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Abstract. In a complex domain V HC
n, let P be a linear holomorphic partial dif-

ferential operator and K be its characteristic hypersurface. When the localization of P at

K is a Fuchsian operator having a non-negative integral characteristic index, it is proved,

under some conditions, that every holomorphic solution to Pu ¼ 0 in V nK has a holo-

morphic extension in V . Besides, it is applied to the propagation of singularities for

equations with non-involutive double characteristics.

1. Introduction.

We employ the following notation in this paper. z ¼ ðz1; . . . ; znÞ A C
n, z 0 ¼

ðz2; . . . ; znÞ, z 00 ¼ ðz2; . . . ; zn�1Þ, Dj ¼ q=qzj, D ¼ ðD1; . . . ;DnÞ, Da ¼ Da1

1 � � �Dan
n and

jaj ¼ a1 þ � � � þ an for multi-index a ¼ ða1; . . . ; anÞ, D 00 and a 00 are same as z 00, N ¼

f0; 1; 2; . . .g.

Let nb 2, mb rb 1 and 0a sa 1. For simplicity, we call Pðz;DÞ a locally

Fuchsian operator of class ðm; r; sÞ and write P A L
m; r;s if it is written in the form

Pðz;DÞ ¼
X

r

s¼0

asðzÞðz1D1Þ
r�s

 !

Dm�r
n þ

X

0asam;a AAðsÞ

z
lðaÞ
1 aaðzÞD

a ð1:1Þ

where AðsÞ ¼ fa; jaj ¼ m� s; anam� r; a0 ðr� s; 0; . . . ; 0;m� rÞg, coe‰cients are all

holomorphic in V ¼ fz; jzij < ri; Eig ðri > 0Þ, a0ð0Þ0 0 and lðaÞ are non-negative inte-

gers satisfying

slðaÞ þ ð1� sÞa1b r� s for jaj ¼ m� s: ð1:2Þ

We note that the hyperplane zn ¼ h is characteristic for P for every h. Set

Qjðz;D1;D
00Þ ¼

X

a¼ða1;a 00;m�jÞ

z
lðaÞ
1 aaðzÞD

ða1;a
00;0Þ: ð1:3Þ

By Iðz; z1D1ÞD
m�r
n denote the first term of the right hand side of (1.1), then one can

write P ¼ MDm�r
n þ

Pm
j¼rþ1 QjD

m�j
n , where
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Mðz;D1;D
00Þ ¼ Iðz; z1D1Þ þQrðz;D1;D

00Þ: ð1:4Þ

Mðz1; z
00; h;D1;D

00Þ is called the localization of P at zn ¼ h and, by the condition (1.2), it

is easy to see that Mðz1; z
00; h;D1;D

00Þ is a Fuchsian partial di¤erential operator on the

characteristic hyperplane zn ¼ h with respect to z1 of weight 0 for every jhj < rn. (This

is why we call P a locally Fuchsian operator.) As we saw in [6], this class is closely

related with operators having non-involutive multiple characteristics.

Denote K ¼ fz; zn ¼ 0g and define the indicial polynomial by

Iðz; lÞ ¼
Xr

s¼0

asðzÞl
r�s ð1:5Þ

then the following theorem holds.

Theorem 1.1 ([4]). Let Pðz;DÞ be a locally Fuchsian operator of class ðm; r; sÞ. If

Ið0; kÞ0 0 Ek A N ð1:6Þ

then every holomorphic solution of Pu ¼ 0 on the universal covering of V nK has a unique

holomorphic extension in V.

Our purpose in this paper is to investigate the case where the indicial polynomial

Ið0; lÞ has a non-negative integral root. We assume

(A.1) there exists n A N such that Iðz; nÞ ¼ 0 on z1 ¼ 0 but Ið0; kÞ0 0 for all

k A Nnfng,

(A.2) s ¼ 1=p with some p A f1; 2; . . . ; rþ 1g,

(A.3) slðaÞ þ ð1� sÞa1 > r� s when jaj ¼ m� s and r� sb a1.

Let p denote the restriction of functions onto z1 ¼ 0, namely

pf ðz 0Þ ¼ f ð0; z 0Þ

then the following proposition holds.

Proposition 1.2. Let M be defined by (1.4) and suppose (A.1). Then

1) there exists a unique operator Lðz 0;D1;D
00Þ ¼

P
n

j¼0 Ljðz
0;D 00ÞD j

1 with Ln ¼ 1

such that pLM ¼ 0,

2) there exists a unique operator Rðz1; z
0;D 00Þ ¼

P
jbn

Rjðz
0;D 00Þz j

1=j! with Rn ¼ 1

such that MRp ¼ 0,

3) if (A.3) is also supposed, the operator pLQrþ1Rp is free from D 00, namely a

function of z 0.

Set

qðz 0Þ ¼ pLQrþ1Rp: ð1:7Þ

Then the main result of this paper is the following theorem.

Theorem 1.3. Let Pðz;DÞ be a locally Fuchsian operator of class ðm; r; sÞ and sup-

pose (A.1), (A.2) and (A.3). Then, if

qð0Þ0 0 ð1:8Þ
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every holomorphic solution uðzÞ to Pu ¼ 0 on the universal covering of V nK has a unique

holomorphic extension in V.

This theorem will be applied to the propagation of singularities for equations with

non-involutive double characteristics in §6. The definition (1.7) looks implicit, however,

an algorithm to obtain qðz 0Þ will be given in §2. The following example explains the

role of the condition (1.8).

Example 1.4. Let b; c A C and consider

P ¼ D2
1 þ z1D1Dn � bDn þ c:

K ¼ fz; zn ¼ 0g is characteristic. Since P ¼ ðz1D1 � bÞDn þD2
1 þ c, it is easy to see

that P is a locally Fuchsian operator of class ð2; 1; 1=2Þ and IðlÞ ¼ l� b. Therefore

Theorem 1.1 applies when b B N .

When b A N , the conditions (A.1), (A.2) and (A.3) hold. Since M ¼ z1D1 � b,

one can easily see that L ¼ Db
1 , R ¼ zb1=b! and q ¼ c. Therefore Theorem 1.3 applies if

c0 0.

When c ¼ 0, the equation Pu ¼ 0 has two solutions

u1 ¼ z�ðbþ1Þ=2
n ðzn � z21=2Þ

b=2; u2 ¼ z1z
�ðbþ2Þ=2
n ðzn � z21=2Þ

ðb�1Þ=2:

If b A N , one of u1; u2 is singular only on zn ¼ 0, namely the conclusion of Theorem 1.3

is not true when b A N and c ¼ 0.

Remarks. 1) Let a < b and denote Vab ¼ fz A V ; a < arg zn < bg. Under the

same assumptions as in Theorem 1.3, one can prove that every holomorphic solution to

Pu ¼ 0 in Vab has a holomorphic extension to a neighborhood of z ¼ 0.

2) Let P be a linear holomorphic partial di¤erential operator in V for which K is

characteristic. The existence of a singular solution, namely a solution to Pu ¼ 0 holo-

morphic in V nK but singular at K, has been studied by several authors. (See [8], [10]

and their references. Cf. [2], [7], [12] as well.) Especially, there exist singular solutions

when the localization of the principal part of P at K is a non-degenerate partial di¤er-

ential operator on K of orderb 1. (See S. Ouchi [8].) In our case, the localization

Mðz1; z
00; 0;D1;D

00Þ of whole P at K degenerates at z1 ¼ 0 to be a Fuchsian operator,

and the Theorems 1.1 and 1.3 imply the non-existence of singular solutions.

3) In C
2, let P ¼ D2

1 þ z1D1D2 � bðzÞD2 þ cðzÞ. In [5], the corresponding result

was obtained when bð0; z2Þ ¼ 0; 1; 2; . . . : When bð0Þ ¼ 0; 1; 2; . . . but D2bð0Þ0 0, the

existence of a singular solution was also verified, namely Theorem 1.3 does not hold in

general by assuming only Ið0; nÞ ¼ 0 instead of (A.1).

4) In C
3, let P ¼ z1D1D3 þ z21D2D3 þD2 þ c. Then P is a locally Fuchsian op-

erator whose characteristic index is 0 but does not satisfy the condition (A.3). Since

u ¼ ð1=z3Þ exp½�cðz2 � z21=2Þ� is a solution to the equation Pu ¼ 0, we see Theorem 1.3 is

not true in general without assuming (A.3).

