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Orbit closures for representations of Dynkin quivers
are regular in codimension two
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Abstract. We develop reductions for classifications of singularities of orbit
closures in module varieties. Then we show that the orbit closures for representations
of Dynkin quivers are regular in codimension two.

1. Introduction and the main results.

Throughout the paper, k denotes an algebraically closed field, A denotes a finitely
generated associative k-algebra with identity, and by a module we mean a left A-module
whose underlying k-space is finite dimensional. Let d be a positive integer and denote
by M(k) the algebra of d x d-matrices with coefficients in k. For an algebra A, the set
mod 4 (d) of algebra homomorphisms A — M, (k) has a natural structure of an affine
variety. Indeed, if A ~ k(X1,...,X;)/I for some two-sided ideal I, then mod4(d) can
be identified with the closed subset of (My(k))! given by vanishing of the entries of
all matrices p(X1,...,X;), p € I. Moreover, the general linear group GL(d) acts on
mod 4 (d) by conjugations

gx* (Mh .. ’7Mt) = (ngg_17 L] 7thg_1)7

and the GL(d)-orbits in mod 4(d) correspond bijectively to the isomorphism classes of d-
dimensional modules. We shall denote by &) the GL(d)-orbit in mod 4 (d) corresponding
to a d-dimensional module M. An interesting problem is to study geometric properties
of the Zariski closure &'y of an orbit @) in moda(d). We refer to [2], [3], [4], [5], [6],
[12], [15], [16] and [17] for some results in this direction.

Following Hesselink [10, (1.7)] we call two pointed varieties (2, o) and (%, yo)
smoothly equivalent if there are smooth morphisms f : & — 2, g : Z — % and a
point zg € Z with f(z9) = z¢ and g(20) = yo. This is an equivalence relation and the
equivalence classes will be denoted by Sing(Z2", xg) and called the types of singularities.
If Sing( 2", z¢) = Sing(#¥, yo) then the variety 2" is regular (respectively, normal, Cohen-
Macaulay) at xg if and only if the same is true for the variety % at yo (see [9, Section 17]
for more information about smooth morphisms). Obviously the regular points of the
varieties give one type of singularity, which we denote by Reg. Let M and N be d-
dimensional modules with &y C &y, i.e., N is a degeneration of M. We shall write
Sing(M, N) for Sing(€yr,n), where n is an arbitrary point of &y. It was shown recently
[17, Theorem 1.1] that Sing(M, N) = Reg provided dim &; —dim & = 1. In this paper
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we investigate Sing(M, N) when dim &), — dim Oy = 2. First we prove some auxiliary
result.

THEOREM 1.1. Let M’', N’ and X be modules such that Onigx C Orpox and
dim Oyprgx — dim Onigx = 2. Then On: C Oy and one of the following cases holds:

mda&y —dim Oy, =1 ana Sing D X, (5) = Reg;
1) dim & dim & 1 and Sing(M' & X, N' & X R
(2) dim Oy — dim O = 2 and Sing(M' & X, N’ @ X) = Sing(M', N').

This allows to restrict our attention only to the case when the modules M and
N have no nonzero direct summands in common. We shall say that such modules are
disjoint. We denote by s(L) the number of summands in a decomposition of a module L
into a direct sum of indecomposable modules. The next result give us a further reduction
for the problem of description of the type Sing(M, N).

THEOREM 1.2. Let M and N be disjoint modules such that Oy C Oy and
dim Oy — dim On = 2. Then Sing(M, N) = Reg if s(N) > 3.

If A= kle]/(e?), M = 4A and N is a direct sum of two simple A-modules, then
s(N) =2, On C Oy, dim Oy — dim Oy = 2 and

Sing(M, N) = Sing ({[% “.]; 2* +yz=0},[38])

is the type of Kleinian singularity A,. Hence orbit closures in module varieties may be
singular in codimension two even for very simple algebras. However this is not true for
the modules over the path algebras of Dynkin quivers. We add that Theorems 1.1 and
1.2 are used in the proof of our main result stated below.

THEOREM 1.3. Let M be a module over the path algebra of a Dynkin quiver. Then
the variety Oy is regular in codimension two.

