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Abstract. The Goursat problem for certain types of second order linear equations is

considered. The Goursat problem for those second order equations is not E-wellposed in

general. For a certain type homogeneous equations, the Goursat problem is E-wellposed.

Necessary or su‰cient conditions on lower order terms for E-wellposedness are given.

Wellposedness in Gevrey class is discussed.

§1. Introduction.

We shall study the Goursat problem for the following second order linear partial

di¤erential operator:

P ¼ qtqx � aðtÞbðxÞq2y � F1ðt; x; yÞqy � F2ðt; x; yÞqt � F3ðt; x; yÞqx � F4ðt; x; yÞ;ð1:1Þ

where aðtÞ, bðxÞ, and Fiðt; x; yÞ, i ¼ 1; 2; 3; 4 are real valued Cy-functions, aðtÞb 0,

bðxÞb 0 and qt ¼ q=qt, qx ¼ q=qx, qy ¼ q=qy.

For given f ; g; h with compatibility condition, the Goursat problem is to find a

function uðt; x; yÞ which satisfies

Pu ¼ f ; in R
þ
t � R

þ
x � Ry;

uð0; x; yÞ ¼ gðx; yÞ;

uðt; 0; yÞ ¼ hðt; yÞ;

gð0; yÞ ¼ hð0; yÞ:

8

>

>

>

<

>

>

>

:

ð1:2Þ

By changing the unknown function, (1.2) can be reduced to

Pu ¼ f ; in R
þ
t � R

þ
x � Ry;

uð0; x; yÞ ¼ 0;

uðt; 0; yÞ ¼ 0:

8

<

:

ð1:3Þ

In [1], we dealt with the Goursat problem:

ðqtqx � atpxq
q
2
yÞu ¼ f ; in R

þ
t � R

þ
x � Ry;

uð0; x; yÞ ¼ 0;

uðt; 0; yÞ ¼ 0;

8

>

<

>

:

ð1:4Þ
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where a is a positive constant. This is a special case of (1.3), that is, the case that

aðtÞbðxÞ ¼ atpxq and Fi ¼ 0, i ¼ 1; 2; 3; 4. In [1] we showed that the Goursat problem

(1.4) has a unique solution in Cy class. The Goursat problem:

ðqtqx � aðtÞbðxÞq2yÞu ¼ f ; in R
þ
t � R

þ
x � Ry;

uð0; x; yÞ ¼ 0;

uðt; 0; yÞ ¼ 0;

8

>

<

>

:

ð1:5Þ

is generalization of (1.4). We know that (1.5) has a unique solution in Cy class. In

this paper, we shall deal with lower order terms.

At first, let us consider a prototype P ¼ qtqx � qy, which is (1.1) with aðtÞbðxÞ ¼ 0,

F1 ¼ 1 and Fi ¼ 0, i ¼ 2; 3; 4. Then, the Goursat problem

ðqtqx � qyÞu ¼ f ;

uð0; x; yÞ ¼ gðx; yÞ;

uðt; 0; yÞ ¼ hðt; yÞ;

gð0; yÞ ¼ hð0; yÞ;

8

>

>

>

<

>

>

>

:

ð1:6Þ

is not E-wellposed, which can be proved in a similar way to the proof of Theorem 2.3 in

[1], p. 649. Hence, (1.2) cannot be E-wellposed without any assumption on lower order

terms. We shall study conditions on lower order terms that make (1.2) be solvable.

Now we introduce the Gevrey class of sb 1 with respect to y. Denote by G
s
ðt;xÞ,

the set of Cy functions f ðt; x; yÞ such that for every compact set KHR
þ
t � R

þ
x � Ry,

there exist constants M;C satisfying the following inequalities for fixed i; j A N U f0g,

and for all k A N U f0g:

max
ðt;x; yÞ AK

jq i
tq

j
xq

k
y f jaMC kðk!Þs:ð1:7Þ

Denote by G
s
ð0;xÞ (resp. G s

ðt;0ÞÞ, the set of functions f A G
s
ðt;xÞ which are independent of t

(resp. x).

