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Abstract. In 1990, Gérard-Tahara [2] introduced the Briot-Bouquet type partial

di¤erential equation tqtu ¼ Fðt; x; u; qxuÞ, and they determined the structure of singular

solutions provided that the characteristic exponent rðxÞ satisfies rð0Þ B f1; 2; . . .g. In this

paper the author determines the structure of singular solutions in the case rð0Þ A f1; 2; . . .g.

1. Introduction.

In this paper, we will study the following type of nonlinear singular first order

partial di¤erential equations:

tqtu ¼ F ðt; x; u; qxuÞ ð1:1Þ

where ðt; xÞ ¼ ðt; x1; . . . ; xnÞ A C t � C
n
x , qxu ¼ ðq1u; . . . ; qnuÞ, qt ¼ q=qt, qi ¼ q=qxi for

i ¼ 1; . . . ; n, and Fðt; x; u; vÞ with v ¼ ðv1; . . . ; vnÞ is a function defined in a polydisk s

centered at the origin of C t � C
n
x � Cu � C

n
v . Let us denote s0 ¼ sV ft ¼ 0; u ¼ 0;

v ¼ 0g.

The assumptions are as follows:

ðA1Þ F ðt; x; u; vÞ is holomorphic in s;

ðA2Þ F ð0; x; 0; 0Þ ¼ 0 in s0;

ðA3Þ
qF

qvi
ð0; x; 0; 0Þ ¼ 0 in s0 for i ¼ 1; . . . ; n:

Definition 1.1 ([2], [3]). If the equation (1.1) satisfies (A1), (A2) and (A3) we say

that the equation (1.1) is of Briot-Bouquet type with respect to t.

Definition 1.2 ([2], [3]). Let us define

rðxÞ ¼
qF

qu
ð0; x; 0; 0Þ;

then the holomorphic function rðxÞ is called the characteristic exponent of the equation

(1.1).

Let us denote by

1. RðCnf0gÞ the universal covering space of Cnf0g,

2. Sy ¼ ft A RðCnf0gÞ; jarg tj < yg,
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3. SðeðsÞÞ ¼ ft A RðCnf0gÞ; 0 < jtj < eðarg tÞg for some positive-valued function

eðsÞ defined and continuous on R,

4. DR ¼ fx A C
n; jxij < R for i ¼ 1; . . . ; ng,

5. Cfxg the ring of germs of holomorphic functions at the origin of C
n.

Definition 1.3. We define the set ~OOþ of all functions uðt; xÞ satisfying the fol-

lowing conditions;

1. uðt; xÞ is holomorphic in SðeðsÞÞ �DR for some eðsÞ and R > 0,

2. there is an a > 0 such that for any y > 0 and any compact subset K of DR

max
x AK

juðt; xÞj ¼ OðjtjaÞ as t ! 0 in Sy:

We know some results on the equation (1.1) of Briot-Bouquet type with respect to t.

We concern the following result. R. Gérard and H. Tahara studied in [2] the structure

of holomorphic and singular solutions of the equation (1.1) and proved the following

result;

Theorem 1.4 (R. Gérard and H. Tahara). If the equation (1.1) is of Briot-Bouquet

type and rð0Þ B N
� ¼ f1; 2; 3; . . .g then we have;

(1) (Holomorphic solutions) The equation (1.1) has a unique solution u0ðt; xÞ holo-

morphic near the origin of C � C
n satisfying u0ð0; xÞ1 0.

(2) (Singular solutions) Denote by Sþ the set of all ~OOþ-solutions of (1.1).

Sþ ¼
fu0ðt; xÞg when Re rð0Þa 0;

fu0ðt; xÞgU fUðjÞ; 00 jðxÞ A Cfxgg when Re rð0Þ > 0;

�

where UðjÞ is an ~OOþ-solution of (1.1) having an expansion of the following form:

UðjÞ ¼
X

ib1

uiðxÞt
i þ

X

iþ2jbkþ2; jb1

ji; j;kðxÞt
iþjrðxÞðlog tÞk; j0;1;0ðxÞ ¼ jðxÞ:

In the case rð0Þ A N
�, Yamane [7] showed that the equation (1.1) has a holomolphic

solution in a region fðt; xÞ A C � C
n; jxj < cjtjd f 1g for some c > 0 and d > 0, but the

solution is not in Sþ.

The purpose of this paper is to determine Sþ in the case rð0Þ A N
�.

The main result of this paper is;

Theorem 1.5. If the equation (1.1) is of Briot-Bouquet type and if rð0Þ ¼ N A N
�

and rðxÞD rð0Þ, then

Sþ ¼ fUðjÞ; jðxÞ A Cfxgg;

where UðjÞ is an ~OOþ-solution of (1.1) having an expansion of the following form:

UðjÞ ¼ u01ðxÞtþ ue0
0 ðxÞfNðt; xÞ þ

X

iþjbjb2; jbj<y

½b�aiþjbj�2

u
b
i ðxÞt

iF
b
N

þ w0
0;1;0ðxÞt

rðxÞ þ
X

iþjþjbjb2; jbj<y

jb1; ½b�aiþjþjbj�2

X

kaiþjbj0þjbj1
þ2ð j�1Þ

w
b
i; j;kðxÞt

iþjrðxÞflog tgk
F

b
N ;
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where u0NðxÞ1 0, w0
0;1;0ðxÞ ¼ jðxÞ is an arbitrary holomorphic function and the other

coe‰cients u
b
i ðxÞ, w

b
i; j;kðxÞ are holomorphic functions determined by w0

0;1;0ðxÞ and defined

in a common disk, and

l ¼ ðl1; . . . ; lnÞ A N
n; jlj ¼ l1 þ � � � þ ln; b ¼ ðbl A N ; l A N

nÞ;

jbj ¼
X

jljb0

bl ; jbjp ¼
X

jlj¼p

bl for pb 0; ½b� ¼
X

jljb2

ðjlj � 1Þbl ;

F
b
N ¼

Y

jljb0

q l
xfN
l!