The theorem will be proved as follows. Take 0 < jhj < rn and a branch of uðzÞ

near zn ¼ h arbitrarily. We will prove that if h is su‰ciently small, there exists a unique

holomorphic solution in some neighborhood W of z ¼ ð0; . . . ; 0; hÞ containing the origin

z ¼ 0 to the characteristic Cauchy problem
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Pv ¼ 0; D j
nv ¼ D j

nu on zn ¼ h; j ¼ 0; 1; . . . ;m� r� 1: ð1:9Þ

(Theorem 3.1.) Since uðzÞ is a solution of Pu ¼ 0, the uniqueness means vðzÞ gives a

holomorphic extension of u up to the origin. Then it is well known that uðzÞ has a

unique holomorphic extension in V . (Cf. [6, Proposition 3.3].)

In §2, the operator M will be studied. The characteristic Cauchy problem (1.9)

will be reduced to a pair of integro-di¤erential equations in §3. We will introduce two

Banach spaces B and B
0 of holomorphic functions in §4 and prove Theorem 3.1 by

means of contraction principle in §5.

2. Operator M.

2.1. Proof of Proposition 1.2.

First, in this subsection, we prove Proposition 1.2. When an ¼ m� r and a 00
0 0, it

follows from (A.3) that

sðl� a1Þ > r� s� a1 ¼ ja 00j > 0 ð2:1Þ

and therefore l > a1. (It means M is a Fuchsian operator.)

Since zl1D
a1
1 ¼ zl�a1

1 za11 Da1
1 and z

j
1D

j
1 ¼

P j
k¼1 cj;kðz1D1Þ

k with certain constants cj;k
ðcj; j ¼ 1Þ, one can write

Mðz;D1;D
00Þ ¼

X

r

s¼0

Msðz;D
00Þðz1D1Þ

r�s

with Msðz;D
00Þ ¼

P

ja 00jas z
~llðs;a 00Þ
1 bs;a 00ðzÞDa 00

, where bs;a 00 are all holomorphic in Vr,

Msðz; 0Þ ¼ asðzÞ and ja 00j < s ~ll for a 00
0 0 because of (2.1).

Denote

Ms; iðz
0; z 00Þ ¼

q iMs

qz i1
ð0; z 0; z 00Þ:

If i < ~ll, then q iðz
~ll

1bz
a 00

Þ=qz i1 ¼ 0 on z1 ¼ 0 for any function b. Hence sib s ~ll > ja 00j for

a 00
0 0. It means

orderD 00 Ms; i < si for i > 0:

Using D
j
1ðz1D1Þ

r�s ¼ ðz1D1 þ jÞr�s
D

j
1, we have

pLMf ¼
X

n

i¼0

X

r

s¼0

X

i

j¼0

Li

i

j

� �

Ms; i�j j
r�spD

j
1 f :

Set

mijðz
0;D 00Þ ¼

X

r

s¼0

i

j

� �

Ms; i�jðz
0;D 00Þ j r�s ð2:2Þ

then we have pLM ¼ 0 if and only if
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X

n

i¼j

Liðz
0
;D 00Þmijðz

0
;D 00Þ ¼ 0; j ¼ 0; . . . ; n: ð2:3Þ

Note that mj; j ¼ Ið0; z 0; jÞ. Since Ið0; z 0; nÞ ¼ 0 and Ið0; 0; jÞ0 0 for j0 n by the

assumption (A.1), we see Lj are uniquely determined by these relations with Ln ¼ 1.

Besides, because orderD 00 mij < sði � jÞ when i > j, one can easily see that

orderD 00 Lj < sðn� jÞ for j < n: ð2:4Þ

Thus the first part 1) of Proposition 1.2 has been proved.

Since

pD i
1MRpf ¼

X

i

j¼n

X

r

s¼0

i

j

� �

Ms; i�j j
r�sRjpf ¼

X

i

j¼n

mijRjpf

we have MRp ¼ 0 if and only if

X

i

j¼n

mijðz
0
;D 00ÞRjðz

0
;D 00Þ ¼ 0 for i ¼ n; nþ 1; nþ 2; . . . : ð2:5Þ

Therefore Ri ði > nÞ are uniquely determined with Rn ¼ 1 and

orderD 00 Ri < sði � nÞ for i > n: ð2:6Þ

Thus the second part 2) has been proved, too.

The operator Qrþ1 is the sum of z
lðaÞ
1 aaD

ða1;a
00;0Þ with a ¼ ða1; a

00;m� r� 1Þ, a1 þ

ja 00j ¼ rþ 1� s and 0a sa rþ 1. When a
00
0 0, we have r� s� a1 ¼ ja 00j � 1b 0. It

then follows from the assumption (A.3) that sðl� a1Þ> r� s� a1b0, and hence l> a1.

Because ia na j, the power of z1 in the term

LiD
i
1z

l

1aaD
ða1;a

00;0Þ z
j
1

j!
Rj

is at least lþ j � i � a1b l� a1 > 0, and therefore we have

pLzl1aaD
ða1;a

00;0ÞRp ¼ 0:

When a
00 ¼ 0, we have r� s� a1 ¼ �1. From the assumption (1.2) it follows that

sðl� a1Þb r� s� a1 ¼ �1, and therefore sða1 � lÞa 1. If n� i > 0 or a1 þ j > n,

because of (2.3) and (2.4), we have

orderD 00 Li

i

j

� �

D
i�j
1 ðzl1aaÞRjþa1

� �

< sða1 þ j � iÞ:

Since the terms with i � j < l all vanish on z1 ¼ 0, one may suppose i � jb l. Then

sða1 þ j � iÞa sða1 � lÞa 1:

It means the order of D 00 is zero. If n� i ¼ 0 and a1 þ j ¼ n, the term is evidently free

from D 00. Thus the last part 3) has been proved.
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2.2. Function q(zM).

Next, we explain how to calculate qðz 0Þ defined by (1.7). Since Msðz; 0Þ ¼ asðzÞ, we

have

mijðz
0; 0Þ ¼

X

r

s¼0

i

j

� �

q i�jas

qz
i�j
1

ð0; z 0Þ j r�s ¼
i

j

� �

q i�jI

qz
i�j
1

ð0; z 0; jÞ:

Next, set

liðz
0Þ ¼ Liðz

0; 0Þ; riðz
0Þ ¼ Riðz

0; 0Þ:

Then li ðn� pa ia nÞ and rj ðna ja nþ pÞ are given by the relations

X

n

i¼j

liðz
0Þmijðz

0; 0Þ ¼ 0; j ¼ n� 1; . . . ; n� p

X

i

j¼n

mijðz
0; 0Þrjðz

0Þ ¼ 0; i ¼ nþ 1; . . . ; nþ p

with ln ¼ rn ¼ 1.

When a ¼ ðk; 0;m� r� 1Þ, as seen above, l� kb�1=s ¼ �p. Therefore one can

write

Qrþ1ðz;D1; 0Þ ¼
X

rþ1

k¼0

ckðzÞD
k
1 ; ck ¼ Oðz

ðk�pÞþ

1 Þ as z1 ! 0

where ðk � pÞþ ¼ maxfk � p; 0g. Hence

qðz 0Þ ¼ p
X

i; j;k

Liðz
0; 0ÞD i

1ckðzÞD
k
1Rjðz

0; 0Þz j
1=j!

¼
X

i; j;k

Liðz
0; 0Þ

i

j

� �

ck; i�jðz
0ÞRjþkðz

0; 0Þ

where ck; iðz
0Þ ¼ ðq ick=qz

i
1Þð0; z

0Þ and the sum is taken for

0a ka rþ 1; ia n; j þ kb n; i � jb ðk � pÞþ:

The last inequality is equal to that j þ k � iaminfk; pg. Especially we have j þ ka

nþ p and ib n� p and therefore qðz 0Þ is given by

qðz 0Þ ¼
X

i; j;k

liðz
0Þ

i

j

� �

ck; i�jðz
0Þrjþkðz

0Þ: ð2:7Þ

2.3. Equation MhvF g.

We next consider the problem

M hvðzÞ ¼ gðzÞ; pDn
1v ¼ jðz 0Þ ð2:8Þ
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near z ¼ ð0; . . . ; 0; hÞ, where M hðz1; z
00;D1;D

00Þ ¼ Mðz1; z
00; h;D1;D

00Þ. So are Lh;Rh; qh

and m
h
ij .

Proposition 2.1. Let f ðzÞ and jðz 0Þ be holomorphic functions near ð0; . . . ; 0; hÞ.

Then the problem (2.8) has a unique holomorphic solution vðzÞ if and only if

pLhg ¼ 0: ð2:9Þ

If we denote the solution to the equation M hv ¼ g satisfying pDn

1v ¼ 0 by ðM hÞ�1
g, then

the solution to (2.8) is given by

v ¼ ðM hÞ�1
gþ Rh

j: ð2:10Þ

The proof will be given in §5. For its preparation, we here explain the role of the

condition (2.9). Since pLhM h ¼ 0, we have pLhg ¼ pLhM hv ¼ 0. Hence the condi-

tion (2.9) is necessary.

