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Abstract. In this paper the authors give the weak type (1,1) boundedness and theLp bound-
edness of a class of the parametrized Littlewood-Paley operators. These conclusions improve and
complete some known results.

1. Introduction.

It is well known that the Littlewood-Paley operators, such as the Littlewood-Paley1-
function, the area integral,1∗λ function and the Marcinkiewicz integral, play very important roles
in harmonic analysis and PDE. Historically, the Littlewood-Paley operators of higher dimension
were first introduced by Stein in 1958 ([S1]). In the same paper, Stein gave the weak type (1,1)
boundedness of the Marcinkiewicz integral and area integral. In 1970, Fefferman [Fe] proved
that the Littlewood-Paley1∗λ function is weak type (p, p) if 1 < p < 2 andλ = 2/p. Recently,
Fan and Sato [FS] obtained the weak type (1,1) boundedness of the Marcinkiewicz integral with
rough kernel.

The aim of this paper is to discuss the weak type (1,1) boundedness for the parametrized
Littlewood-Paley1∗λ function and the area integral under a weaker condition assumed on the
kernel. As a corollary of the above conclusions, we will also give the type(p, p) boundedness of
the parametrized1∗λ function and the area integral for1 < p < 2 under a weaker condition. Let
us first give some definitions and known results on the parametrized Littlewood-Paley operators.
Suppose thatΩ ∈ L1(Sn−1) is homogeneous of degree zero onRRRn and satisfies

∫

Sn−1
Ω(x′)dσ(x′) = 0, (1.1)

whereSn−1 denotes the unit sphere ofRRRn(n≥ 2) equipped with the area measuredσ = dσ(x′).
Let ϕρ(x) = Ω(x)|x|−n+ρ χB(x), whereρ > 0 and B denotes the unit ball inRRRn. Then the
parametrized Littlewood-Paley operatorµ∗,ρλ is defined by

µ∗,ρλ ( f )(x) =
(∫∫

RRRn+1
+

(
t

t + |x−y|
)λn∣∣ϕρ

t ∗ f (y)
∣∣2 dydt

tn+1

)1/2

,

whereλ > 1 andϕρ
t (x) = (1/tn)ϕρ(x/t). Clearly, if takeρ = 1 andΩ ∈ C ∞(Sn−1), then the

operatorµ∗,ρλ is the classical Littlewood-Paley1∗λ function. In 1999, Sakamoto and Yabuta [SY]
studied theLp(RRRn) boundedness ofµ∗,ρλ . Their results may be summarized as follows.
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THEOREM A ([SY]). If Ω satisfies(1.1) and theLipα(Sn−1)(0 < α ≤ 1) condition, then
(i) for ρ > 0 and2≤ p < ∞, ‖µ∗,ρλ ( f )‖p ≤Cn,p,ρ,α‖ f‖p;
(ii) for 0 < ρ ≤ n/2, 2n/(n+2ρ) < p < 2 andλ > 2/p, ‖µ∗,ρλ ( f )‖p ≤Cn,p,ρ,α‖ f‖p;

(iii) for ρ > n/2, 1 < p < 2 andλ > 2/p, ‖µ∗,ρλ ( f )‖p ≤Cn,p,ρ,α‖ f‖p;
(iv) for 0 < ρ ≤ n/2 and 1≤ p≤ 2n/(n+ 2ρ), there exists a functionΩ ∈Lipα(Sn−1)

satisfies(1.1), such thatµ∗,ρλ is not bounded onLp(RRRn).

In 2002, Ding, Lu and Yabuta [DLY ] improved the conclusion (i) in Theorem A.

THEOREM B ([DLY ]). Suppose thatΩ ∈ L log+L(Sn−1) satisfies(1.1). Then forρ > 0
and2≤ p < ∞, ‖µ∗,ρλ ( f )‖p ≤Cn,p,ρ‖ f‖p.

Now we give the definition of the integral modulus of continuity.

DEFINITION 1. Let Ω(x′) ∈ Lq(Sn−1), q≥ 1. Then the integral modulusωq(δ ) of conti-
nuity of orderq of Ω is defined by

ωq(δ ) = sup
‖γ‖≤δ

(∫

Sn−1
|Ω(γx′)−Ω(x′)|qdσ(x′)

)1/q

,

whereγ denotes a rotation onSn−1 and‖γ‖= supx′∈Sn−1 |γx′−x′|.
The main result in this paper is the following theorem.

THEOREM 1. Let Ω ∈ L2(Sn−1) satisfies(1.1) and

∫ 1

0

ω2(δ )
δ

(1+ | logδ |)σ dδ < ∞, σ > 1. (1.2)

Then forρ > n/2 andλ > 2ρ/n+ 1/n+ 1, there exists a constantC = Cn,ρ,σ such that for all
β > 0 and f ∈ L1(RRRn),

|{x∈ RRRn : µ∗,ρλ ( f )(x) > β}| ≤ C
β
‖ f‖1.