 !bl

; q l
x ¼ q l1

1 � � � q ln
n ; fNðt; xÞ ¼

trðxÞ � tN

rðxÞ �N
:

The following lemma will play an important role in the proof of Theorem 1.5.

At first, we define some notations. We set for l A N
n, el ¼ ðbk; k A N

nÞ with bl ¼ 1

and bk ¼ 0 for k0 l and for p A f1; 2; . . . ; ng, eðpÞ ¼ ði1; . . . ; inÞ with ip ¼ 1 and iq ¼ 0

for q0 p, and define l 1 < l0 by jl 1j < jl 0j and l 1i a l0i for i ¼ 1; . . . ; n.

Lemma 1.6. Let rðxÞ, fN and F
b
N be as in Theorem 1.5. Then we have;

1. qpF
b
N ¼

P

jljb0 blðlp þ 1ÞF
b�elþelþeð pÞ

N for i ¼ 1; . . . ; n,

2. tqtfN ¼ rðxÞfN þ tN ,

3. tqtF
b
N ¼ jbjrðxÞFb

N þ b0t
NF

b�e0
N þ

P

jl 0jb1

P

l 1<l 0 bl 0
q l 0�l 1

x rðxÞ

ðl 0 � l1Þ!
F

b�e
l 0
þe

l 1

N .

Proof.

1. By qpðq
l
xfN=l!Þ

bl ¼ blðq
l
xfN=l!Þ

bl�1
q lþeðpÞ
x fN=l!, we have the result 1.

2. By tqtfN ¼ ðrðxÞtrðxÞ �NtNÞ=ðrðxÞ �NÞ, we have the result 2.

3. By 2, we have

tqt
q l
xfN
l!

 !bl

¼ bl
q l
xfN
l!

 !bl�1
q l
xðrðxÞfN þ tNÞ

l!
:

Therefore we have

tqt
q l
xfN
l!

 !bl

¼
b0rðxÞf

b0
N þ b0t

Nf
b0�1
N if l ¼ 0;

blrðxÞ
q l
xfN
l!

� �bl
þ
P

0al 1<l bl
q l�l 1

x rðxÞ
ðl�l 1Þ!

q l 1

x fN
l 1!

q l
xfN
l!

� �bl�1

if jlj > 0:

8

<

:

Hence we have the desired result. r

2. Construction of formal solutions in the case rð0Þ ¼ 1.

By [2] (Gérard-Tahara), if the equation (1.1) is of Briot-Bouquet type with respect

to t, then it is enough to consider the following equation:

Lu ¼ tqtu� rðxÞu ¼ aðxÞtþ G2ðxÞðt; u; qxuÞ ð2:1Þ

where rðxÞ and aðxÞ are holomorphic functions in a neighborhood of the origin, and

the function G2ðxÞðt;X0;X1; . . . ;XnÞ is a holomorphic function in a neighborhood of the

origin in C
n
x � C t � CX0

� CX1
� � � � � CXn

with the following expansion:

G2ðxÞðt;X0;X1; . . . ;XnÞ ¼
X

pþjajb2

ap;aðxÞt
pfX0g

a0fX1g
a1 � � � fXng

an
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and we may assume that the coe‰cients fap;aðxÞgpþjajb2 are holomorphic functions

on DR0
for a su‰ciently small R0 > 0. Let 0 < R < R0. We put Ap;aðRÞ :¼

maxx ADR
jap;aðxÞj for pþ jajb 2. Then for 0 < r < R

X

pþjajb2

Ap;aðRÞ

ðR� rÞpþjaj�2
tpX a0

0 X a1
1 � � � � � X an

n ð2:2Þ

is convergent in a neighborhood of the origin.

In this section, we assume rð0Þ ¼ 1 and rðxÞD 1 and we will construct formal

solutions of the equation (2.1).

Proposition 2.1. If rð0Þ ¼ 1 and rðxÞD 1, the equation (2.1) has a family of formal

solutions of the form:

u ¼ ue0
0 ðxÞf1 þ

X

mb2

X

iþjbj¼m
½b�am�2

u
b
i ðxÞt

iF
b
1

þ w0
0;1;0ðxÞt

rðxÞ þ
X

mb2

X

iþjþjbj¼m
jb1; ½b�am�2

X

kaiþjbj0þjbj1
þ2ð j�1Þ

w
b
i; j;kðxÞt

iþjrðxÞflog tgk
F

b
1 ð2:3Þ

where w0
0;1;0ðxÞ is an arbitrary holomorphic function and the other coe‰cients u

b
i ðxÞ,

w
b
i; j;kðxÞ are holomorphic functions determined by w0

0;1;0ðxÞ and defined in a common disk.

Remark 2.2. By the relation ½b�am� 2 in summations of the above formal

solution, we have bl ¼ 0 for any l A N
n with jljbm.

We define the following two sets Um and Wm for mb 1 to prove Proposition 2.1.

