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Abstract. We determine an explicit form of the Igusa local zeta function of the simple
prehomogeneous vector space(GL(1)4×SL(2n+1),Λ2⊕Λ1⊕Λ1⊕Λ1). As for the Igusa local
zeta functions and thep-adicΓ -factors of regular reducible simple prehomogeneous vector spaces
with universally transitive open orbits, a table for explicit forms is completed by our result together
with the result in Hosokawa [2].

1. Introduction.

The purpose of this paper is to determine an explicit form of the Igusa local zeta function of
the simple prehomogeneous vector space(GL(1)4×SL(2n+1),Λ2⊕Λ1⊕Λ1⊕Λ1) (n≥ 1). By
this result, we get an explicit form of thep-adicΓ -factor of this space. Therefore by our result
together with the result in Hosokawa [2], we observe that thep-adicΓ -factor is expressed by the
Tate local factor and theb-function for every regular reducible simple prehomogeneous vector
space with a universally transitive open orbit.

J. Igusa classified all regular irreducible prehomogeneous vector spaces with universally
transitive open orbits in [6]. T. Kimura, S. Kasai, H. Hosokawa classified all reducible simple or
2-simple prehomogeneous vector spaces with universally transitive open orbits in [13]. For all
regular irreducible reduced prehomogeneous vector spaces with universally transitive open or-
bits, J. Igusa gave explicitly theirp-adicΓ -factors by calculating their Igusa local zeta functions
in [5]. Furthermore J. Igusa expressed theirp-adicΓ -factors by the Tate local factor and their
b-functions. In [2], H. Hosokawa showed an analogy of Igusa’s result in case of regular reducible
simple prehomogeneous vector spaces with universally transitive open orbits. He gave explic-
itly their p-adic Γ -factors by calculating their Igusa local zeta functions except for the space
(GL(1)4×SL(2n+1),Λ2⊕Λ1⊕Λ1⊕Λ1). He also expressed theirp-adicΓ -factors by the Tate
local factor and theirb-functions. Furthermore he gave a conjecture [2, p. 586 (C-1)] on an ex-
plicit form of the Igusa local zeta function of the space(GL(1)4×SL(2n+1),Λ2⊕Λ1⊕Λ1⊕Λ1),
and expected that itsp-adicΓ -factor is also expressed by the Tate local factor and itsb-function.
He showed that this conjecture is true whenn= 1,2. In this paper, we give a proof of his conjec-
ture for alln, and show that itsp-adicΓ -factor is also expressed by the Tate local factor and its
b-function.

The Igusa local zeta function of the space(GL(1)4×SL(2n+1),Λ2⊕Λ1⊕Λ1⊕Λ1) was not
determined by the established methods of [2], [5] and [8] (see, [2]). Their established methods
are to decompose the domain of integration over the residue field. It is difficult to calculate
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this local zeta function by their decompositions. Therefore we use Cartan decomposition of
alternating forms in order to decompose the domain of integration over the integer ring. We
get this idea from the proofs of [1, Theorem 10] and [3, Theorems 5.1, 5.2]. Furthermore we
reduce their integrations to some results of spherical functions of alternating forms of [1] by some
calculations. This is the point of our calculation. Finally we sum up their values of integrations
by a formula of the Hall-Littlewood polynomial. Therefore we get our result.

We shall mention an application of the explicit forms of these Igusa local zeta functions. In
[12], T. Kimura calculated explicitly the Fourier transform of the complex power overRRR for the
space(GL(1)4×SL(2n+1),Λ2⊕Λ1⊕Λ ∗

1⊕Λ ∗
1 ) by using the explicit form of the Igusa local zeta

function, which was given explicitly in [2]. This method is based on the idea of Iwasawa-Tate
theory. By [7] and [14] we see that we can apply this method to all regular irreducible reduced
or regular simple prehomogeneous vector spaces with universally transitive open orbits.

The plan of this paper is as follows. In Section 2, we give our main result on an explicit
form of the Igusa local zeta function of the space(GL(1)4×SL(2n+1),Λ2⊕Λ1⊕Λ1⊕Λ1). In
Section 3, we prove our main result. In Section 4, we give an explicit form of thep-adicΓ -factor
of the space(GL(1)4×SL(2n+1),Λ2⊕Λ1⊕Λ1⊕Λ1) by our main result. We show that itsp-
adicΓ -factor is expressed by the Tate local factor and theb-function. In Appendix A, for the sake
of convenience, we give a table for explicit forms of the Igusa local zeta functions, thep-adicΓ -
factors and theb-functions of all regular irreducible reduced or regular simple prehomogeneous
vector spaces with universally transitive open orbits.