REMARK 1. Notice that for any0 < α ≤ 1 and1 < q≤ ∞, the following including rela-
tionship

Lipα(Sn−1)( Lq(Sn−1)( L log+L(Sn−1)( L1(Sn−1) (1.3)

holds. Hence, applying the Marcinkiewicz interpolation theorem (see [S2]) between Theorem 1
and Theorem B, we may obtain immediately theLp(RRRn) boundedness of the operatorµ∗,ρλ for
1 < p < 2.

COROLLARY 1. Let Ω ∈ L2(Sn−1) satisfies(1.1) and (1.2). Then forρ > n/2 andλ >

2ρ/n+1/n+1, µ∗,ρλ is of type(p, p) for 1 < p < 2.

REMARK 2. The conclusion of Theorem 1 does not hold if relaxing the restrictionρ > n/2
to 0 < ρ < n/2 for n≥ 2. Otherwise, whenΩ satisfies (1.1) and (1.2)µ∗,ρλ is of weak type (1,1)
for 0 < ρ < n/2 andn≥ 2, then by the Marcinkiewicz interpolation theoremµ∗,ρλ is also of type
(p, p) for 0 < ρ < n/2, n≥ 2 and1 < p < 2. However, this contradicts with the conclusions (iv)
in Theorem A.
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Another parametrized Littlewood-Paley operatorµρ
S , which is related to the area integral, is

defined by

µρ
S( f )(x) =

(∫∫

Γ (x)

∣∣ϕρ
t ∗ f (y)

∣∣2 dydt
tn+1

)1/2

,

whereΓ (x) = {(y, t) ∈ RRRn+1
+ : |x− y| < t}. The following conclusions are about theLp (p > 1)

boundedness of the operatorµρ
S .

THEOREM C ([SY]). If Ω satisfies(1.1) and theLipα(Sn−1)(0 < α ≤ 1) condition. Then

(i) for ρ > 0 and2≤ p < ∞, ‖µρ
S( f )‖p ≤Cn,p,ρ,α‖ f‖p;

(ii) for 0 < ρ ≤ n/2 and2n/(n+2ρ) < p < 2, ‖µρ
S( f )‖p ≤Cn,p,ρ,α‖ f‖p;

(iii) for ρ > n/2 and1 < p < 2, ‖µρ
S( f )‖p ≤Cn,p,ρ,α‖ f‖p;

(iv) for 0 < ρ ≤ n/2 and 1≤ p≤ 2n/(n+ 2ρ), there exists a functionΩ ∈Lipα(Sn−1)
satisfies(1.1), such thatµρ

S is not bounded onLp(RRRn).

Since for anyx∈ RRRn, µρ
S( f )(x) ≤ 2λnµ∗,ρλ ( f )(x) (see [SY]), hence the following theorem

is the direct result of Theorem 1 and Corollary 1.

THEOREM 2. Let Ω ∈ L2(Sn−1) satisfies(1.1) and(1.2). Then forρ > n/2 the operator
µρ

S is both of weak type(1,1) and of type(p, p) for 1 < p < 2.

REMARK 3. Notice that ifΩ ∈ Lipα(Sn−1) for 0 < α ≤ 1, thenΩ satisfies also the con-
dition (1.2) (see [DLX , Remark 2]). Therefore, Theorem 2 is improvement and extension of the
conclusion (iii) in Theorem C.

REMARK 4. With the same reason shown in Remark 2, the operatorµρ
S is not of weak

type(1,1) if Ω ∈ L2(Sn−1) satisfies(1.1) and(1.2) and0 < ρ < n/2 for n≥ 2.

2. Proof of Theorem 1.

We begin with recalling the following lemma.

LEMMA 2.1. Suppose thatρ > 0, Ω is homogeneous of degree zero and satisfies the
L2-Dini condition. If there exists a constant0 < θ < 1/2 such that|x|< θR, then we have

(∫

R<|y|<2R

∣∣∣∣
Ω(y−x)
|y−x|n−ρ −

Ω(y)
|y|n−ρ

∣∣∣∣
2

dy

)1/2

≤CRn/2−(n−ρ)
{ |x|

R
+

∫

|x|/2R<δ<|x|/R

ω2(δ )
δ

dδ
}

,

where the constantC > 0 is independent ofRandx.

See [DL ] for the case0 < ρ < n and the proof is trivial for the caseρ ≥ n.
Now let us turn to the proof of Theorem 1. Forf ∈ L1(RRRn) and anyβ > 0, by the Caldeŕon-

Zygmund decomposition (see [S2]) we have the following conclusions:

(i) RRRn = F
⋃

E with F
⋂

E = Ø;
(ii) E = ∪kQk, where{Qk} is a sequence of the cubes, whose interiors are disjoint;
(iii) | f | ≤ β a.e. x∈ F ;
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(iv) β < (1/|Qk|)
∫

Qk
| f |dx≤ 2nβ for everyk;

(v) |E| ≤ (C/β )
∫

RRRn | f |dx.

