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Abstract. We determine an explicit form of the Igusa local zeta function of the simple
prehomogeneous vector spa@i (1)* x SL(2n+1),A, @ A1 @ A1 @ A;). As for the Igusa local
zeta functions and thp-adicl” -factors of regular reducible simple prehomogeneous vector spaces
with universally transitive open orbits, a table for explicit forms is completed by our result together
with the result in Hosokawa?].

1. Introduction.

The purpose of this paper is to determine an explicit form of the Igusa local zeta function of
the simple prehomogeneous vector sp@@k(1)* x SL(2n+1), A, @At &A1 &A1) (n>1). By
this result, we get an explicit form of theadic " -factor of this space. Therefore by our result
together with the result in Hosokaw2] [ we observe that thp-adicl” -factor is expressed by the
Tate local factor and thb-function for every regular reducible simple prehomogeneous vector
space with a universally transitive open orbit.

J. lgusa classified all regular irreducible prehomogeneous vector spaces with universally
transitive open orbits ing]. T. Kimura, S. Kasai, H. Hosokawa classified all reducible simple or
2-simple prehomogeneous vector spaces with universally transitive open orti@.irpr all
regular irreducible reduced prehomogeneous vector spaces with universally transitive open or-
bits, J. Igusa gave explicitly thep-adicl” -factors by calculating their Igusa local zeta functions
in [5]. Furthermore J. Igusa expressed theiadic I -factors by the Tate local factor and their
b-functions. In P], H. Hosokawa showed an analogy of Igusa’s result in case of regular reducible
simple prehomogeneous vector spaces with universally transitive open orbits. He gave explic-
itly their p-adic I -factors by calculating their Igusa local zeta functions except for the space
(GL(1)*x SL(2n+1),A, @ A1 &A1 B A1), He also expressed thegiradic -factors by the Tate
local factor and theib-functions. Furthermore he gave a conjectiged. 586 (C-1)] on an ex-
plicit form of the Igusa local zeta function of the spd@L.(1)* x SL(2n+1), Ao @A DAL B A1),
and expected that itg-adicl” -factor is also expressed by the Tate local factor anbHtsction.

He showed that this conjecture is true whrea 1, 2. In this paper, we give a proof of his conjec-
ture for alln, and show that itgp-adic " -factor is also expressed by the Tate local factor and its
b-function.

The Igusa local zeta function of the spd@_(1)* x SL(2n+1), A, &A1 AL D A1) was not
determined by the established methods2)f [5] and [8] (see, R]). Their established methods
are to decompose the domain of integration over the residue field. It is difficult to calculate
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this local zeta function by their decompositions. Therefore we use Cartan decomposition of
alternating forms in order to decompose the domain of integration over the integer ring. We
get this idea from the proofs ofl] Theorem 10] and3, Theorems 5.1, 5.2]. Furthermore we
reduce their integrations to some results of spherical functions of alternating forijegHome
calculations. This is the point of our calculation. Finally we sum up their values of integrations
by a formula of the Hall-Littlewood polynomial. Therefore we get our result.

We shall mention an application of the explicit forms of these Igusa local zeta functions. In
[12], T. Kimura calculated explicitly the Fourier transform of the complex power &/fr the
spacgGL(1)* x SL(2n+1), A, AL DA ©A]) by using the explicit form of the Igusa local zeta
function, which was given explicitly inZ). This method is based on the idea of lwasawa-Tate
theory. By [7] and [14] we see that we can apply this method to all regular irreducible reduced
or regular simple prehomogeneous vector spaces with universally transitive open orbits.

The plan of this paper is as follows. In Section 2, we give our main result on an explicit
form of the Igusa local zeta function of the spd@i(1)* x SL(2n+ 1), A\, A1 B AL S A1), In
Section 3, we prove our main result. In Section 4, we give an explicit form gftheic/ -factor
of the spacéGL(1)* x SL(2n+ 1), A, & A1 & Ay @ A1) by our main result. We show that its
adicl -factor is expressed by the Tate local factor and#fienction. In Appendix A, for the sake
of convenience, we give a table for explicit forms of the Igusa local zeta functionp;dde I -
factors and thd-functions of all regular irreducible reduced or regular simple prehomogeneous
vector spaces with universally transitive open orbits.

