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Abstract. Without any assumption on the characteristic exponents, we give fun-

damental solutions of linear Fuchsian partial di¤erential equations.

1. Introduction and Main result.

Let C be the set of complex numbers, t A C , x ¼ ðx1; . . . ; xnÞ A C
n, N ¼ f0; 1; . . .g,

m A N
� ¼ N � f0g and a ¼ ða1; . . . ; anÞ A N

n. Let D be a polydisc centered at the

origin of C t � C
n
x and set D0 ¼ DV ft ¼ 0g. Let aj;aðt; xÞ ð j þ jajam; j < mÞ be

holomorphic functions defined on D satisfying

aj;að0; xÞ1 0 on D0 if jaj > 0:ð1:1Þ

We consider the Fuchsian partial di¤erential operator

P ¼ t
q

qt

� �m

þ
X

jþjajam
j<m

aj;aðt; xÞ t
q

qt

� �j
q

qx

� �a

ð1:2Þ

and the linear partial di¤erential equation

Pu ¼ 0:ð1:3Þ

The operator P in (1.2) was introduced by M. S. Baouendi and C. Goulaouic [1] and

they proved a Cauchy-Kowalevsky type theorem and a Holmgren type theorem. Also,

H. Tahara [2] investigated the structure of singular solutions of Pu ¼ 0.

We now introduce some notations. We let

i) <ðCnf0gÞ be the universal covering space of Cnf0g,

ii) SðeÞ ¼ ft A <ðCnf0gÞ; 0 < jtj < eg,

iii) DL ¼ fx A C
n; jxij < L; i ¼ 1; . . . ; ng,

iv) ~OO be the set of functions uðt; xÞ that are holomorphic on SðeÞ �DL for some

e > 0 and L > 0,

v) O0 be the set of germs of holomorphic functions at x ¼ 0, which is the same as

the ring Cfxg of convergent power series in x,

vi) K ½j� be the polynomial algebra in j with coe‰cients in a ring K ,

vii) OðDÞ be the set of holomorphic functions on D.
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We set

Cðl; xÞ ¼ lm þ
X

j<m

aj;0ð0; xÞl
j:

This polynomial in l is called the characteristic polynomial of P. The roots of the

equation

Cðl; xÞ ¼ 0

will be denoted by l1ðxÞ; . . . ; lmðxÞ and will be referred to as the characteristic exponent

functions of P. Now, let us recall the result of H. Tahara [2].

Theorem 1.1 ([H. Tahara (1979)]). If the condition

lið0Þ � ljð0Þ B Z � f0g for 1a i0 jamð1:4Þ

is satisfied, there are holomorphic functions Eiðt; x; yÞ ði ¼ 1; . . . ;mÞ on

W ¼ fðt; x; yÞ A SðeÞ �DL �DL; jtj < Mjxi � yij
m; i ¼ 1; . . . ; ng

for some e > 0, L > 0, and M > 0 which satisfy the following properties:

(I) For any jiðxÞ A O0 ði ¼ 1; . . . ;mÞ, the function uðt; xÞ defined by

uðt; xÞ ¼
X

m

i¼1

þ

Eiðt; x; yÞjiðyÞ dyð1:5Þ

is an ~OO-solution of Pu ¼ 0.

(II) Conversely, if uðt; xÞ is an ~OO-solution of Pu ¼ 0, then uðt; xÞ is expressed in the

form (1.5) for some jiðxÞ A O0 ði ¼ 1; . . . ;mÞ.

