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Abstract. We study the structure of the group of Lipschitz homeomorphisms of R”
leaving the origin fixed and the group of equivariant Lipschitz homeomorphisms of R",
and show that they are perfect. Next we apply these results for the groups of Lipschitz
homeomorphisms of orbifolds and the groups of foliation preserving Lipschitz homeo-
morphisms for compact Hausdorff C!-foliations.

1. Introduction.

In the previous papers ([A-F], [F-I12]), we investigated the structure of the group of
Lipschitz homeomorphisms of a Lipschitz manifold and its subgroups. In this paper we
shall study the first homology of the group of Lipschitz homeomorphisms of R” leaving
the origin fixed and its subgroups. The first homology group of a group is given by the
quotient group of the group by its commutator subgroup, and the group is said to be
perfect if it coincides with its commutator subgroup.

It is known that the identity components of the groups of homeomorphisms and
diffeomorphisms of R" with compact support are perfect (Ma], [Thl]). The results are
related to the topology of the classifying spaces of foliations. There are many analo-
gous results on the first homology of the group of automorphisms. Fukui proved
that the identity component of the group of homeomorphisms of R" leaving the origin
fixed with compact support is perfect. This result is essentially due to D. McDuff [Mc].
In [F1], we showed that the first homology group of the identity component of the group
of C*-diffeomorphisms of R" leaving the origin fixed with compact support is iso-
morphic to R.

Let #11p(R",0) denote the group of Lipschitz homeomorphisms of R” leaving the
origin fixed which are isotopic to the identity through Lipschitz homeomorphisms with
compact support with respect to the compact open Lipschitz topology (cf. [A-F]). In
this paper, we would like to show the perfectness of #1p(R",0) and its groups.

In §2, we study the commutator subgroup of #7p(R",0) and prove that #1p(R",0)
is perfect. The idea of the proof is to decompose each element of #7p(R",0) into a
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product of Lipschitz homeomorphisms supported in the disjoint unions of small balls
accumulating to the origin.

In §3 we consider the representation space R" of a finite subgroup G of the
orthogonal group. Let #iip ¢(R") denote the identity component of the group of
equivariant Lipschitz homeomorphisms of R" with compact support. Then we show by
using the same argument as that in §2 that #7p ¢(R") is perfect. The above results are
applied to the groups of Lipschitz homeomorphisms of orbifolds.

Furthermore in §4 we apply these results to compact Hausdorff foliations. Let
(M,Z) be a compact foliated manifold. Let #7;p(M,%) denote the identity com-
ponent of the subgroup of #ip(M) which consists of foliation preserving Lipschitz
homeomorphisms. Then we obtain that #7p(M,F) is perfect for compact Hausdorff
C!-foliations (cf. [F2]).

The authors would like to thank Takashi Tsuboi for his valuable advises.

2. Commutators of #1p(R",0).

Let M be an n-dimensional Lipschitz manifold. By #7;p(M) we denote the
identity component of the group of all Lipschitz homeomorphisms with compact sup-
port with respect to the compact open Lipschitz topology (see [A-F]). Let (M,N) be
a Lipschitz manifold pair, where N is a proper Lipschitz submanifold of M. Let
Hrip(M,N) denote the identity component of the subgroup of #pp(M) consisting of
Lipschitz homeomorphisms which are invariant on N.

In this section, we study commutators of #p(M,N). First we consider the case
dim N = 0, especially #1p(R",0). Then we have the following.

THEOREM 2.1.  #Lp(R",0) is perfect.

First we shall prove a fragmentation lemma for f € #1p(R",0) close to the identity
using the function which T. Tsuboi constructed in [Ts].

Let # be a C* monotone increasing function on [0, 1] such that n(x) =0 for
x€0,1/2], n(x)=1 for xe[3/4,1] and n'(x) <8 for xe[0,1]. Let v be the C*
function on the half line (0, 00) such that v(x) = 7(2%x) for x e [27%~1,272¥] (k > 0,
keZ), vi(x)=1-n2%*x) for xe[27%*2 27211 (k> -1,keZ) and v(x) =0 for
x€[2,00). Then the support of v is contained in (J,” [27%~1,27%~13] and that of
1 — v is contained in | J;”,[27%72,27%723]U[1, ). Furthermore we note that v = 0 on
U [27%733,27% MU [2,0) and v=1 on J,_ [27%7*3,27%*72]. Since the abso-
lute value of dv/dx on [27%=1 27¥] is estimated by 2%*3, we have the estimate |dv/dx(x)|
< 23/x.