The Goursat problem (1.2) is said to be Gevrey-wellposed if for any data f f ; g; hg A

G
s
ðt;xÞ � G

s
ð0;xÞ � G

s
ðt;0Þ there exists a unique solution uðt; x; yÞ of (1.2) belonging to G

s
ðt;xÞ.

Our main result is the following:

Main Theorem. If 1a s < 3=2, then (1.2) is Gevrey wellposed.

Remark. In [1], we considered the Goursat problems in the half-spaces, that

is, R
þ
t � R

2
ðx;yÞ or R

�
t � R

2
ðx;yÞ. In this paper we discuss the Goursat problems in the

quarter-space R
þ
t � R

þ
x � Ry.

Other results will be given in the section 2 and those proofs will be given in the

subsequent sections.

§2. Other results.

In this section we give other results. Under extra conditions on lower order terms,

we have more concrete results.

Theorem 2.1. Assume that qtF2 ¼ qxF3, Fi A G
s
ðt;xÞ, i ¼ 1; 2; 3; 4 and 1a s < 2.

Then the Goursat problem (1.2) is Gevrey wellposed.
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Theorem 2.2. Assume that Fi ¼ 0, i ¼ 2; 3, F1ðt; x; yÞ ¼ aðtÞbðxÞqðyÞ and

qðyÞ A Cy, then the Goursat problem (1.2) is E-wellposed.

Theorem 2.3. Assume that P has no lower order terms, namely Fi ¼ 0, i ¼ 1; 2; 3; 4,

gðx; yÞ ¼ 0, hðt; yÞ ¼ 0, and f A Cy (resp. G s
ðt;xÞ), then the Goursat problem (1.2) has a

unique solution u A Cy (resp. G s
ðt;xÞ) and u can be represented in the form:

u ¼
ð t

0

ð x

0

ð1

�1

f ðt; x; yþ syÞ
p

ffiffiffiffiffiffiffiffiffiffiffiffiffi

1� s2
p dsdtdx;ð2:1Þ

where

y ¼ 2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ðAðtÞ � AðtÞÞðBðxÞ � BðxÞÞ
p

; AðtÞ ¼
ð t

0

aðtÞ dt; BðxÞ ¼
ð x

0

bðxÞ dx:ð2:2Þ

Moreover, the dependence domain of uðt; x; yÞ is

Dðt; x; yÞð2:3Þ

¼ fðt; x; hÞ j 0a ta t; 0a xa x; jy� hja y ¼ 2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ðAðtÞ � AðtÞÞðBðxÞ � BðxÞÞ
p

g:

This dependence domain has the following property:

Corollary 2.1. If ðt; x; yÞ A Dðt0; x0; y0Þ, then Dðt; x; yÞHDðt0; x0; y0Þ.

In the subsequent sections, we shall give proofs in the following way. First we

prove Theorem 2.3. Secondly we prove Theorem 2.2. Thirdly we prove Theorem 2.1.

At the last, we prove Main Theorem.

For the simplicity, after now we denote

L ¼ qtqx � aðtÞbðxÞq2y ; aðtÞb 0; bðxÞb 0:ð2:4Þ

§3. Proof of Theorem 2.3.

By the assumptions in Theorem 2.3, (1.2) can be reduced to

Lu ¼ f ; in R
þ
t � R

þ
x � Ry;

uð0; x; yÞ ¼ 0;

uðt; 0; yÞ ¼ 0:

8

<

:

ð3:1Þ

Proposition 3.1. Let define an operator K by

ðKf Þðt; x; yÞ ¼
ð t

0

ð x

0

ð1

�1

f ðt; x; yþ syÞ
p

ffiffiffiffiffiffiffiffiffiffiffiffiffi

1� s2
p dsdtdx; f ðt; x; yÞ A Cy

;ð3:2Þ

where y is in (2.2). Then Kf A Cy and Kf satisfies (3.1).