2. Main result.

We shall define the Igusa local zeta functions. LetK be ap-adic field i.e. a finite extension
of QQQp. We denote byOK the ring of integers inK. We fix a prime elementπ in OK , and then
πOK is the ideal of nonunits ofOK . The cardinality of the residue fieldOK/πOK is denoted byq.
We denote by| |K the absolute value ofK normalized by|π|K = q−1. Let dv be the Haar measure
onKn normalized by

∫
On

K
dv = 1, andS(Kn) the Schwartz-Bruhat space ofKn. If f1, f2, . . . , fl are

K-valued non-constant polynomial functions onKn, then we put

Z(s;Φ) =
∫

Kn

l

∏
i=1
| fi(v)|si

KΦ(v)dv (s= (s1, . . . ,sl ) ∈CCCl , Re(si) > 0)

whereΦ ∈ S(Kn). The local zeta functionZ(s;Φ) is a rational function ofq−s1, . . . ,q−sl (see,
e.g. [8][16]). If Φ0 is the characteristic function ofOn

K , then we putZ(s) = Z(s;Φ0). This local
zeta functionZ(s) is called the Igusa local zeta function.

We shall show our main result. We deal with the simple prehomogeneous vector space
(GL(1)4×SL(2n+1),Λ2⊕Λ1⊕Λ1⊕Λ1). For a commutative ringR, we denote byM(m,n;R)
the totality ofm×n matrices overR, and byAlt(n;R) the totality ofn×n alternating matrices
over R (m,n ∈ NNN). For anya ∈ M(m,n;R), ta is the transpose ofa. We denote byPf(a) the
Pfaffian ofa∈Alt(2n;R). The groupG= GL(1)4×SL(2n+1) acts onV = Alt(2n+1)⊕M(2n+
1,1)⊕M(2n+1,1)⊕M(2n+1,1) by (x,y,z,w) 7→ (α1xt1,β1y,γ1z,δ1w) for (x,y,z,w)∈V and
(α,β ,γ,δ ,1) ∈G. The basic relative invariantsf1, f2, f3, f4 of this space are given by

fi(x,y,z,w) = Pf(Φi(x,y,z,w)) for (x,y,z,w) ∈V,

where
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Φ1(x,y,z,w) =

(
x y

−ty 0

)
, Φ2(x,y,z,w) =

(
x z

−tz 0

)
,

Φ3(x,y,z,w) =

(
x w

−tw 0

)
, Φ4(x,y,z,w) =




x y z w

−ty 0 0 0

−tz 0 0 0

−tw 0 0 0




,

Φ1,Φ2,Φ3 ∈ Alt(2n+ 2) and Φ4 ∈ Alt(2n+ 4) in [11]. We denote bydx the Haar measure
on Alt(2n+ 1;K) normalized by

∫
Alt(2n+1;OK) dx = 1, and bydy, dz, dw the Haar measure on

M(2n+ 1,1;K) normalized by
∫

M(2n+1,1;OK) dy =
∫

M(2n+1,1;OK) dz=
∫

M(2n+1,1;OK) dw = 1. We

define the Igusa local zeta function of the space(GL(1)4×SL(2n+1),Λ2⊕Λ1⊕Λ1⊕Λ1) by

Z(s) =
∫

V(OK)

4

∏
i=1
| fi(x,y,z,w)|si

Kdxdydzdw.

The following theorem is our main result.

THEOREM 2.1. The Igusa local zeta functionZ(s) of the space(GL(1)4×SL(2n+ 1),
Λ2⊕Λ1⊕Λ1⊕Λ1) (n≥ 1) is given by

Z(s) =
4

∏
i=1

1−q−1

1−q−si−1 ×
1−q−2n

1−q−s4−2n ×
n

∏
j=1

1−q−2 j−1

1−q−s1−s2−s3−s4−2 j−1 .

This explicit form is exactly as Hosokawa’s conjecture [2]. So we prove his conjecture.

3. Proof of main result.

In this section, we shall prove our main result. Put

Λ+
n = {λ = (λ1,λ2, . . . ,λn) ∈ ZZZn : λ1 ≥ λ2 ≥ ·· · ≥ λn ≥ 0} ,

|λ |=
n

∑
i=1

λi , n(λ ) =
n

∑
i=1

(i−1)λi .

For λ ∈Λ+
n , we put

πλ =
(

0 πλ1

−πλ1 0

)
⊥ ·· · ⊥

(
0 πλn

−πλn 0

)
∈ Alt(2n;OK),

and

(πλ )′ =
(

πλ 0
0 0

)
∈ Alt(2n+1;OK).

If we put

X′ = Alt(2n+1;OK)\{x∈ Alt(2n+1;OK); rank(x) < 2n},

then we have
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X′ =
⋃

λ∈Λ+
n

GL(2n+1;OK) · (πλ )′ (disjoint union).