2. Main result.

We shall define the Igusa local zeta functions. Kdie ap-adic field i.e. a finite extension
of Qp. We denote byk the ring of integers irkK. We fix a prime elementrin 0k, and then
MOk is the ideal of nonunits ofk. The cardinality of the residue fieldx / 10k is denoted by.
We denote by |k the absolute value &€ normalized byt = L. Letdv be the Haar measure
onK" normalized byfﬁE dv =1, andS(K") the Schwartz-Bruhat spacel§f. If f1, fo,..., f| are
K-valued non-constant polynomial functions i§h, then we put

|
Z(s m):/l(n_wfi(v)@m(v)dv (s=(s1,..,5) €C', Re(s) > 0)

where® € S(K"). The local zeta functioZ (s; @) is a rational function off™=,...,q% (see,
e.g. BJ[16)]). If @y is the characteristic function @, then we pufZ(s) = Z(s; @). This local
zeta functioriZ(s) is called the Igusa local zeta function.

We shall show our main result. We deal with the simple prehomogeneous vector space
(GL(1)* x SL(2n+1),A2 @ A1 B AL Aq). For a commutative ring, we denote by (m,n;R)
the totality ofm x n matrices oveR, and byAlt(n; R) the totality ofn x n alternating matrices
overR (mn € N). For anya € M(m,n;R), 'a is the transpose ad. We denote byPf(a) the
Pfaffian ofa € Alt (2n; R). The groupG = GL(1)* x SL(2n+1) acts orV = Alt(2n+1) @M (2n+
1L, 1)eoM(2n+1,1)eM(2n+1,1) by (x,y,z,W) — (agx'qg, Bgy, ygz, dgw) for (x,y,z,w) € V and
(a,B,y,9,9) € G. The basic relative invariant, f», f3, f4 of this space are given by

fixy,zw) =Pf(@(xy,zw)) for (xy,zw)eV,

where
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X Yy X z
D1(X,Y,Z,W) = ., Dr(xy,Zzw) = ,
1(X%,Y,Z,w) (ty0> 2(X,Y.Z,W) <t20>

X y z w
X W -y 00 O

(D3(X7yvsz) = < —tW 0 > 3 ¢4(Xay7 Z?W) = —tZ 00 0 5
w0 0 O

®1,0,,03 € Alt(2n+2) and @4 € Alt(2n+4) in [11]. We denote bydx the Haar measure
on Alt(2n+ 1;K) normalized by s (2n11.4,) dX= 1, and bydy, dz dw the Haar measure on

M(2n+1,1;K) normalized byfyzni11.6)9Y = Jm@ni160) 92= Im@niine) dW= 1. We
define the Igusa local zeta function of the sp&®&(1)* x SL(2n+1),A, DAL &A1 B A1) by

Z(s :/ fi(x,y,z,w)|3 dxdydzdw
9= [, []IHexszwizeney

The following theorem is our main result.

THEOREM2.1. The Igusa local zeta functiof(s) of the spacgGL(1)* x SL(2n+ 1),
N BN BN DAL (n> 1) is given by

4 1— q—l 1_q—2n y n 1_q—2j—1
|—|1 qs— 1% 1-qgs—2n Dll_qfsif%fsfrscﬂkl

This explicit form is exactly as Hosokawa'’s conjectu2g 5o we prove his conjecture.

3. Proof of main result.

In this section, we shall prove our main result. Put

:{)\:(Ala)\27 A)Gzn)\l>)\222)\n20};

Al = Zf\" n(A i(i — DA

ForA € A, we put

nA:< o™ >J_...J_( o, ™ )eAIt(Zn;ﬁK),

() = ( 0 ) € Alt(2n+1;6x).

and

If we put
=Alt(2n+1;0k)\ {x € Alt(2n+1;0k); rank(x) < 2n},

then we have
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= |J GL@n+1;6k) - (n*) (disjoint union)
AeAT

We put
y= t(y17y27"'7y2n+1)7 Z= t(217227"'722n+1)5 W= t(WlaW27"'aW2n+1)'

Then we have

4
/ l_l (X,¥,2,W)|2 dxdydzdw

fi(x,y,z,w)|g dxdydzdw
/ L(2n+1;0k)-(1") )M (2n+1,3,6k ) I_|| Y )K ’