Let 2: R" —0 — [0,1] be the C* function defined by A(x) = v(]x|) for x € R" — 0.
Then we have the estimate |04/0x;(x)| < 8/|x| (j=1,2,...,n). Take f e #1p(R",0)
which is e-close to the identity, that is, |f(x) — x| <e& and [f(x) —x— (f(y) —»)| <
glx — y| for distinct x, y € R". Put f(x) =x+ ¢(x). We define a map g: R" — R" by

X+ Ax)-p(x) (x#0)
glx) = {O (x=0).

Then we have the following.
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LemMmaA 2.2. ge #1p(R",0) for a sufficiently small ¢ > 0.

Proor. For distinct x, y satisfying 0 # |x| <|y|, we have

2(x) - 9(x) = A(») - 0(¥)| = |(A(x) = A(¥)) - 0(x) + A(p) - (0(x) — 0(1))]
< |A(x) = 2] - le(x)| + [2(1)] - lo(x) — o(¥)]
< (16v/n/|x[)|x — y| - e|x| +e|x — y|
= (16vn+ 1z [x — .

For 0 # |x|, we have
() - p(x) = 0] < |o(x) — 0
<e-|x—0|

Therefore we have g € #1p(R",0) for (16y/n+ 1)e <1 by Proposition 4.2 of [A-F].
This completes the proof. [

COROLLARY 2.3 (decomposition lemma). For any f € #1p(R",0) which is suffi-
ciently close to the identity, there exist g,h e #1ip(R",0) such that

(1) g and h are close to the identity,

(2) f=goh and

(3) the support of g is contained in UfZOA(Z_Zk_l,2_2k_13) and that of h is con-
tained in | ),_  A(27*2,272%723) U A(1, 0), where A(s,t) = {xeR"|s < |x| < 1}.

Proor. Take g in for any f e #11p(R",0) which is sufficiently close to
the identity and put 7 =g 'o f. Then g and # satisfy the required condition. This
completes the proof. ]

Let {x;};_, be a partition of unity on the unit sphere S"~!. For g and /4 as in
Corollary 2.3, we put g(x) = x + ¢,(x) and A(x) = x + ¢,(x). We define maps g;, ; :
R"—R" (i=1,2,...,s) by

_ [x+u(x/1x]) - g,(x)  (x#0)
i(x) _{0 (x=0)

and

x+u(x/|x]) - g (x)  (x #0)
hilx) = {0 ] (x = 0).

Then we have the following.
LemMmA 2.4. g, h; € #1p(R",0) for a sufficiently small & > 0.

Proor. We prove that g; € #1p(R",0). For distinct x, y satisfying 0 # |x| < |y|,
we have
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1 (x/1x1) - 9, (x) = sy (0/1]) - 9, (¥)]
= (e (x/1x1) = 1 (¥/191)) - 05 (xX) + 11 (0/19]) - (9,(x) — 0, ()]
< e (/1)) = s (/1D Loy ()] + e 0/ TYDI - Loy (%) — 0, (9)]
< (Ki/Ix)|x — »| - elx| + elx — |
= (I +Ki)e- |x =y,

where K; denotes the Lipschitz constant of ;.
For 0 # |x|, we have

|1 (x/1x1) - 9, (x) = O] < [, (x) = O]

<e-|x—0|

Therefore by using Proposition 4.2 of [A-F|, we have g; € #1p(R",0) if (1 + Kj)e < 1.
It is similarly proved for /; and other g;,s;. This completes the proof. O

The following corollary is proved by using and the partition of unity
{mi}iy.

COROLLARY 2.5 (fragmentation lemma). For any f € #pp(R",0) which is suffi-
ciently close to the identity, there exist g; and h; € #1p(R",0) (i=1,2,...,s) such that

(1) g; and h; are close to the identity,

2) f=gio---ogsohio--ohy and

(3) the support of g; is contained in the intersection of UZC;OA(2’2k’1,2’Zk’13) and
the conic neighborhood {x € R" | 11;(x/|x|) # 0} and that of h; is contained in the intersec-
tion of | ), A(27%72,27%23)UA(1, 0) and {x e R"|p;(x/|x|) # 0} for each i.