We put

y = t(y1,y2, . . . ,y2n+1), z= t(z1,z2, . . . ,z2n+1), w = t(w1,w2, . . . ,w2n+1).

Then we have

Z(s) =
∫

V(OK)

4

∏
i=1
| fi(x,y,z,w)|si

Kdxdydzdw

= ∑
λ∈Λ+

n

∫

(GL(2n+1;OK)·(πλ )′)⊕M(2n+1,3;OK)

4

∏
i=1
| fi(x,y,z,w)|si

Kdxdydzdw

= ∑
λ∈Λ+

n

∫

GL(2n+1;OK)·(πλ )′
dx·

∫

M(2n+1,3;OK)

4

∏
i=1
| fi((πλ )′,y,z,w)|si

Kdydzdw

= ∑
λ∈Λ+

n

∫

GL(2n+1;OK)·(πλ )′
dx·

∫

M(2n+1,3;OK)

∣∣∣π |λ |y2n+1

∣∣∣
s1

K
·
∣∣∣π |λ |z2n+1

∣∣∣
s2

K

×
∣∣∣π |λ |w2n+1

∣∣∣
s3

K
·

∣∣∣∣∣∣∣∣∣∣

Pf




(πλ )′ y z w

−ty 0 0 0

−tz 0 0 0

−tw 0 0 0




∣∣∣∣∣∣∣∣∣∣

s4

K

dydzdw

= ∑
λ∈Λ+

n

∫

GL(2n+1;OK)·(πλ )′
dx·q−(s1+s2+s3)|λ |I(s;λ ;0,0,0),

where

I(s;λ ;a1,a2,a3) =
∫

M(2n+1,3;OK)
|y2n+1|s1

K · |z2n+1|s2
K · |w2n+1|s3

K

× ∣∣πa1y2n+1
tz′πτw′+πa2z2n+1

tw′πτy′+πa3w2n+1
ty′πτz′

∣∣s4
K dydzdw,

for a1,a2,a3 ∈ ZZZ and

τ = (|λ |−λn, |λ |−λn−1, . . . , |λ |−λ1) ∈Λ+
n ,

y′ = t(y2n,y2n−1, . . . ,y1), z′ = t(z2n,z2n−1, . . . ,z1), w′ = t(w2n,w2n−1, . . . ,w1).

We denote bydy′, dz′, dw′ the Haar measure onM(2n,1;K) normalized by
∫

M(2n,1;OK) dy′ =∫
M(2n,1;OK) dz′ =

∫
M(2n,1;OK) dw′ = 1. If we split the domain of integration forI(s;λ ;0,0,0) as

y2n+1 modπ, then we have

I(s;λ ;0,0,0)

=
(1−q−1)3

(1−q−s2−1)(1−q−s3−1)

∫

M(2n,2;OK)

∣∣ tz′πτw′
∣∣s4
K dz′dw′+q−1−s1I(s;λ ;1,0,0).

If we repeat this calculation, we have
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I(s;λ ;1,0,0)

=
(1−q−1)3

(1−q−s3−1)(1−q−s1−1)

∫

M(2n,2;OK)

∣∣ tw′πτy′
∣∣s4
K dw′dy′+q−1−s2I(s;λ ;1,1,0),

I(s;λ ;1,1,0)

=
(1−q−1)3

(1−q−s1−1)(1−q−s2−1)

∫

M(2n,2;OK)

∣∣ ty′πτz′
∣∣s4
K dy′dz′+q−1−s3−s4I(s;λ ;0,0,0).

If we put together the above results, we get

Z(s) =
3

∏
i=1

1−q−1

1−q−si−1 ×
1−q−s1−s2−s3−3

1−q−s1−s2−s3−s4−3

× ∑
λ∈Λ+

n

∫

GL(2n+1;OK)·(πλ )′
dx·q−(s1+s2+s3)|λ | ·

∫

M(2n,2;OK)

∣∣Pf(tTπτT)
∣∣s4
K dT,

where we putT ∈M(2n,2;OK), and denote bydT the Haar measure onM(2n,2;K) normalized
by

∫
M(2n,2;OK) dT = 1. We need some lemmas to calculate the above integrations. For a positive

integern, we put

wn(t) =
n

∏
j=1

(1− t j),

(w0(t) = 1). For a non-negative integeri andλ ∈Λ+
n , the numbermi(λ ) of λ j ’s which are equal

to i is called the multiplicity ofi in λ . Forλ ∈Λ+
n , we put

w(n)
λ (t) =

+∞

∏
i=0

wmi(λ )(t).

By [1, Corollary of Lemma 2.7] or [22, Section 5], we have the following lemma.