Denote pD i
1g ¼ gi, then we have

X

i

j¼0

i

j

� �

X

r

s¼0

M h
s; i�j j

r�svj ¼
X

i

j¼0

m
h
ijvj ¼ gi; i ¼ 0; 1; 2; . . . :

Note that mh
ii ¼ Ið0; z 00; h; iÞ, mh

ii 0 0 for i0 n and m
h
nn
¼ 0. Then we see that, by setting

vn ¼ j, vj ð j0 nÞ are uniquely determined by these relations if and only if

X

i

j¼0

m
h
ijvj ¼ gi; i ¼ 0; 1; 2; . . . ; n� 1

X

n�1

j¼0

m
h
njvj ¼ gn .

8

>

>

>

>

>

<

>

>

>

>

>

:

The first n relations give one to one correspondence between ðv0; . . . ; vn�1Þ and

ðg0; . . . ; gn�1Þ. Under these correspondence, the last relation is equivalent to pLhg ¼ 0.

In fact,

gn ¼ �
X

n�1

i¼0

Lh
i gi ¼ �

X

n�1

i¼0

X

i

j¼0

Lh
i m

h
ijvj

¼ �
X

n�1

j¼0

X

n�1

i¼j

Lh
i m

h
ij

 !

vj ¼
X

n�1

j¼0

Lh
n
m
h
njvj ¼

X

n�1

j¼0

m
h
njvj

where we have used pLhg ¼
P

n

i¼0 L
h
i gi and

P

n

i¼j L
h
i mij ¼ 0.

Lastly consider the case where g ¼ 0 and pDn

1v ¼ j. In this case, vj ¼ 0 for j < n,

vn ¼ j and vj ð j > nÞ are determined uniquely by

X

i

j¼n

m
h
ijvj ¼ 0:

Because
P i

j¼n
m
h
ijR

h
j ¼ 0 by the definition of Rh

j , we see vj ¼ Rh
j j and hence v ¼ Rh

j.
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3. A characteristic Cauchy problem.

Let h A C be a parameter and consider the Cauchy problem with characteristic

initial hyperplane zn ¼ h.

Pu ¼ f

u ¼ Ofðzn � hÞm�rg as zn ! h

�

ð3:1Þ

Recall that

Pu ¼ M hDm�r
n uþ ðM �M hÞDm�r

n uþ
X

m

j¼rþ1

QjD
m�j
n u

where M ¼ I þQr. Since pLhM h ¼ 0, pLhðM �M hÞ ¼ 0 on zn ¼ h and the third term

vanishes on zn ¼ h by the initial condition, it is necessary for f to satisfy the compati-

bility condition

pLhf ¼ 0 on zn ¼ h: ð3:2Þ

Theorem 3.1. Let P be a locally Fuchsian operator of class ðm; r; sÞ and assume

(A.1), (A.2) and (A.3). Then there exists a constant d > 0 such that, for any jhj < d

and any holomorphic function f ðzÞ in Vr satisfying the compatibility condition (3.2), there

exists a unique holomorphic solution uðzÞ to the Cauchy problem (3.1) in Wh; d ¼ fz; jzij <

d ði < nÞ; jzn � hj < dg.

Here we explain how to apply the above theorem to the Cauchy problem (1.9). Set

u� ¼
X

m�r�1

j¼0

D j
nuðz1; z

00
; hÞ

ðzn � hÞ j

j!

and v ¼ u� � w. Then (1.9) is equivalent to

Pw ¼ Pu�
; w ¼ Ofðzn � hÞm�rg:

Now that pLhM h ¼ 0 and pLhðM �M hÞ ¼ 0 on zn ¼ h, we see

pLhPu� ¼
X

m

j¼rþ1

pLhQjD
m�j
n u� ¼

X

m

j¼rþ1

pLhQjD
m�j
n u ¼ pLhPu ¼ 0

on zn ¼ h. Thus the compatibility condition (3.2) is fulfilled and therefore the Theorem

3.1 is applicable.

Theorem 3.1 will be proved by using the contraction principle. For that purpose

we rewrite the Cauchy problem (3.1). Denote

~uu ¼ Dm�r
n u

D�1
n f ðzÞ ¼

ð zn

h

f ðz1; z
00
; znÞ dzn

Q ¼ I þQr �M h þQrþ1D
�1
n þ � � � þQmD

�mþr:

8

>

>

>

>

<

>

>

>

>

:

ð3:3Þ

Then the Cauchy problem (3.1) is written
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M h
~uuþQ~uu ¼ f : ð3:1 0Þ

Set

c ¼ pDn
1 ~uu; v ¼ ~uu� Rhc: ð3:4Þ

Then, because M hRhc ¼ 0, we have

M hvþQvþQRhc ¼ f :

Operating pLh and noting pLhM h ¼ 0, we have

pLhQvþ pLhQRhc ¼ pLhf :

It is easy to see that pLhIRhc ¼ Ið0; z 00; zn; nÞc ¼ 0. Since each term of Qr has the

form zl1aD
ða1;a

00;0Þ with a1 þ ja 00j ¼ r� s and a 00 0 0, it follows from the condition (A.3)

that l� a1bsðl� a1Þ> r� s� a1 ¼ ja 00j> 0 and therefore we see pLhQrR
hc ¼ 0. Be-

cause Rh and D�1
n are commutative, we have

pLhQh
rþ1D

�1
n Rhc ¼ qhD�1

n c

where Qh
rþ1 ¼ Qrþ1ðz1; z

00; h;D1;D
00Þ. Thus, if we denote

j ¼ D�1
n c; w ¼ M hv

~QQ ¼ ðQrþ1 �Qh
rþ1ÞD

�1
n þQrþ2D

�2
n þ � � � þQmD

�mþr

(

ð3:5Þ

then the Cauchy problem (3.1) is reduced to

wþQðM hÞ�1
wþQDnR

hj ¼ f

jþ ~qqhpLhQðM hÞ�1
wþ ~qqhpLh ~QQDnR

hj ¼ ~qqhpLhf

(

ð3:6Þ

where ~qqh ¼ 1=qh.

4. Banach spaces B and B
0.

To consider the equations (3.6), Banach spaces are introduced and some of their

fundamental properties are proved in this section.

4.1. A lemma.

The following lemma will play an important role.

Lemma 4.1. Let rb 1, pb 1 and nb 0 be integers. Then there exists a corre-

spondence i ! i� from N to N such that the following 1)–6) hold with some i0 A N .

1Þ i�1 a i�2 if i1 < i2

2Þ ðn� pÞ� ¼ n�

3Þ n� þ p ¼ ðnþ 1Þ�

4Þ ði þ pÞ� � pa i�

5Þ ði � kp� 1Þ� þ kpa i� if 1a ka rþ 1 or ia n

6Þ i�b i Ei and i� ¼ i for ib i0
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Proof. Define i� by

�
n
� ¼ n;

� ðnþ pj þ lÞ� ¼
nþ pj þ p if ðrþ 1Þl > j

nþ pj þ l if ðrþ 1Þla j

�

for j ¼ 0; 1; 2; . . . and l ¼ 1; 2; . . . ; p;

� ðn� 1� pj þ lÞ� ¼ n� pj þ p

for j ¼ 1; 2; . . . and l ¼ 1; 2; . . . ; p:

Then it is easy to show 1), 2), 3) and the first half of 6).

Set A ¼ ði þ pÞ� � i�. When i > n, write i ¼ nþ pj þ l ð jb 0; 1a la pÞ. Since

ðrþ 1Þla j implies ðrþ 1Þla j þ 1, we have

A ¼ ðnþ jpþ pþ lÞ� � ðnþ jpþ lÞ�a pþmaxf0; l� pg ¼ p:

When i þ p < n, write i þ p ¼ n� 1� jpþ l ð jb 1; 1a la pÞ. Then

A ¼ ðn� 1� jpþ lÞ� � ðn� 1� jp� pþ lÞ� ¼ p:

When ia na i þ p, note i þ pa nþ p and ib n� p. Then

A ¼ ði þ pÞ� � n
�
a ðnþ pÞ� � n

� ¼ p:

Thus 4) has been proved.