The meaning of the integration in (1.5) is as follows:

þ

Eiðt; x; yÞjiðyÞ dy ¼

ð

G1

� � �

ð

Gn

Eiðt; x; yÞjiðyÞ dy1 � � � dyn;

where for i ¼ 1; . . . ; n, Gi denotes the circle

fyi A C ; jyi � xij ¼ sig

in the yi-plane with a counter-clockwise orientation. Let jiðxÞ be a holomorphic

function on DL. Since Eiðt; x; yÞ is holomorphic with respect to yi on

yi A C ;
jtj

M

� �1=m

< jxi � yij; jyij < L

( )

;

we take the radius si so that

jtj

M

� �1=m

< si < L:
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H. Tahara called the functions Eiðt; x; yÞ ði ¼ 1; . . . ;mÞ a fundamental system of solu-

tions (or fundamental solutions) of (1.3) in ~OO. It should be noted that if we denote by

S the set of all ~OO-solutions of (1.3), then the map defined by

F : ðO0Þ
m

���! S

A A

ðj1; . . . ; jmÞ c���!
Xm

i¼1

þ

Eiðt; x; yÞjiðyÞ dy

ð1:6Þ

is an isomorphism. For the case when the condition (1.4) is not satisfied, the con-

struction of fundamental solutions of (1.3) in ~OO seemed to be very complicated and

it remained an unsolved problem. About two decades later, T. Mandai [3] proved the

following theorem without any assumption on the characteristic exponents of P.

Theorem 1.2 ([T. Mandai (2000)]). Without any assumption on the characteristic

exponents of P, we can construct an isomorphism

C : ðO0Þ
m

���! S

A A

ðj1; . . . ; jmÞ c���!
Xm

i¼1

Ki½ji�:

ð1:7Þ

T. Mandai called this map the solution map of (1.3) in ~OO. The construction

of Ki½ji� is very elegant, but still the construction of fundamental solutions as in (1.6)

has remained as unsolved problem. We will solve this problem in this paper. The

following is our main theorem.

Theorem 1.3 (Main result). Without any assumption on the characteristic ex-

ponents, we can construct holomorphic functions Eiðt; x; yÞ ði ¼ 1; . . . ;mÞ on

W ¼ fðt; x; yÞ A SðeÞ �DL �DL; jtj < Mjxi � yij
m
; i ¼ 1; . . . ; ng

for some e > 0, L > 0, and M > 0 such that each Ki½ji� ði ¼ 1; . . . ;mÞ in Theorem 1.2 are

expressed in the form

Ki½ji� ¼

ð

G1

� � �

ð

Gn

Eiðt; x; yÞjiðyÞ dy1 � � � dyn

for any jiðxÞ A O0.

2. Proof of Main Theorem.

We begin by introducing some notations and definitions that will be used

throughout this work. We define the indicial polynomial of P by

CðmÞ ¼ mm þ
X

j<m

aj;0ð0; 0Þm
j
:
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A characteristic exponent of P is a root of the equation CðmÞ ¼ 0. Let m1; . . . ; md be

the distinct characteristic exponents of P, and let rj ð j ¼ 1; . . . ; dÞ be the multiplicity of

mj. Then for j ¼ 1; . . . ; d, we can take a domain Sj in C enclosed by a simple closed

curve gj such that

mj A Sj ð1a ja dÞ;

Si V Sj ¼ q if i0 j

and

Cðlþ n; 0Þ0 0 for every l A 6
d

j¼1

ðSjnfmjgÞ

 !

and n A N :

Here S denotes the closure of S. Thus, for some su‰ciently small L > 0, we have

Cðlþ n; xÞ0 0 for every x A DL; l A 6
d

j¼1

gj

 !

; and n A N :

For every x A DL, above condition implies that the number of the roots of Cðl; xÞ ¼ 0 in

Sj is rj. Therefore there exist monic polynomials Bjðl; xÞ such that

Cðl; xÞ ¼
Y

d

j¼1

Bjðl; xÞ;

where B1ðl; xÞ ¼ ðl� l1ðxÞÞ � � � ðl� lr1ðxÞÞ, B2ðl; xÞ ¼ ðl�lr1þ1ðxÞÞ � � � ðl� lr1þr2ðxÞÞ; . . . ;

Bjðl; xÞ ¼ ðl� lr1þ���þrj�1þ1ðxÞÞ � � � ðl� lr1þ���þrj ðxÞÞ and Bjðl; xÞ A OðDLÞ½l� ð1a ja dÞ.