Denote

u(x) =





f (x), for x∈ F

1
|Qk|

∫

Qk

f (y)dy, for x∈Qk,

and setb = f −u, thenb(x) = 0 for x∈ F and
∫

Qk
b(x)dx= 0 for eachk. Thus we have

|{x : µ∗,ρλ ( f )(x) > β}| ≤ |{x : µ∗,ρλ (u)(x) > β/2}|+ |{x : µ∗,ρλ (b)(x) > β/2}|. (2.1)

By theL2 boundedness ofµ∗,ρλ (Theorem B) and (iii)–(v), it is easy to see that

|{x : µ∗,ρλ (u)(x) > β/2}| ≤ 4
β 2

∫

RRRn
|µ∗,ρλ (u)|2dx≤ C

β 2‖u‖2
2

≤ C
β 2

{∫

F
| f |2dx+∑

k

∫

Qk

(
1
|Qk|

∫

Qk

f (y)dy

)2

dx

}
≤ C

β
‖ f‖1.

(2.2)

On the other hand, we denote byxk andak the center and side length ofQk respectively, and let
Bk be a ball with center atxk and radiusrk = (

√
n/2)ak for eachk. Then

|{x : µ∗,ρλ (b)(x) > β/2}| ≤ |{x : µ∗,ρλ (b)(x) > β/2}∩E∗|+ |{x : µ∗,ρλ (b)(x) > β/2}∩ (E∗)c|,

whereE∗ = ∪k(16Bk). By (ii) and (v), we have

|{x : µ∗,ρλ (b)(x) > β/2}∩E∗| ≤ |E∗| ≤C∑
k

|Bk| ≤Cn|E| ≤ Cn

β
‖ f‖1. (2.3)

Note that

|{x : µ∗,ρλ (b)(x) > β/2}∩ (E∗)c| ≤ C
β

∫

(E∗)c
µ∗,ρλ (b)(x)dx

and
∫

RRRn |b(x)|dx≤C‖ f‖1. Hence by (2.1)–(2.3), to complete the proof of Theorem 1, it remains
to verify that

∫

(E∗)c
µ∗,ρλ (b)(x)dx≤C‖b‖1. (2.4)

Denote

bk(x) =

{
b(x), for x∈Qk

0, for x /∈Qk,

then by the Minkowski inequality
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∫

(E∗)c
µ∗,ρλ (b)dx

=
∫

(E∗)c

[∫∫

RRRn+1
+

(
t

t + |x−y|
)λn∣∣∣∣∑

k

∫

|y−z|<t

Ω(y−z)
|y−z|n−ρ bk(z)dz

∣∣∣∣
2 dydt
tn+2ρ+1

]1/2

dx

≤
∫

(E∗)c
∑
k

[∫∫

RRRn+1
+

(
t

t + |x−y|
)λn∣∣∣∣

∫

|y−z|<t

Ω(y−z)
|y−z|n−ρ bk(z)dz

∣∣∣∣
2 dydt
tn+2ρ+1

]1/2

dx.

Let

J1 =
∫

(E∗)c
∑
k

[∫∫

|y−x|<t

(
t

t + |x−y|
)λn∣∣∣∣

∫

|y−z|<t

Ω(y−z)
|y−z|n−ρ bk(z)dz

∣∣∣∣
2 dydt
tn+2ρ+1

]1/2

dx,

J2 =
∫

(E∗)c
∑
k

[∫∫
|y−x| ≥ t
y∈ 4Bk

(
t

t + |x−y|
)λn∣∣∣∣

∫

|y−z|<t

Ω(y−z)
|y−z|n−ρ bk(z)dz

∣∣∣∣
2 dydt
tn+2ρ+1

]1/2

dx

and

J3 =
∫

(E∗)c
∑
k

[∫∫
|y−x| ≥ t
y∈ (4Bk)c

(
t

t + |x−y|
)λn∣∣∣∣

∫

|y−z|<t

Ω(y−z)
|y−z|n−ρ bk(z)dz

∣∣∣∣
2 dydt
tn+2ρ+1

]1/2

dx.