)\eA+
/ / |'l|f ).y, z,w)|R dydzdw
AE/\ L(2n+1;0k)-( M(2n+1,3;0k)
%2
/ dX/ 774A|y2n+1‘ "THMZZrH—l‘
/\e/\ L(2n+1;0k)-( M(2n+1,3;0k) K K
Yy z w)|
_t 0 0 O
Al ‘5’3 y
X’T[I W2n+1K Pf 5 00 0 dydzdw
t
—w 0 0 O K

dx- gttt (51:0,0,0),

AeAd /GL(2n+1;ﬁK)-(nf\)/

where

I(sAsag,a,a3) = |y2n+1|s|<1 : |22n+1\SKQ : |W2n+1|s|<3

/M(2n+1,3;ﬁ|<)
x| TPyon "2 MW + %2250 1 'WTY + na3wzn+1t)/nrz’\sk4 dydzdw
foray,ap,a3 € Zand
= (A= 2An Al = An-1,. ., A= A1) €A,
Y ="(Yan,Yon-1,-- Y1), Z = (Zon Zon-1, ., Z1), W = "(Wan, Won_1,...,Wa).

We denote bydy, dZ, dw the Haar measure o (2n,1;K) normalized by/yzn1.4,)dY =
I@nt.60 92 = Jm@n 1.6 dW = 1. If we split the domain of integration fdr(s;A;0,0,0) as
Yons1 mod 1T, then we have

I(s;A;0,0,0)

- (1-qh? / |'Z W[ dZdw +q 1 (sA;1,0,0).
(1-g 2 ) (1-g %) Imenze) ) o

If we repeat this calculation, we have
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I(s;A;1,0,0)

(1 q_1)3 / tW' I,/ |4 —1-s)
= Tt dwd +q | ;/\;1,1,0,
(1—q*9r1)(1—q*51*1) M(2n,2;0k) | y|K )/ (S )

I(s;A4;1,1,0)
B (1-g*)?3 /
(- g 2 H)(1-g2t) Jmenze

) Y Z| @ dydZ +q 1% "%I(s4;0,0,0).

If we put together the above results, we get

P T & PR BV Sl B
_i: 1-gs171-gsSi-2%s%-3

dx- q*(51+52+53)|)\‘ . /
M(

X

|PECT A T)[ 2 dT,
Aend )

\/GL(ZI”I-Fl;ﬁK)-(H)‘)’ 2n,2;0x

where we pull € M(2n,2;0k), and denote by T the Haar measure dvl(2n,2;K) normalized

bY Jm(zn2:0¢)dT = 1. We need some lemmas to calculate the above integrations. For a positive
integern, we put

n

W) = [ (2—th),
Whn(t) ,Uu( )

(Wo(t) = 1). For a non-negative integeandA € A", the numbem(A) of A;’s which are equal
toi is called the multiplicity of in A. ForA € A, we put

w<”)(t):+°°w ()
A iI:L m () (0)-

By [1, Corollary of Lemma 2.7] or42, Section 5], we have the following lemma.

LEMMA 3.1. ForA e A7,

/ dx = q74n()\)73|)\\ . (1 _ qfl)fl . W2n+1(q71) . W;ﬂ) (q72)7l.
JGL(2n+1;0k)- (1)

For any positive integen, we denote by#, the symmetric group im latters. The Hall-
Littlewood polynomialP, (x;t) is defined by

Py (Xt) = Py (X1, %2, - - -, Xn; )

(1-9° : n Xa(i) ~Xa(j)
T o2 %ot Yot [

W) o0& 1<i<j<n %o(i) ~Xo(j)

for eachA € Af. For A € Ay, Pi(xt) is a polynomial inxs,...,x, andt, and the set
{Py(xt); A € A} forms aZt]-basis of the ringZ[t][x1,...,X,]”™ of symmetric polynomials
in x1,...,%X, with coefficients inZ[t] (cf. [15]). We get the following lemma byl] Section 3].
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LEMMA 3.2.

