þmÞ! ¼ � � id. !
m
M

m! over M for each � 2 A E-H
simple

in which F� ¼ d � þ � ^� is the curvature 2-form associated with the connection �.
When the infinitesimal deformation �� of � is �Y it can be inferred from the

Einstein-Hermitian condition �MF� ¼ � � id. on A E-H
simple that we have

0 ¼ �ð� � id.Þ ¼ �ð�MF�Þ ¼ �Mð�F�Þ ¼ �Mðd�Y þ � ^ �Y þ �Y ^ �Þ ¼ �M � d��Y :

By deforming this equality 0 ¼ �Mðd�Y þ � ^ �Y þ �Y ^ �Þ on A E-H
simple along �X so

that �� ¼ �X we have
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0 ¼ �M � �ðd�Y þ � ^ �Y þ �Y ^ �Þ
¼ �Mðdr�X�Y þ �X ^ �Y þ � ^ r�X�Y þr�X�Y ^ � þ �Y ^ �XÞ
¼ �Mðd�r�X�Y þ �X ^ �Y þ �Y ^ �XÞ

in which d�r�X�Y ¼ dr�X�Y þ � ^ r�X�Y þr�X�Y ^ �. Hence we have

�M � ð½�X : �Y �s þ dA r�X�Y Þ ¼ 0

at A 2 A E-H
simple in which ½ : �s is the super-symmetric bracket operation so that

½�X : �Y �s ¼ �X ^ �Y þ �Y ^ �X:

Similarly, by deforming the equality �M � d��X ¼ 0 on A E-H
simple along �Y , we obtain

�M � ð½�Y : �X�s þ dA r�Y �XÞ ¼ 0. In particular we infer from these equalities that

�M � dAð½�X : �Y �Þ ¼ �M � dAð�r�Y �X þr�X�Y Þ ¼ 0

and so

�M � dA½�ðdA FAðX : Y Þ þ i½X:Y �FAÞ þ ð�@Ag� þ �@@AgÞ� ¼ 0:

Now by comparing this equation with

��M � dA�½X:Y � ¼ � � dAð�@Ag�½X:Y � þ �@@Ag½X:Y � þ i½X:Y �FAÞ ¼ 0

we infer immediately that

�M � dAð�dA FAðX : Y Þ þ ð�@Ag� þ �@@AgÞ þ ð�@Ag�½X:Y � þ �@@Ag½X:Y �ÞÞ ¼ 0:

Hence according to Lemma I.A we must have

�dA FAðX : Y Þ þ ð�@Ag� þ �@@AgÞ ¼ � �@@Ag½X:Y � þ @Ag
�
½X:Y � þ dAu

for some u 2 �ðM : uðEÞÞ. In particular we conclude that
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½�X : �Y � ¼ �r�Y �X þr�X�Y ¼ �ð�@Ag�½X:Y � þ �@@Ag½X:Y � þ i½X:Y �FAÞ þ dAu

¼ �½X:Y � þ dAu

and so Proposition I.B is true. �

Note that !A induces a symplectic form !ME-H
simple

on ME-H
simple. Actually, for each

tangent vector � at A 2 A E-H
simple, we must have �M � dA� ¼ 0 and so

!A ðdAu : �Þ ¼
Z
M

traceðdAu ^ �Þ ^
!
ð�1þmÞ
M

ð�1þmÞ!

2�2
¼ �

Z
M

traceðu ^ dA�Þ ^
!
ð�1þmÞ
M

ð�1þmÞ!

2�2

¼ �
Z
M

traceðu ^ �M � dA�Þ ^ !m
M

m!

2�2
¼ 0

for any u 2 �ðM : uðEÞÞ. This result implies the existence of !ME-H
simple

on ME-H
simple.

We can now introduce a moment map

�e : ME-H
simple �! HomRðkðM:!M Þ : RÞ:

Given X 2 kðM:!M Þ we denote by fX 2 �ðM : RÞ the unique smooth R-valued

function on M satisfying iX!M ¼ d fX and
R
M fX � !

m
M

m! ¼ 0. We define the value of

�eX at ½A� 2 ME-H
simple as

�eXð½A�Þ ¼
Z
M

fX � trace
i � FA

2�
^
i � FA

2�

� �
^

!
ð�2þmÞ
M

ð�2þmÞ! :

It can be checked readily that this definition of �eXð½A�Þ is independent of the

representative A 2 A E-H
simple used for ½A� 2 ME-H

simple.

LEMMA I.B. Given X 2 kðM:!M Þ we have �M � dA � iXFA ¼ 0 at any

A 2 A E-H
simple. Besides the tangent vector assigned by �X at A 2 A E-H

simple can be

expressed in the following form

�XjA ¼ �ðdAuþ iXFAÞ

for some u 2 �ðM : uðEÞÞ.

PROOF. Since d � iX!M ¼ LX!M ¼ 0 it can be inferred from the Einstein-

Hermitian condition
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�MFA ¼ � � id. () FA ^
!
ð�1þmÞ
M

ð�1þmÞ! ¼ � � id.
!mM
m!

satisfied by A 2 A E-H
simple that

iXFA ^
!
ð�1þmÞ
M

ð�1þmÞ!
þ FA ^ iX

!
ð�1þmÞ
M

ð�1þmÞ!
¼ � � id. � iX

!mM
m!

and so

ð�M � dA � iXFAÞ �
!mM
m!