Definition 2.3. We denote by Um the set of all functions um of the following

forms:

u1 ¼ u01ðxÞtþ ue0
0 ðxÞf1;

um ¼
X

iþjbj¼m
½b�am�2

u
b
i ðxÞt

iF
b
1 for mb 2; ð2:4Þ

and denote by Wm the set of all functions wm of the following forms:

w1 ¼ w0
0;1;0ðxÞt

rðxÞ
;

wm ¼
X

iþjþjbj¼m
jb1; ½b�am�2

X

kaiþjbj0þjbj1
þ2ð j�1Þ

w
b
i; j;kðxÞt

iþjrðxÞflog tgk
F

b
1 for mb 2 ð2:5Þ

where u
b
i ðxÞ, w

b
i; j;kðxÞ A Cfxg.

We can rewrite the formal solution (2.3) as follows:

u ¼
X

mb1

ðum þ wmÞ where um A Um;wm A Wm:

Let us show important relations of um and wm for mb 2. By Lemma 1.6, we have
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qpum ¼
X

iþjbj¼m
½b�am�2

qpu
b
i ðxÞt

iF
b
1 þ

X

m�1

jlj¼0

ðlp þ 1Þblu
b
i ðxÞt

iF
b�elþelþeð pÞ

1

8

<

:

9

=

;

;

qpwm ¼
X

iþjþjbj¼m
jb1; ½b�am�2

X

kaiþjbj0þjbj1
þ2ð j�1Þ

8

<

:

qpw
b
i; j;kðxÞt

iþjrðxÞflog tgk
F

b
1

þ jqprðxÞw
b
i; j;kðxÞt

iþjrðxÞflog tgkþ1
F

b
1

þ
X

m�1

jlj¼0

ðlp þ 1Þblw
b
i; j;kðxÞt

iþjrðxÞflog tgk
F

b�elþelþeð pÞ

1

9

=

;

ð2:6Þ

for p ¼ 1; . . . ; n, and we have

Lum ¼
X

iþjbj¼m
½b�am�2

8

<

:

fi þ ðjbj � 1ÞrðxÞgub
i ðxÞt

iF
b
1 þ b0u

b
i ðxÞt

iþ1F
b�e0
1

þ
X

m�1

jl 0j¼1

X

l 1<l 0

bl 0
q l 0�l 1

x rðxÞ

ðl 0 � l1Þ!
u
b
i ðxÞt

iF
b�e

l 0
þe

l 1

1

9

=

;

; ð2:7Þ

Lwm ¼
X

iþjþjbj¼m
jb1; ½b�am�2

X

kaiþjbj0þjbj1
þ2ð j�1Þ

8

<

:

fi þ ð j þ jbj � 1ÞrðxÞgwb
i; j;kðxÞt

iþjrðxÞflog tgk
F

b
1

þ kw
b
i; j;kðxÞt

iþjrðxÞflog tgk�1
F

b
1 þ b0w

b
i; j;kðxÞt

iþjrðxÞþ1flog tgk
F

b�e0
1

þ
X

m�1

jl 0j¼1

X

l 1<l 0

bl 0
q l 0�l 1

x rðxÞ

ðl 0 � l1Þ!
w

b
i; j;kðxÞt

iþjrðxÞflog tgk
F

b�e
l 0
þe

l 1

1

9

=

;

:

We show two lemmas.

Lemma 2.4. If um A Um and wm A Wm, then Lum A Um and Lwm A Wm.

Proof. We prove Lum A Um. We will see all the exponents of each terms in (2.7).

For the second term in (2.7), we have i þ 1þ jb � e0j ¼ i þ jbj ¼ m and ½b � e0� ¼ ½b�a

m� 2.

For the third term, we have i þ jb � el 0 þ el 1 j ¼ i þ jbj ¼ m and ½b � el 0 þ el 1 � ¼ ½b�

(if jl 0j ¼ 1), ¼½b� � ðjl0j � 1Þ (if jl 0j > 1 and jl 1ja 1), ¼½b� � jl 0j þ jl 1j (if jl 0j > 1 and

jl 1j > 1). Therefore by l 1 < l 0, we have ½b � el 0 þ el 1 �a ½b�am� 2. Hence we have

Lum A Um.

We can prove Lwm A Wm in the same way. r

Lemma 2.5. If um A Um and wm A Wm, then the following relations hold for

i; j ¼ 1; . . . ; n,
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1. aðxÞUm HUm and aðxÞWm HWm for any holomorphic function aðxÞ,

2. tUm, f1Um HUmþ1 and trðxÞUm, tWm, trðxÞWm, f1Wm HWmþ1,

3. um � un, qium � qjun, qium � un A Umþn,

4. wm � wn, qiwm � qjwn, qiwm � wn A Wmþn,

5. um � wn, qium � wn, um � qjwn, qium � qjwn A Wmþn.