1-g*t % S xwgm(qu)
1_q_s4_1 1_q—54—2n Wn(q_z)
xq (THREENP (gt 7, o™i 2),

' PIIT T3 dT =
/(ZnZ;ﬁK [PA )i

where we put
(m+n,zz+nz3+n,...,Z,+n) = (-2+1,35,...,2n—1).
We can get the following lemma by the homogeneity of the Hall-Littlewood polynomials.
LEMMA 3.3.
Pr(X1,X2, - - Xm;t) = (xaxz- ) APy O 2 G L L xe bt

By Lemmas 3.1, 3.2, 3.3, and

S5

tn(A>P)\ (X17X27-~'5Xn;t) (1 X|) '

AeAT

(cf. [15, Chapter 3, Section 4, Example 1]), we have

2= S logt 1-g? l-gEees o waa(g)
i T iy m g s e s w3 (1—q Hwa(q 2)
« z q (n+2)[A]— 2n()\)—(31+52+53)‘)"Pr(q217q22’...7qzn;q_2)
AeAT
4 1-qgt 1—q " 1-g 2% Wani1(q7)

= X X X
tll-gst  l-g= 2 1-go2s %3 (1-ghw(q?)
X z q NP (g2 B3 g2 s %S | g% s s -1 g2y
A6A$

71 1— qun n 1— qujfl
- I_| 1— q- S 1 ,qfs4—2n X JEII 17q—sl—32—53—s4—2j—l'

Therefore we obtain our main result.

4. p-adic I -factor.

In this section, we give an explicit form of the-adic I -factor of the spacéGL(1)* x
SL(2n+1),A, A1 A1 D A1) by Theorem 2.1. We show that ifsadic I -factor is expressed
by the Tate local factor and tHefunction. As for all regular irreducible reduced or regular
simple prehomogeneous vector spaces with universally transitive open orbits, we can treat the
Igusa zeta functions, the-adicl” -factors and thé-functions in a uniform way by the results of
Igusa p], Hosokawa ] and Theorem 2.1. So we shall discuss these spaces uniformly.

Let G be a connected linear algebraic group defined eV a finite dimensional vector
spaces withQ-structure, ang : G — GL(V) a rational representation & onV defined over
Q. Throughout this section, we assume that the trif&ip,V) is a regular irreducible reduced
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or regular simple prehomogeneous vector space with a universally transitive open orbit. Let
f1,..., fi be the basic relative invariants (8, p,V), and; the rational character d& corre-
sponding tofj, i.e. fi(p(g)v) = xi(g9)fi(v) for all g € G and allv € V. We denote bydv the

Haar measure ovi(K) normalized by}, 4, dv= 1, andS(V (K)) the Schwartz-Bruhat space of
V(K). We define thep-adic local zeta functio (s; @) of (G, p,V) by

Z(s;cb)=/V(K)i|l‘||fi(v)§¢(v)dv (s=(s1,-..,9) €C', Re(s) > 0)

where® € SV (K)). We putZ(s) = Z(s, &) for the characteristic functioy of V(0k). This
local zeta functiorZ(s) is called the Igusa local zeta function @, p,V). From the results of
[5], [2] and Theorem 2.1, the Igusa local zeta functioi®fp,V) is given by

N —_q-Yi
29=--"9" n©o=a) 1)

where
ni(s) = zlrlijSJraJa (nj=00rl ajeZ.o).
i=

LetV* be the dual space &f, andp* the contragredient representation@f It is known
that (G, p*,V*) is a prehomogeneous vector space, and there exist the basic relative invariants
i, f5,..., 7 of (G,p*,V*) such that the charactgzr1 corresponds td;*. Letdv* be the Haar
measure oV*(K) normalized byj,; ,,,dv* = 1, andS(V*(K)) the Schwartz-Bruhat space of
V*(K). We define thep-adic local zeta functioZ*(s; ®*) of (G, p*,V*) by

|
Z“S;"’):/V%K)J]'fi*(m@v(v*)dw (s=(s1,....8) €C', Re(s) > 0)

where®* € SV*(K)).
Let g be an additive character &f such thaty is non-trivial ont 16k and trivial ondk.
We define the Fourier transfor* of ®* € SV*(K)) by

&w)= o VI )

By the regularity of(G, p,V), there exists an elemeRrt= (k1,Kz, ...,k ) € (1/2) - Z' satisfying
det(p(9))? = x1(9)%2--- x1(9)? (cf. [19], [20], [17]). By [12, Theorem 3.3],T] and [14], we
have the functional equation