¼ dA � iXFA ^
!
ð�1þmÞ
M

ð�1þmÞ! ¼ 0:

Now using this result and Lemma I.A we conclude that the remaining assertion

of Lemma I.B is true. �

PROPOSITION I.C. �e : ME-H
simple �! HomRðkðM:!M Þ : RÞ is an equivariant mo-

ment map.

PROOF. Let � be a tangent vector at A 2 A E-H
simple. Then � is traceless and

satisfies �M � dA� ¼ 0. Given X 2 kðM:!M Þ it follows from the Stokes Theorem and

Lemma I.B that

ðd �eXÞ½�� ¼
Z
M

2 � trace
i � dA�
2�

^ i � FA

2�

� �
^

!
ð�2þmÞ
M

ð�2þmÞ!
^ fX

¼ �
Z
M

traceð� ^ FAÞ ^
!
ð�2þmÞ
M

ð�2þmÞ! ^ d fX
2�2

¼ �
Z
M

traceð� ^ FAÞ ^ iX
!
ð�1þmÞ
M

ð�1þmÞ!

2�2

¼ �
Z
M

traceðiX� ^ FAÞ ^
!
ð�1þmÞ
M

ð�1þmÞ!

2�2
þ
Z
M

traceð� ^ iXFAÞ ^
!
ð�1þmÞ
M

ð�1þmÞ!

2�2

¼ �0þ
Z
M

traceð� ^ iXFAÞ ^ !
ð�1þmÞ
M

ð�1þmÞ!

2�2
¼ �

Z
M

traceð� ^ �XÞ ^ !
ð�1þmÞ
M

ð�1þmÞ!

2�2
:

Hence we have ðd �eXÞ½�� ¼ !ME-H
simple

ð½�X� : ½��Þ and so �e : ME-H
simple �!
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HomRðkðM:!M Þ : RÞ is a moment map.

Now we check the equivariance of �e : ME-H
simple �! HomRðkðM:!M Þ : RÞ. Given

X 2 kðM:!M Þ and Y 2 kðM:!M Þ it can be inferred from the Einstein-Hermitian

condition

�MFA ¼ � � id. () FA ^
!
ð�1þmÞ
M

ð�1þmÞ!
¼ � � id.

!mM
m!

satisfied by A 2 A E-H
simple that

traceðiY FA ^ iXFAÞ ^
!
ð�1þmÞ
M

ð�1þmÞ!
þ traceðiY FA ^ FAÞ ^ iX

!
ð�1þmÞ
M

ð�1þmÞ!

¼ traceðiY FA ^ � � id.Þ ^ iX
!mM
m!

:

Since iX!M is d-exact and �M � dA � iY FA ¼ 0 (Lemma I.B) it can be checked

readily, using the Stokes Theorem, that
R
M traceðiY FA ^ � � id.Þ ^ iX !m

M

m!
¼ 0.

Hence, using the Stokes Theorem, we have

Z
M

traceðiY FA ^ iXFAÞ ^
!
ð�1þmÞ
M

ð�1þmÞ!

2�2
¼ �

Z
M

traceðiY FA ^ FAÞ ^ iX
!
ð�1þmÞ
M

ð�1þmÞ!

2�2

¼ �
Z
M

iY � traceðFA ^ FAÞ ^ iX
!
ð�1þmÞ
M

ð�1þmÞ!

4�2

¼
Z
M

traceðFA ^ FAÞ ^ iY � iX
!
ð�1þmÞ
M

ð�1þmÞ!

4�2

¼
Z
M

traceðFA ^ FAÞ ^
!
ð�2þmÞ
M

ð�2þmÞ! ^ !MðX : Y Þ
4�2

because iX!M and iY !M are d-exact. Note that

!MðX : Y Þ ¼ �f½X:Y �

in which f½X:Y � is the unique smooth R-valued function onM satisfying i½X:Y �!M ¼
d f½X:Y � and

R
M f½X:Y � �

!m
M

m!
¼ 0. With this result we conclude, using Lemma I.B and

the Stokes Theorem, that
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ðd�eY Þ½�X� ¼ !ME-H
simple

ð½�Y � : ½�X�Þ ¼
Z
M

traceðiY FA ^ iXFAÞ ^
!
ð�1þmÞ
M

ð�1þmÞ!

2�2

¼ �
Z
M

f½X:Y � �
traceðFA ^ FAÞ ^

!
ð�2þmÞ
M

ð�2þmÞ!

4�2
¼ �e½X:Y �

and so the moment map �e : ME-H
simple �! HomRðkðM:!M Þ : RÞ is equivariant. �

Let F!M denote the curvature form of the holomorphic tangent bundle of M

induced by !M . Given A 2 A ðE : ^nEÞ we define a smooth m-form �^nE on M as

follows:

�^nE ¼
trace i�FA

2�

� �
^ trace i�FA

2�

� �
þ ðnþ 1Þ � trace i�FA

2�

� �
^ trace

i�F!M
2�

� �h i
^ !