Then

∫

(E∗)c
µ∗,ρλ (b)(x)dx≤ J1 +J2 +J3. (2.5)

Below we will respectively give the estimates ofJ1,J2 andJ3. First we have

J1 ≤
∫

(E∗)c
∑
k

(∫∫

|y−x|<t

∣∣∣∣
∫

|y−z|<t

Ω(y−z)
|y−z|n−ρ bk(z)dz

∣∣∣∣
2 dydt
tn+2ρ+1

)1/2

dx

≤
∫

(E∗)c
∑
k

[(∫∫
|y−x|< t
y∈ 4Bk

+
∫∫

|y−x|< t
y∈ (4Bk)c

)∣∣∣∣
∫

|y−z|<t

Ω(y−z)
|y−z|n−ρ bk(z)dz

∣∣∣∣
2 dydt
tn+2ρ+1

]1/2

dx

≤ J11+J12.

By x∈ (E∗)c, y∈ 4Bk andz∈ Qk, we have|x− xk|−4rk ≤ |x− xk|− |y− xk| ≤ |x− y| < t and
|y−z|< 8rk. Applying Minkowski’s inequality again, we get

J11≤
∫

(E∗)c
∑
k

∫

Qk

|b(z)|
(∫∫

|y−x|< t
|y−z|< t
y∈ 4Bk

|Ω(y−z)|2
|y−z|2n−2ρ

dydt
tn+2ρ+1

)1/2

dzdx

≤
∫

(E∗)c
∑
k

∫

Qk

|b(z)|
[∫

|y−z|<8rk

|Ω(y−z)|2
|y−z|2n−2ρ

(∫ ∞

|x−xk|−4rk

dt
tn+2ρ+1

)
dy

]1/2

dzdx

≤C∑
k

∫

Qk

|b(z)|
(∫

|y−z|<8rk

|Ω(y−z)|2
|y−z|2n−2ρ dy

)1/2

dz
∫

(E∗)c

1

(|x−xk|−4rk)(n+2ρ)/2
dx

≤C‖b‖1. (2.6)
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As for J12, we have

J12 =
∫

(E∗)c
∑
k

[(∫∫
|y−x|< t
t ≤ |y−xk|+2rk
y∈ (4Bk)c

+
∫∫

|y−x|< t
t > |y−xk|+2rk
y∈ (4Bk)c

)∣∣∣∣
∫

|y−z|<t

Ω(y−z)
|y−z|n−ρ bk(z)dz

∣∣∣∣
2 dydt
tn+2ρ+1

]1/2

dx

≤ J1
12+J2

12.

By z∈Qk, x∈ (E∗)c andy∈ (4Bk)c it is easy to see that|y−z| ∼ |y−xk| and

|x−xk| ≤ |x−y|+ |y−xk| ≤ t + |y−xk| ≤ 2|y−xk|+2rk < 3|y−xk|.

Thus

J1
12≤

∫

(E∗)c
∑
k

∫

Qk

|b(z)|
(∫∫

|y−x|< t
t ≤ |y−xk|+2rk
|y−z|< t
y∈ (4Bk)c

|Ω(y−z)|2
|y−z|2n−2ρ

dydt
tn+2ρ+1

)1/2

dzdx

≤
∫

(E∗)c
∑
k

∫

Qk

|b(z)|
[∫

y∈(4Bk)c

|Ω(y−z)|2
|y−z|2n−2ρ

(∫ |y−xk|+2rk

|y−z|
dt

tn+2ρ+1

)
dy

]1/2

dzdx

≤
∫

(E∗)c
∑
k

∫

Qk

|b(z)|
(∫

y∈(4Bk)c

|Ω(y−z)|2
|y−z|2n−2ρ

Crk

|y−z|n+2ρ+1 dy

)1/2

dzdx(since|y−z| ∼ |y−xk|)

≤C
∫

(E∗)c
∑
k

∫

Qk

|b(z)|
(∫

y∈(4Bk)c

|Ω(y−z)|2
|y−z|n+1/2

rk

|y−xk|2n+1/2
dy

)1/2

dzdx

≤C∑
k

∫

Qk

|b(z)|
(∫

y∈(4Bk)c

|Ω(y−z)|2r1/2
k

|y−z|n+1/2
dy

)1/2

dz
∫

(E∗)c

r1/4
k

|x−xk|n+1/4
dx

≤C‖b‖1. (2.7)

Now we give the estimate ofJ2
12. Note thatQk ⊂ Bk ⊂ {z : |y− z| < t} sincey ∈ (4Bk)c and

t > |y− xk|+ 2rk. In addition, |x− xk| < |x− y|+ |y− xk| < 3t. Hence by the cancellation
property ofb onBk, we have