Proof. This is verified by the relations (2.6). r

Let us show that um and wm are determined inductively on mb 1. By substitutingP
mb1ðum þ wmÞ into (2.1), we have

ð1� rðxÞÞu01ðxÞ þ ue0
0 ðxÞ ¼ aðxÞ; ð2:8Þ

and for mb 2

Lum ¼
X

pþjajb2
pþjmnj¼m

ap;aðxÞt
p
Ya0

h0¼1

um0; h0

Yn

j¼1

Yaj

hj¼1

qjumj; hj
; ð2:9Þ

Lwm ¼
X

pþjajb2
pþjmnj¼m

ap;aðxÞt
p
Ya0

h0¼1

ðum0; h0
þ wm0; h0

Þ
Yn

j¼1

Yaj

hj¼1

qjðumj; hj
þ wmj; hj

Þ

�
X

pþjajb2
pþjmnj¼m

ap;aðxÞt
p
Ya0

h0¼1

um0;h0

Yn

j¼1

Yaj

hj¼1

qjumj; hj
; ð2:10Þ

where jmnj ¼
Pn

i¼0 miðaiÞ and miðaiÞ ¼ mi;1 þ � � � þmi;ai for i ¼ 0; 1; . . . ; n.

We take any holomorphic function jðxÞ A Cfxg and put w0
0;1;0ðxÞ ¼ jðxÞ, and by

(2.8), we put u01ðxÞ1 0 and ue0
0 ðxÞ ¼ aðxÞ.

For mb 2, let us show that um and wm are determined by induction. By Lemma

2.5, the right side of (2.9) belongs to Um and the right side of (2.10) belongs to Wm.

Further by mj;hjb 1, we have mj;hj < m for hj ¼ 1; . . . ; aj and j ¼ 0; . . . ; n. Then for

mb 2, we compare with the coe‰cients of t iF
b
1 and t iþjrðxÞflog tgk

F
b
1 respectively for

(2.9) and (2.10), then put

fi þ ðjbj � 1ÞrðxÞgub
i ðxÞ

þ ðb0 þ 1Þubþe0
i�1 ðxÞ þ

Xm�1

jl 0j¼1

X

0al 1<l 0

ðbl 0 þ 1Þ
q l 0�l 1

x rðxÞ

ðl0 � l 1Þ!
u
bþe

l 0
�e

l 1

i ðxÞ

¼ f
b
i ðfap;ag2apþjajam; fu

b 0

i 0 ðxÞgi 0þjb 0j<mÞ ð2:11Þ

and

fi þ ð j þ jbj � 1ÞrðxÞgwb
i; j;kðxÞ þ ðk þ 1Þwb

i; j;kþ1ðxÞ

þ ðb0 þ 1Þwbþe0
i�1; j;kðxÞ þ

Xm�1

jl 0j¼1

X

0al 1<l 0

ðbl 0 þ 1Þ
q l 0�l 1

x rðxÞ

ðl0 � l 1Þ!
w

bþe
l 0
�e

l 1

i; j;k ðxÞ

¼ g
b
i; j;kðfap;ag2apþjajam; fu

b 0

i 0 ðxÞgi 0þjb 0j<m; fw
b 0

i 0; j 0;k 0ðxÞgi 0þj 0þjb 0j<mÞ: ð2:12Þ
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We define an order for the multi indices ði; bÞ and ði; j; k; bÞ to show that ub
i ðxÞ and

w
b
i; j;kðxÞ are determined by (2.11) and (2.12).

Definition 2.6. The relation ði 0; b 0Þ < ði; bÞ is defined by the following orders;

1. i 0 þ jb 0j < i þ jbj.

2. If i 0 þ jb 0j ¼ i þ jbj, then i 0 < i.

3. If i 0 þ jb 0j ¼ i þ jbj and i 0 ¼ i, then jb 0j0 < jbj0.

4. If i 0 þ jb 0j ¼ i þ jbj, i 0 ¼ i, jb 0j0 ¼ jbj0; . . . ; jb
0jl ¼ jbjl , then jb 0jlþ1 < jbjlþ1.

The relation ði 0; j 0; k 0; b 0Þ < ði; j; k; bÞ is defined by the following orders;

1. i 0 þ j 0 þ jb 0j < i þ j þ jbj.

2. If i 0 þ j 0 þ jb 0j ¼ i þ j þ jbj, then i 0 < i.

3. If i 0 þ j 0 þ jb 0j ¼ i þ j þ jbj and i 0 ¼ i, then j 0 < j.

4. If i 0 þ j 0 þ jb 0j ¼ i þ j þ jbj, i 0 ¼ i and j 0 ¼ j, then jb 0j0 < jbj0.

5. If i 0 þ j 0 þ jb 0j ¼ i þ j þ jbj, i 0 ¼ i, j 0 ¼ j, jb 0j0 ¼ jbj0; . . . ; jb
0jl ¼ jbjl , then

jb 0jlþ1 < jbjlþ1.

6. If ði 0; j 0; b 0Þ ¼ ði; j; bÞ, then k 0 > k.

For mb 2, we have i þ ðjbj � 1ÞrðxÞ0 0 and i þ ð j þ jbj � 1ÞrðxÞ0 0 by rð0Þ ¼ 1.

Therefore all the coe‰cients u
b
i ðxÞ and w

b
i; j;kðxÞ are determined in the order of Def-

inition 2.6. Hence we obtain Proposition 2.1.

3. Convergence of the formal solutions in the case rð0Þ ¼ 1.

In this section, we show that the formal solution (2.3) converges in ~OOþ.

Proposition 3.1. Let g satisfy 0 < g < 1 and let l be su‰ciently large. Then for

any su‰ciently small r > 0 we have the following result;

For any y > 0 there is an e > 0 such that the formal solution (2.3) converges in the

following region:

fðt; xÞ A C t � C
n
x ; jhðt; lÞtj < e; jhðt; lÞ2trðxÞj < e; jhðt; lÞtgj < e; t A Sy and x A Drg;

where hðt; lÞ ¼ maxfjðlog tÞ=lj; 1g.