LEMMA 3.1. For λ ∈Λ+
n ,

∫

GL(2n+1;OK)·(πλ )′
dx= q−4n(λ )−3|λ | · (1−q−1)−1 ·w2n+1(q−1) ·w(n)

λ (q−2)−1.

For any positive integern, we denote bySn the symmetric group inn latters. The Hall-
Littlewood polynomialPλ (x; t) is defined by

Pλ (x; t) = Pλ (x1,x2, . . . ,xn; t)

=
(1− t)n

w(n)
λ (t)

· ∑
σ∈Sn

xλ1
σ(1) · · ·xλn

σ(n) ∏
1≤i< j≤n

xσ(i)− txσ( j)

xσ(i)−xσ( j)

for each λ ∈ Λ+
n . For λ ∈ Λ+

n , Pλ (x; t) is a polynomial inx1, . . . ,xn and t, and the set
{Pλ (x; t); λ ∈ Λ+

n } forms aZZZ[t]-basis of the ringZZZ[t][x1, . . . ,xn]Sn of symmetric polynomials
in x1, . . . ,xn with coefficients inZZZ[t] (cf. [15]). We get the following lemma by [1, Section 3].
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LEMMA 3.2.

∫

M(2n,2;OK)

∣∣Pf(tTπτT)
∣∣s4
K dT =

1−q−1

1−q−s4−1 ×
1−q−2n

1−q−s4−2n ×
w(n)

λ (q−2)
wn(q−2)

×q−(n−1)|λ |+2n(λ )Pτ(qz1,qz2, . . . ,qzn;q−2),

where we put

(z1 +n,z2 +n,z3 +n, . . . ,zn +n) = (−s4 +1,3,5, . . . ,2n−1).

We can get the following lemma by the homogeneity of the Hall-Littlewood polynomials.

LEMMA 3.3.

Pτ(x1,x2, . . . ,xn; t) = (x1x2 · · ·xn)|λ |Pλ (x−1
1 ,x−1

2 , . . . ,x−1
n ; t).

By Lemmas 3.1, 3.2, 3.3, and

∑
λ∈Λ+

n

tn(λ )Pλ (x1,x2, . . . ,xn; t) =
n

∏
i=1

(1−xi)−1

(cf. [15, Chapter 3, Section 4, Example 1]), we have

Z(s) =
4

∏
i=1

1−q−1

1−q−si−1 ×
1−q−2n

1−q−s4−2n ×
1−q−s1−s2−s3−3

1−q−s1−s2−s3−s4−3 ×
w2n+1(q−1)

(1−q−1)wn(q−2)

× ∑
λ∈Λ+

n

q−(n+2)|λ |−2n(λ )−(s1+s2+s3)|λ |Pτ(qz1,qz2, . . . ,qzn;q−2)

=
4

∏
i=1

1−q−1

1−q−si−1 ×
1−q−2n

1−q−s4−2n ×
1−q−s1−s2−s3−3

1−q−s1−s2−s3−s4−3 ×
w2n+1(q−1)

(1−q−1)wn(q−2)

× ∑
λ∈Λ+

n

q−2n(λ )Pλ (q−s1−s2−s3−3,q−s1−s2−s3−s4−5, . . . ,q−s1−s2−s3−s4−2n−1;q−2)

=
4

∏
i=1

1−q−1

1−q−si−1 ×
1−q−2n

1−q−s4−2n ×
n

∏
j=1

1−q−2 j−1

1−q−s1−s2−s3−s4−2 j−1 .

Therefore we obtain our main result.

4. ppp-adic ΓΓΓ -factor.

In this section, we give an explicit form of thep-adic Γ -factor of the space(GL(1)4×
SL(2n+1),Λ2⊕Λ1⊕Λ1⊕Λ1) by Theorem 2.1. We show that itsp-adicΓ -factor is expressed
by the Tate local factor and theb-function. As for all regular irreducible reduced or regular
simple prehomogeneous vector spaces with universally transitive open orbits, we can treat the
Igusa zeta functions, thep-adicΓ -factors and theb-functions in a uniform way by the results of
Igusa [5], Hosokawa [2] and Theorem 2.1. So we shall discuss these spaces uniformly.