J2
12 =

∫

(E∗)c
∑
k

[∫∫
|y−x|< t
t > |y−xk|+2rk
y∈ (4Bk)c

∣∣∣∣
∫

|y−z|<t

(
Ω(y−z)
|y−z|n−ρ −

Ω(y−xk)
|y−xk|n−ρ

)
bk(z)dz

∣∣∣∣
2 dydt
tn+2ρ+1

]1/2

dx

≤
∫

(E∗)c
∑
k

∫

Qk

|b(z)|
[∫

y∈(4Bk)c

∣∣∣∣
Ω(y−z)
|y−z|n−ρ −

Ω(y−xk)
|y−xk|n−ρ

∣∣∣∣
2

×
(∫

|y−x|< t
t > |y−xk|+2rk
|y−z|< t

dt
tn+2ρ+1

)
dy

]1/2

dzdx

=
∫

(E∗)c
∑
k

∫

Qk

|b(z)|
[∫

y∈(4Bk)c

∣∣∣∣
Ω(y−z)
|y−z|n−ρ −

Ω(y−xk)
|y−xk|n−ρ

∣∣∣∣
2

×
(∫

|y−x|< t
t > |y−xk|+2rk
|y−z|< t

(log(t/rk))2+2εdt
t2ρ−n+1t2n(log(t/rk))2+2ε

)
dy

]1/2

dzdx
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≤
∫

(E∗)c
∑
k

∫

Qk

|b(z)|
[∫

y∈(4Bk)c

∣∣∣∣
Ω(y−z)
|y−z|n−ρ −

Ω(y−xk)
|y−xk|n−ρ

∣∣∣∣
2

×
(∫

t>|y−xk|+2rk

(log(t/rk))2+2εdt
t2ρ−n+1(|x−xk|/3)2n(log(|x−xk|/(3rk)))2+2ε

)
dy

]1/2

dzdx, (2.8)

where0 < ε < min{1/2,ρ − n/2,σ − 1}. (We always takeε to satisfy this restriction in the
whole paper). To complete the estimate ofJ2

12, we need the following inequality.

LEMMA 2.2. For |y−xk|> 4rk,

∫ ∞

|y−xk|+2rk

(log(t/rk))2+2ε

t2ρ−n+1 dt ≤C
[log((|y−xk|/rk)+2)]2+2ε

(|y−xk|+2rk)2ρ−n . (2.9)

The proof of (2.9) is simple, we omit the details here.
Let us continue to estimateJ2

12. By (2.8), (2.9) and Lemma 2.1, we get

J2
12≤C∑

k

∫

(E∗)c

1
(|x−xk|/3)n(log(|x−xk|/(3rk)))1+ε

∫

Qk

|b(z)|

×
(∫

y∈(4Bk)c

∣∣∣∣
Ω(y−z)
|y−z|n−ρ −

Ω(y−xk)
|y−xk|n−ρ

∣∣∣∣
2 [log((|y−xk|/rk)+2)]2+2ε

(|y−xk|+2rk)2ρ−n dy

)1/2

dzdx

≤C∑
k

∫

(E∗)c

1
(|x−xk|/3)n(log(|x−xk|/(3rk)))1+ε

∫

Qk

|b(z)|

×
∞

∑
j=2

(∫

2 j rk≤|y−xk|<2 j+1rk

∣∣∣∣
Ω(y−z)
|y−z|n−ρ −

Ω(y−xk)
|y−xk|n−ρ

∣∣∣∣
2

× [log((2 j+1rk/rk)+2)]2+2ε

(2 j rk +2rk)2ρ−n dy

)1/2

dzdx

≤C∑
k

∫

(E∗)c

1
(|x−xk|/3)n(log(|x−xk|/3rk))1+ε

∫

Qk

|b(z)|

×
∞

∑
j=2

( j +1)1+ε

(2 j rk +2rk)ρ−n/2
(2 j rk)n/2−(n−ρ)

{ |z−xk|
2 j rk

+
∫ |z−xk|/(2 j rk)

|z−xk|/(2 j+1rk)

w2(δ )
δ

dδ
}

dzdx.

(2.10)

Note that

∫ |z−xk|/(2 j rk)

|z−xk|/(2 j+1rk)

w2(δ )
δ

dδ =
∫ |z−xk|/(2 j rk)

|z−xk|/(2 j+1rk)

ω2(δ )(1+ | logδ |)σ

δ (1+ | logδ |)σ dδ

≤ C
jσ

∫ |z−xk|/(2 j rk)

|z−xk|/(2 j+1rk)

ω2(δ )(1+ | logδ |)σ

δ
dδ . (2.11)

By (2.10), (2.11) and the condition (1.2), since0 < ε < σ −1, we get

J2
12≤C∑

k

∫

(E∗)c

1
(|x−xk|/3)n(log(|x−xk|/(3rk)))1+ε

∫

Qk

|b(z)|

×
∞

∑
j=2

( j +1)1+ε
{

1
2 j +

C
jσ

∫ |z−xk|/(2 j rk)

|z−xk|/(2 j+1rk)