PROOF OF THEOREM 2.1. Take f e #1p(R",0). We may assume that f is suffi-
ciently close to the identity and the support of f is contained in D"(1), where D"(r) =
{xeR"||x| <r}. From [Corollary 2.5, there exist g; and h; € #p(R",0) (i=1,
2,...,s) such that (1) g; and A; are close to the identity, (2) f =gjo---ogsohjo---0hy
and (3) the support of g; is contained in the intersection of (), 4(2721, 27213y
A(1/2,1) and the conic neighborhood {xe R"|u,(x/|x|) #0} for each i, and (4)
the support of h; is contained in the intersection of (J,”,A(27%2,27%723) and
{x e R"|u;(x/|x]) # 0} for each i.

We construct a Lipschitz homeomorphism  : (R",0) — (R",0) in the following.
Put § =29 q=2"26746 b=2"23_5 and ¢=2"2%7-6. Let ¢:[0,0)
— [0, 00) be a homeomorphism satisfying that (1) &(x) = x for x € [a —J,a]U|c, c + 9]
U27%7,00) (k> -1,keZ), 2) &(b)=3b+46 (k>—1,keZ), (3) £0)=0 and (4)
for each k, &[5 .5 is a piecewise linear homeomorphism of [a —d,c¢+J]. We note
that the slope of ¢ on the interval [a,b] (resp. [b,c]) is 68/3 (resp. 3/16) (see Figure 1).
Let ¢ : (D"(1),0) — (R",0) be a Lipschitz map defined by

!ﬁ(x) _ {(f(xl),3xz/l6, .. ,,3)(7;1/16) (X = (X], - ,x,,) ED"(]),xl > ())
(x1,3x2/16,...,3x,,/16) (x = (xl,---,xn) GD”(I),xl < 0).
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We can extend  to the outside of D" (1) satisfying y(x) = x for x ¢ D"(2) such that v is
a Lipschitz homeomorphism of (R",0). We note that the Lipschitz constants of ¢ and
Y~ are estimated by 68/3.

a b c

Figure 1. (where d = 3b+ 49).

We show that ¢g; is written as a commutator in #1p(R",0). If we choose the
function g, such that the support of g, is sufficiently small and g, ((1,0,...,0)) =1, then
the support of g; is contained in the intersection of the conic neighborhood containing
the non-negative xj-axis and the set {(xi,...,x,)|x; e () [27 %1 —272%9 27213
+272%%]}.  As in the proof of Theorem 2.2 [A-F], we construct a Lipschitz ho-
meomorphism v, of R" by conjugating ¢g; by ¥/ (j =0,1,2,...). Then we have g; =
Vo, ¥]. For other g;, it is similarly proved by conjugating g; by some rotation map. It
is also similarly proved for 4;. Hence f is contained in the commutator subgroup of
Aip(R",0). This completes the proof. O

REMARK 2.6. Let f be an arbitrary orientation preserving Lipschitz homeo-
morphism of R with compact support. Then we can show that the family
{tf + (1 —t)1r} (t€][0,1]) gives a Lipschitz isotopy from the identity to f with respect
to the compact open Lipschitz topology. Thus #71p(R,0) coincides with the group of
orientation preserving Lipschitz homeomorphisms of R leaving the origin fixed with
compact support, which is perfect by (cf. Theorem 3.2 of [Ts]).

Let (M,Ny,...,N,) be an (r+ 1)-tuple of Lipschitz manifolds, where N; is a
proper Lipschitz submanifold of M and N;;; is a proper Lipschitz submanifold of
N; (i=1,...,r—1). Let #p(M,Ny,...,N,) denote the identity component of the
subgroup of #iip(M) consisting of Lipschitz homeomorphisms which are invariant
on each N;.

Next we study commutators of #1p(M,Ny,...,N,). Then we have the following.