In this section, we put w
b
i;0;0ðxÞ ¼ u

b
i ðxÞ and w

b
i;0;kðxÞ1 0 for kb 1 in the formal

solution (2.3). Then the formal solution (2.3) is as follows:

u ¼ we0
0;0;0ðxÞf1 þ w0

0;1;0ðxÞt
rðxÞ

þ
X

mb2

X

iþjþjbj¼m
½b�am�2

X

kaiþjbj0þjbj1
þ2ð j�1Þ

w
b
i; j;kðxÞt

iþjrðxÞflog tgk
F

b
1 : ð3:1Þ

Let us define the following set Vm for (3.1).

Definition 3.2. We denote by Vm the set of all the functions vm of the following

forms:

v1 ¼ we0
0;0;0ðxÞf1 þ w0

0;1;0ðxÞt
rðxÞ;

vm ¼
X

iþjþjbj¼m
½b�am�2

X

kaiþjbj0þjbj1
þ2ð j�1Þ

w
b
i; j;kðxÞt

iþjrðxÞflog tgk
F

b
1 for mb 2: ð3:2Þ
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We define the following estimate for the function vm.

Definition 3.3. For the function (3.2), we define

kv1kr; c;l ¼ kv1kr; c :¼
kwe0

0;0;0kr
c

þ kw0
0;1;0kr;

kvmkr; c;l :¼
X

iþjþjbj¼m
½b�am�2

X

kaiþjbj0þb1
þ2ð j�1Þ

kwb
i; j;kkrl

k

chbi
for mb 2; ð3:3Þ

for c > 0 and l > 0, where

kwb
i; j;kkr ¼ max

x ADr

jwb
i; j;kðxÞj and hbi ¼

X

jljb0

ðjlj þ 1Þbl :

We will make use of

Lemma 3.4. For a holomorphic function f ðxÞ on DR0
, we have

kqa
x f kRa

a!

ðR0 � RÞjaj
k f kR0

for 0 < R < R0:

Proof. By Cauchy’s integral formula, we have the desired result. r

Lemma 3.5. If a holomorphic function f ðxÞ on DR satisfies

k f kra
C

ðR� rÞp
for 0 < r < R

then we have

kqi f kra
Ceðpþ 1Þ

ðR� rÞpþ1
for 0 < r < R; i ¼ 1; . . . ; n:

For the proof, see Hörmander ([5], lemma 5.1.3).

Let us show the following estimate for the function Lvm.

Lemma 3.6. Let 0 < R < R0. Then there exists a positive constant s such that for

mb 2, if vm A Vm we have

kLvmkr; c;lb
s

2
mkvmkr; c;l for 0 < raR

for su‰ciently small c > 0 and su‰ciently large l > 0.

Proof. Let us give an estimate the second, the third and the fourth term in the

right side of the second relation in (2.7) respectively.

For the second term, since ka i þ jbj0 þ jbj1 þ 2ð j � 1Þa 2m by i þ j þ jbj ¼ m we

have

T2 :¼
X

iþjþjbj¼m
½b�am�2

X

kaiþjbj0þjbj1
þ2ð j�1Þ

k
kwb

i; j;kkrl
k�1

chbi
a

2m

l
kvmkr; c;l:
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For the fourth term, we have

T4 :¼
X

iþjþjbj¼m
½b�am�2

X

kaiþjbj0þjbj1
þ2ð j�1Þ

X

m�1

jl 0j¼1

X

l 1<l 0

bl 0

ðl 0 � l 1Þ!

kq l 0�l 1

x rw
b
i; j;kkrl

k

chb�e
l 0
þe

l 1
i

a

X

iþjþjbj¼m
½b�am�2

X

kaiþjbj0þjbj1
þ2ð j�1Þ

X

m�1

jl 0j¼1

X

l 1<l 0

cjl
0j�jl 1jbl 0

kq l 0�l 1

x rkR
ðl0 � l1Þ!

kwb
i; j;kkrl

k

chbi
: ð3:4Þ

By Lemma 3.4, we have

X

l 1<l 0

cjl
0j�jl 1j kq

l 0�l 1

x rkR
ðl 0 � l 1Þ!

a

X

l 1<l 0

c

R0 � R

� �jl 0j�jl 1j

krkR0
a

cnkrkR0

R0 � R

R0 � R

R0 � R� c

� �n

ð3:5Þ

for su‰ciently small c > 0. Therefore by (3.4) and (3.5), we have

T4a kðcÞ
X

iþjþjbj¼m
½b�am�2

X

kaiþjbj0þjbj1
þ2ð j�1Þ

X

m�1

jl 0j¼1

bl 0
kwb

i; j;kkrl
k

chbi

where kðcÞ :¼ ðcn=ðR0 � RÞÞððR0 � RÞ=ðR0 � R� cÞÞnkrkR0
.

For the third term, we have

T3 :¼
X

iþjþjbj¼m
½b�am�2

X

kaiþjbj0þjbj1
þ2ð j�1Þ

b0
kwb

i; j;kkrl
k

chb�e0i
¼

X

iþjþjbj¼m
½b�am�2

X

kaiþjbj0þjbj1
þ2ð j�1Þ

cb0
kwb

i; j;kkrl
k

chbi
:

Therefore, since cb0 þ kðcÞ
Pm�1

jl 0j¼1 bl 0a ðs=3Þm by the conditions kð0Þ ¼ 0 and

i þ j þ jbj ¼ mb 2 for su‰ciently small c > 0 and some s > 0 we have

T2 þ T3 þ T4a
2m

l
þ
s

3
m

� �

kvmkr; c;l:

Further we have ji þ ð j þ jbj � 1ÞrðxÞjb sm by the condition rð0Þ ¼ 1 and

i þ j þ jbj ¼ mb 2. Therefore we have

kLvmkr; c;lb sm�
2m

l
�
s

3
m

� �

kvmkr; c;l:

Hence for su‰ciently small c > 0 and su‰ciently large l > 0, we obtain the desired

result. r

Let us estimate the function qivm.