Z(s—K; ") = Y(S)Z°(—s, @),

wheres— Kk = (s — K1,...,5 — K1) and y(s) is independent ofp*. We call y(s) the p-adic

I -factor of (G, p,V). For p-adic local functional equations of prehomogeneous vector spaces
which do not have universally transitive open orbits, we refedi@pd [18]. Since the Fourier
transformay of @ is equal to®y, we havey(s) = Z(s— k) /Z(—s). By the explicit forms of the
Igusa local zeta functions, tieadic " -factor y(s) of (G, p,V) is given by

Nor T 1-q 9
y(s) = I_IIV (nj(s—k)), y (s)= T1-qs | 2)
=
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This factory' (s) is called the Tate local factor.

We putf™:=q]l_; ™, f*M:=l_; £™ form= (my,mp,...,m) € Z". Fix aQ-basis o,
and identifyV (Q) with Q” (dlmV =n). We also identifyv*(Q) with Q" by the Q-basis ofv*
dual to the fixed basis &f. Then we putv = (vi,...,vy), grad, = (8/0v1,...,0/0vn). By [19,
Proposition 12], for any I-tuplen= (mg,mp, ..., m) € (Z>0)', there exists a polynomiduiy(s)
such that

f*M(grad,) £ (v) = bim(s) 5(v),

wheres+m= (s;+my,...,5 +m). We callby(s) theb-function of (G, p,V). In[11], T. Kimura
calculate explicitly the™ -factor overR for the spacéGL(1)* x SL(2n+ 1), A\, @ AL @ A] DA])

by using the explicit form of the Igusa local zeta function, which was given explicith2jn [
By [7] and [14] we can apply this method to all regular irreducible reduced or regular simple
prehomogeneous vector spaces with universally transitive open orbit4.7By. 459 (5-8)], we

can getb-functions from the™ -factors ovelR. Therefore thé-function of (G, p,V) is given by

N T (nj(s+m))
| TE)

uniquely up to constant, whefe(s) is the gamma function. As for regular irreducible reduced
or regular simple prehomogeneous vector spaces with universally transitive open orbits, the
b-functions were given explicitly by other methods 0], [9] and [21] except for the space
(GL(1)*x SL(2n+1), A @ AL @ Af ©AS).

From the above argument, we see that predic I -factor of (G, p,V) is expressed by the
Tate local factor and the set

bm(s) = (3)

{nj(s);1<j <N},

which is determined by thle-function of (G, p,V) (cf. Equations (2) and (3)).

We shall consider the spa¢&L(1)* x SL(2n+1),A, A1 © AL & A1). We havek =
(1,1,1,2n) by easy calculation. Hence we have the following result by Theorem 2.1, Equations
(1) and (2).

THEOREM4.1. The p-adic I -factor y(s) of the spacéGL(1)* x SL(2n+1),A; &A1 @
A1@® A1) (n> 1) is given by

|‘lv )x Y (4 —2n+1) x I_IIV Si+S+S3+%—2)).

By Equation (3) we see that thefunction of the spacéGL(1)* x SL(2n+1),A, A1 &
N @A) is given by

4 r(s+1+m) o [ (sa+2n+my)

il s+ I (s4+2n)

 C(Sit St St sa+2j+ 1+ M+ M+ Mg+ M)
Dl Fsi+s+ss+s+2j+1) '

bm(s) =
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Thisb-function was known already and given explicitly 21], but our method is different as we
explained above. We note that the abgvadicl” -factor is expressed by the Tate local factor and
thesef{s+1,s1+2n,s1+S+S3++2j+1;i=1,2,3,4, j=1,2,...,n}, which is determined
by theb-function.

Appendix A. Table of Igusa local zeta functions p-adic I" -factors and b-functions.

In this appendix, we give a table for the detj(s);1 < j <N} of all regular irreducible
reduced or regular simple prehomogeneous vector spaces with universally transitive open orbits.
From the sef{n;(s);1< j <N} of each spacéG,p,V), the Igusa local zeta functiaf(s) of
(G,p,V) is given by Equation (1) in Section 4, theadic I -factor y(s) of (G,p,V) is given
by Equation (2) in Section 4, and tiefunctionby(s) of (G, p,V) is given by Equation (3) in
Section 4. The explicit forms of the Igusa local zeta functions angthdic " -factors are due
to [5], [2], Theorems 2.1 and 4.2. The explicit forms of théunctions are due talf], [9], [12]
and R1].