Let G be a connected linear algebraic group defined overQQQ, V a finite dimensional vector
spaces withQQQ-structure, andρ : G→ GL(V) a rational representation ofG on V defined over
QQQ. Throughout this section, we assume that the triplet(G,ρ,V) is a regular irreducible reduced
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or regular simple prehomogeneous vector space with a universally transitive open orbit. Let
f1, . . . , fl be the basic relative invariants of(G,ρ,V), andχi the rational character ofG corre-
sponding tofi , i.e. fi(ρ(1)v) = χi(1) fi(v) for all 1 ∈ G and allv ∈ V. We denote bydv the
Haar measure onV(K) normalized by

∫
V(OK) dv = 1, andS(V(K)) the Schwartz-Bruhat space of

V(K). We define thep-adic local zeta functionZ(s;Φ) of (G,ρ,V) by

Z(s;Φ) =
∫

V(K)

l

∏
i=1
| fi(v)|si

KΦ(v)dv (s= (s1, . . . ,sl ) ∈CCCl , Re(si) > 0)

whereΦ ∈ S(V(K)). We putZ(s) = Z(s;Φ0) for the characteristic functionΦ0 of V(OK). This
local zeta functionZ(s) is called the Igusa local zeta function of(G,ρ,V). From the results of
[5], [2] and Theorem 2.1, the Igusa local zeta function of(G,ρ,V) is given by

Z(s) =
N

∏
j=1

1−q−α j

1−q−η j (s)
(η j(0) = α j), (1)

where

η j(s) =
l

∑
i=1

ηi j si +α j , (ηi j = 0 or 1, α j ∈ ZZZ>0) .

Let V∗ be the dual space ofV, andρ∗ the contragredient representation ofρ. It is known
that (G,ρ∗,V∗) is a prehomogeneous vector space, and there exist the basic relative invariants
f ∗1 , f ∗2 , . . . , f ∗l of (G,ρ∗,V∗) such that the characterχ−1

i corresponds tof ∗i . Let dv∗ be the Haar
measure onV∗(K) normalized by

∫
V∗(OK) dv∗ = 1, andS(V∗(K)) the Schwartz-Bruhat space of

V∗(K). We define thep-adic local zeta functionZ∗(s;Φ∗) of (G,ρ∗,V∗) by

Z∗(s;Φ) =
∫

V∗(K)

l

∏
i=1
| f ∗i (v∗)|si

KΦ∗(v∗)dv∗ (s= (s1, . . . ,sl ) ∈CCCl , Re(si) > 0)

whereΦ∗ ∈ S(V∗(K)).
Let ψ be an additive character ofK such thatψ is non-trivial onπ−1OK and trivial onOK .

We define the Fourier transform̂Φ∗ of Φ∗ ∈ S(V∗(K)) by

Φ̂∗(v) =
∫

V∗(K)
Φ∗(v∗)ψ(v∗(v))dv∗.

By the regularity of(G,ρ,V), there exists an elementκ = (κ1,κ2, . . . ,κl ) ∈ (1/2) ·ZZZl satisfying
det(ρ(1))2 = χ1(1)2κ1 · · ·χl (1)2κl (cf. [19], [20], [17]). By [12, Theorem 3.3], [7] and [14], we
have the functional equation

Z(s−κ;Φ̂∗) = γ(s)Z∗(−s;Φ∗),

wheres− κ = (s1− κ1, . . . ,sl − κl ) and γ(s) is independent ofΦ∗. We call γ(s) the p-adic
Γ -factor of (G,ρ,V). For p-adic local functional equations of prehomogeneous vector spaces
which do not have universally transitive open orbits, we refer to [4] and [18]. Since the Fourier
transformΦ̂0 of Φ0 is equal toΦ0, we haveγ(s) = Z(s−κ)/Z(−s). By the explicit forms of the
Igusa local zeta functions, thep-adicΓ -factorγ(s) of (G,ρ,V) is given by

γ(s) =
N

∏
j=1

γT(η j(s−κ)),

(
γT(s) =

1−q−(1−s)

1−q−s

)
. (2)
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This factorγT(s) is called the Tate local factor.
We put f m := ∏l

i=1 f mi
i , f ∗m := ∏l

i=1 f ∗mi
i for m= (m1,m2, . . . ,ml )∈ ZZZl . Fix aQQQ-basis ofV,

and identifyV(QQQ) with QQQn (dimV = n). We also identifyV∗(QQQ) with QQQn by theQQQ-basis ofV∗

dual to the fixed basis ofV. Then we putv = (v1, . . . ,vn), gradv = (∂/∂v1, . . . ,∂/∂vn). By [19,
Proposition 12], for any l-tuplem= (m1,m2, . . . ,ml ) ∈ (ZZZ≥0)l , there exists a polynomialbm(s)
such that

f ∗m(gradv) f s+m(v) = bm(s) f s(v),

wheres+m= (s1+m1, . . . ,sl +ml ). We callbm(s) theb-function of(G,ρ,V). In [11], T. Kimura
calculate explicitly theΓ -factor overRRR for the space(GL(1)4×SL(2n+1),Λ2⊕Λ1⊕Λ ∗

1 ⊕Λ ∗
1 )

by using the explicit form of the Igusa local zeta function, which was given explicitly in [2].
By [7] and [14] we can apply this method to all regular irreducible reduced or regular simple
prehomogeneous vector spaces with universally transitive open orbits. By [17, p. 459 (5–8)], we
can getb-functions from theΓ -factors overRRR. Therefore theb-function of(G,ρ,V) is given by

bm(s) =
N

∏
j=1

Γ (η j(s+m))
Γ (η j(s))

(3)

uniquely up to constant, whereΓ (s) is the gamma function. As for regular irreducible reduced
or regular simple prehomogeneous vector spaces with universally transitive open orbits, the
b-functions were given explicitly by other methods in [10], [9] and [21] except for the space
(GL(1)4×SL(2n+1),Λ2⊕Λ1⊕Λ ∗

1 ⊕Λ ∗
1 ).