ð�2þmÞ
M

ð�2þmÞ!

n
:

Since for anyA 2 A ðE : ^nEÞ we have traceði�FA

2�
Þ ¼ i�FA^nE

2�
it follows that �^nE does

not depend on the connection A 2 A ðE : ^nEÞ used in the above definition. Note

that �^nE defines a linear functional L�^nE on kðM:!M Þ as follows:

L�^nEðXÞ ¼
Z
M

fX � �^nE

8X 2 kðM:!M Þ. Let � : ME-H
simple �! HomRðkðM:!M Þ : RÞ be defined as follows:

� ¼ �L�^nE þ �e:

Then � : ME-H
simple �! HomRðkðM:!M Þ : RÞ is a moment map. Motivated by the

Kempf-Ness principle we introduce

DEFINITION I.A. Given A 2 A E-H
simple we denote by OME-H

simple
ð½A�Þ the orbit

of ½A� generated by h
R
o ðMÞ in ME-H

simple. We say that the orbit OME-H
simple

ð½A�Þ is stable
if and only if there exists a non-degenerate zero point ½A1� 2 OME-H

simple
ð½A�Þ for �:

�j½A1� ¼ 0 with fX 2 kðM:!M Þ : ½�X�j½A1� ¼ 0g ¼ h0i.

II. Some fundamental results.

In this section we introduce some notation and certain facts taken from [9] as

background material for the arguments presented in Section III. We will use
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Corollary II.A, which has not been indicated in [9], in Section III.

Let � : E �!M be a simple holomorphic vector bundle of rank n endowed

with Einstein-Hermitian metric HE over the Kaehler manifold ðM : !MÞ with

constant scalar curvature. Let A denote the Einstein-Hermitian connection on

E induced by HE. Let PðEÞ denote the projectivization of E over M. Then PðEÞ
is a compact complex manifold with ð�1þmþ nÞ dimensions. Let L be the

universal holomorphic line bundle over PðEÞ. Then the Einstein-Hermitian

metric HE induces a Hermitian metric HL� on the dual L� of L over PðEÞ. Let
AL� denote the Hermitian connection on L� induced by HL� . Thus there is a

representative

i � FAL�

2�
¼

i

2�
� �@@@ logHL� ¼ �

i

2�
� �@@@ logHL

of the Euler class eðL�Þ of L� on PðEÞ induced by the Hermitian connection AL� .

Here HL is the Hermitian metric on L over PðEÞ induced by the Einstein-

Hermitian metric HE on E over M. Note that the representative
i�FAL�

2� of eðL�Þ on
PðEÞ induces the Fubini-Study metric on each fiber PðCnÞ of ��� : PðEÞ �!M.

Thus, for each large k > 0,
i�FAL�
2� þ k � ����!M is a Kaehler form on PðEÞ.

Since the restriction of
i�FAL�
2� on each fiber PðCnÞ of ��� : PðEÞ �!M is simply

the Fubini-Study Kaehler form there is a well-defined smooth vector bundle W

over M whose fiber (vector space over R) Wz over z 2M is the eigen-space of the

lowest non-zero eigen-value of the (Fubini-Study) Laplacian on the fiber PðCnÞ of
PðEÞ over M. On the other hand integration along the fibers of ��� : PðEÞ �!M

maps a smooth function on PðEÞ onto a smooth function on M. Let �ðM :W Þ
denote the space of smooth sections ofW overM. Then for each smooth R-valued

function f 2 �ðPðEÞ : RÞ on PðEÞ we have the following corresponding decom-

position:

f ¼ 	̂	ðfÞ � 	ðfÞ � ~		ðfÞ

in which ð	̂	ðfÞ : 	ðfÞÞ 2 �ðM : RÞ � �ðM :W Þ while the restriction of ~		ðfÞ on

each fiber PðCnÞ of ��� : PðEÞ �!M over z 2M is orthogonal to both the spaceWz

and the space of constant functions on that fiber (over z 2M).

Note that the Einstein-Hermitian connection A on E overM defines a smooth

distribution H of horizontal spaces on PðEÞ:

T ðPðEÞÞ ¼ V �H :
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Here V is the sub-bundle of T ðPðEÞÞ over PðEÞ consisting of tangent vectors

which are tangential to the fibers of ��� : PðEÞ �!M. Let V ½�� denote the maximal

sub-bundle of T �ðPðEÞÞ over PðEÞ whose action on H is identically zero.

Then the decomposition T ðPðEÞÞ ¼ V �H of T ðPðEÞÞ over PðEÞ induces

the following corresponding decomposition T �ðPðEÞÞ ¼ V ½�� � ����ðT �ðMÞÞ of

T �ðPðEÞÞ over PðEÞ. Thus we have the following decomposition

^�T �ðPðEÞÞ ¼ C V � Cm � CM

of ^�T �ðPðEÞÞ over PðEÞ. Here C V ¼ ^�V ½�� and CM ¼ ^�����T �ðMÞ while Cm is

the sub-bundle of ^�T �ðPðEÞÞ over PðEÞ consisting of the mixed components of

^�T �ðPðEÞÞ. Thus we have the following diagram

CV
ΠCV←−−−− ∧∗T ∗ (P(E))

ΠCM−−−−→ CM


�ΠCm

Cm

of projection maps over PðEÞ such that id. ¼ �C V
��Cm

� �CM
on ^�T �ðPðEÞÞ.