Definition 3.7. For the function vm A Vm we define

Dpvm :¼
X

iþjþjbj¼m
½b�am�2

X

kaiþjbj0þjbj1
þ2ð j�1Þ

qpw
b
i; j;kðxÞt

iþjrðxÞflog tgk
F

b
1

for p ¼ 1; . . . ; n.
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Lemma 3.8. If vm A Vm, then for i ¼ 1; . . . ; n, we have

kqivmkr; c;la kDivmkr; c;l þ c0lmkvmkr; c;l þ
3m� 2

c
kvmkr; c;l for 0 < raR: ð3:6Þ

Proof. We have

X

jljb0

ðlp þ 1Þbla
X

m�1

jlj¼0

ðjlj þ 1Þbl ¼ 2jbj þ ½b�a 3m� 2: ð3:7Þ

We put c0 ¼ maxi¼1;...;nfkqirkRg, and by the relations (2.6), (3.7) and jam we obtain

the desired estimate. r

Therefore by the relations (2.9), (2.10) and Lemma 3.8, we have the following

lemma.

Lemma 3.9. If u ¼
P

mb1 vm is a formal solution of the equation (2.1) constructed in

Section 2, we have the following inequality for vm ðmb 2Þ:

kLvmkr; c;la
X

pþjajb2
pþjmnj¼m

kap;akr
Y

a0

h0¼1

kvm0; h0
kr; c;l

�
Y

n

i¼1

Y

ai

hi¼1

kDivmi; hi
kr; c;l þ c0lmi;hikvmi; hi

kr; c;l þ
3mi;hi � 2

c
kvmi; hi

kr; c;l

� �

:

Let us define a majorant equation to show that the formal solution (3.1) converges.

We take A1 so that

kwe0
0;0;0kR
c

þ kw0
0;1;0kRaA1;

kqiw
e0
0;0;0kR
c

þ kqiw
0
0;1;0kRaA1

for i ¼ 1; . . . ; n.

Then we consider the following equation:

s

2
Y ¼

s

2
A1t1 þ

1

R� r

X

pþjajb2

Ap;aðRÞ

ðR� rÞpþjaj�2
t
p
1Y

a0
Y

n

i¼1

eY þ c0lY þ
3

c
Y

� �ai

: ð3:8Þ

The equation (3.8) has a unique holomorphic solution Y ¼ Y ðt1Þ with Yð0Þ ¼ 0

at ðY ; t1Þ ¼ ð0; 0Þ by implicit function theorem. By an easy calculation, the solution

Y ¼ Y ðt1Þ has the following form:

Y ¼
X

mb1

Ymt
m
1 with Ym ¼

Cm

ðR� rÞm�1

where Y1 ¼ C1 ¼ A1 and Cmb 0 for mb 1.

Then we have;
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Lemma 3.10. For mb 1, we have

mkvmkr; c;laYm for 0 < r < R ð3:9Þ

kDivmkr; c;la eYm for 0 < r < R; ð3:10Þ

for i ¼ 1; . . . ; n.

Proof. By A1 ¼ Y1 and the definition of A1, (3.9) and (3.10) hold for m ¼ 1.

By induction on m, let us show that (3.9) and (3.10) hold for mb 2. By sub-

stituting the solution Y ¼
P

mb1 Ymt
m
1 into the equation (3.8), we have the following

relation:

s

2
Ym ¼

1

R� r

X

pþjajb2
pþjmnj¼m

Ap;aðRÞ

ðR� rÞpþjaj�2

Y

a0

h0¼1

Ym0; h0

�
Y

n

i¼1

Y

ai

hi¼1

eYmi; hi
þ c0lYmi; hi

þ
3

c
Ymi; hi

� �

ð3:11Þ

for mb 2. Therefore if we assume that (3.9) and (3.10) hold for mi;hi < m, by (3.11),

Lemma 3.6 and Lemma 3.9 we obtain

s

2
mkvmkr; c;la ðR� rÞ

s

2
Ym:

Therefore we have

mkvmkr; c;la ðR� rÞYmaYm: ð3:12Þ

The relation (3.12) is rewrited as follows:

m
X

iþjþjbj¼m
½b�am�2

X

kaiþjbj0þjbj1
þ2ð j�1Þ

kwb
i; j;kkrl

k

chbi
a

Cm

ðR� rÞm�2
: ð3:13Þ

By (3.13) and Lemma 3.5, we have

mkDivmkr; c;la
ðm� 1ÞeCm

ðR� rÞm�1

for i ¼ 1; . . . ; n and 0 < r < R < 1. Therefore we have

kDivmkr; c;la
eCm

ðR� rÞm�1
¼ eYm:

Hence (3.9) and (3.10) hold for mb 2. r

Let us show that the formal solution (3.1) converges by using (3.9) in Lemma

3.10. We rewrite (3.1) as follows:

u ¼ ue0
0 ðxÞf1 þ w0

0;1;0ðxÞt
rðxÞ

þ
X

mb2

X

iþjþjbj¼m
½b�am�2

X

kaiþjbj0þjbj1
þ2ð j�1Þ

w
b
i; j;kðxÞl

k

chbi
t iþjrðxÞ log t

l

� �k

C
b
1 ;
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where

C
b
1 ¼

Y

jljb0

cjljþ1 q
l
xf1
l!