We shall define some notations in the table. We define the irreducible represevtation
of SL(n) by A1(g)x = gx for g € SL(n), x € M(n, 1), the irreducible representatiaky of SL(n)
by A2(g)x = gxtg for g € SL(n), x € Alt(n), and the irreducible representatida of SQ(2n)
(resp. Sp(n)) by A1(g)x = gx for g € SQ(2n) (resp. Sp(n)), x € M(2n,1). For the irreducible
representations dbpinn) andE(6), we refer to R0]. We denote by/(n) an n-dimensional
vector space.

Regular irreducible reduced case.
(1) (HxGL(n),pAL,V(N)®@V(n)) (n>1).1=1
Xx1(h,g) =detg) for (h,g) € H x GL(n). k1 = n.

{s1+];]=12,...,n}.
In this casep is ann-dimensional irreducible representation of a connected algebraic gtoup

(2) (GL(2n),A2,V(n(2n—1)))(n>2). 1 =1.
X1(g) = det(g) for g € GL(2n). k1 =2n—1.

{s1+2j-1;j=1,2,...,n}.

(3) (GL(1) x SQ2n), AL ® AL V(D) ®V(2n)) (n>1). 1 = 1.
Xx1(a,g) = @ for (a,g) € GL(1) x SQ(2n). k1 = n.

{s1+1,51+n}.

Inthiscase,wethB(XZn)z{QGSL(ZH);tg( fn j(? )9:< 10 %)n )}

n

(4) (Spin) x GL(2m), A1 ® A1,V (2n) @V (2m)) (n>2m>1). | =1,
x1(h,g) = det(g) for (h,g) € Sp(n) x GL(2m). k1 = 2n.

{s1+2j—-1,s1+2n—-2j+2;j=12,...,m}.

(5) (GL(1) x Spin7),A1® (spinrep),V(1) @V (8)). 1 =1.
x1(a,g) = & for (a,g) € GL(1) x Spin7). k; = 4.

{s1+1,51+4}.
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(6) (GL(1) x Spin9),A1 ® (spinrep),V(1) @V (16)). 1 = 1.

x1(a,g) = a° for (a,g) € GL(1) x Spin9). k; = 8.
{s1+1,51+8}.

(7) (Spin10) x GL(2), (halfspinrep) @ A1,V(16) @V (2)). 1 = 1.
x1(h,g) = det(g)? for (h,g) € Spin(10) x GL(2). Kk, = 8.

{s1+1,51+4,8+5,5+8}.

(8) (GL(1) xE(6),A1®A1, V(1) @V (27).1=1
x1(a,g) = a®for (a,g) € GL(1) x E(6). k1 = 9.

{s1+1,51+5,51+9}.
Regular reducible simple case.

(1) (GL(1)2x SLn),At@A; V(N @V(n)*) (n>2).1=1.
x1(a1,a2,9) = aray for (ag,ap,g) € GL(1)? x SL(N). kg = n.

{s1+1,s1+n}.
(2) (GL(1)"x SLN), AL - DALV(ME---dV(n) (n>2). 1 =1.
xi1(ai,...,an,g9) =a1---a, for (ag,...,an,g) € GL(1)" x L(n) K1 =n.

{s1+]j;i=212,...,n}.

(3) (GL(1)?xSL2n+1),A,d A,V (n(2n+1) @V (2n+1)) (n>1). | = 1.
X1(a1,a,9) = alay for (a1,a2,9) € GL(1)? x SL(2n+1). kg = 2n+1.

{s+2j-1;j=1,2,...,n+1}.

(4) (GL(1)2x Spn), At ALV (2n)@V(2n) (n>1).1 = 1.
x1(a1,a2,9) = aap for (ag,az,9) € GL(1)% x Sp(n). k1 = 2n.

{s1+1,5+2n}.