THEOREM 2.7. Let (M, Ny,...,N,) be an (r+ 1)-tuple of Lipschitz manifolds. Then
Hrp(M, Ny, ..., N,) is perfect.

Proor. For dimN, >0, it follows from Corollary 2.4 and 4.3 [A-F]. For
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dim N, = 0, it follows by the same argument as that in the proof of [Theorem 2.1. This
completes the proof. ]

Let V; (i=1,2,...,r) be linear subspaces of R". Let #1p(R", Vi,...,V;) denote
the identity component of the subgroup of #7p(R") consisting of Lipschitz homeo-
morphisms with compact support which are invariant on each V;. Then we have the
following.

THEOREM 2.8. #pip(M, V1,..., V) is perfect.

Proor. If dim(V;N---N V) >0, then V1 N---NV, contains a line. Thus it follows
from Corollary 2.4 and 4.3 [A-F]. If dim(¥;N---NV;) =0, it follows by the same
argument as that in the proof of [Theorem 2.1. This completes the proof. O

3. Commutators of #ip g(R").

In this section we study commutators of equivariant Lipschitz homeomorphisms
and Lipschitz homeomorphisms of orbifolds.

Let G be a finite subgroup of O(n) which acts on R" linearly. Let #7p g(R") be
the subgroup of #11p(R",0) which consists of G-equivariant Lipschitz homeomorphisms
isotopic to the identity through G-equivariant Lipschitz homeomorphisms with compact
support. Then we have the following.

THEOREM 3.1.  #Lp,g(R") is perfect.

For pe S" ! and r > 0, we denote U,(r) = {xe S"!||x —p| <r}. Then we can
choose a finite points {p; € S"~! |1 < i < s} and a sufficiently small positive number ¢ as
follows.

(1) Each U, (2¢) is Gp-invariant, where G,, is the isotropy subgroup of G at p;.

(2) If e G with 7 # 1, then U, (2¢) N1U,,(2¢) = & for each i.

(3) #={G-U,(e)|1 <i<s} is a G-invariant open covering of S"!.

Let {x;};_, be a G-invariant partition of unity subordinate to ¥. Then we have the
following proposition by using the same argument as that in §2.

PROPOSITION 3.2.  For any f € H1rp,g(R") which is sufficiently close to the identity,
there exist g;,h; € #1wp g(R") (i=1,2,...,s) such that

(1) g; and h; are close to the identity,

2) f=gio---ogsoho-ohs and

(3) the support of g; is contained in the intersection of \ ),_, A(27*~1,272"13) and
the conic neighborhood {x € R" | 11;(x/|x|) # 0} and that of h; is contained in the intersec-
tion of | J,_,A(27%72,272723)UA(1, 0) and {xe R" | (x/|x|) # 0} for each i.

PrOOF OF THEOREM 3.1.
(1) Case where the origin is an isolated fixed point.
We define equivariant Lipschitz functions ji; and i; (i =1,2,...,s) on S"! by

1 (X € UP:’(E))
fi(x) = —Q2/e)lx —pil +3  (x e Up,(36/2)\ Uy, (¢))
0 (x ¢ Up,(3¢/2))
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and
1 (x e U, (3¢/2))
Bi(x) = —(2/e)lx —pil +4  (x € Uy, (2)\Up,(3¢/2))
0 (x ¢ Uy, (2¢)).

We may assume #;((1,0,...,0)) =1. We denote by C the conic component of
{x e R"|fi,(x/|x|) # 0} containing the non-negative x;-axis. We define a map ¥ on C
by

(a2 (/XN EGen) + (1= g (x/ |x[)) v,

Ve(x) =9 (1= (13/16)a,(x/[x])x2, ..., (1 = (13/16)74; (x/[x]))x,) (x € C and x #0)
0 (x=0).
Here ¢ is the map in the proof of Theorem 2.1. Then we see that . is Lipschitz. We

extend - to a map  : R" — R" equivariantly as follows:

() = {r‘l Ye(t-x) (t-xeC for some 7€ G)
X (r-x¢ C for any 7€ G).

Then we can see that s is well-defined and is an equivariant Lipschitz homeomorphism.