 !bl

: ð3:14Þ

Firstly let us estimate (3.14). For kf1kR, we have the following lemma.

Lemma 3.11. For any g with 0 < g < 1, there is an R > 0 such that

kf1kR ¼ OðjtjgÞ as t ! 0 in Sy

holds for any y > 0.

Proof. We put

f1 ¼ tg
tr0ðxÞþa � ta

r0ðxÞ

with aþ g ¼ 1 and r0ðxÞ ¼ rðxÞ � 1. Then we can take R > 0 with

kr0kR < a

by r0ð0Þ ¼ 0. Therefore we have

tr0ðxÞþa � ta

r0ðxÞ

�

�

�

�

�

�

�

�

R

a jlog tj jtja�kr0kR ! 0 as t ! 0 in Sy

for any y > 0. Hence we have the desired result. r

By Lemma 3.11, there exists a positive constant c1 such that

kf1kRa c1jtj
g in Sy: ð3:15Þ

By Lemma 3.4 and (3.15), for jljb 0 we have

kq l
xf1kra

l!

ðR� rÞjlj
kf1kRa

l!c1

ðR� rÞjlj
jtjg for 0 < r < R: ð3:16Þ

Therefore, we have

kC b
1 kra

Y

jljb0

cjljþ1 c1

ðR� rÞjlj
jtjg

 !bl

¼
c

R� r

� �hbi

ðc1ðR� rÞjtjgÞjbj ð3:17Þ

for 0 < R < R0 in Sy.

Let us estimate t iþjrðxÞððlog tÞ=lÞkC b
1 .

We put hðt; lÞ ¼ maxfjðlog tÞ=lj; 1g, c2 ¼ maxfc=ðR� rÞ; 1g and c3 ¼ c1ðR� rÞ.

Since we have ½b�am� 2 < m ¼ i þ j þ jbj,

hbia 2jbj þ ½b�a i þ j þ 3jbj

and

ka i þ jbj0 þ jbj1 þ 2ð j � 1Þa i þ jbj þ 2j;

we obtain
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t iþjrðxÞ log t

l

� �k

C
b
1

�

�

�

�

�

�

�

�

�

�

r

a fjc2hðt; lÞtjg
ifkc2hðt; lÞ

2
trðxÞkrg

jfjðc2Þ
3
c3hðt; lÞt

gjgjbj

in Sy. For any su‰ciently small e > 0, there exists a su‰ciently small d > 0 such that

for any t A Sy with 0 < jtj < d we have

jc2hðt; lÞtj < e; kc2hðt; lÞ
2
trðxÞkr < e; jðc2Þ

3
c3hðt; lÞt

gj < e;

and we obtain

t iþjrðxÞ log t

l

� �

C
b
1

�

�

�

�

�

�

�

�

r

a em:

Then by Lemma 3.10, we have

kukra
X

mb1

Yme
m ð3:18Þ

for su‰ciently small jtj in Sy. Hence the formal solution (3.1) converges for x A Dr and

su‰ciently small jtj in Sy. r

4. Completion of the proof of Theorem 1.5 in the case rð0Þ ¼ 1.

In this section, let us complete the proof of Theorem 1.5 in the case rð0Þ ¼ 1.

We know the following theorem.

Theorem 4.1. If uiðt; xÞ A ~OOþ ði ¼ 1; 2Þ are solutions of (2.1), we have;

1. For any a < rð0Þ ¼ 1, we have t�aðu1 � u2Þ A ~OOþ.

2. If t�bðu1 � u2Þ A ~OOþ for some bb rð0Þ ¼ 1, we have u1ðt; xÞ ¼ u2ðt; xÞ in ~OOþ.

For the proof, see Gérard and Tahara ([2], Theorem 3).

By the discussions in sections 2, 3 and 4, we already know the following results:

(C1) If rð0Þ ¼ 1 and rðxÞD 1, for any jðxÞ A Cfxg, the equation (1.1) has an ~OOþ-

solution UðjÞðt; xÞ having an expansion of the form

UðjÞ ¼ we0
0;0;0ðxÞf1 þ w0

0;1;0ðxÞt
rðxÞ þ

X

mb2

X

iþjbj¼m
½b�am�2

u
b
i ðxÞt

iF
b
1

þ
X

mb2

X

iþjþjbj¼m
jb1; ½b�am�2

X

kaiþjbj0þjbj1
þ2ð j�1Þ

w
b
i; j;kðxÞt

iþjrðxÞflog tgk
F

b
1 ð4:1Þ

with w0
0;1;0ðxÞ ¼ jðxÞ, where all the coe‰cients u

b
i ðxÞ, w

b
i; j;kðxÞ are holomorphic in a

common disk centered at the origin of C
n
x . If we take jðxÞ ¼ 0, then the solution

Uð0Þðt; xÞ has the expansion

Uð0Þðt; xÞ ¼ ue0
0 ðxÞf1 þ

X

mb2

X

iþjbj¼m
½b�am�2

u
b
i ðxÞt

iF
b
1 : ð4:2Þ

(C2) If rð0Þ ¼ 1 and rðxÞD 1, and if a solution uðt; xÞ A ~OOþ of the equation (1.1)

is expressed in the form
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t�1ðuðt; xÞ � ue0
0 ðxÞf1ðt; xÞ � jðxÞtrðxÞÞ A ~OOþ;

then the coe‰cient ue0
0 ðxÞ is uniquely determined by the equation (1.1), and they are

independent of jðxÞ.