Since the decomposition T �ðPðEÞÞ ¼ V ½�� � ����ðT �ðMÞÞ of T �ðPðEÞÞ is defined by

the Einstein-Hermitian connection A on E overM we note that the representative
i�FAL�
2�

of the Euler class eðL�Þ of L� on PðEÞ has no nontrivial mixed components of

^�T �ðPðEÞÞ:

i � FAL�

2�
¼ �C V

i � FAL�

2�

� �
� �CM

i � FAL�

2�

� �
:

Now we introduce a Hermitian form (metric) �!! on PðEÞ by setting

�!! ¼ �C V

i � FAL�

2�

� �
þ ����!M:

Note that the derivation operator d : �ðPðEÞ : RÞ �! �ðPðEÞ : T �ðPðEÞÞ �RÞ
can be expressed as

d ¼ dV þ dM

in which dV : �ðPðEÞ : RÞ �! �ðPðEÞ : R� V ½��Þ and dM : �ðPðEÞ : RÞ �!
�ðPðEÞ : R� ����ðT �ðMÞÞÞ. Let d�V and d�M be respectively the adjoint operators
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of dV and dM with respect to the Hermitian form (metric) �!! on PðEÞ. Then we

have

� ¼ d� � d ¼ �V þ�M

in which �V 	 d�V � dV and �M 	 d�M � dM . Similarly we have �@@ ¼ �@@V þ �@@M and

@ ¼ @V þ @M . Let �V and �M be respectively the adjoint operators of

� 7�! �C V

i � FAL�

2�

� �
^ �

and

� 7�! ����!M ^ �

on PðEÞ with respect to the Hermitian form (metric) �!!. Then we have the

following results (proved in the Appendix of [8]).

PROPOSITION II.A. Given f 2 �ðPðEÞ : RÞ we have the following equalities

i � �V � �@@ � @f ¼ �V f
2 and i � �M � �@@ � @f ¼ �Mf

2 .

PROPOSITION II.B. �M ��V ¼ �V ��M .

In particular we have �M � ð�4�n � id.þ�V Þ ¼ ð�4�n � id.þ�V Þ ��M and

so �M preserves �ðM : W Þ. It has been shown in [8] that the invertibility of the

linear partial differential operator �M acting on �ðM :W Þ is equivalent to the

simplicity of the holomorphic vector bundle E over M.

Let V M denote the deformation operator for the constant scalar curvature

equation on ðM : !MÞ:

V M� ¼ i �@@@ �M�
4�

� �
^ !

ð�1þmÞ
M

ð�1þmÞ! þ ��Mtrace
i�F!M
2�

� �h i
� i �@@@ � ^ !

ð�1þmÞ
M

ð�1þmÞ!þ

i � �@@@ � ^trace i�F!M
2�

� �
^ !

ð�2þmÞ
M

ð�2þmÞ!

¼ �M��M�
8� � !

m
M

m! þ ��Mtrace
i�F!M
2�

� �h i
� �M�

2 � !
m
M

m!þ

i � �@@@ � ^trace i�F!M
2�

� �
^ !

ð�2þmÞ
M

ð�2þmÞ!:

Here F!M is the curvature form of the holomorphic tangent bundle of M induced

by the Kaehler form !M on M. Hence �Mtraceði�F!M2� Þ is the scalar curvature of
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ðM : !MÞ. Let �oðM : RÞ denote the space of smooth R-valued functions f on M

satisfying
R
M f � �M ¼ 0 in which �M 	 !m

M

m!
. Then the linear partial differential

operator

V M

�M

¼
V M

!m
M

m!

acting on �oðM : RÞ is both non-negative and symmetric (with respect to the

Kaehler form !M on M). Note that the kernel of the linear partial differential

operator V M acting on �oðM : RÞ is isomorphic to the vector space

hoðMÞ
kðM:!M Þ

over R. Let NV M
denote the kernel of V M acting on �oðM : RÞ. We can then

decompose the function space �oðM : RÞ into the direct sum of NV M
and the

orthogonal complement of NV M
in �oðM : RÞ. Thus for f 2 �oðM : RÞ we have

f ¼ 
þNVM
ðfÞ � 
NV M

ðfÞ

in which 
þNV M

ðfÞ is orthogonal to NV M
while 
NV M

ðfÞ is the NV M
-component of f :

V M � 
NVM
ðfÞ ¼ 0.