Proposition 3.2. If u A Cy satisfies Lu ¼ 0, uð0; x; yÞ ¼ 0 and uðt; 0; yÞ ¼ 0, then

u ¼ 0.

These propositions can be shown by the same way as in the proof of Theorem 2.2

(p. 646) in [1].

By these propositions, Kf is the unique solution of (3.1). The dependence domain

(2.3) follows from the right hand-side of (3.2).
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§4. Proof of Theorem 2.2.

When F2 ¼ F3 ¼ 0 and F1 ¼ aðtÞbðxÞqðyÞ, by changing the unknown function, (1.2)

can be reduced to

Lu ¼ Gðt; x; yÞuþ f ðt; x; yÞ;
uð0; x; yÞ ¼ 0;

uðt; 0; yÞ ¼ 0:

8

<

:

ð4:1Þ

Now, we fix T ;X ;Y > 0 and define W by

W ¼ fðt; x; yÞ j ðt; x; yÞ A DðT ;X ; hÞ; jhj <Yg:ð4:2Þ

Hereafter we fix W. Because of Corollary 2.1, we can study in W.

Let us assume

j f ðt; x; yÞj < M; jGðt; x; yÞj < K ; ðt; x; yÞ A W:ð4:3Þ

where M and K are positive constant. We constract a formal solution
P

y

p¼1 upðt; x; yÞ
of (4.1) by the following recurrence equations:

Lu1 ¼ f ðt; x; yÞ1 f0;

u1ð0; x; yÞ ¼ 0;

u1ðt; 0; yÞ ¼ 0:

8

<

:

ð4:4Þ

Lup ¼ Gup�1 1 fp�1;

upð0; x; yÞ ¼ 0;

upðt; 0; yÞ ¼ 0; pb 2:

8

<

:

ð4:5Þ

We want to show that
P

y

p¼1 upðt; x; yÞ converges in W. By Theorem 2.3, we have the

following:

up ¼
ð t

0

ð x

0

ð1

�1

fp�1ðt; x; yþ syÞ
p

ffiffiffiffiffiffiffiffiffiffiffiffiffi

1� s2
p dsdtdx; pb 1:ð4:6Þ

We have

ju1ja
ð t

0

ð x

0

ð 1

�1

M

p
ffiffiffiffiffiffiffiffiffiffiffiffiffi

1� s2
p dsdtdx ¼ txM:ð4:7Þ

Then by induction we obtain

jupjaMK p�1 ðtxÞp

ðp!Þ2
; pb 1:ð4:8Þ

This shows that
P

y

p¼1 up converges absolutely and uniformly on W.

We set w ¼
P

y

p¼1 up. It is obvious that w is the solution of (4.1) and w A Cy.

Next, we shall show the uniqueness. Let u be a solution of (4.1) with f ¼ 0. And

let

M1 ¼ max
ðt;x;yÞ AW

juðt; x; yÞj:ð4:9Þ
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By Theorem 2.3, we have

u ¼
ð t

0

ð x

0

ð1

�1

Gðt; x; yþ syÞuðt; x; yþ syÞ
p

ffiffiffiffiffiffiffiffiffiffiffiffiffi

1� s2
p dsdtdx:ð4:10Þ

Therefore

jujaM1Ktx:ð4:11Þ

By induction we have

jujaM1K
p ðtxÞp

ðp!Þ2
; for Epb 1:ð4:12Þ

Then u1 0 in W.

Thus we complete the proof of Theorem 2.2.

§5. Proof of Theorem 2.1.