For 0 < L < 1 we set

WL ¼ fðx; yÞ A C
n � C

n; jxij < L; jyij < L; xi 0 yi; i ¼ 1; . . . ; ng

and for ðx; yÞ A C
n � C

n we define

cLðx; yÞ ¼ minfL� jxij; jxi � yij; i ¼ 1; . . . ; ng:

Note that

0 < cLðx; yÞ < 1 for any ðx; yÞ A WL:

Let us now review the result of T. Mandai [3].

Theorem 2.1. For any jj;kðxÞ A O0 ð1a ja d; 1a ka rjÞ, there exists a unique

solution Kj;kðt; x; lÞ A Oðft ¼ 0g �DL � ð6d

j¼1
gjÞÞ of the equation

PðKj;kðt; x; lÞt
lÞ ¼

Cðl; xÞ � qk
lBjðl; xÞ � jj;kðxÞ

Bjðl; xÞ
tl:

Moreover, the function

Kj;k½jj;k� ¼
1

2pi

ð

gj

Kj;kðt; x; lÞt
l dl

is an ~OO-solution of Pu ¼ 0.
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We then have the linear isomorphism

C : ðO0Þ
m

��! S

A A

ðjj;kÞ1ajad
1akarj

c���!
Xd

j¼1

X
rj

k¼1

Kj;k½jj;k�:

This result will be useful later. For now, let us consider the following partial

di¤erential equation:

PðFj;kðt; x; y; lÞt
lÞ ¼

qk
lBjðl; yÞ � Cðl; xÞtl

ð2piÞnBjðl; yÞðy1 � x1Þ � � � ðyn � xnÞ
:ð2:1Þ

The above equation is the essence of our construction. Using the function Fj;kðt; x; y; lÞ

above, we define

Ej;kðt; x; yÞ ¼
1

2pi

ð

gj

Fj;kðt; x; y; lÞt
l dl:ð2:2Þ

As for (2.1), we have the following result:

Proposition 2.2. For 1a ja d and 1a ka rj, equation (2.1) has a unique holo-

morphic solution Fj;kðt; x; y; lÞ defined in

W 0 ¼ ðt; x; y; lÞ; ðx; yÞ A WL; l A 6
d

j¼1

gj

 !

and
jtj

cLðx; yÞ
m < M

( )

for some L > 0 and M > 0.

The proof of this proposition will be given in the next section. Let us now prove

Theorem 1.3 using this proposition.

Proof of Theorem 1.3. By Proposition 2.2, we may take any jj;kðxÞ A OðDLÞ and

multiply the left and right sides of (2.1) by jj;kðyÞ. If we integrate both sides with

respect to y, then an application of Cauchy’s integral formula shows that

P

þ

Fj;kðt; x; y; lÞjj;kðyÞ dy

� �

tl
� �

¼

þ
qk
lBjðl; yÞ � Cðl; xÞjj;kðyÞt

l

ð2piÞnBjðl; yÞðy1 � x1Þ � � � ðyn � xnÞ
dy

¼
qk
lBjðl; xÞ � Cðl; xÞjj;kðxÞt

l

Bjðl; xÞ
:

By Theorem 2.1, we must have

Kj;kðt; x; lÞ ¼

þ

Fj;kðt; x; y; lÞjj;kðyÞ dy:
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Now applying (2.2) we see that

Kj;k½jj;k�

¼
1

2pi

ð

gj

Kj;kðt; x; lÞt
l dl ¼

1

2pi

ð

gj

þ

Fj;kðt; x; y; lÞjj;kðyÞ dy

� �

tl dl

¼

þ

Ej;kðt; x; yÞjj;kðyÞ dy:

Since, by Proposition 2.2, the function Fj;kðt; x; y; lÞ is holomorphic on W 0, we see that