Denote B ¼ i� � ði � kp� 1Þ�. When i � kp� 1 > n, write i � kp� 1 ¼ nþ jpþ l

ð jb 0; 1a la pÞ. Then

B ¼ ðnþ ð j þ kÞpþ lþ 1Þ� � ðnþ jpþ lÞ�:

If l ¼ p, we have

Bb nþ ð j þ k þ 1Þpþminf1; pg � ðnþ jpþ pÞb kp:

If l < p, we have

Bb nþ ð j þ kÞp� ðnþ jpÞ þminf1; 0; p� lgb kp:

Here we have used that ðrþ 1Þla j when ðrþ 1Þðlþ 1Þa j þ k. When i � kp� 1 ¼ n,

we have

B ¼ ðnþ kpþ 1Þ� � n
�
b nþ kpþ 1� n > kp:

When i � kp� 1 < n < i, write i � kp� 1 ¼ n� 1� jpþ l ð jb 1; 1a la pÞ. Since

i ¼ nþ ðk � jÞpþ l > n, we have kb j and therefore ðrþ 1Þlb rþ 1b k > k � jb 0.

Hence

B ¼ ðnþ ðk � jÞpþ lÞ� � ðn� 1� jpþ lÞ�

¼ nþ ðk � jÞpþ p� ðn� jpþ pÞ ¼ kp:

When i ¼ n,
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B ¼ n� � ðn� kp� 1Þ� ¼ n� ðn� kpÞ ¼ kp

for all kb 0.

When i < n, write i ¼ n� 1� jpþ l ð jb 1; 1a la pÞ. Then

Bb i� � ði � kpÞ� ¼ i� � ðn� 1� jp� kpþ lÞ�

¼ n� jpþ p� ðn� jp� kpþ pÞ ¼ kp

for all kb 0. Thus we get 5).

For i > n, one can write i ¼ nþ pj þ l with jb 0 and 1a la p. Set i0 ¼ nþ

p2ðrþ 1Þ þ 1. Then, if ib i0, we have jb pðrþ 1Þb lðrþ 1Þ and therefore the second

half of 6) holds. We have thus finished the proof the lemma. r

4.2. Definition of B and BM

Letting i ! i� be a correspondence satisfying this lemma, we introduce two Banach

spaces B and B
0. Let 0 < r < 1, R1b 1, Rcb 1, Rnb 1, and set

gðbÞ ¼ b�
1 !

Yjb 00jþbn

j¼1

ðb�
1 þ jpÞ ð4:1Þ

GðbÞ ¼ gðbÞrb �
1�b1R

b �
1

1 Rjb 00j
c Rbn

n ð4:2Þ

for multi-index b ¼ ðb1; . . . ; bnÞ. Denote b! ¼ b1! � � � bn!, ĥh ¼ ð0; . . . ; 0; hÞ and ðz� ĥhÞb ¼

z
b1
1 � � � z

bn�1

n�1 ðzn � hÞbn . We say a power series

f ðzÞ ¼
X

b

fbðz� ĥhÞb=b! ð fb A CÞ

belongs to B and write f A B if

sup
b

j fbj

GðbÞ
< y: ð4:3Þ

Denote the left hand side by k f k, then it defines a norm, with which B is a Banach

space.

In the same way, denoting z 0 ¼ ðz2; . . . ; znÞ, we say a power series

jðz 0Þ ¼
X

b 0

jb 0ðz 0 � ĥh 0Þb
0

=b 0! ðjb 0 A CÞ

belongs to B
0 and write j A B

0 if

sup
b 0

jjb 0 j

Gðn; b 0Þ
< y: ð4:4Þ

Denote the left hand side by kjk 0, then it also defines a norm, with which B
0 is a

Banach space.

If f ðzÞ is holomorphic in fz; jzija r 0i ð1a ia n� 1Þ; jzn � hja r 0ng, then it belongs

to B if R1b 1=r 01, Rcb 1=ðpr 0cÞ and Rnb 1=ðpr 0nÞ, where rc ¼ minfr2; . . . ; rn�1g. In fact
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jDbf ðcÞjaC
1

r 01

� �b1

� � �
1

r 0n

� �bn

b1! � � � bn!

aCb�
1 !

Y

jb 00jþbn

k¼1

ðb�
1 þ kpÞrb �

1�b1
1

r 01

� �b �
1 1

pr 0c

� �jb 00j
1

pr 0n

� �bn

:

In the same way, one can see that if jðz 0Þ is holomorphic in fz; jzija r 0i ð2a ia n� 1Þ;

jzn � hja r 0ng, then it belongs to B
0 if Rcb 1=ðpr 0cÞ and Rnb 1=ðpr 0nÞ.

Conversely, if f A B, then it is holomorphic in

R1jz1j þ ðn� 2ÞpRcjz
00j þ pRnjzn � hj < 1 ð4:5Þ

where jz 00j ¼ max2aian�1jzij. In fact, j
P

b fbðz� cÞb=b!j is estimated

aC1k f k
X

b

b�
1 !

b!

Y

jb 00jþbn

k¼1

ðb�
1 þ kpÞrb �

1�b1ðR1jz1jÞ
b1ðRcjz

00jÞjb
00jðRnjzn � hjÞbn

aC2k f k
X

b1;bc;bn

b �
1 !
Q

ðb �
1 þ kpÞ

b1!bc!bn!
ðR1jz1jÞ

b1ððn� 2ÞRcjz
00jÞbcðRnjzn � hjÞbn

aC3k f k
X

y

m¼0

ðR1jz1j þ ðn� 2ÞpRcjz
00j þ pRnjzn � hjÞm:

If jðz 0Þ A B
0, in the same way, one can verify that it is holomorphic in

ðn� 2ÞpRcjz
00j þ pRnjzn � hj < 1:

4.3. Propositions.

To apply the contraction principle to (3.6), we will need to estimate kQðMhÞ
�1
wk,

kQDnR
hjk, kpLhf k 0 and k ~QQDnR

hjk 0. We make here some preparations, employing

the notation ð f Þb ¼ Dbf ðĥhÞ and ðkÞ
l
¼ kðk � 1Þ � � � ðk � lþ 1Þ.

Denote

I0ðz1D1Þ ¼
X

r

s¼0

asð0Þðz1D1Þ
r�s;

I0ðlÞ ¼
X

r

s¼0

asð0ÞðlÞ
r�s:

8

>

>

>

>

<

>

>

>

>

:

ð4:6Þ

Then, by the assumption (A.1), there exists a positive constant c0 such that

jI0ðkÞjb c0ðk þ 1Þr Ek A Nnfng: ð4:7Þ

Therefore, for any holomorphic function gðzÞ with pDn
1g ¼ 0, the problem

I0ðz1D1ÞvðzÞ ¼ gðzÞ; pDn
1v ¼ 0 ð4:8Þ

has a unique holomorphic solution vðzÞ, which we denote by v ¼ I�1
0 g.
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Proposition 4.2. Let ðl; aÞ with anam� r satisfy the conditions (1.2), (A.2) and

(A.3), or let l ¼ a1 ¼ r� s and an ¼ m� r. Assume (A.1) and rR1 > 1, then there exists

a positive constant C independent of r;R1;Rc;Rn such that

kzl1D
aD�mþr

n I�1
0 wkaC

Rc

R
p
1

� �ja 00j
R

p
1

Rn

� �m�r�an

kwk ð4:9Þ

for any w A B.

Proof. Since Dk
1 ðz1D1Þ ¼ ðz1D1 þ kÞDk

1 , we have

ðzl1D
aD�mþr

n I�1
0 wÞb ¼

ðb1Þl
I0ðb1 � lþ a1Þ

wb1�lþa1;b
00þa 00;bnþan�mþr:

From the definition of I�1
0 , one may suppose b1 � lþ a1 0 n.

Set

A ¼
ðb1Þl

jI0ðb1 � lþ a1Þj
gðb1 � lþ a1; b

00 þ a 00
; bn þ an �mþ rÞ

and note ja 00j þ an �mþ r ¼ r� s� a1. Then we have

A ¼
ðb1Þl

jI0ðb1 � lþ a1Þj
ðb1 � lþ a1Þ

�
!

Y

jb 00jþbnþr�s�a1

k¼1

fðb1 � lþ a1Þ
� þ kpg:

It follows from the conditions (1.2), (A.2) and (A.3) that

ðb1 � l� a1Þ
� þ ðr� s� a1Þpa b�

1 :

In fact, when r� s� a1b 0, we have l� a1 > pðr� s� a1Þ by (A.2) and (A.3), and

therefore l� a1b pðr� s� a1Þþ 1 (because both sides are integers). When r� s� a1 <

0, we have l� a1b pðr� s� a1Þ by (1.2) and (A.2), namely a1 � la pða1 � rþ sÞ. In

both cases, the inequality follows from 4) and 5) of Lemma 4.1.