From the above argument, we see that thep-adicΓ -factor of(G,ρ,V) is expressed by the
Tate local factor and the set

{
η j(s) ;1≤ j ≤ N

}
,

which is determined by theb-function of(G,ρ,V) (cf. Equations (2) and (3)).
We shall consider the space(GL(1)4×SL(2n+ 1),Λ2⊕Λ1⊕Λ1⊕Λ1). We haveκ =

(1,1,1,2n) by easy calculation. Hence we have the following result by Theorem 2.1, Equations
(1) and (2).

THEOREM 4.1. The p-adic Γ -factor γ(s) of the space(GL(1)4×SL(2n+ 1),Λ2⊕Λ1⊕
Λ1⊕Λ1) (n≥ 1) is given by

γ(s) =
4

∏
i=1

γT(si)× γT(s4−2n+1)×
n

∏
j=1

γT(s1 +s2 +s3 +s4−2 j).

By Equation (3) we see that theb-function of the space(GL(1)4×SL(2n+ 1),Λ2⊕Λ1⊕
Λ1⊕Λ1) is given by

bm(s) =
4

∏
i=1

Γ (si +1+mi)
Γ (si +1)

× Γ (s4 +2n+m4)
Γ (s4 +2n)

×
n

∏
j=1

Γ (s1 +s2 +s3 +s4 +2 j +1+m1 +m2 +m3 +m4)
Γ (s1 +s2 +s3 +s4 +2 j +1)

.
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Thisb-function was known already and given explicitly in [21], but our method is different as we
explained above. We note that the abovep-adicΓ -factor is expressed by the Tate local factor and
the set{si +1,s4+2n,s1+s2+s3+s4+2 j +1; i = 1,2,3,4, j = 1,2, . . . ,n}, which is determined
by theb-function.

Appendix A. Table of Igusa local zeta functions,ppp-adic ΓΓΓ -factors andbbb-functions.

In this appendix, we give a table for the set
{

η j(s) ;1≤ j ≤ N
}

of all regular irreducible
reduced or regular simple prehomogeneous vector spaces with universally transitive open orbits.
From the set

{
η j(s) ;1≤ j ≤ N

}
of each space(G,ρ,V), the Igusa local zeta functionZ(s) of

(G,ρ,V) is given by Equation (1) in Section 4, thep-adic Γ -factor γ(s) of (G,ρ,V) is given
by Equation (2) in Section 4, and theb-functionbm(s) of (G,ρ,V) is given by Equation (3) in
Section 4. The explicit forms of the Igusa local zeta functions and thep-adicΓ -factors are due
to [5], [2], Theorems 2.1 and 4.2. The explicit forms of theb-functions are due to [10], [9], [12]
and [21].

We shall define some notations in the table. We define the irreducible representationΛ1

of SL(n) by Λ1(1)x = 1x for 1 ∈ SL(n), x∈M(n,1), the irreducible representationΛ2 of SL(n)
by Λ2(1)x = 1xt1 for 1 ∈ SL(n), x ∈ Alt(n), and the irreducible representationΛ1 of SO(2n)
(resp. Sp(n)) by Λ1(1)x = 1x for 1 ∈ SO(2n) (resp. Sp(n)), x ∈ M(2n,1). For the irreducible
representations ofSpin(n) andE(6), we refer to [20]. We denote byV(n) an n-dimensional
vector space.

Regular irreducible reduced case.
(1) (H×GL(n),ρ⊗Λ1,V(n)⊗V(n)) (n≥ 1). l = 1.
χ1(h,1) = det(1) for (h,1) ∈ H×GL(n). κ1 = n.

{s1 + j ; j = 1,2, . . . ,n}.
In this case,ρ is ann-dimensional irreducible representation of a connected algebraic groupH.

(2) (GL(2n),Λ2,V(n(2n−1)))(n≥ 2). l = 1.
χ1(1) = det(1) for 1 ∈GL(2n). κ1 = 2n−1.