(5) (GL(1)? x Spin10), (halfspinrep) & (halfspinrep),V(16) &V (16)). | = 1.
X1(a1,a2,9) = a2as for (a1,az,9) € GL(1)% x Spin(10). k; = 8.

{s1+1,51+4,5+5,5+8}.

(6) (GL(1)® x SL(2n), Ao @ A1 DALV (N(2n—1)) BV (2n) @V (2n)) (n>1). | =2.
X1(a1,82,83,9) = &}, X2(a1,a,83,9) = a] ‘apa for (ag,ap,as,9) € GL(1)° x SL2n). k1 =
1, ko = 2n.

{s+l+ls+2ns+9+2j+1;j=12....,n—1}.

(7) (GL(1)3x SL(2n), Ay A1 @A,V (n(2n—1)) DV (2n) BV (2n)*) (n>1). 1 = 2.
X1(a1,a,a3,9) = @, X2(a1,a,83,9) = apag " for (ar,ap,a3,9) € GL(1)® x SL(2n). Ky =2n—
1, ko =2n.
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{s1+2]—1,%+1,%+2n;j=12,...,n}

(8) (GL(1)3x SL(2n), Ao @A DA,V (n(2n—1)) @V (2n)* &V (2n)*) (n>2). | = 2.
X1(a1,82,a3,9) = &7, X2(81,82,83,9) = 1@, "ag " for (a1,ap,8s,9) € GL(1)3 x SL(2n). k1 =
2n— 3,k = 2n.

{142 -1 +l+2n++2n—1;j=1,2,...,n—1}.

(9) (GL(1)? x Spin8), (vecrep) @ (halfspinrep),V(8) &V (8)). | = 2.
X1(a1,82,9) = ai, X2(21,82,9) = & for (a1,82,9) € GL(1)> x SpiN(8). k1 =4, k2 = 4.

{ss+1,s1+4,5+1,5+4}.

(10) (GL(1)? x Spin(10), (vecrep) & (halfspinrep),V(10) &V (16)). | = 2.
X1(a1,a2,9) = a2, X2(a1,8,9) = a183 for (a1,az,9) € GL(1)2 x Spin(10). k1 = 1,k = 8.

{s1+1,%+1,5%+8 s +5+5}.

(11) (GL(1)*x SL(2n+1),Ap @ A &AL B ALV (N(2n+1)) BV (2n+1) BV (2n+1) BV (2n+
1)) (n>1).1 =4

xi(@,9) = dlay, xo(a,9) = dlas, x3(ag) = das, xa(ag) = & ‘aagas for (ag) =
(a1,a2,83,84,9) € GL(1)* x SL(2n+1). kK1 = 1, kp = 1,K3 = 1, K4 = 2n.

{s+ly+2ns++s3+4+2j+1;i=1234, j=12...,n}.

(12) (GL(D)*x SL2n+1),Ac @A A DALV (n(2n+ 1))@V (2n+1) @V (2n+1)* BV (2n+
1)) (n>1).1=4.

xi(a,g) = alag, X2(a,g) = aaz’, X3(ag) = aa;’, Xa(ag) = maz'a,” for (ag) =
(a1,ap,83,84,9) € GL(1)* x SL(2n+1). k1 =2n— 1, ko = 1,K3 = 1, k4 = 2n.

{si+2j-1,s+lsu+2ns++s3+u+2n+1;i=234,j=12,...,n}.

n+1 n+1
(13) (GL()™ x SLN), AL @ ---BALV(N)D---aV(n)) (n>2). | =n+ 1.
X1(&g) = @---8n1, X2(&9) = adz---ani1, ..., Xnr1(@9) = a---an for (ag) =
(a17 s aa{H—l?g) € GL(l)fFFl X SL(n) Ki=K2="+=Kny1= 1

(S+1s+S+ +Suit+ji=12....n+1j=23....n}.
n n
(14) (GL(L)™ x SLN), A B DAL S ALV (B BV @V(n)*) (> 2). | = nt 1.
x1(&g) = aa,ly, ... Xn(a9) = and, . Xnr1(ag) = a1---an for (a,g) = (a1,...,an41.9) €
GL()™IxSLN). kK1 =Kp=---=Kpn=1,Kns1 =n—1

{s+Lls+j,s1+S+ - -+s+ni=212....nj=12..,n-1}
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