ω2(δ )(1+ | logδ |)σ

δ
dδ

}
dzdx
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≤C∑
k

∫

(E∗)c

1
(|x−xk|/3)n(log(|x−xk|/(3rk)))1+ε

∫

Qk

|b(z)|

×
(

1+
∞

∑
j=2

∫ |z−xk|/(2 j rk)

|z−xk|/(2 j+1rk)

ω2(δ )(1+ | logδ |)σ

δ
dδ

)
dzdx

≤C∑
k

∫

(E∗)c

1
(|x−xk|/3)n(log(|x−xk|/(3rk)))1+ε

∫

Qk

|b(z)|

×
(

1+
∫ 1

0

ω2(δ )(1+ | logδ |)σ

δ
dδ

)
dzdx

≤C∑
k

∫

Qk

|b(z)|dz
∫

(E∗)c

1
(|x−xk|/3)n(log(|x−xk|/(3rk)))1+ε dx

≤C∑
k

∫

Qk

|b(z)|dz≤C‖b‖1. (2.12)

Thus, by (2.6), (2.7) and (2.12) we obtain

J1 ≤C‖b‖1. (2.13)

As for J2, fromy∈ 4Bk,x∈ (E∗)c andz∈Qk, we see that|y−x|> |x−xk|−|y−xk|> |x−xk|/2,
|y−z|< 32rk and|x−y| ∼ |x−xk|. By the Minkowski inequality we have

J2 ≤
∫

(E∗)c
∑
k

∫

Qk

|b(z)|
[∫∫

|y−x| ≥ t
|y−z|< 32rk
y∈ 4Bk

(
t

t + |x−y|
)λn |Ω(y−z)|2

|y−z|2n−2ρ
dydt

tn+2ρ+1

]1/2

dzdx

≤
∫

(E∗)c
∑
k

∫

Qk

|b(z)|
[∫

|y−z|<32rk

|Ω(y−z)|2
(|x−xk|/2)λn|y−z|2n−2ρ

×
(∫ |y−x|

0

tλn

tn+2ρ+1 dt

)
dy

]1/2

dzdx

≤
∫

(E∗)c
∑
k

∫

Qk

|b(z)|
(∫

|y−z|<32rk

|Ω(y−z)|2|y−x|λn−n−2ρ

(|x−xk|/2)λn|y−z|2n−2ρ dy

)1/2

dzdx

≤C
∫

(E∗)c
∑
k

∫

Qk

|b(z)|
(∫

|y−z|<32rk

|Ω(y−z)|2
(|x−xk|)n+2ρ |y−z|2n−2ρ dy

)1/2

dzdx

≤C∑
k

∫

Qk

|b(z)|
(∫

|y−z|<32rk

|Ω(y−z)|2
|y−z|2n−2ρ dy

)1/2

dz
∫

(E∗)c

1

(|x−xk|)n/2+ρ dx

≤C‖b‖1. (2.14)

Now let us estimateJ3. Denote

J31 =
∫

(E∗)c
∑
k

[∫∫
y∈ (4Bk)c

t ≤ |y−xk|+8e3/(2ρ−n)rk
|y−x| ≥ t

(
t

t + |x−y|
)λn∣∣∣∣

∫

|y−z|<t

Ω(y−z)
|y−z|n−ρ bk(z)dz

∣∣∣∣
2 dydt
tn+2ρ+1

]1/2

dx

and

J32 =
∫

(E∗)c
∑
k

[∫∫
y∈ (4Bk)c

|y−xk|+8e3/(2ρ−n)rk < t
|y−x| ≥ t

(
t

t + |x−y|
)λn∣∣∣∣

∫

|y−z|<t

Ω(y−z)
|y−z|n−ρ bk(z)dz

∣∣∣∣
2 dydt
tn+2ρ+1

]1/2

dx,
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thenJ3 ≤ J31+ J32. Notice that wheny∈ (4Bk)c andz∈ Qk, then|y− z| ∼ |y− xk|, |y− xk| ≤
|y−z|+ |z−xk| ≤ t +2rk. Moreover, forα > 0 we have

∫ |y−xk|+8e3/(2ρ−n)rk

|y−xk|−2rk

dt
tα+1 ≤

Crk

|y−xk|α+1 . (2.15)

Since

J31≤
∫

(E∗)c
∑
k

∫

Qk

|b(z)|
[(∫∫

y∈ (4Bk)c

|y−x| ≥ t
t ≤ |y−xk|+8e3/(2ρ−n)rk
|y−z|< t
|x−xk| ≤ 2|y−xk|

+
∫∫

y∈ (4Bk)c

|y−x| ≥ t
t ≤ |y−xk|+8e3/(2ρ−n)rk
|y−z|< t
|x−xk|> 2|y−xk|

)