Moreover, by (C2) and Theorem 4.1 we can easily see that UðjÞ in (4.1) is uniquely

determined by jðxÞ. If rð0Þ ¼ 1 and rðxÞD 1, by (C1) we have

SþI fUðjÞ; jðxÞ A Cfxgg: ð4:3Þ

Hence it is su‰cient to prove the following proposition to complete the proof of the

main theorem.

Proposition 4.2. Assume (A1), (A2) and (A3). If rð0Þ ¼ 1 and rðxÞD 1, and if

uðt; xÞ A Sþ, then we can find a jðxÞ A Cfxg such that uðt; xÞ1UðjÞðt; xÞ holds in ~OOþ.

The proof of this proposition is almost the same as that of Proposition 2 in Gérard and

Tahara [1]; so we may omit the details.

By (4.3) and Proposition 4.2 we obtain the main theorem 1.5 in the case rð0Þ ¼ 1

and rðxÞD 1.

5. Proof of Theorem 1.5 in the case rð0Þ ¼ N.

In Section 2, 3 and 4, we have proved Theorem 1.5 in the case rð0Þ ¼ 1. In this

section, we will prove Theorem 1.5 in the case rð0Þ ¼ Nb 2 and rðxÞDN.

We set

uðt; xÞ ¼
XN�1

i¼1

uiðxÞt
i þ tN�1wðt; xÞ; ð5:1Þ

where uiðxÞ A Cfxg ð1a iaN � 1Þ and wðt; xÞ A ~OOþ.

Then by an easy calculation we see

Lemma 5.1. If the function (5.1) is a solution of the equation (2.1), the functions

u1ðxÞ; . . . ; uN�1ðxÞ are uniquely determined and wðt; xÞ satisfies an equation of the fol-

lowing form:

ðtqt � rðxÞ þN � 1Þw ¼ taðt; xÞ þ tA0ðt; xÞwþ t
Xn

i¼1

Aiðt; xÞqiw

þ
X

jajb2

tðN�1Þðjaj�1ÞAaðt; xÞw
a0
Yn

i¼1

ðqiwÞ
ai
; ð5:2Þ

where

aðt; xÞ ¼
1

tN
ðG2ðxÞðt;w0; qxw0Þ þ taðxÞ � ðtqt � rðxÞÞw0Þ

with w0 ¼
PN�1

i¼1 uiðxÞt
i and
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Aiðt; xÞ ¼
1

t

qG2

qXi

ðxÞðt;w0; qxw0Þ; i ¼ 0; 1; . . . ; n;

Aaðt; xÞ ¼
1

a!

qjajG2

qX a
ðxÞðt;w0; qxw0Þ; jajb 2:

Since the equation (5.2) satisfies the conditions (A1), (A2), (A3) and the charac-

teristic exponent rNðxÞ ¼ rðxÞ �N þ 1 satisfies rNð0Þ ¼ 1, we can apply the results in

sections 2, 3 and 4.

Further, by the form of all the nonlinear parts of the equation (5.2), we see that the

formal solution constructed in Section 2 has the following form:

w ¼ u
N; e0
0 ðxÞfN;1 þ w

N;0
0;1;0ðxÞt

rN ðxÞ

þ
X

ib2

uN
i ðxÞt i þ

X

mb2

X

iþjbj¼m
½b�am�2; jbjb1

u
N;b
i ðxÞt iþðN�1Þðjbj�1ÞF

b
N;1

þ
X

mb2

X

iþjþjbj¼m
jb1; ½b�am�2

X

kaiþjbj0þjbj1
þ2ð j�1Þ

w
N;b
i; j;kðxÞt

iþðN�1Þð jþjbj�1ÞþjrN ðxÞflog tgk
F

b
N;1 ð5:3Þ

where F
b
N;1 ¼

Q

jljb0

q l
xfN;1

l!

 !bl

and fN;1 ¼
tr

N ðxÞ � t

rNðxÞ � 1
. Therefore we have

u ¼
X

N�1

i¼1

uiðxÞt
i þ u

N; e0
0 ðxÞfN þ w

N;0
0;1;0ðxÞt

rðxÞ

þ
X

ib2

uN
i ðxÞt iþN�1 þ

X

mb2

X

iþjbj¼m
½b�am�2; jbjb1

u
N;b
i ðxÞt iFb

N

þ
X

mb2

X

iþjþjbj¼m
jb1; ½b�am�2

X

kaiþjbj0þjbj1
þ2ð j�1Þ

w
N;b
i; j;kðxÞt

iþjrðxÞflog tgk
F

b
N : ð5:4Þ

We put

uN
i ðxÞ 7! uiþN�1ðxÞ for ib 2; u

N;b
i ðxÞ 7! u

b
i ðxÞ for jbjb 1;

w
N;b
i; j;kðxÞ 7! w

b
i; j;kðxÞ for any ði; j; k; bÞ;

and we have u0NðxÞ1 0 by the form of the solution (5.3) and the above relations.

Hence this completes the proof of Theorem 1.5. r
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