When r� s� a1 > 0, it holds that

ðb1 � lþ a1Þa1
jI0ðb1 � lþ a1Þj

Y

r�s�a1

k¼1

fðb1 � lþ a1Þ
� þ kpgaC1

with a positive constant C1 independent of b1. Therefore

AaC1ðb1Þl�a1
ðb1 � lþ a1Þ

�
!

Y

jb 00jþbn

k¼1

fðb1 � lþ a1Þ
� þ ðr� s� a1Þpþ kpg

aC2b
�
1 !

Y

jb 00jþbn

k¼1

fðb�
1 þ kpÞg ¼ C2gðbÞ

where we used b �
1 ¼ b1 for large b1 (Lemma 4.1).

When r� s� a1a 0, it holds that

fðb1 � lþ a1Þ
�ga1

jI0ðb1 � lþ a1Þj
Q0

k¼r�s�a1þ1fðb1 � lþ a1Þ
� þ kpg

aC3
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with a positive constant C3 independent of b1. Therefore

AaC3ðb1Þlfðb1 � lþ a1Þ
� � a1g!

Y

jb 00jþbn

k¼1

fðb1 � lþ a1Þ
� þ ðr� s� a1Þpþ kpg

aC4b
�
1 !

Y

jb 00jþbn

k¼1

fðb �
1 þ kpÞg ¼ C4gðbÞ

where we used b �
1 ¼ b1 for large b1 again.

On the other hand, if 0 < r < 1 and rR1 > 1, then

rðb1�lþa1Þ
��ðb1�lþa1ÞR

ðb1�lþa1Þ
�

1 Rjb 00þa 00j
c Rbnþan�mþr

n

¼ rb �
1�b1Rjb 00j

c Rbn
n rl�a1ðrR1Þ

ðb1�lþa1Þ
��b �

1Rja 00j
c Ran�mþr

n

a rb �
1�b1Rjb 00j

c Rbn
n

Rc

R
p
1

� �ja 00j
R

p
1

Rn

� �m�r�an

where we used l� a1b pðr� s� a1Þ ¼ pðja 00j þ an �mþ rÞ. Thus the proof has been

finished. r

Proposition 4.3. Suppose rR1 > 1. Then there exists a positive constant C inde-

pendent of r;R1;Rc and Rn such that

kz
g1
1 ðz 00Þg

00

ðzn � hÞgnwkaCrg1
1

pRc

� �jg 00j
1

pRn

� �gn

kwk ð4:10Þ

for any g ¼ ðg1; g
00; gnÞ and any w A B.

Proof.

jðz
g1
1 ðz 00Þg

00

ðzn � hÞgnwÞbj ¼ ðb1Þg1ðb
00Þg 00ðbnÞgn jwb1�g1;b

00�g 00;bn�gn
j

a ðb1Þg1ðb
00Þg 00ðbnÞgnGðb1 � g1; b

00 � g 00; bn � gnÞkwk:

Since b�
1b b1, we have

ðb1Þg1ðb1 � g1Þ
�
!

b �
1 !

a
ðb1 � g1Þ

�
!

ðb �
1 � g1Þ!

a
ðb1 � g1Þ

�
!

ðb1 � g1Þ!
a sup

k

k �
!

k!
¼ max

kai0

k �
!

k!

and therefore

ðb1Þg1ðb
00Þg 00ðbnÞgngðb1 � g1; b

00 � g 00; bn � gnÞ

aCb �
1 !ðb 00Þg 00ðbnÞgn

Y

jb 00�g 00jþbn�gn

k¼1

ðb�
1 þ kpÞ

aCp�jg 00j�gnb �
1 !

Y

jb 00jþbn

k¼1

ðb �
1 þ kpÞ

where C ¼ maxkai0 k
�
!=k!.
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On the other hand, rR1 > 1 implies

rðb1�g1Þ
��ðb1�g1ÞR

ðb1�g1Þ
�

1 Rjb 00�g 00j
c Rbn�gn

n

¼ rg1ðrR1Þ
ðb1�g1Þ

��b �
1R�jg 00j

c R�gn
n rb �

1�b1R
b �
1

1 Rjb 00j
c Rbn

n

a rg1R�jg 00j
c R�gn

n rb �
1�b1R

b �
1

1 Rjb 00j
c Rbn

n :

Thus we get (4.10). r

Proposition 4.4. Suppose aðzÞ satisfies

jDgaðĥhÞjaA0g!R
g
0 ð4:11Þ

for all g with positive constants A0 and R0. Then, if

rR0 <
1

2
;

R0

pRc

<
1

2
;

R0

pRn

<
1

2
; rR1 > 1 ð4:12Þ

there exists a constant C independent of r;R1;Rc;Rn such that

kawkaCA0kwk; w A B: ð4:13Þ

Proof. In the same way as in the proof of Proposition 4.3, we have

jðawÞbj ¼
X

g

b

g

� �

agwb�g

�

�

�

�

�

�

�

�

�

�

a

X

g

A0ðb1Þg1ðb
00Þg 00ðbnÞgnR

g1þjg 00jþgn
0 Gðb1 � g1; b

00 � g 00; bn � gnÞkwk

aA0C1

X

g

ðrR0Þ
g1

R0

pRc

� �jg 00j
R0

pRn

� �gn

GðbÞkwk:

Therefore, if (4.12) is fulfilled, the inequality (4.13) holds with a positive constant C

independent of r;R1;Rc and Rn. r

Now, one can write Lh appearing in Proposition 2.1 as

Lh ¼
X

a1þja 00jan

bh
a1;a 00ðz 00ÞD

a1
1 D 00a 00

where bh
n;0 ¼ 1, ja 00j < sðn� a1Þ if a1 < n and bh

a1;a 00ðz 00Þ are holomorphic functions.

Taking d su‰ciently small, one may suppose

jDg 00bh
a1;a 00ð0ÞjaA0g

00
!R

jg 00j
0 ð4:14Þ

for all g 00 with positive constants A0;R0 independent of jhj < d and ða1; a
00Þ.

Proposition 4.5. Take d su‰ciently small and suppose (4.12), (4.14), ðRc=R
p
1 Þ < 1

and jhj < d. Then there is a positive constant C independent of h; r;R1;Rc and Rn such

that

kpLhf k 0
aCk f k: ð4:15Þ
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Proof. It follows from the definition of the norm k � k 0 that

kpDn
1 f k

0
a k f k:

Next, consider the remainder terms.

jðpDa1
1 D 00a 00

f Þb 00;bn
j ¼ j fa1;a 00þb 00;bn

jaGða1; a
00 þ b 00; bnÞk f k:

Since pja 00j < n� a1 and p is an integer, we have a1a n� 1� pja 00j. Therefore it

follows from Lemma 4.1 that

a�
1a ðn� 1� pja 00jÞ�a n� � pja 00j:

It means a�
1 þ pja 00ja n� ¼ n, and therefore we have

a�
1 !

Y

ja 00þb 00jþbn

k¼1

ða�
1 þ kpÞa a�

1 !

Y

ja 00j

k¼1

ða�
1 þ kpÞ

Y

jb 00jþbn

k¼1

ðn� þ kpÞ

a n�!
Y

jb 00jþbn

k¼1

ðn� þ kpÞ ¼ gðn; b 00; bnÞ:

On the other hand, because r < 1 and R1b 1,

ra �
1
�a1R

a �
1

1 Rja 00þb 00j
c Rbn

n aR
a �
1
�n �

1 Rja 00j
c rn

��nRn �

1 Rjb 00j
c Rbn

n

a ðRc=R
p
1 Þ

ja 00j
rn

��nRn �

1 Rjb 00j
c Rbn

n a rn
��nRn �

1 Rjb 00j
c Rbn

n :

Using Proposition 4.4, one can complete the proof easily. r

Proposition 4.6. If l; a with anam� r and a0 ðr� s; 0;m� rÞ satisfy the condi-

tions (1.2), (A.2) and (A.3), then there exists a positive constant C independent of r;

R1;Rc and Rn such that the following inequality holds for all j A B
0.

kzl1D
aD�mþrþ1

n jðz 0Þzn1=n!kaCr�p Rc

R
p
1

� �ja 00j
R

p
1

Rn

� �m�r�1�an

kjk 0:

Besides it holds that

kz1Dnjðz
0Þzn1=n!kaCr1�p Rn

R
p
1

kjk 0:

Proof.

jðzl1D
aD�mþrþ1

n jðz 0Þzn1=n!Þbj ¼ jðb1Þlja 00þb 00;anþbn�mþrþ1j

aCGðn; a 00 þ b 00; an þ bn �mþ rþ 1Þkjk 0

where b1 � lþ a1 ¼ n and C is a constant depending on n.