Let f e #1p,g(R"). We may assume that f is sufficiently close to the identity
and the support of f is contained in D”(1). From [Proposition 3.2 there exist g;, 4, €
Hiw,g(R") (i=1,2,...,s) such that (1) g; and A; are close to the identity, (2) f =
gio--+ogsohjo---ohy and (3) the support of g; is contained in the intersection of
U,Z, A(2721,272713) U 4(1/2,1) and the conic neighborhood {x € R" | u;(x/|x|) # 0}
and that of h; is contained in the intersection of [J,_,4(27%72,27%~23) and
{x e R"| u;(x/|x|) # 0} for each i. We show that g; and s; are commutators. By the
same argument as that in the proof of [Theorem 2.1, we have that g; is the commutator
of an element of #1p ¢(R") and Y. For other g;, it is similarly proved by taking new
coordinates. It is also similarly proved for #;, Hence f is contained in the com-
mutator subgroup of #iip g(R"). This completes the proof.

(2) Case where the origin is not an isolated fixed point.

In this case the fixed point set contains a line (one dimensional subspace of R").
We take new coordinates of R" such that the line is the xj-axis and define a Lipschitz
homeomorphism ¢ : R" — R" by

d(x)=((1/3)x1 + ¢, (1/3)x2,...,(1/3)x,) for some constant ¢

on a neighborhood of the origin (cf. Theorem 2.2 of [A-F]|). Since ¢ is equivariant, the
equivariant version of [Theorem 2.7 follows. Thus any f in #1p g(R") is contained in
the commutator subgroup of #iip g(R"). This completes the proof. O

DEerFINITION 3.3 (Satake [S] and Thurston [Th2]). A paracompact Hausdorff space
M is called a (smooth) orbifold if there exists an open covering {U;} of M, closed under
finite intersections, satisfying the following conditions.

(1) For each U, there are a finite group G;, a (smooth) effective action of G; on
an open set U; of R" and a homeomorphism ¢ Ui — 0,/ G;.

(2) Whenever U; = U, there is a (smooth) imbedding ¢ : U; — U; such that the
following diagram commutes:
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¢i/'
—_—

0, g,
o Vor; J¢j1 om;
Ul - (]jv

where 7 : Uy — Ui/Gi (k =i, j) are the natural projections. Each (Uj, ¢,) is called a
local chart of M.

Let M,N be two orbifolds. A continuous map f : M — N is called a Lipschitz
map if for any point p in M, there exist a local chart (U;, ¢;) of M around p and a local
chart (V3,;) of N around f(p) such that f(U;) =V, and for f: U; — V), there is an
equivariant Lipschitz map f : U; — V; satisfying f o ¢ om; =y, Yomiof. Asin§4 of
[A-F], we can introduce the compact open Lipschitz topology on the space of Lipschitz
maps from M to N, Cpip(M,N). A homeomorphism f : M — M is called a Lipschitz
homeomorphism if f and f~!' are Lipschitz.

Let #11p(M) denote the group of Lipschitz homeomorphisms of M which are
isotopic to the identity through Lipschitz homeomorphisms with compact support.
Then we have the following.

THEOREM 3.4. Let M be an orbifold. Then #1p(M) is perfect.

Proor. Take f € #11p(M). Then we may assume that f is close to the identity
and isotopic to the identity. Then taking an appropriate partition of unity on M, we
may assume that f = f; o---o f] such that each supp(f;) is contained in a local chart
(Ui, ¢;) of M. Since each f;: U; — U; is a Lipschitz homeomorphism isotopic to the
1dent1ty, we have an equivariant Lipschitz homeomorphism f U; — U; satisfying
fio ¢ om; = (/)fl o T; 0 f We may assume that f is contained in A p, ¢, (U;), which is
identified with #11p ,(R"). Furthermore by considering an isotropy subgroup we may
assume that each G is a subgroup of O(n). From [Theorem 3.1, each f; is a product of
commutators of elements of #1ip ¢,(R"). Hence each f; is expressed as a product of
commutators of elements of #7p(U;). Therefore f is contained in the commutator
subgroup of #p1p(M). This completes the proof. ]

4. Application to foliations.

In this section we apply the results in §2, 3 to study commutators of foliation
preserving Lipschitz homeomorphisms.