Let oH#k denote the Kaehler metric on PðEÞ induced by the Kaehler form

o!#k 	
i � FAL�

2�
þ k � ����!M:

Suppose that, for each sufficiently large k > 0, !#k is a Kaehler form on PðEÞ
lying in the Kaehler class ½o!#k� so that

!#k ¼ o!#k þ i � �@@@ k

with  k 2 �ðPðEÞ : RÞ satisfying
R
PðEÞ  k � �PðEÞ ¼ 0()

R
M 	̂	ð kÞ � �M ¼ 0 in

which �M ¼ !m
M

m! and �PðEÞ 	 �!!ð�1þmþnÞ

ð�1þmþnÞ! ¼
ð
i�FAL�

2� Þð�1þnÞ

ð�1þnÞ! ^ !m
M

m! . Let �cck 2 R, depending on

the parameter k > 0, denote the topological constant satisfying the following

equality

�cck �
Z
PðEÞ

o!
ð�1þmþnÞ
#k

ð�1þmþnÞ! ¼
Z
PðEÞ

i� �@@@ log det oH#k

2� ^ o!
ð�2þmþnÞ
#k

ð�2þmþnÞ!:
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Let H#k be the Kaehler metric on PðEÞ induced by the Kaehler form !#k. Then

the Constant Scalar Curvature Equation for !#k is

SAð!#kÞ ¼ 0

in which

SAð!#kÞ 	 ��cck �
!
ð�1þmþnÞ
#k

ð�1þmþnÞ! þ
i� �@@@ log detH#k

2� ^ !
ð�2þmþnÞ
#k

ð�2þmþnÞ!:

Since the constant scalar curvature equation is invariant under the action

of the group AutðPðEÞÞ of holomorphic automorphisms of PðEÞ we introduced

in [9] the Gauge-Fixing Constant Scalar Curvature Equation as follows: Let

SA
G-F ð!#kÞ 	 S Að!#kÞ þ


NV M
�	̂	ð kÞ
k�k � km � �PðEÞ

¼ ��cck �
!
ð�1þmþnÞ
#k

ð�1þmþnÞ! þ
i� �@@@ log detH#k

2�
^ !

ð�2þmþnÞ
#k

ð�2þmþnÞ!þ

NV M

�	̂	ð kÞ
k�k � km � �PðEÞ:

We define the Gauge-Fixing Constant Scalar Curvature Equation, depending on

large k > 0, as

S A
G-F ð!#kÞ ¼ 0:

This equation is not invariant under the action of the group AutðPðEÞÞ of

holomorphic automorphisms of PðEÞ because the gauge-fixing term


NV M
� 	̂	ð kÞ
k � k

� km � �PðEÞ

has been added to S Að!#kÞ.
Let �oðPðEÞ : RÞ denote the space of smooth R-valued functions f on PðEÞ

satisfying
R
PðEÞ f � �PðEÞ ¼ 0 ()

R
M 	̂	ðfÞ � �M ¼ 0. It has been shown in [9] that

the gauge-fixing constant scalar curvature equation, depending on large k > 0,

can be solved by considering  k 2 �oðPðEÞ : RÞ admitting asymptotic expansion

of the following form

 k 
 �0 þ
X
p2N

�p

kp
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as k! þ1. Here each �� 2 �oðPðEÞ : RÞ is a smooth R-valued function,

independent of the parameter k, on PðEÞ. Besides the following Induction

Condition

	ð�0Þ ¼ ~		ð�0Þ ¼ 0 ¼ ~		ð�1Þ()�0 2 �oðM : RÞ and �1 2 �oðM : RÞ � �ðM :W Þ

is imposed on the leading terms �0 and �1. Actually in [9] we suppose that

SA
G-F ð!#kÞ admits asymptotic expansion as k! 1:

SA
G-F ð!#kÞ 
 km � BA

0 þ
X
p2N

BA
p

kp

 !
as k! þ1

in which each BA
� is independent of the parameter k. By substituting

!#k ¼ o!#k þ i �@@@ k 
 o!#k þ i �@@@�0 þ
X
p2N

i �@@@�p

kp
as k! þ1

into the asymptotic expansion of SA
G-F ð!#kÞ it can be shown that BA

0 ¼ 0 ¼ BA
1

provided the Induction Condition is satisfied by �0 and �1. Moreover in [9] it can

be shown that all �p 2 �oðPðEÞ : RÞ are uniquely determined through solving the

family of equations BA
pþ2 ¼ 0 by induction on p.

PROPOSITION II.C. By choosing the Induction Condition

�0 2 �oðM : RÞ and �1 2 �oðM : RÞ � �ðM : W Þ

there exists a unique family of smooth R-valued functions �p 2 �oðPðEÞ : RÞ on

PðEÞ, depending on integers p � 0, such that BA
p ¼ 0 for any integer p � 0.

Now for each large N 2 N we define a Kaehler form N!#k on PðEÞ,
depending on large k > 0, as follows:

N!#k 	 o!#k þ i �@@@�0 þ
X

p2N with p�N

i �@@@�p

kp

¼
i � FAL�

2�
þ k � !M þ i �@@@�0 þ

X
p2N with p�N

i �@@@�p

kp
:

Here each �� is taken from the unique family of smooth R-valued functions on
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PðEÞ stated in Proposition II.C.

Given integer � � 0 we define the Sobolev norm k � kH ½2��ðPðEÞ:�!!Þ of � as

follows:

k � kH ½2��ðPðEÞ:�!!Þ 	 k � kL2ðPðEÞ:�!!Þ þ kð�V þ�MÞ � kL2ðPðEÞ:�!!Þþ

� � � þ kð�V þ�MÞ� � kL2ðPðEÞ:�!!Þ:

Besides we denote by H
½2��
o ðPðEÞ : �!!Þ the Sobolev space consisting of R-valued

functions f 2 H ½2��ðPðEÞ : �!!Þ on PðEÞ satisfying
R
PðEÞ f � �PðEÞ ¼ 0. Then we have

the following result proved in [9].