Let @ = (Qo,Q1,s,¢€) be a finite quiver. Here @y is a finite set of vertices, Q is a
finite set of arrows, and s, e : Q; — )y are functions such that any arrow o € Q1 has the
starting vertex s(a) and the ending vertex e(a). Let d = (d;)icq, € N@°. We define
the vector space

repQ(d) = H Mde(a)de(a)(k)7
a€Q1

where My « 4 (k) denotes the set of d’ x d”’-matrices with coefficients in k for any d’,d” €
N. The product GL(d) = [[;co, GL(d;) of general linear groups acts on repg(d) via

gxV = (ge(a)Vag;((ll))aer

for any g = (gi)ieg, € GL(d) and V' = (Vi)aeq, € repg(d). Using an equivalence
described by Bongartz in [4] we can reformulate Theorem 1.3 as follows.
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COROLLARY 1.4. Let Q be a Dynkin quiver and d € N?°o. Then the closures of
the GL(d)-orbits in repg(d) are regular in codimension two.

Let Q : 1 % 2 be a Dynkin quiver of type Ay and d = (2,2) € N%. Then
repg(d) = Max2(k) and the orbit closure

GL(d) *[g 9] ={[ {]; ot —yz =0}

is a singular variety of dimension three. This shows that “codimension two” in Corollary
1.4 (and in Theorem 1.3) cannot be improved by “codimension three”.

We shall consider in Section 2 some properties of short exact sequences, dimensions of
homomorphism spaces and degenerations of modules. Section 3 contains some sufficient
conditions on regularity of Sing(M, N). Sections 4, 5 and 6 are devoted to the proofs of
Theorems 1.1, 1.2 and 1.3, respectively.

For basic background on the representation theory of algebras and quivers we refer
to [1] and [11]. The author gratefully acknowledges support from the Polish Scientific
Grant KBN No.1 P03A 018 27.

2. Degenerations of modules.

Let mod A denote the category of finite dimensional left A-modules and rad(mod A)
denote the Jacobson radical of the category mod A. We can describe rad(mod A) as
the two-sided ideal of mod A generated by nonisomorphisms between indecomposable
modules. We abbreviate by [X,Y] the dimension dim; Hom4(X,Y) for any modules X
and Y. Recall that by a module we mean an object of mod A.

LEMMA 2.1. Let M and N be modules with dimy M = dimy N. Then dim Oy —
dim O = [N, N] — [M, M].

PrROOF. Let L be a d-dimensional module and choose a point [ in . Since the
isotropy group of [ can be identified with the group of A-automorphisms of L and the
latter is a nonempty and open subset of the vector space End 4 (L), then we conclude the
formula

dim 6y, = dim GL(d) — [L, ).

We get the claim by applying the formula for L = M and L = N. O

We shall need the following three simple facts on short exact sequences.

LEMMA 2.2. Let X be a module and o0 : 0 — U ER W %LV — 0 be an exact
sequence in mod A. Then:

(1) 6,(X) :=[UaV,X]|— [W,X] >0 and the equality holds if and only if any homo-
morphism in Hom4 (U, X) factors through f;

(2) 0 (X) =X, U V]—[X,W] >0 and the equality holds if and only if any homo-
morphism in Homa (X, V) factors through g.
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PrROOF. The claim follow from the induced exact sequences

Hom 4 (

0 — Hom (V, X) 2249 X) o, (w, x) 22240 Y), om, (U, X),

Homa (X, f) Hom 4 (X,g)
- —_—

0 — Homx (X,U) Hom 4 (X, W) Hom 4 (X, V). O

LEMMA 2.3. Leto: 0> U ER W LV — 0 be an ezact sequence in mod A. Then
the following conditions are equivalent.

(1) The sequence o splits.

2)W=UasV.
(3) 0,(U) = 0.
(4) o,(V)=0.

ProOOF. Clearly the condition (1) implies (2), and the condition (2) implies (3)
and (4). Applying Lemma 2.2 we get that (3) implies that the endomorphism 1y factors
through f, which means that f is a section and (1) holds. Similarly, it follows from (4)
that g is a retraction and (1) holds. O

LEMMA 2.4. Let

f1
OHUf—2>>W1®WQ

gi1,1 91,2
92,1 92,2
bl AN

VieV, —0

be an exact sequence in mod A such that g1 is an isomorphism. Then

0—UL2w, Sy, —o.

is also an ezact sequence in mod A, where g’ = ga 2 — 92,19;&91’2.
ProoOF. Straightforward. 0
The next result follows from [14, Theorem 1.1] and from Lemma 2.4 and its dual.

THEOREM 2.5. Let M and N be modules. Then the inclusion Onx C Oy is
equivalent to each of the following conditions:

(1) There is an exact sequence 0 — Z ER ZoM L N — 0 inmod A for some module
Z. ) )

(2) There is an exact sequence 0 — N EANS Y ®Z L5 7' — 0 in mod A for some
module Z'.