(
t

t + |x−y|
)λn |Ω(y−z)|2

|y−z|2n−2ρ
dtdy

tn+2ρ+1

]1/2

dzdx

≤ J1
31+J2

31,

by (2.15) we get

J1
31≤

∫

(E∗)c
∑
k

∫

Qk

|b(z)|
[∫

y∈ (4Bk)c

|x−xk| ≤ 2|y−xk|

(∫ |y−xk|+8e3/(2ρ−n)rk

|y−xk|−2rk

dt
tn+2ρ+1

)

× |Ω(y−z)|2
|y−z|2n−2ρ dy

]1/2

dzdx

≤C
∫

(E∗)c
∑
k

∫

Qk

|b(z)|
(∫

y∈ (4Bk)c

|x−xk| ≤ 2|y−xk|

|Ω(y−z)|2
|y−z|2n−2ρ

rk

|y−xk|n+2ρ+1 dy

)1/2

dzdx.

Using the same method of estimatingJ1
12 in (2.7), we may get

J1
31≤C‖b‖1. (2.16)

Now we considerJ2
31. Note that0< ε < min{1/2,ρ−n/2,σ−1}, |y−x| ≥ |x−xk|− |y−xk| ≥

|x−xk|/2 and|y−z| ∼ |y−xk|, by (2.16) we have

J2
31≤

∫

(E∗)c
∑
k

∫

Qk

|b(z)|
[∫

y∈ (4Bk)c

|x−xk|> 2|y−xk|

(
t

t + |x−y|
)2n+2ε |Ω(y−z)|2

|y−z|2n−2ρ

×
(∫ |y−xk|+8e3/(2ρ−n)rk

|y−xk|−2r

dt
tn+2ρ+1

)
dy

]1/2

dzdx

≤C
∫

(E∗)c
∑
k

∫

Qk

|b(z)|
[∫

y∈ (4Bk)c

|x−xk|> 2|y−xk|

(∫ |y−xk|+8e3/(2ρ−n)rk

|y−xk|−2rk

t2n+2ε−n−2ρ−1

(|x−y|)2n+2ε dt

)

× |Ω(y−z)|2
|y−z|2n−2ρ dy

]1/2

dzdx

≤C
∫

(E∗)c
∑
k

∫

Qk

|b(z)|
(∫

y∈ (4Bk)c

|x−xk| ≥ 2|y−xk|

|Ω(y−z)|2
|y−z|2n−2ρ

rk

|x−xk|2n+2ε |y−xk|2ρ−n−2ε+1 dy

)1/2

dzdx
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≤C
∫

(E∗)c
∑
k

∫

Qk

|b(z)|
(∫

y∈ (4Bk)c

|x−xk| ≥ 2|y−xk|

|Ω(y−z)|2
|y−z|n−2ε+1

rk

|x−xk|2n+2ε dy

)1/2

dzdx

≤C∑
k

∫

Qk

|b(z)|
(∫

(4Bk)c

|Ω(y−z)|2r1−2ε
k

|y−z|n−2ε+1 dy

)1/2

dz
∫

(E∗)c

rε
k

|x−xk|n+ε dx

≤C‖b‖1. (2.17)

Finally, let us estimateJ32. By y∈ (4Bk)c andt > |y−xk|+8e3/(2ρ−n)rk, we haveQk⊂ Bk⊂ {z :
|y−z|< t}. On the other hand, it is easy to see that

t + |x−y| ≥ t + |x−xk|− |y−xk|

≥ |y−xk|+8e3/(2ρ−n)rk + |x−xk|− |y−xk|

≥ |x−xk|+8e3/(2ρ−n)rk.