THEOREM II.A. When the parameter k > 0 is sufficiently large the corre-

sponding gauge-fixing constant scalar curvature equation SA
G-F ðo!#k þ i �@@@ kÞ ¼ 0

can be solved by some smooth R-valued function  k 2 �oðPðEÞ : RÞ on PðEÞ.
Besides this family of smooth R-valued functions  k 2 �oðPðEÞ : RÞ on PðEÞ
admits asymptotic expansion of the following form

 k 
 �0 þ
X
p2N

�p

kp

as k! þ1. Here each �� is taken from the unique family of smooth R-valued

functions on PðEÞ stated in Proposition II.C. Actually, for each pair ð� : qÞ 2
N N of large enough integers, we may even require, when N 2 N is chosen

sufficiently large, that

o!#k þ i �@@@ k ¼ N!#k þ i �@@@ ðk:NÞ

with  ðk:NÞ 2 �oðPðEÞ : RÞ satisfying k ðk:NÞkH½2�þ4�ðPðEÞ:�!!Þ � 1
kq

whenever k > 0 is

large enough. In this case the choice of the solution

N!#k þ i �@@@ ðk:NÞ

for the gauge-fixing constant scalar curvature equation S A
G-F ðN!#k þ

i �@@@ ðk:NÞÞ ¼ 0 with  ðk:NÞ 2 �oðPðEÞ : RÞ satisfying k ðk:NÞkH½2�þ4�ðPðEÞ:�!!Þ � 1
kq

is,

for each sufficiently large k, unique.

Actually (in Section V of [9]) the proof of this theorem is based on the Contraction

Mapping Theorem and the invertibility of the linearization of S A
G-F at

approximate solutions N!#k.
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We will now compute the detailed expression of 	̂	ð BA
2

�PðEÞ
Þ to find out the

nontrivial leading term in the asymptotic expansion of
SAðo!#kþi �@@@ kÞ

�PðEÞ
as k! þ1.

Let A denote the smooth ð�1þmþ nÞ-form on PðEÞ defined by A as follows:

A 	 ðnþ nÞ �
i�FAL�

2�

� �ðnþ1Þ

ðnþ1Þ! ^ !
ð�2þmÞ
M

ð�2þmÞ!þ

����trace i�FA
2�

� �
^

i�FAL�

2�

� �n
n! ^ !

ð�2þmÞ
M

ð�2þmÞ!þ

����trace
i�F!M
2�

� �
^

i�FAL�

2�

� �n
n! ^ !

ð�2þmÞ
M

ð�2þmÞ!:

Let A
�PðEÞ

denote the smooth R-valued function on PðEÞ satisfying A ¼
A

�PðEÞ
� �PðEÞ. Then, using the constancy of the scalar curvature of ðM : !MÞ and

the Einstein-Hermitian condition satisfied by A, it can be shown that [9, p. 428]

	̂	
BA

2

�PðEÞ

 !
¼

V M

�M

þ 
NV M

� �
�0 þ 	̂	 �cA þ

A

�PðEÞ

 !

in which �0 2 �oðM : RÞ is the smooth R-valued function on M described in

Proposition II.C while cA 2 R is the constant satisfying cA �
R
PðEÞ �PðEÞ ¼R

PðEÞ A.

LEMMA II.A. Let HCn ¼ ��� � w� � �ww� denote the standard Hermitian metric

on Cn. Assume that C and D are n n matrices defining smooth functions

QC ¼
C�� � w� � �ww�

HCn
and QD ¼

D�� � w� � �ww�
HCn

on the projective space PðCnÞ endowed with the Fubini-Study Kaehler form !F -S.

Then we have the following results:

Z
PðCnÞ

QC ¼
Z
PðCnÞ

trace C

n

and

284 Y.-J. HONG



Z
PðCnÞ

QC �QD ¼
Z
PðCnÞ

traceðCDÞ þ ðtrace CÞ � ðtrace DÞ
nþ n2

:

PROOF. These results can be proved through direct computation following

the method used in the Appendix of [8]. �

Let �A denote the smooth m-form on M defined by A as follows:

�A ¼ �
trace i�FA

2�

� �
^ trace

i�F!M
2�

� �
^ !

ð�2þmÞ
M

ð�2þmÞ!

n
þ

�
trace i�FA

2�

� �
^ trace i�FA

2�

� �
^ !

ð�2þmÞ
M

ð�2þmÞ!

n � ðnþ 1Þ þ

trace i�FA
2� ^ i�FA

2�

� �
^ !

ð�2þmÞ
M

ð�2þmÞ!