In the same way as in the proof of Proposition 4.2, by Lemma 4.1, it follows from

the conditions (1.2), (A.2) and (A.3) that

ðb1 � lþ a1 � pÞ� þ pðr� s� a1 þ 1Þa b �
1 :
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(Note this is not true when r� s ¼ a1 ¼ l.) Since n� ¼ ðn� pÞ� ¼ ðb1 � lþ a1 � pÞ�

and r� s� a1 þ 1 ¼ ja 00j þ an �mþ rþ 1, this inequality implies

n� þ pðja 00j þ an �mþ rþ 1Þa b �
1 .

Then it is easy to see that

n�!
Y

ja 00þb 00jþanþbn�mþrþ1

k¼1

ðn� þ kpÞa gðbÞ:

On the other hand, taking b1 � n ¼ l� a1b pðja 00j þ an �mþ rÞ into account as

well, we have

rn
��nRn �

1 Rja 00þb 00j
c Ranþbn�mþrþ1

n

¼ rb1�nðrR1Þ
n ��b �

1Rja 00j
c Ran�mþrþ1

n rb �
1�b1R

b �
1

1 Rjb 00j
c Rbn

n

a r�p Rc

R
p
1

� �ja 00j
R

p
1

Rn

� �m�r�1�an

rb �
1�b1R

b �
1

1 Rjb 00j
c Rbn

n :

Thus we have obtained the first half of the assertion. Now let us work on the second

half.

jðz1Dnjðz
0Þzn1=n!Þbj ¼ jb1jb 00;bnþ1jaCGðn; b 00; bn þ 1Þkjk 0

where b1 � 1 ¼ n and C is a constant depending on n. Since n� þ p ¼ ðnþ 1Þ� ¼ b �
1 , we

have

gðn; b 00; bn þ 1Þa gðbÞ:

Moreover, we see

rn
��nRn �

1 Rjb 00j
c Rbnþ1

n ¼ rb1�nðrR1Þ
n ��b �

1Rnr
b �
1�b1R

b �
1

1 Rjb 00j
c Rbn

n

¼ rðrR1Þ
�p
Rnr

b �
1�b1R

b �
1

1 Rjb 00j
c Rbn

n :

Therefore the second half of the Proposition has been proved. r

5. Proof of Theorem 3.1.

In this section, the Theorem 3.1 is proved by applying the contraction principle to

the reduced equations (3.6). Since all the coe‰cients of P;M h;Q; ~QQ;Lh and ~qqh ¼ 1=qh

itself are holomorphic near the origin, one may suppose there are positive constants d0;

A0 and R0 such that all the coe‰cients and ~qq satisfy (4.11), (4.12) of Proposition 4.4,

and ðRc=R
p
1 Þa 1=2, for any jhj < d0. Then one may use all propositions prepared in

the former section.

5.1. Estimate of (Mh)C1.

First, we obtain an à priori estimate of the solution to

M hv ¼ g; pDn
1v ¼ 0 ð5:1Þ

where pLhg ¼ 0 is supposed.
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Since pDn
1v ¼ 0, it holds that v ¼ I�1

0 I0v (See (4.8)), and therefore the equation can

be written as

I0vþ ðM h � I0ÞI
�1
0 I0v ¼ g

where

M h � I0 ¼
X

r

s¼0

fasðz1; z
00
; hÞ � asð0; 0; 0Þgðz1D1Þ

r�s

þ
X

r

s¼0

X

a1þja 00j¼r�s;a 0000

zl1aða1;a 00;m�rÞðz1; z
00
; hÞDða1;a

00;0Þ
:

By Proposition 4.2, we have

kzl1D
ða1;a

00;0ÞI�1
0 I0vkaC

Rc

R
p
1

� �ja 00j

kI0vk

kðz1D1Þ
r�s

I�1
0 I0vkaCkI0vk:

One can write

asðz1; z
00
; hÞ � asð0; 0; 0Þ ¼

X

n�1

j¼1

~aajðz1; z
00
; hÞzj þ h~aanðz1; z

00
; hÞ

and suppose all ~aaj and aða1;a 00;m�rÞ fulfill (4.11) and (4.12) in Proposition 4.4 for any

jhj < d0, by replacing d0;A0 and R0 with other ones if necessary. Thus, by Propositions

4.3 and 4.4, we have

kðM h � I0ÞI
�1
0 I0vkaC

Rc

R
p
1

þ rþ
1

Rc

þ jhj

� �

kI0vk:

Therefore, there exists a positive constant d1 such that, if

r < d1;
1

Rc

< d1;
Rc

R
p
1

< d1; jhj < d1 ð5:2Þ

then

kðM h � I0ÞI
�1
0 I0vka

1

2
kI0vk ð5:3Þ

and the solution to (5.1) satisfies the inequality

c0kvka kI0vka 2kgk ð5:4Þ

where c0 is the constant appearing in (4.7).

5.2. Proof of Proposition 2.1.

Next, we consider the problem (2.8), i.e.

M hvðzÞ ¼ gðzÞ; pDn
1vðz

0Þ ¼ jðz 0Þ

supposing pLhg ¼ 0, and complete the proof of Proposition 2.1.
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Set w ¼
Pn

j¼0 vjðz
0Þz j

1=j! with vn ¼ j. Recall that vi ði < nÞ are determined by

mh
iivi ¼ gi �

X

i�1

j¼0

mh
ijvj

where mh
iiðz1; z

00Þ0 0 and orderD 00 mh
ijðz1; z

00;D 00Þ < sði � jÞ for j < i. One can write

mh
ij ¼

X

pja 00j<i�j

mh
ija 00ðz1; z

00ÞDa 00

and suppose 1=mh
ii ; m

h
ija 00=mh

ii all satisfy (4.11) and (4.12) in Proposition 4.4 for any jhj < d0
by replacing d0;A0 and R0 with other ones if necessary.

It follows from the definition of the norm that kgiðz
0Þz i1=i!ka kgk. By Proposition

4.4, we have kv0kaC0kgk. Suppose kvjz
j
1=j!kaCjkgk for all j < i < n. Then

z i1
i!
Da 00

vj

� �

b

�

�

�

�

�

�

�

�

�

�

¼ jvj;a 00þb 00;bn
jaCjkgkGð j; a

00 þ b 00; bnÞ

where b1 ¼ i. Since pja 00j < i � j, we have j þ pja 00j þ 1a i and therefore j � þ

pja 00ja i� by Lemma 4.1. It is then easy to see that, if r < 1, rR1 > 1 and Rc=R
p
1 < 1,

then Gð j; a 00 þ b 00; bnÞaGðbÞ and kviz
i
1=i!kaCikgk with some constant Ci. Thus we

have

kwkaCkgk þ kjk 0:

Next we estimate M hw.

jðzl1D
ða1;a

00;0ÞwÞbj ¼ jðb1Þlwb1�lþa1;a 00þb 00;bn
j

aCGðb1 � lþ a1; a
00 þ b 00; bnÞkwk

where C is a constant depending on n. Since ðb1 � lþ a1Þ
� þ pja 00ja b�

1 by Lemma

4.1 and the assumption (A.3), we see easily that, if r < 1, rR1 > 1 and Rc=R
p
1 < 1, then

Gðb1 � lþ a1; a
00 þ b 00; bnÞaGðbÞ. Then, taking Proposition 4.4 into account, we get

kM hwkaCfkgk þ kjk 0g

and therefore M hw A B.

Set ~vv ¼ v� w and ~gg ¼ g�M hw, then we have

M h~vv ¼ I0~vvþ ðM h � I0ÞI
�1
0 I0~vv ¼ ~gg: ð5:5Þ

By the consideration in §2, it follows from pLhg ¼ 0 that ~gg ¼ Oðznþ1
1 Þ. So, defining

~BB ¼ f ~ff A B; ~ff ¼ Oðznþ1
1 Þg, we consider the equation (5.5) in this space.

Note ~gg ¼ g�M hw A ~BB if g A B and j A B
0, ðM h � I0ÞI

�1
0 I0~vv ¼ Oðznþ1

1 Þ if I0~vv ¼

Oðznþ1
1 Þ and pLh ~ff ¼ 0, pDn

1
~ff ¼ 0 for ~ff A ~BB. Then, by the inequality (5.3) and the

contraction principle, we see the unique existence of solution ~vv A ~BB to the equation (5.5).

We have thus completed the proof of Proposition 2.1. Hereafter the constant r shall be

fixed.
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5.3. Estimate of j.