{s1 +2 j−1; j = 1,2, . . . ,n}.
(3) (GL(1)×SO(2n),Λ1⊗Λ1,V(1)⊗V(2n)) (n≥ 1). l = 1.
χ1(a,1) = a2 for (a,1) ∈GL(1)×SO(2n). κ1 = n.

{s1 +1,s1 +n}.

In this case, we putSO(2n) =
{
1 ∈ SL(2n) ; t1

(
0 1n
1n 0

)
1=

(
0 1n
1n 0

)}
.

(4) (Sp(n)×GL(2m),Λ1⊗Λ1,V(2n)⊗V(2m)) (n≥ 2m≥ 1). l = 1.
χ1(h,1) = det(1) for (h,1) ∈ Sp(n)×GL(2m). κ1 = 2n.

{s1 +2 j−1,s1 +2n−2 j +2; j = 1,2, . . . ,m}.
(5) (GL(1)×Spin(7),Λ1⊗ (spinrep.),V(1)⊗V(8)). l = 1.
χ1(a,1) = a2 for (a,1) ∈GL(1)×Spin(7). κ1 = 4.

{s1 +1,s1 +4}.
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(6) (GL(1)×Spin(9),Λ1⊗ (spinrep.),V(1)⊗V(16)). l = 1.
χ1(a,1) = a2 for (a,1) ∈GL(1)×Spin(9). κ1 = 8.

{s1 +1,s1 +8} .

(7) (Spin(10)×GL(2),(halfspinrep.)⊗Λ1,V(16)⊗V(2)). l = 1.
χ1(h,1) = det(1)2 for (h,1) ∈ Spin(10)×GL(2). κ1 = 8.

{s1 +1,s1 +4,s1 +5,s1 +8}.

(8) (GL(1)×E(6),Λ1⊗Λ1,V(1)⊗V(27)). l = 1.
χ1(a,1) = a3 for (a,1) ∈GL(1)×E(6). κ1 = 9.

{s1 +1,s1 +5,s1 +9}.

Regular reducible simple case.
(1) (GL(1)2×SL(n),Λ1⊕Λ ∗

1 ,V(n)⊕V(n)∗) (n≥ 2). l = 1.
χ1(a1,a2,1) = a1a2 for (a1,a2,1) ∈GL(1)2×SL(n). κ1 = n.

{s1 +1,s1 +n}.

(2) (GL(1)n×SL(n),Λ1

n︷ ︸︸ ︷
⊕·· ·⊕Λ1,V(n)

n︷ ︸︸ ︷
⊕·· ·⊕V(n)) (n≥ 2). l = 1.

χ1(a1, . . . ,an,1) = a1 · · ·an for (a1, . . . ,an,1) ∈GL(1)n×SL(n). κ1 = n.

{s1 + j ; j = 1,2, . . . ,n}.

(3) (GL(1)2×SL(2n+1),Λ2⊕Λ1,V(n(2n+1))⊕V(2n+1)) (n≥ 1). l = 1.
χ1(a1,a2,1) = an

1a2 for (a1,a2,1) ∈GL(1)2×SL(2n+1). κ1 = 2n+1.

{s1 +2 j−1; j = 1,2, . . . ,n+1}.

(4) (GL(1)2×Sp(n),Λ1⊕Λ1,V(2n)⊕V(2n)) (n≥ 1). l = 1.
χ1(a1,a2,1) = a1a2 for (a1,a2,1) ∈GL(1)2×Sp(n). κ1 = 2n.

{s1 +1,s1 +2n}.

(5) (GL(1)2×Spin(10),(halfspinrep.)⊕ (halfspinrep.),V(16)⊕V(16)). l = 1.
χ1(a1,a2,1) = a2

1a2
2 for (a1,a2,1) ∈GL(1)2×Spin(10). κ1 = 8.

{s1 +1,s1 +4,s1 +5,s1 +8}.

(6) (GL(1)3×SL(2n),Λ2⊕Λ1⊕Λ1,V(n(2n−1))⊕V(2n)⊕V(2n)) (n≥ 1). l = 2.
χ1(a1,a2,a3,1) = an

1, χ2(a1,a2,a3,1) = an−1
1 a2a3 for (a1,a2,a3,1) ∈ GL(1)3×SL(2n). κ1 =

1,κ2 = 2n.

{s1 +1,s2 +1,s2 +2n,s1 +s2 +2 j +1; j = 1,2, . . . ,n−1}.

(7) (GL(1)3×SL(2n),Λ2⊕Λ1⊕Λ ∗
1 ,V(n(2n−1))⊕V(2n)⊕V(2n)∗) (n≥ 1). l = 2.

χ1(a1,a2,a3,1) = an
1, χ2(a1,a2,a3,1) = a2a−1

3 for (a1,a2,a3,1) ∈GL(1)3×SL(2n). κ1 = 2n−
1,κ2 = 2n.
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{s1 +2 j−1,s2 +1,s2 +2n; j = 1,2, . . . ,n}.