ðnþ 1Þ :

Now using Lemma II.A and the following decomposition of
i�FAL�
2� :

i�FAL�
2� ¼

�C V
ði�FAL�

2�
Þ � �CM

ði�FAL�
2�

Þ it can be shown that 	̂	ð A
�PðEÞ

Þ � �M ¼ �A. Hence

	̂	
BA

2

�PðEÞ

� �
� �M ¼ V M�0 þ ð
NV M

�0Þ � �M þ ð�cA � �M þ �AÞ:

COROLLARY II.A. Let gh�Ai denote the smooth R-valued function on M

satisfying

�A ¼ gh�Ai � �M:

Assume that, for each large k, o!#k þ i �@@@ k is the solution, described in

Theorem II.A, for the gauge-fixing constant scalar curvature equation

SA
G-F ðo!#k þ i �@@@ kÞ ¼ 0. Then

SAðo!#kþi �@@@ kÞ
�PðEÞ

stays in NV M
and admits asymptotic

expansion:

SAðo!#k þ i �@@@ kÞ
�PðEÞ


 km �

NVM

ð�c�A þ gh�AiÞ
k � k

þ higher order terms

� �

as k! þ1. Here c�A 2 R is the constant satisfying c�A �
R
M �M ¼

R
M �A.

PROOF. Note that c�A ¼ cA and
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	̂	
BA

2

�PðEÞ

� �
� �M ¼ V M�0 þ 
þNV M

ð�cA þ gh�AiÞ � �Mþ


NV M
ð�cA þ gh�AiÞ � �M þ ð
NV M

�0Þ � �M

in which �0 2 �oðM : RÞ is the smooth R-valued function on M described in

Proposition II.C. Since BA
2 ¼ 0 it can be inferred from the above equality that

�0 2 �oðM : RÞ must satisfy

V M�0 þ 
þNV M
ð�cA þ gh�AiÞ � �M ¼ 0

and so 	̂	ð BA
2

�PðEÞ
Þ can be expressed as follows:

	̂	
BA

2

�PðEÞ

� �
¼ 
NV M

ð�c�A þ gh�AiÞ þ 
NV M
�0:

Since the family of smooth R-valued functions  k 2 �oðPðEÞ : RÞ on PðEÞ
admits, as k! þ1, asymptotic expansion of the following form  k 
 �0 þP

p2N
�p
kp

and

S A
G-F ðo!#k þ i �@@@ kÞ ¼ S Aðo!#k þ i �@@@ kÞ þ


NV M
� 	̂	ð kÞ
k � k

� km � �PðEÞ

it follows that the leading term of the asymptotic expansion of
SAðo!#kþi �@@@ kÞ

�PðEÞ
, as

k! þ1, is km � 
NV M
ð�c�Aþgh�AiÞ
k�k and so Corollary II.A is true. �

III. Existence of critical Kaehler metrics on ruled manifolds.

Given A 2 A E-H
simple we consider the Gauge-Fixing Constant Scalar Curvature

EquationSA
G-F� ¼ 0 on PAðEÞ, depending on sufficiently large k > 0, with � being

a Kaehler form on PAðEÞ lying in the Kaehler class �eðLAÞ þ k � ½����A!M �. Let
o!

A
#k þ i � �@@ � @ A

k denote the solution for SA
G-F� ¼ 0 found in Theorem II.A

for the Gauge-Fixing Constant Scalar Curvature Equation (depending on

sufficiently large k > 0): SA
G-F ðo!A

#k þ i � �@@ � @ A
k Þ ¼ 0. Let t ¼ 1

k. Since the

asymptotic expansion, described in Theorem II.A, is uniform, as mentioned in

the Introduction of this article, it follow that for each small open subset U of

A E-H
simple around A 2 A E-H

simple there exists a corresponding �U > 0 such that

t � o!
B

#1
t

þ i � @ � @ B
1
t

� �
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depends smoothly on ðB : tÞ 2 U  ½0 : �UÞ. In particular, according to Corollary

II.A, we have

SB

�
o!

B

#1
t

þ i � �@@ � @ B
1
t

�
�PBðEÞ



t2 � 
NV M

ð�c�B
þ gh�BiÞ þ higher order terms

tm

uniformly for B 2 U as t! 0. Let vPðCnÞ > 0 denote the volume of PðCnÞ
endowed with the Fubini-Study Kaehler form. Since � ¼ 
þNV M

ð�Þ � 
NV M
ð�Þ for

each � 2 �oðM : RÞ it follows that at each B 2 A E-H
simple we have

Z
PBðEÞ


NV M
ð�c�B

þ gh�BiÞ � fX � �PBðEÞ ¼ vPðCnÞ �
Z
M


NV M
ð�c�B

þ gh�BiÞ � fX � �M

¼ vPðCnÞ �
Z
M

ð�c�B
� �M þ �BÞ � fX

¼
vPðCnÞ

nþ 1
� �XjB 8X 2 kðM:!M Þ

in which fX 2 �ðM : RÞ the unique smooth R-valued function on M satisfying

iX!M ¼ d fX and
R
M fX � !

m
M

m! ¼ 0.