Ej;kðt; x; yÞ is holomorphic on W. This proves the theorem. r

3. Proof of Proposition 2.2.

We now prove Proposition 2.2. To avoid confusion, we write b instead of j in

(1.2). By expanding ab;aðt; xÞ into a Taylor series in t and using (1.1), we can reduce

equation (2.1) into

C t
q

qt
; x

� �

ðFj;kðt; x; y; lÞt
lÞð3:1Þ

¼ �
X

bþjajam
b<m

X

pb1

ab;a;pðxÞt
p t

q

qt

� �b
q

qx

� �a

Fj;kðt; x; y; lÞt
l

þ
qk
lBjðl; yÞ � Cðl; xÞtl

ð2piÞnBjðl; yÞðy1 � x1Þ � � � ðyn � xnÞ
;

where ab;a;pðxÞ A OðDLÞ for some L > 0. Let us find a formal solution of (3.1) that is of

the form

Fj;kðt; x; y; lÞ ¼
X

y

n¼0

Fj;k; nðx; y; lÞt
n
:

Substituting this into (3.1) gives us the following recursive formula:

Cðlþ n; xÞFj;k; nðx; y; lÞð3:2Þ

¼ �
X

bþjajam
b<m

X

pþq¼n
pb1

ab;a;pðxÞðlþ qÞb
q

qx

� �a

Fj;k;qðx; y; lÞ

for n ¼ 1; 2; . . . ; with

Fj;k;0ðx; y; lÞ ¼
qk
lBjðl; yÞ

ð2piÞnBjðl; yÞðy1 � x1Þ � � � ðyn � xnÞ
:ð3:3Þ

It follows from (3.2) and (3.3) that equation (3.1) has a unique formal solution

Fj;kðt; x; y; lÞ ¼
P

y

n¼0 Fj;k; nðx; y; lÞt
l.
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From now on, we will investigate the domain of convergence of Fj;kðt; x; y; lÞ. By

using (3.3) we have

jFj;k;0ðx; y; lÞja
A

cLðx; yÞ
n on WL � 6

d

j¼1

gj

 !

ð3:4Þ

for 1a ja d, 1a ka rj, for some A > 0. The following lemma will play an important

role later.

Lemma 3.1. Let F ðx; yÞ be holomorphic in WL. If for some Ab 0 and z > 0 we

have

jFðx; yÞja
A

cLðx; yÞ
z

on WL;

then for i ¼ 1; . . . ; n,

qF

qxi
ðx; yÞ

�

�

�

�

�

�

�

�

a
Að1þ zÞe

cLðx; yÞ
zþ1

on WL:

Proof of Lemma 3.1. We have only to show the case when i ¼ 1. By Cauchy’s

integral formula, we have

qF

qx1
ðx; yÞ ¼

1

2pi

ð

jz�x1j¼c

F ðz; x2; . . . ; xn; y1; . . . ; ynÞ

ðz� x1Þ
2

dz:

Now take any ðx; yÞ A WL and fix it. Set

c ¼
1

1þ z
cLðx; yÞ:

Note that the following hold:

ðaÞ L� jzj ¼ L� jx1 þ z� x1jb ðL� jx1jÞ � jz� x1jbcLðx; yÞ � c

¼ cLðx; yÞ �
1

1þ z
cLðx; yÞ ¼

z

1þ z
cLðx; yÞ;

ðbÞ L� jxijbcLðx; yÞb
z

1þ z
cLðx; yÞ; i ¼ 2; . . . ; n;

ðcÞ jz� y1j ¼ jx1 � y1 � ðx1 � zÞjb jx1 � y1j � jx1 � zjbcLðx; yÞ � c

¼
z

1þ z
cLðx; yÞ;

ðdÞ jxi � yijbcLðx; yÞb
z

1þ z
cLðx; yÞ; i ¼ 2; . . . ; n:

These imply that

cLðz; x2; . . . ; xn; y1; . . . ; ynÞb
z

1þ z
cLðx; yÞ:
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Consequently, we have

qF

qx1
ðx; yÞ

�

�

�

�

�

�

�

�

a
1

2pc2

ð

jz�x1j¼c

A

cLðz; x2; . . . ; xn; y1; . . . ; ynÞ
z
jdzj

a
1

2pc2
� 2pc �

A

ððz=ð1þ zÞÞcLðx; yÞÞ
z

¼
Að1þ zÞ

cLðx; yÞ
zþ1

1þ
1

z

� �z

a
Að1þ zÞe

cLðx; yÞ
zþ1

: r

Applying this lemma to (3.4), we get

q

qx

� �a

Fj;k;0ðx; y; lÞ

�

�

�

�

�

�

�

�

a
B

cLðx; yÞ
nþmð3:5Þ

on WL � ð6d

j¼1
gjÞ for any jajam, for some B > 0. Now, we may assume the fol-

lowing:

(e) jab;a;pðxÞja bb;a;p on DL for any ðb; a; pÞ;

(f )
P

pb1 bb;a;pt
p A Cftg for any ðb; aÞ;

(g) There is a positive constant k0 such that

jCðlþ n; xÞjb k0ðnþ 1Þm on 6
d

j¼1

gj

 !

�DL for n ¼ 0; 1; 2; . . . :

Let

J ¼ max
l A ð6 d

j¼1 gjÞ

jlj:

For any fixed ðx; yÞ A WL, we consider the following linear equation with respect to

G ¼ Gðt; x; yÞ:

k0G ¼
k0B

cLðx; yÞ
nþmð3:6Þ

þ
1

cLðx; yÞ
m

X

bþjajam
b<m

X

pb1

bb;a;p

cLðx; yÞ
mðp�1Þ

ðJ þ 1ÞmtpðeðnþmÞÞmG;

where B is the positive constant in (3.5). It is obvious that the equation (3.6) has a

unique holomorphic solution

G ¼
X

y

l¼0

Glðx; yÞt
l
A Cftg

and that the coe‰cients Glðx; yÞ ðl ¼ 0; 1; 2; . . .Þ are calculated by the following

recursive formula:
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G0ðx; yÞ ¼
B

cLðx; yÞ
nþm ;

Glðx; yÞ ¼
1

k0cLðx; yÞ
m

X

bþjajam
b<m

X

pþq¼l
pb1

bb;a;p

cLðx; yÞ
mðp�1Þ

� ðJ þ 1ÞmðeðnþmÞÞmGq

for l ¼ 1; 2; . . . : Moreover, by induction on l we can show that for any l ¼ 0; 1; 2; . . .

we have

Glðx; yÞ ¼
el

cLðx; yÞ
nþðlþ1Þm

ð3:7Þ

for some elb 0.

From now on, we will prove that ðeðnþmÞÞmG is a majorant series of

Fj;kðt; x; y; lÞ. To do so, we will need the following proposition:

Proposition 3.2. For any jajam, 1a ja d, and 1a ka rj, the following in-

equality holds:

q

qx

� �a

Fj;k; nðx; y; lÞ

�

�

�

�

�

�

�

�

a ðnþ 1ÞjajðeðnþmÞÞmGnðx; yÞð3:8Þ

on WL � ð6d

j¼1
gjÞ for n ¼ 0; 1; 2; . . . :

Proof of Proposition 3.2. We prove this proposition by induction on n. From

(3.5) and (3.7), we see that (3.8) is valid when n ¼ 0. Next we suppose that (3.8) is true

for n ¼ 0; 1; . . . ; m� 1. Then, we may estimate as follows:

jFj;k;mðx; y; lÞj

a
1

k0ðmþ 1Þm
X

bþjajam
b<m

X

pþq¼m
pb1

bb;a;pðJ þ qÞbðqþ 1ÞjajðeðnþmÞÞmGq

a
1

k0

X

bþjajam
b<m

X

pþq¼m
pb1

bb;a;pðJ þ 1ÞmðeðnþmÞÞm
1

cLðx; yÞ
mðp�1Þ

Gq

¼ cLðx; yÞ
m
Gmðx; yÞ ¼ cLðx; yÞ

m em

cLðx; yÞ
nþðmþ1Þm

¼
em

cLðx; yÞ
nþmm :

Applying Lemma 3.1 and the estimate:

ðnþ mmþ 1Þ � � � ðnþ mmþ jajÞa ðnþ mmþ jajÞjaj

a fðmþ 1ÞðnþmÞgjaj ¼ ðmþ 1ÞjajðnþmÞjaj;

we see that
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q

qx

� �a

Fj;k;mðx; y; lÞ

�

�

�

�

�

�

�

�

a
emðnþ mmþ 1Þe � � � ðnþ mmþ jajÞe

cLðx; yÞ
nþmmþjaj

a
eme

jajðmþ 1ÞjajðnþmÞjaj

cLðx; yÞ
nþmmþm

a ðmþ 1ÞjajðeðnþmÞÞmGmðx; yÞ

on WL � ð6d

j¼1
gjÞ for any jajam. Thus, the induction process is completed. r

This proposition implies that ðeðnþmÞÞmG is a majorant series of Fj;kðt; x; y; lÞ and

therefore the domain of convergence of Fj;kðt; x; y; lÞ follows from the domain of

convergence of G.

Now define H ¼ HðhÞ as follows:

HðhÞ ¼
X

y

l¼0

elh
l
:

Using this and (3.7), we have

G ¼
X

y

l¼0

el

cLðx; yÞ
nþmþml

t l ¼
1

cLðx; yÞ
nþm H

t

cLðx; yÞ
m

� �

:

We may now rewrite equation (3.6) into the following linear equation with respect

to H:

k0H ¼ k0Bþ
X

bþjajam
b<m

X

pb1

bb;a;pðJ þ 1ÞmhpðeðnþmÞÞmH

which implies H A Cfhg from the assumption (f ). Therefore, the domain of conver-

gence of G includes

W 0 ¼ ðt; x; y; lÞ; ðx; yÞ A WL; l A 6
d

j¼1

gj

 !

and
jtj

cLðx; yÞ
m < M

( )

for some L > 0 and M > 0. Consequently, Fj;kðt; x; y; lÞ is holomorphic on W 0. This

completes the proof of Proposition 2.2.

4. Additional remarks.

Under the condition that lið0Þ � ljð0Þ B Z holds for 1a i0 jam, H. Tahara

constructed in [2] the fundamental solutions Ejðt; x; yÞ ¼ Kjðt; x; yÞt
ljðyÞ ð1a jamÞ

using the partial di¤erential equations

PðKjðt; x; yÞt
ljðyÞÞ ¼

CðljðyÞ; xÞt
ljðyÞ

ð2piÞnðy1 � x1Þ � � � ðyn � xnÞ
ð4:1Þ

for 1a jam. Here, we will investigate the relationship between Theorem 1.1 and

Theorem 1.3 to the fundamental solutions. To be precise, we wish to prove the

following proposition:
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Proposition 4.1. If the characteristic exponents of P do not di¤er by integer, then

the fundamental solutions Ejðt; x; yÞ ð1a jamÞ in Theorem 1.3 coincide with the ones in

Theorem 1.1.

Before proving this proposition we state the following result in [2].

Lemma 4.2. Under the same assumptions as in Proposition 4.1, equation (4.1) has a

unique holomorphic solution Kjðt; x; yÞ defined in

fðt; x; yÞ A C � C
n � C

n
; jtj < e; jxij < L; jyij < L; jtj < Mjxi � yij

m
; i ¼ 1; . . . ; ng

for some e > 0, L > 0, and M > 0.

We now prove Proposition 4.1 using this lemma.

Proof of Proposition 4.1. If the characteristic exponents do not di¤er by an

integer, then (2.1) becomes

PðFj;1ðt; x; y; lÞt
lÞ ¼

Cðl; xÞtl

ð2piÞnBjðl; yÞðy1 � x1Þ � � � ðyn � xnÞ
ð4:2Þ

for 1a jam. If we set

Ej;1ðt; x; yÞ ¼
1

2pi

ð
gj

Fj;1ðt; x; y; lÞt
l dl;

then we have

PðEj;1ðt; x; yÞÞ ¼
CðljðyÞ; xÞt

ljðyÞ

ð2piÞnðy1 � x1Þ � � � ðyn � xnÞ
:

Therefore, by the uniqueness of the solution stated in Lemma 4.2, it follows that our

fundamental solutions and the ones in [2] are the same. r
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