Next, we consider the equation

jþ ~qqhpLh ~QQDnR
hj ¼ c ð5:6Þ

in the space B
0, where

~QQDn ¼
X

anam�r�2

aaz
l

1D
aD�mþrþ1

n þ
X

an¼m�r�1

ðzn � hÞ~aaaz
l

1D
aD�mþrþ1

n :

By replacing d0;A0 and R0 with other ones if necessary, one may suppose (4.11) and

(4.12) for all aa; ~aaa and jhj < d0.

Set v1 ¼ jzn1=n! and v2 ¼ Rhj� v1. If Rc=R
p
1 < 1 and R

p
1=Rn < 1, by Propositions

4.3, 4.4 and 4.6, we have

k ~QQDnv1kaC1
R

p
1

Rn

kjk 0 þ C2
1

Rn

kjk 0
aC3

R
p
1

Rn

kjk 0:

Here and hereafter C denotes a constant which may depend on r but not on R1;Rc;Rn.

Since M hDnR
h ¼ M hRhDn ¼ 0, v2 fulfills

M hDnv2 ¼ �M hDnv1; pDn
1v2 ¼ 0:

By Proposition 4.6, if Rc=R
p
1 < 1, we have

kzl1D
ða1;a

00;1Þv1kaC
Rn

R
p
1

kjk 0; kz1Dnv1kaC
Rn

R
p
1

kjk 0

for a1 þ ja 00j ¼ r� s and l satisfying the condition (A.3). Note that I hðz1; z
00;

z1D1ÞDnv1 ¼ I hðz1; z
00; nÞDnv1 ¼ az1Dnv1 with some holomorphic function a. Since one

may suppose a satisfies (4.11) and (4.12) for any jhj < d0 by replacing d0;A0;R0 if nec-

essary, we have

kM hDnv1kaC
Rn

R
p
1

kjk 0:

Hence, by the inequality (5.3), we have

kI0Dnv2ka 2kM hDnv1kaC
Rn

R
p
1

kjk 0: ð5:7Þ

Therefore, by Propositions 4.2 and 4.4, we see

k ~QQDnv2k ¼ k ~QQI�1
0 I0Dnv2kaC1

R
p
1

Rn

� �2

kI0Dnv2kaC2
R

p
1

Rn

kjk 0:

Thus, by using Propositions 4.4 and 4.5, we obtain

k~qqhpLh ~QQDnR
hjk 0
aC

R
p
1

Rn

kjk 0:

Therefore there exists a positive constant d2 such that, if
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R
p
1

Rn

< d2 ð5:8Þ

then k~qqhLh ~QQDnR
hjk 0
a ð1=2Þkjk 0 and by the contraction principle we see the unique

existence of solution to the equation (5.6), which satisfies

kjk 0 ¼ kð1þ ~qqhpLh ~QQDnR
hÞ�1

ck 0
a 2kck 0: ð5:9Þ

5.4. Projection L.

We now consider the equation (3.6). It follows from its second equation that

j ¼ ð1þ ~qqhpLh ~QQDnR
hÞ�1

~qqhpLhf f �QðM hÞ�1
wg: ð5:10Þ

With this expression, the first equation of (3.6) is written as

wþ LQðM hÞ�1
w ¼ Lf ð5:11Þ

where

L ¼ 1�QDnR
hð1þ ~qqhpLh ~QQDnR

hÞ�1
~qqhpLh: ð5:12Þ

Denote B̂B ¼ f f A B; pLhf ¼ 0g. Then it is easy to see

Lf A B̂B if f A B; Lf ¼ f if f A B̂B:

It means L defines a projection from B to B̂B. We consider the equation (5.11) in the

space B̂B.

5.5. Contraction principle.

Recall

Q ¼
X

anam�r�1

aaz
l

1D
aD�mþr

n þ
X

an¼m�r

ðzn � hÞ~aaaz
l

1D
aD�mþr

n :

Then, by Propositions 4.2, 4.3, 4.4 and the inequality (5.3), we first get

kQðM hÞ�1
wk ¼ kQI�1

0 I0ðM
hÞ�1

wkaC1
R

p
1

Rn

kI0ðM
hÞ�1

wkaC2
R

p
1

Rn

kwk:

Next we estimate kQDnR
hjk. As in the paragraph 5.3, set Rhj ¼ v1 þ v2, v1 ¼

jzn1=n!. Since, by the assumption (A.1),

fI � I hgDnv1 ¼ fIðz; nÞ � Iðz1; z
00; h; nÞgDnv1 ¼ az1ðzn � hÞDnv1

with some holomorphic function a depending holomorphically on h, it follows from

Propositions 4.3, 4.4 and 4.6 that kfI � I hgDnv1ka ðC=Rp
1 Þkjk

0. Then it is easy to see

kQDnv1kaCkjk 0:

Since kI0Dnv2kaCðRn=R
p
1 Þkjk

0 by (5.7), in the same way as in the estimation of

QðM hÞ�1
w one can obtain

kQDnv2k ¼ kQI�1
0 I0Dnv2kaC1

R
p
1

Rn

kI0Dnv2kaC2kjk
0
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and therefore

kQDnR
hjkaCkjk 0:

Thus we have

kLf ka k f k þ kQDnR
hð1þ ~qqhpLh ~QQDnR

hÞ�1
~qqhpLhf k

a k f k þ C1kð1þ ~qqhpLh ~QQDnR
hÞ�1

~qqhpLhf k 0

a k f k þ C2k~qq
hpLhf k 0

aC3k f k

where Proposition 4.5 and (5.9) were used. Therefore

kLQðM hÞ�1
wkaC3kQðM hÞ�1

wkaC4
R

p
1

Rn

kwk:

Hence, there is a constant d3 such that, if

R
p
1

Rn

a d3 ð5:13Þ

then by the contraction principle we see the unique existence of the solution w A B̂B to

the equation (5.11) for any f A B. Let w be this solution and define j by (5.10), then

j A B
0, ~uu ¼ ðM hÞ�1

wþ RhD�1
n j A B and it gives a solution to the equation (3.1 0) which

is equivalent to the Cauchy problem (3.1).

5.6. End of the proof.

If f ðzÞ is holomorphic in Vr, it belongs to B with

R1 >
1

r1
; Rc >

1

prc
; Rn >

2

prn

for any jhj < rn=2. Set d�1 ¼ minf1=2; d0; d1; 1=ð2R0Þg and let

r < d�1 ;
1

Rc

< d�1 ;
Rc

R
p
1

< d�1 ; jhj < d�1 ; rR1 > 1:

Fix r and set d�3 ¼ minfrn=2; d
�
1 ; d2; d3g. Then, if we take Rn such that

R
p
1

Rn

< d�3

(we remark d2; d3 depend on r), we see (4.12), (5.2), (5.8) and (5.13) are satisfied and

therefore the solution ~uu is holomorphic in R1jz1j þ ðn� 2ÞpRcjz
00j þ pRnjzn � hj < 1.

Thus, by setting

d ¼ min
1

3R1
;

1

3ðn� 2ÞpRc

;
1

3pRn

; d�3

� �

we can finish the proof of Theorem 3.1.
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6. Application to the propagation of singularities.

Theorem 1.3 as well as Theorem 1.1 can be applied to the propagation of sin-

gularities for equations with non-involutive double characteristics.

Let S ¼ fz; z1 ¼ 0g, T ¼ fz; z1 ¼ zn ¼ 0g, denote the dual variable of z by z ¼

ðz1; . . . ; znÞ and suppose that P ¼ Pðz;DÞ is a linear partial di¤erential operator of

second order with holomorphic coe‰cients in V whose principal symbol P2ðz; zÞ, ðz; zÞ A

V � C
n, satisfies the following condition.

Condition (N). There are holomorphic functions lkðz; z 0Þ, ðk ¼ 1; 2Þ, in a neigh-

borhood of ðz; z 0Þ ¼ ð0; m 0Þ, m 0 ¼ ð0; . . . ; 0; 1Þ A C
n�1, such that, if we denote X k ¼ z1 �

lkðz; z 0Þ, then

(N1) P2ðz; zÞ ¼ aX 1X 2, where aðzÞ is the coe‰cient of D2
1 in P,

(N2) ðqP2=qz1Þz1¼l1ðz; z
0Þ ¼ 0 on fz1 ¼ 0; z 0 ¼ m 0g,

(N3) fX 1; aX 2gz1¼l1ðz; z
0Þ 0 0 at ðz; z 0Þ ¼ ð0; m 0Þ, where fX 1; aX 2g denotes the

Poisson bracket.