When qtF2 ¼ qxF3, by changing the unknown function, (1.2) can be reduced to

Lu ¼ Fðt; x; yÞqyuþ Gðt; x; yÞuþ f ðt; x; yÞ;
uð0; x; yÞ ¼ 0;

uðt; 0; yÞ ¼ 0:

8

<

:

ð5:1Þ

Hereafter we fix W (defined in §4) and assume

jq i
yF j; jq i

yGj < M iþ1ði!Þs; jq j
y f j < ð3MÞ jþ1ð j!Þs;ð5:2Þ

where M is positive constant and i; j A N U f0g.
We construct a formal solution

P

y

p¼1 upðt; x; yÞ of (5.1) by the following recurrence

equations:

Lu1 ¼ f ðt; x; yÞ1 f0;

u1ð0; x; yÞ ¼ 0;

u1ðt; 0; yÞ ¼ 0:

8

<

:

ð5:3Þ

Lup ¼ ðFqy þ GÞup�1 1 fp�1;

upð0; x; yÞ ¼ 0;

upðt; 0; yÞ ¼ 0; pb 2:

8

<

:

ð5:4Þ

We want to show that
P

y

p¼1 upðt; x; yÞ converges in W. From (5.2) we have the

following lemma.

Lemma 5.1. If 1a s, then for any k A N U f0g, we have

jqk
y upja

ðtxÞp

ðp!Þ2
ð3MÞkþ2p�1ððk þ p� 1Þ!Þs; pb 1:ð5:5Þ

We can prove this lemma by induction. Lemma 5.1 implies the following

proposition.

Proposition 5.1. If 1a s < 2, then the series
P

y

p¼1 q
k
y up converges uniformly on W

for any k A N U f0g.
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We set

w ¼
X

y

p¼1

upðt; x; yÞ:ð5:6Þ

It is obvious that w is the solution of (5.1) and w A G
s
ðt;xÞ. Next, we shall show the

uniqueness.

Proposition 5.2. If u A G
s
ðt;xÞ satisfies Lu ¼ Fqyuþ Gu, uð0; x; yÞ ¼ 0, uðt; 0; yÞ ¼ 0,

then u ¼ 0.

Proof. Let u A G
s
ðt;xÞ be a solution of (5.1) with f ¼ 0. Setting ~ff ¼

F ðt; x; yÞqyuþ Gu, we can assume

jq i
yF j; jq

i
yGj < M iþ1ði!Þs;

jq i
y
~ff j < ð3MÞ iþ1ði!Þs;

(

ð5:7Þ

where M is a positive constant and i A N U f0g. By the same way as in Lemma 5.1, we

have

juja
ðtxÞp

ðp!Þ2
ð3MÞ2p�1ððp� 1Þ!Þ s; ðt; x; yÞ A W; pb 1:ð5:8Þ

By the assumption s < 2, this implies that u1 0 in W.

Thus we complete the proof of Theorem 2.1.

§6. Proof of Main Theorem.

Recall that W is fixed. By the change of unknown function, (1.2) can be reduced to

ðL� Fðt; x; yÞqt � Gðt; x; yÞqy �Hðt; x; yÞÞu ¼ f ;

uð0; x; yÞ ¼ 0;

uðt; 0; yÞ ¼ 0:

8

>

<

>

:

ð6:1Þ

We assume that for any k A N U f0g

jqk
yF j; jq

k
yGj; jq

k
yHjaN kðk!Þs;

jqk
y f jaN 2kðk!Þs;

0a aðtÞbðxÞaM; ðt; x; yÞ A W;

8

>

<

>

:

ð6:2Þ

where M and N are positive constants. We construct a formal solution
P

y

p¼1 upðt; x; yÞ

of (6.1) by the following recurrence equations:

Lu1 ¼ f 1 f0;

u1ð0; x; yÞ ¼ 0;

u1ðt; 0; yÞ ¼ 0:

8

<

:

ð6:3Þ

Lupþ1 ¼ ðFqt þ Gqy þHÞup 1 fp;

upþ1ð0; x; yÞ ¼ 0;

upþ1ðt; 0; yÞ ¼ 0; pb 1:

8

<

:

ð6:4Þ

By (6.2), we have the following estimate:
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Lemma 6.1. If 1a s, then for any k we have

jqk
y fpja 2p

X

jrj¼p

p!

r!
M r1

tp�r2

ðp� r2Þ!
xpþr1

ðpþ r1Þ!
ðN 2Þ2r1þr3þkðð2r1 þ r3 þ kÞ!Þs; pb 1;ð6:5Þ

where r ¼ ðr1; r2; r3; r4Þ.