(8) (GL(1)3×SL(2n),Λ2⊕Λ ∗
1 ⊕Λ ∗

1 ,V(n(2n−1))⊕V(2n)∗⊕V(2n)∗) (n≥ 2). l = 2.
χ1(a1,a2,a3,1) = an

1, χ2(a1,a2,a3,1) = a1a−1
2 a−1

3 for (a1,a2,a3,1) ∈ GL(1)3×SL(2n). κ1 =
2n−3,κ2 = 2n.

{s1 +2 j−1,s2 +1,s2 +2n,s1 +s2 +2n−1; j = 1,2, . . . ,n−1}.

(9) (GL(1)2×Spin(8),(vec. rep.)⊕ (halfspinrep.),V(8)⊕V(8)). l = 2.
χ1(a1,a2,1) = a2

1, χ2(a1,a2,1) = a2
2 for (a1,a2,1) ∈GL(1)2×Spin(8). κ1 = 4,κ2 = 4.

{s1 +1,s1 +4,s2 +1,s2 +4}.

(10) (GL(1)2×Spin(10),(vec. rep.)⊕ (halfspinrep.),V(10)⊕V(16)). l = 2.
χ1(a1,a2,1) = a2

1, χ2(a1,a2,1) = a1a2
2 for (a1,a2,1) ∈GL(1)2×Spin(10). κ1 = 1,κ2 = 8.

{s1 +1,s2 +1,s2 +8,s1 +s2 +5}.

(11) (GL(1)4×SL(2n+1),Λ2⊕Λ1⊕Λ1⊕Λ1,V(n(2n+1))⊕V(2n+1)⊕V(2n+1)⊕V(2n+
1)) (n≥ 1). l = 4.
χ1(a,1) = an

1a2, χ2(a,1) = an
1a3, χ3(a,1) = an

1a4, χ4(a,1) = an−1
1 a2a3a4 for (a,1) =

(a1,a2,a3,a4,1) ∈GL(1)4×SL(2n+1). κ1 = 1,κ2 = 1,κ3 = 1,κ4 = 2n.

{si +1,s4 +2n,s1 +s2 +s3 +s4 +2 j +1; i = 1,2,3,4, j = 1,2, . . . ,n}.

(12) (GL(1)4×SL(2n+1),Λ2⊕Λ1⊕Λ ∗
1⊕Λ ∗

1 ,V(n(2n+1))⊕V(2n+1)⊕V(2n+1)∗⊕V(2n+
1)∗) (n≥ 1). l = 4.
χ1(a,1) = an

1a2, χ2(a,1) = a2a−1
3 , χ3(a,1) = a2a−1

4 , χ4(a,1) = a1a−1
3 a−1

4 for (a,1) =
(a1,a2,a3,a4,1) ∈GL(1)4×SL(2n+1). κ1 = 2n−1,κ2 = 1,κ3 = 1,κ4 = 2n.

{s1 +2 j−1,si +1,s4 +2n,s1 +s2 +s3 +s4 +2n+1; i = 2,3,4, j = 1,2, . . . ,n}.

(13) (GL(1)n+1×SL(n),Λ1

n+1︷ ︸︸ ︷
⊕·· ·⊕Λ1,V(n)

n+1︷ ︸︸ ︷
⊕·· ·⊕V(n)) (n≥ 2). l = n+1.

χ1(a,1) = a2 · · ·an+1, χ2(a,1) = a1a3 · · ·an+1, . . . , χn+1(a,1) = a1 · · ·an for (a,1) =
(a1, . . . ,an+1,1) ∈GL(1)n+1×SL(n). κ1 = κ2 = · · ·= κn+1 = 1.

{si +1,s1 +s2 + · · ·+sn+1 + j ; i = 1,2, . . . ,n+1, j = 2,3, . . . ,n}.

(14) (GL(1)n+1×SL(n),Λ1

n︷ ︸︸ ︷
⊕·· ·⊕Λ1⊕Λ ∗

1 ,V(n)
n︷ ︸︸ ︷

⊕·· ·⊕V(n)⊕V(n)∗) (n≥ 2). l = n+1.
χ1(a,1) = a1a−1

n+1, . . . ,χn(a,1) = ana−1
n+1, χn+1(a,1) = a1 · · ·an for (a,1) = (a1, . . . ,an+1,1) ∈

GL(1)n+1×SL(n). κ1 = κ2 = · · ·= κn = 1,κn+1 = n−1.

{si +1,sn+1 + j,s1 +s2 + · · ·+sn+1 +n; i = 1,2, . . . ,n, j = 1,2, . . . ,n−1}.
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