Thus

J32≤
∫

(E∗)c
∑
k

∫

Qk

|b(z)|
[∫∫

y∈ (4Bk)c

|y−xk|+8e3/(2ρ−n)rk < t
|y−z|< t ≤ |y−x|

(
t

t + |x−y|
)λn

×
∣∣∣∣

Ω(y−z)
|y−z|n−ρ −

Ω(y−xk)
|y−xk|n−ρ

∣∣∣∣
2 dtdy
tn+2ρ+1

]1/2

dzdx

=
∫

(E∗)c
∑
k

∫

Qk

|b(z)|
(∫∫

y∈ (4Bk)c

|y−xk|+8e3/(2ρ−n)rk < t
|y−z|< t ≤ |y−x|

tλn

(t + |x−y|)2n[log((t + |x−y|)/rk)]2+2ε

× [log((t + |x−y|)/rk)]2+2ε

(t + |x−y|)λn−2n

∣∣∣∣
Ω(y−z)
|y−z|n−ρ −

Ω(y−xk)
|y−xk|n−ρ

∣∣∣∣
2 dtdy
tn+2ρ+1

)1/2

dzdx

≤C
∫

(E∗)c
∑
k

∫

Qk

|b(z)|
(|x−xk|+8e3/(2ρ−n)rk)n[log((|x−xk|+8e3/(2ρ−n)rk)/rk)]1+ε

×
(∫∫

y∈ (4Bk)c

|y−x| ≥ t
|y−xk|+8e3/(2ρ−n)rk < t
|y−z|< t

tλn[log((t + |x−y|)/rk)]2+2ε

(t + |x−y|)λn−2n

×
∣∣∣∣

Ω(y−z)
|y−z|n−ρ −

Ω(y−xk)
|y−xk|n−ρ

∣∣∣∣
2 dtdy
tn+2ρ+1

)1/2

dzdx

≤C
∫

(E∗)c
∑
k

∫

Qk

|b(z)|
(|x−xk|+8e3/(2ρ−n)rk)n[log((|x−xk|+8e3/(2ρ−n)rk)/rk)]1+ε

×
(∫

y∈ (4Bk)c

|y−x| ≥ |y−xk|+8e3/(2ρ−n)rk

∣∣∣∣
Ω(y−z)
|y−z|n−ρ −

Ω(y−xk)
|y−xk|n−ρ

∣∣∣∣
2

×
∫ |y−x|

|y−xk|+8e3/(2ρ−n)rk

|y−x|λn−n−2ρ−1[log((t + |x−y|)/rk)]2+2ε

(t + |x−y|)λn−2n
dtdy

)1/2

dzdx.

Notice that
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∫ |y−x|

|y−xk|+8e3/(2ρ−n)rk

[log((t + |x−y|)/rk)]2+2ε

(t + |x−y|)λn−2n
dt

=
∫ 2|y−x|

|y−x|+|y−xk|+8e3/(2ρ−n)rk

[log(t/rk)]2+2ε

tλn−2n
dt

≤
∫ ∞

|y−x|+|y−xk|+8e3/(2ρ−n)rk

[log(t/rk)]2+2ε

tλn−2n
dt

≤C
[log((|y−x|+ |y−xk|+8e3/(2ρ−n)rk)/rk)]2+2ε

(|y−x|+ |y−xk|+8e3/(2ρ−n)rk)λn−2n−1
. (2.18)

Applying the idea of proving (2.9), we may obtain the last inequality in (2.18). Here we omit
the detail. Since the function1(s) = (logs)2+2ε/s2ρ−n is decreasing fors> e3/(2ρ−n) andλn >

2ρ +n+1 and

|y−x|+ |y−xk|+8e3/(2ρ−n)rk

rk
>

2|y−xk|+8e3/(2ρ−n)rk

rk
> e3/(2ρ−n),

therefore

|y−x|λn−n−2ρ−1[log((|y−x|+ |y−xk|+8e3/(2ρ−n)rk)/rk)]2+2ε

(|y−x|+ |y−xk|+8e3/(2ρ−n)rk)λn−2n−1

≤ [log((|y−x|+ |y−xk|+8e3/(2ρ−n)rk)/rk)]2+2ε

(|y−x|+ |y−xk|+8e3/(2ρ−n)rk)2ρ−n

≤ [log((2|y−xk|+8e3/(2ρ−n)rk)/rk)]2+2ε

(2|y−xk|+8e3/(2ρ−n)rk)2ρ−n
. (2.19)

By (2.18) and (2.19), we have

J32≤C
∫

(E∗)c
∑
k

∫

Qk

|b(z)|
(|x−xk|+8e3/(2ρ−n)r)n

[
log((|x−xk|+8e3/(2ρ−n)rk)/rk)

]1+ε

×
(∫

y∈ (4Bk)c

|y−x| ≥ |y−xk|+8e3/(2ρ−n)rk

∣∣∣∣
Ω(y−z)
|y−z|n−ρ −

Ω(y−xk)
|y−xk|n−ρ

∣∣∣∣
2

×
[
log(2|y−xk|+8e3/(2ρ−n)rk)/rk)

]2+2ε

(2|y−xk|+8e3/(2ρ−n)rk)2ρ−n
dy

)1/2

dzdx

≤C
∫

(E∗)c
∑
k

∫

Qk

|b(z)|
(|x−xk|)n[log(|x−xk|/rk)]1+ε

( ∞

∑
j=3

∫

2 j rk≤|y−xk|<2 j+1rk

∣∣∣∣
Ω(y−z)
|y−z|n−ρ −

Ω(y−xk)
|y−xk|n−ρ

∣∣∣∣
2 [

log((2|y−xk|+8e3/(2ρ−n)rk)/rk)
]2+2ε

(2|y−xk|)2ρ−n dy

)1/2

dzdx.

Applying the same method of estimatingJ2
12 (see (2.10)–(2.12)), we may getJ32≤C‖b‖1. From

this and (2.16), (2.17), we see that

J3 ≤C‖b‖1. (2.20)

Thus, (2.4) follows from (2.5), (2.13), (2.14) and (2.20) and we finish the proof of Theorem 1.
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