We shall prove this lemma in the section 7. The solution of (6.4) is

upþ1 ¼
ð t

0

ð x

0

ð1

�1

fpðt; x; yþ syÞ
p

ffiffiffiffiffiffiffiffiffiffiffiffiffi

1� s2
p dsdtdx;ð6:6Þ

where y ¼ 2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ðAðtÞ � AðtÞÞðBðxÞ � BðxÞÞ
p

, AðtÞ ¼
Ð t

0 aðtÞ dt, BðxÞ ¼
Ð x

0 bðxÞ dx.
Lemma 6.1 implies the following lemma.

Lemma 6.2. If 1a s, then for any k A N6f0g we have

jqk
y upþ1jaC

p
1C

k
2

ðð2pÞ!Þsðk!Þs
p!ð2pÞ! ; for ðt; x; yÞ A W;ð6:7Þ

where C1;C2 are positive constants.

By this lemma, we have the following:

Proposition 6.1. If 1a s < 3=2, then the series
P

y

p¼1 q
k
y upðt; x; yÞ converges uni-

formly on W.

We set

w ¼
X

y

p¼1

upðt; x; yÞ:ð6:8Þ

It is obvious that w belongs to G s
ðt;xÞ and satisfies (6.1). The uniqueness in G s

ðt;xÞ can be

shown by the same way as in the proof of Theorem 2.1. Thus we complete the proof of

Main Theorem.

§7. Proof of Lemma 6.1.

We prove this lemma by induction. Let us recall the definition of up and fp.

fp ¼ ðFqt þ Gqy þHÞup;ð7:1Þ

qtqxup ¼ aðtÞbðxÞq2yup þ fp�1;

upð0; x; yÞ ¼ 0;

upðt; 0; yÞ ¼ 0; pb 1:

8

>

<

>

:

ð7:2Þ

For simplicity, we use the notations:

D�1
x u ¼

ð x

0

uðt; x; yÞ dx; D�1
t u ¼

ð t

0

uðt; x; yÞ dt; u A Cy:ð7:3Þ
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By (6.2) and (7.2), we obtain

qtup ¼ D�1
x ðaðtÞbðxÞq2yup þ fp�1Þ;ð7:4Þ

jqk
y ðqtupÞjaMjD�1

x ðqkþ2
y upÞj þ jD�1

x ðqk
y fp�1Þj:ð7:5Þ

By Theorem 2.3, we have

up ¼
ð t

0

ð x

0

ð1

�1

fp�1ðt; x; yþ syÞ
p

ffiffiffiffiffiffiffiffiffiffiffiffiffi

1� s2
p dsdtdx;

jqk
y upjaD�1

t D�1
x jqk

y fp�1j:(7.6)

By (7.6), (7.5) implies

jqk
y ðqtupÞjaMD�1

t ðD�1
x Þ2jqkþ2

y fp�1j þD�1
x jqk

y fp�1j:ð7:7Þ

Using (7.1) we have

qk
y fp ¼

X

k

l¼0

k

l

� �

ðq l
yFÞðqk�l

y qtupÞ þ
X

k

l¼0

k

l

� �

ðq l
yGÞðqk�lþ1

y upÞð7:8Þ

þ
X

k

l¼0

k

l

� �

ðq l
yHÞðqk�l

y upÞ:

By (7.6), (7.7) and (7.8), we have

jqk
y fpja

X

k

l¼0

k

l

� �

jq l
yF jfMD�1

t ðD�1
x Þ2jqk�lþ2

y fp�1j þD�1
x jqk�l

y fp�1jgð7:9Þ

þ
X

k

l¼0

k

l

� �

jq l
yGjD�1

t D�1
x jqk�lþ1

y fp�1j

þ
X

k

l¼0

k

l

� �

jq l
yHjD�1

t D�1
x jqk�l

y fp�1j:

Let us consider p ¼ 1 in (7.9). By (6.2), (6.3) and (7.9), we have

jqk
y f1ja

X

k

l¼0

k

l

� �

N lðl!Þs
�

Mt
x2

2!
ðN 2Þk�lþ2ððk � l þ 2Þ!Þs þ xðN 2Þk�lððk � lÞ!Þsð7:10Þ

þ txðN 2Þk�lþ1ððk � l þ 1Þ!Þs þ txðN 2Þk�lððk � lÞ!Þs
�

¼
X

k

l¼0

"

k

l

� �

l!ðk þ 2� lÞ!
ðk þ 2Þ!

� �s

N�lMt
x2

2!
ðN 2Þkþ2ððk þ 2Þ!Þs

þ k

l

� �

l!ðk � lÞ!
k!

� �s

N�lxðN 2Þkðk!Þs
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þ
k

l

� �

l!ðk þ 1� lÞ!

ðk þ 1Þ!

� �s

N�ltxðN 2Þkþ1ððk þ 1Þ!Þs

þ
k

l

� �

l!ðk � lÞ!

k!

� �s

N�ltxðN 2Þkðk!Þs
#

:

Assuming sb 1 and N > 2, we have (7.11) and (7.12) for any i A N U f0g.

k

l

� �

l!ðk þ i � lÞ!

ðk þ iÞ!

� �s

<
k

l

� �

l!ðk � lÞ!

k!

� �s

¼
l!ðk � lÞ!

k!

� �s�1

< 1;ð7:11Þ

X

k

l¼0

N�l <
1

1� 1=N
¼

N

N � 1
< 2:ð7:12Þ

Then (7.10) implies

ð7:13Þ

jqk
y f1ja2 Mt

x2

2!
ðN 2Þkþ2ððkþ2Þ!ÞsþxðN 2Þkðk!Þsþ txðN 2Þkþ1ððkþ1Þ!Þsþ txðN 2Þkðk!Þs

� �

:

This shows that (6.5) holds for p ¼ 1. Let us assume that (6.5) holds for p and any

k. By (7.9) and the assumption of induction, we have

jqk
y fpþ1ja

X

k

l¼0

k

l

� �

ðl!ÞsN lð7:14Þ

�

 

2pM
X

jrj¼p

p!

r!
M r1

tpþ1�r2

ðpþ 1� r2Þ!

xpþ2þr1

ðpþ 2þ r1Þ!

� ðN 2Þ2r1þr3þkþ2�lðð2r1 þ r3 þ k þ 2� lÞ!Þs

þ 2p
X

jrj¼p

p!

r!
M r1

tp�r2

ðp� r2Þ!

xpþ1þr1

ðpþ 1þ r1Þ!

� ðN 2Þ2r1þr3þk�lðð2r1 þ r3 þ k � lÞ!Þs

þ 2p
X

jrj¼p

p!

r!
M r1

tpþ1�r2

ðpþ 1� r2Þ!

xpþ1þr1

ðpþ 1þ r1Þ!

� ðN 2Þ2r1þr3þk�lþ1ðð2r1 þ r3 þ k � l þ 1Þ!Þs

þ 2p
X

jrj¼p

p!

r!
M r1

tpþ1�r2

ðpþ 1� r2Þ!

xpþ1þr1

ðpþ 1þ r1Þ!

� ðN 2Þ2r1þr3þk�lðð2r1 þ r3 þ k � lÞ!Þs
!