Let M be a compact C!-manifold without boundary and % a compact Hausdorff
codimension ¢ C'-foliation of M, where % is said to be Hausdorff if the leaf space
M /% is Hausdorff. Then we have a nice picture of the local behavior of % as follows.

ProposITION 4.1 ([E]). There is a generic leaf Lo with property that there is an open
dense subset of M, where the leaves have all trivial holonomy and are all diffeomorphic
to Ly. Given a leaf L, we can describe a neighborhood U(L) of L, together with the
foliation on the neighborhood as follows. There is a finite subgroup G(L) of O(q) such
that G(L) acts freely on Ly on the right and Lo/G(L) = L. Let DY be the unit disk.
We foliate Ly x D7 with leaves of the form Ly x {pt}. This foliation is preserved by the
diagonal action of G(L), defined by g(x,y) = (x-g~',g-y) for ge G(L), xe Ly and
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ye D So we have a foliation induced on U = Lo Xy D?. The leaf corresponding to
y=0is Lo/G(L). Then there is a C'-imbedding ¢ : U — M with p(U) = U(L), which
preserves leaves and ¢(Lo/G(L)) = L.

Let #11p(M,Z) be the subgroup of #1;p(M) consisting of foliation preserving
Lipschitz homeomorphisms which are isotopic to the identity through foliation preserv-
ing Lipschitz homeomorphisms (see [F-I1], [F-12] for the definitions). Then we have the
following.

THEOREM 4.2. Let M be a compact C'-manifold without boundary and F a compact
Hausdorff codimension q C'-foliation of M. Then #yp(M,F) is perfect.

ProoF. Let % be the foliation on Ly x DY with leaves of the form L, x {pt} and
let #11p(Lo x D9, %) be the group consisting of foliation preserving Lipschitz homeo-
morphisms which are isotopic to the identity through foliation preserving Lipschitz
homeomorphisms satisfying that the supports are contained in int Ly x DY. Take a
leaf L of #. Then L has a saturated neighborhood U(L) of L as in
4.1, which is identified with U = Lo xg) DY. We put #1p ) (Lo X DY, Fy) ={f €
HAvrp(Lo x D1, Fy) | [ is G(L)-equivariant}. Then since n: Lo x DY — Lo Xy DY =
U(L) is a covering, we have the natural homomorphism 7 : #71p (1) (Lo x DY, F) —
Aup(U(L), F |y () which is surjective, where #1Lip(U(L), 7 |yyp)) = {f € #Lp(M, 7F) |
supp(f) =int U(L)}.

Let f e #p(M, F) satisfying supp(f) cint U(L). We may assume that f is close
to theA identity. Then we can take f e v, 6y (Lo x DY, F) satistying that 7( 7 )= f
and f is close to the identity.

On the one hand, we also have the epimorphism r:Aqup,G(L)(LO x D1, Fy) —
e, g)(D?) defined by the restriction. We put f =r(f). Note that f is close
to the identity. By [Theorem 3.1, f is expressed as a product of commutators
15, [ o1, foi]s Where f; e #ip oy (D9). Since r is surjective, we can lift f; to f; in
A () (Lo x DU, Fo) (i=1,2,...,2k). We may assume that Hle[f;i_l,fzi] is close
to the identity since we can take f; satisfying fi(x,y) = (x, fi(y)) (i=1,2,...,2k) for
xe Ly, ye DI Then fo (Hle[ﬂi,l,fzi])_l is contained in the kernel of r. We may
assume that f o (sz: 1l Foi1s foi) 7" is close to the identity in the identity component of
kerr, #1ip,1,G(1)(Lo x D, 7). By the same argument as that in the proof of Theorem|
3.4 of [F-I2], we see that f o (Hlk: i1, ) is contained in the commutator sub-
group of #1ip 1 Gry(Lo x DY, %). Thus 7 is expressed as a product of commutators of
elements in A#qp gr)(Lo x D7, %y). Hence f = n(f) is also expressed as a product of
commutators of elements in #rip(U(L), 7 |y(y))-

Any f e #rp(M,F) is decomposed as f = fj o---o f;, where each supp(f;) is con-
tained in a saturated neighborhood of a leaf as above. Thus we see that #1p(M,F)
is perfect. This completes the proof. ]
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