Let FkðzÞ be the solution to the Cauchy problem

D1F� lkðz;D 0FÞ ¼ 0; Fð0; z 0Þ ¼ zn ð6:1Þ

for each k ¼ 1; 2 and denote by K k the hypersurface fz;FkðzÞ ¼ 0g, which is a char-

acteristic hypersurface issued from T . Replacing r1 by smaller one if necessary, one

may suppose both K 1 and K 2 are connected in V .

Definition 6.1. Let W be an open connected set in C
n and qW its boundary. Let

uðzÞ be a holomorphic function in a neighborhood of a point z0 A W and have a holo-

morphic extension in the universal covering RðWÞ. We say ẑz A qW is a point of strong

(weak respectively) analytic continuation of uðzÞ if it is analytically continued up to ẑz

along any (some respectively) path z ¼ zðtÞ, 0a ta 1, satisfying

zð0Þ ¼ z0; zð1Þ ¼ ẑz; zðtÞ A W for 0a t < 1:

Set

AkðzÞ ¼
q

qz1

qP2

qz1
ðz;DFkðzÞÞ

� �

; BkðzÞ ¼ fP2 þ P1gF
kðzÞ

and denote W ¼ V � K 1 UK 2 US. Then, if A1ð0Þk þ B1ð0Þ0 0, Ek A N , the following

property holds ([6]).

Property (AC). Let uðzÞ be a holomorphic function in a neighborhood of a point

z0 A W, satisfy Pu ¼ 0 and have a holomorphic extension on the universal covering RðWÞ.

If uðzÞ has a point of strong analytic continuation ẑz A K 2 and a point of weak analytic

continuation a A ðS � TÞ, then it has a unique holomorphic extension in V.

This section aims to consider if this property can be true when A1ð0Þnþ B1ð0Þ ¼ 0,

bn A N . We suppose

Condition (N 0). Set
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P 0
1ðz; zÞ ¼ �

1

2

Xn

i¼1

q2P2

qziqzi
þ P1

where P1 denotes the first order term of P, then

(N4) A1ðzÞnþ B1ðzÞ ¼ 0 on z1 ¼ 0 for some n A N ,

(N5) ðqP2=qz1Þz1¼l
1 , fX 1; aX 2g

z1¼l
1 and ðP 0

1Þz1¼ðl1þl
2Þ=2 are free from z 00 ¼

ðz2; . . . ; zn�1Þ on fz1 ¼ 0g.

Then the following proposition holds.

Proposition 6.2. Define

Qðz;DÞ ¼
Xn

i¼1

qP2

qzi
ðz;DF1ðzÞÞDi þ B1ðzÞ ð6:2Þ

then, under the conditions (N) and (N 0), it holds that

i) there exists a unique operator Lðz 0;DÞ ¼ Dn
1 þ

Pn
j¼1 Ljðz

0;D 0ÞDn�j
1 such that

pLQ ¼ 0,

ii) there exists a unique operator Rðz;D 0Þ ¼ zn1=n!þ
P

jbnþ1 Rjðz
0;D 0Þz j

1=j! such

that QRp ¼ 0,

iii) the operator pLPRp is free from D 0, namely a function of z 0.

Denote

q1ðz 0Þ ¼ pLPRp: ð6:3Þ

Then, by Theorem 1.3, one can prove the following thorem.

Theorem 6.3. Assume Conditions (N), (N 0) and

q1ð0Þ0 0: ð6:4Þ

Then the property (AC) holds true.

Remark. If uðzÞ takes initial data on S holomorphic on SnT but singular at

T , the theorem means at least weak singularities appear everywhere on K2. (In other

words, every point of K2 is not of strong analytic continuation.) Concerning the ex-

istence of holomorphic solutions in the universal covering of V � K1 UK2 US, see C.

Wagschal [13], J. Persson [11] and S. Ouchi [8].

Theorem 6.3 is proved as follows. The function uðzÞ has a holomorphic extension

in RðV � K 1 USÞ (see [6, Proposition 3.4]) and consequently so does it in RðV � K 1Þ

(see [6, Proposition 3.5]). Therefore the proof is completed by the following propo-

sition.

Proposition 6.4. If uðzÞ is holomorphic in RðV � K 1Þ and satisfies Pu ¼ 0, then it

has a unique holomorphic extension in V.

Hereafter we prove this proposition by applying Theorem 1.3.

Proposition 6.5. The conditions (N), (N 0) and (6.4) are invariant under any regular

change of variables
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w1 ¼ z1; wj ¼ fjðzÞ ð2a ja nÞ

satisfying fjð0; z
0Þ ¼ zj .

The proof of this proposition is elementary and so we omit it.

By the condition (N1), the operator P can be written in the form

P ¼ a D1 þ
X

0

j

ajDj

 !2

þ
X

0

j;k

ajkDjDk

8

<

:

9

=

;

þ
X

j

bjDj þ c

where all coe‰cients are holomorphic,
P 0

j denotes the sum for 2a ja n and
P 0

j;k

the sum for 2a j, ka n. If we set d ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

�
P 0

j;k ajkzjzk

q

by taking the branch appro-

priately, then d is holomorphic in a neighborhood of ð0; m 0Þ and one may suppose l1 ¼

�
P 0

ajzj þ d and l2 ¼ �
P 0

ajzj � d.

Denoting by FjðzÞ ð2a ja n� 1Þ the solution to the initial value problem

D1 þ
X

0

j

ajDj

 !

F ¼ 0; Fð0; z 0Þ ¼ zj

and by FnðzÞ the solution to

D1Fþ l1ðz;D 0FÞ ¼ 0; Fð0; z 0Þ ¼ zn;

change the variables by

w1 ¼ z1; wj ¼ FjðzÞ ð jb 2Þ:

Then, denoting wj by zj again, one can write P in the form

P ¼ a ðD1 þ anDnÞ
2 þ

X

0

j;k

ajkDjDk

( )

þ
X

j

bjDj þ c:

Since F1 ¼ Fn ¼ zn is a phase function, we have

a � ða2n þ annÞ ¼ 0:

Now, from the conditions (N2) and (N5) it follows that

qP2

qz1

� �

z1¼l1

¼ 2ad ¼ 0 on fz1 ¼ 0g;

fX 1
; aX 2gz1¼l1 ¼ 2

qðadÞ

qz1
on fz1 ¼ 0g:

Since a; d are holomorphic, we see by (N3) that there are two cases:

Case 1. a ¼ Oðz1Þ, D1að0Þ0 0, dð0; m 0Þ0 0

Case 2. d ¼ Oðz1Þ, að0Þ0 0,
qd

qz1
ð0; m 0Þ0 0
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In the case 1, by the condition (N5), qðadÞ=qz1 is free from z 00 on z1 ¼ 0 and so

is d. Therefore ajk ¼ Oðz1Þ for all j; kb 2 except j ¼ k ¼ n. By (N5), we also see

bj ¼ Oðz1Þ for 2a ja n� 1. Thus P can be written in the form

P ¼ z1 a11D
2
1 þ a1nD1Dn þ z1

X

0

j;k

ajkDjDk

( )

þ b1D1 þ z1
X

n�1

j¼2

bjDj þ bnDn þ c

where a11ð0Þ0 0, a1nð0Þ0 0, annðzÞ ¼ 0, and the indicial equation (N4) is

a1nnþ bn ¼ 0 on z1 ¼ 0:

It is easy to see that P A L
2;1;1 and all the conditions of Theorem 1.3 are fulfilled.

In the case 2, d2 ¼ Oðz21Þ. Therefore ajk ¼ Oðz21Þ for all j; kb 2 and ðqd=qz1Þ �

ð0; m 0Þ ¼ D2
1annð0Þ0 0. Besides it follows from (N5) that ajk ¼ Oðz31Þ for j; kb 2 except

j ¼ k ¼ n and bj ¼ Oðz1Þ for 2a ja n� 1. Thus P can be written in the form

P ¼ a11D
2
1 þ z1a1nD1Dn þ z31

X

0

j;k

ajkDjDk þ b1D1 þ z1
X

n�1

j¼2

bjDj þ bnDn þ c

where a11ð0Þ0 0, a1nð0Þ0 0, annðzÞ ¼ 0, and the indicial equation (N4) is

a1nnþ bn ¼ 0 on z1 ¼ 0:

Therefore P A L
2;1;1=2 and all the conditions of Theorem 1.3 are fulfilled. Thus we

have completed the proof in both cases.
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(I), J. Math. Pures Appl. (9), 67 (1988), 1–21.

[14] M. Zerner, Domaines d’holomorphie des fonctions vérifiant une équation aux dérivées partielles, C. R.
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