:

By (7.11) and (7.12), (7.14) implies

Goursat problem in the Gevrey class 677



jqk
y fpþ1ja 2pþ1

 

X

jrj¼p

p!

r!
M r1þ1 tpþ1�r2

ðpþ 1� r2Þ!

xpþ2þr1

ðpþ 2þ r1Þ!
ð7:15Þ

� ðN 2Þ2r1þr3þkþ2ðð2r1 þ r3 þ k þ 2Þ!Þs

þ
X

jrj¼p

p!

r!
M r1

tp�r2

ðp� r2Þ!

xpþ1þr1

ðpþ 1þ r1Þ!

� ðN 2Þ2r1þr3þkðð2r1 þ r3 þ kÞ!Þs

þ
X

jrj¼p

p!

r!
M r1

tpþ1�r2

ðpþ 1� r2Þ!

xpþ1þr1

ðpþ 1þ r1Þ!

� ðN 2Þ2r1þr3þkþ1ðð2r1 þ r3 þ k þ 1Þ!Þs

þ
X

jrj¼p

p!

r!
M r1

tpþ1�r2

ðpþ1� r2Þ!

xpþ1þr1

ðpþ1þ r1Þ!

� ðN 2Þ2r1þr3þkðð2r1þ r3 þ kÞ!Þs
!

:

Let us consider the first term in the right-hand side of (7.15) and denote it by

Q ¼
X

jrj¼p

p!

r!
M r1þ1 tpþ1�r2

ðpþ 1� r2Þ!

xpþ2þr1

ðpþ 2þ r1Þ!
ðN 2Þ2r1þr3þkþ2ðð2r1 þ r3 þ k þ 2Þ!Þs;ð7:16Þ

and use the notation r1 þ 1 ¼ r 01, r
0 ¼ ðr 01; r2; r3; r4Þ. If jrj ¼ p, then jr 0j ¼ pþ 1. There-

fore, (7.16) implies

ð7:17Þ

Q ¼
X

jr 0j¼pþ1; r 0
1
b1

p!

ðr 01�1Þ!r2!r3!r4!
M r 0

1
tpþ1�r2

ðpþ1� r2Þ!

xpþ1þr 0
1

ðpþ1þ r 01Þ!
ðN 2Þ2r

0
1
þr3þkðð2r 01þ r3þkÞ!Þs:

Considering that r 01=ðr
0
1!Þ ¼ 0 for r 01 ¼ 0, (7.17) implies

ð7:18Þ

Q ¼
X

jr 0j¼pþ1

p!r 01
ðr 01Þ!r2!r3!r4!

M r 0
1

tpþ1�r2

ðpþ 1� r2Þ!

xpþ1þr 0
1

ðpþ 1þ r 01Þ!
ðN 2Þ2r

0
1
þr3þkðð2r 01 þ r3 þ kÞ!Þ s:

Replacing r 01 by r1 and r 0 by r, (7.18) implies

Q ¼
X

jrj¼pþ1

p!r1

r!
M r1

tpþ1�r2

ðpþ 1� r2Þ!

xpþ1þr1

ðpþ 1þ r1Þ!
ðN 2Þ2r1þr3þkðð2r1 þ r3 þ kÞ!Þs:ð7:19Þ

The other terms in the right-hand side of (7.15) can be treated with the same way as the

above, (7.15) implies
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X

jrj¼pþ1

p!ðr1 þ r2 þ r3 þ r4Þ

r!
M r1ð7:20Þ

�
tpþ1�r2

ðpþ 1� r2Þ!

xpþ1þr1

ðpþ 1þ r1Þ!
ðN 2Þ2r1þr3þkðð2r1 þ r3 þ kÞ!Þs

!

¼ 2pþ1

 

X

jrj¼pþ1

ðpþ 1Þ!

r!
M r1

�
tpþ1�r2

ðpþ 1� r2Þ!

xpþ1þr1

ðpþ 1þ r1Þ!
ðN 2Þ2r1þr3þkðð2r1 þ r3 þ kÞ!Þs

!

:

This shows that (6.5) holds for pþ 1. Thus we complete the proof of Lemma 6.1.
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