Let IME-H
simple

denote the natural complex structure on ME-H
simple. When the orbit

OME-H
simple

ð½A�Þ in ME-H
simple is stable (in the sense of Definition I.A) with ½A1� 2

OME-H
simple

ð½A�Þ being a non-degenerate zero point for � we have

vPðCnÞ

nþ 1
� �XjA1

¼
Z
PA1 ðEÞ


NV M
ð�c�A1

þ gh�A1 iÞ � fX � �PA1 ðEÞ ¼ 0 8X 2 kðM:!M Þ:

Since fX 2 kðM:!M Þ : ½�X�j½A1� ¼ 0g ¼ h0i it follows that the pairing

ðd�XÞIME-H
simple

½�Y � ¼ !ME-H
simple

ð½�X� : IME-H
simple

½�Y �Þ 8ðX : Y Þ 2 kðM:!M Þ  kðM:!M Þ

at ½A1� is non-degenerate. Hence it can be inferred readily from the Implicit

Function Theorem, through Corollary II.A,

Z
PBðEÞ


NV M
ð�c�B

þ gh�BiÞ � fX � �PBðEÞ ¼
vPðCnÞ

nþ 1
� �XjB 8X 2 kðM:!M Þ;

and the non-degeneracy of � at ½A1� that, there exists a family of Einstein-

Hermitian connections
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fAk 2 A E-H
simple : ½Ak� 2 OME-H

simple
ð½A1�Þ with k > 0 being sufficiently largeg

on E with lim
k!þ1

Ak ¼ A1 such that

SAk

�
o!

Ak

#1
t

þi� �@@�@ Ak

1
t

�
�PAk

ðEÞ
¼ 0 in which t ¼ 1

k
.

THEOREM III.A. Assume that E is a smooth complex vector bundle of rank n

endowed with a Hermitian metric HE over the compact Kaehler manifold ðM : !MÞ
with constant scalar curvature. Let A^nE be a fixed Einstein-Hermitian connection

on ^nE, compatible with the Hermitian metric HE on E, defining holomorphic

structure on ^nE. Suppose that A1 2 A E-H
simple and the orbit OME-H

simple
ð½A1�Þ in

ME-H
simple is stable (in the sense of Definition I.A) with ½A1� 2 OME-H

simple
ð½A1�Þ being a

non-degenerate zero point for �. Let t ¼ 1
k. Then there exists a family of Einstein-

Hermitian connections

fAk 2 A E-H
simple : ½Ak� 2 OME-H

simple
ð½A1�Þ with k > 0 being sufficiently largeg

on E with lim
k!þ1

Ak ¼ A1 such that each o!
Ak

#k þ i � �@@ � @ Ak

k ¼ o!
Ak

#1
t

þ i � �@@ � @ Ak
1
t

defines a Kaehler form on PAk
ðEÞ with constant scalar curvature.

By switching our approach to the other but equivalent one (varying the

Hermitian metric but fixing the holomorphic structure on a vector bundle) as

explained in page 210, lines 15–25, of [6] we obtain the following result:

COROLLARY III.A. Let � : E �!M be a simple holomorphic vector bundle

of rank n endowed with Einstein-Hermitian metric H1
E over the compact Kaehler

manifold ðM : !MÞ with constant scalar curvature. Let E denote the smooth

complex vector bundle E over M endowed with the Hermitian metric HE ¼ H1
E

forgetting the holomorphic structure on E. Let A1 denote the Einstein-Hermitian

connection on E induced by H1
E . Let PA1ðEÞ denote the projectivization of E over

M endowed with the holomorphic structure defined by A1. Suppose that the orbit

OME-H
simple

ð½A1�Þ in ME-H
simple is stable (in the sense of Definition I.A) with ½A1� 2

OME-H
simple

ð½A1�Þ being a non-degenerate zero point for �. Let t ¼ 1
k. Let

fAk 2 A E-H
simple : ½Ak� 2 OME-H

simple
ð½A1�Þ with k > 0 being sufficiently largeg

denote the family of Einstein-Hermitian connections on E, stated in

Theorem III.A, with lim
k!þ1

Ak ¼ A1 such that each o!
Ak

#k þ i � �@@ � @ Ak

k ¼ o!
Ak

#1
t

þ
i � �@@ � @ Ak

1
t

defines a Kaehler form on PAk
ðEÞ with constant scalar curvature.

Then there exists a corresponding family of holomorphic diffeomorphism maps
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	1
t
: PA1ðEÞ �! PA1

t
ðEÞ

preserving the complex vector bundle structure of E over M, depending smoothly

on t 2 ½0 : �Þ for some � > 0, with 	1 : PA1ðEÞ �! PA1ðEÞ being the identity map

such that, for each t 2 ½0 : �Þ, the holomorphic diffeomorphism map 	̂	1
t
:M �!M

induced by 	1
t
, which makes the following diagram

PA∞(E)
Φ 1

t−−−−→ PA 1
t

(E)


�



�

M
Φ̂ 1

t−−−−→ M

commutative, is actually an element of the Lie group of holomorphic trans-

formations of M generated by h
R
o ðMÞ. In particular

	�
1
t

o!
Ak

#1
t

þ i � �@@ � @ Ak
1
t

� �
: t 2 ð0 : �Þ

� �

is a smooth family of Kaehler forms on PA1ðEÞ carrying constant scalar curvature
with each 	�

1
t

�
o!

Ak

#1
t

þ i � �@@ � @ Ak
1
t

�
lying in the Kaehler class �eðLA1Þ þ

k � ½����A1
!M �.

PROOF. Corollary III.A follows from the fact that the orbit OME-H
simple

ð½A1�Þ
is generated in ME-H

simple by the action of hRo ðMÞ on E. �
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