Moreover, we may assume that f and g’ belong to rad(mod A).

COROLLARY 2.6. Let

c: 0—-U—-M-—->V —=0
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be an ezact sequence in mod A. Then Oygy C Oyy.

PrROOF. We apply Theorem 2.5 to a direct sum of ¢ and the exact sequence
0—0—U-%U 0. O

LEMMA 2.7. Let M and N be modules such that On C €pr. Then
dmun(X) =[N, X]|-[M,X]>0 and 5M7N(X) =[X,N]-[X,M]>0

for any module X .

PrOOF. We get an exact sequence 0 : 0 - Z — Z@ M — N — 0 in mod A, by
Theorem 2.5. Then the claim follows from Lemma 2.2 and the equalities dp,n(X) =
65(X) and &), n(X) = 6, (X) for any module X. O

Let M and N be modules with &5 C €, and o be a short exact sequence in
mod A. We shall use frequently without referring the following obvious properties of the
nonnegative integers 6(L):

e /(X)=46Y)if X Y,
e 3(X©Y) = 6(X)+8(Y),
e /(X ®Y) =0 implies §(X) =0,

where X and Y are modules and 4 is an abbreviation of d,, d;, dar,n or &), -

3. Smooth points of orbit closures.

Throughout the section let M and N be d-dimensional modules such that &y C O,
and let #y v and F ),  denote complete sets of pairwise nonisomorphic modules X such
that oy, v (X) = 0 and dy, v (X) = 0, respectively.

Let U,V € mod A. We denote by Z(V,U) the group of cocycles, i.e., the k-linear
maps Z : A — Homy (V,U) satisfying

Z(aad") = Z(a)V(d') + U(a)Z(d'), for all a,a” € A.
The group Z(V,U) contains the group of coboundaries
BL(V,U) = {hV —Uh; h € Homy(V,U)}.
This leads to the k-functor

ZL(—,—):mod A x mod A — mod k

and its k-subfunctor B} (—, —). Any cocycle Z in Z}(V,U) induces an exact sequence

oy :0—-U 22w, 22 v 0
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in mod A. Then the cocycle Z is a coboundary if and only if the sequence oz splits,
which is equivalent to the fact that Wz ~ U @ V, by Lemma 2.3. Let

Zun(V,U)={Z € ZL(V,U); 6,,(X) =0 for any X € Fur n,
0y, (Y)=0for any Y € .7, v}
Obviously 2y n(V,U) contains B (V,U) and does not depend on the choice of rep-

resentatives of isomorphism classes of modules in the definition of the sets #yrn and
FlN-

LEMMA 3.1. A cocycle Z € ZL(V,U) belongs to 2 n(V,U) if and only if
Zy(V./)(2) € By(V.X) and Z4(g.U)(Z) € B4(Y,U)

for any modules X € Fyn, Y € f}W’N and any homomorphisms f : U — X, g: Y —
V.

PROOF. Let Z be a cocycle in Z4(V,U). By duality, it suffices to show that
80, (X) = 0if and only if the cocycle Z(V, f)(Z) is a coboundary for any homomorphism
f:U — X. By Lemma 2.2, the equality d,,(X) = 0 means that any homomorphism
in Homy (U, X) factors through az. Let 2/ = Z4(V, f)(Z) for some homomorphism
f:U — X. We consider the pushout of oz under f:

0z : 0 U Wy V 0
[e324 BZ’
oz 0 X Wz Vv 0.

Then f factors through ayz if and only if the sequence oz splits, and the latter means
that the cocycle Z’ is a coboundary. O

LEMMA 3.2.  Zyn(—,—) is a k-subfunctor of Z}(—,—).

PROOF. Let U and V be modules. We take X € Fy n and Y € .}, . Then
Zu.n(V,U) is a k-space, by Lemma 3.1 and since the appropriate maps Z}(V, f) and
ZY(g,U) are k-linear. Let Z be a cocycle in 2y n(V,U). We set 2/ = ZL(V, f')(Z),
where f/: U — U’ is a homomorphism for some module U’. Then

Z\(V.F)(Z') = Z4(V. 1) (Z) € B4(V. X)
for any homomorphism f : U’ — X and

Zy(5.U)(2") = Z)(5, I')(2) = ZL(Y, [") (Z4(3.U)(2))
€ Z4(Y, f') (B4(Y,U)) € B4(Y,U")
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for any homomorphism § : ¥ — V. This shows that the cocyle Z’ belongs to 2 n
(V,U"). Dually the cocycle Z(¢’,U)(Z) belongs to 2y n(V’,U) for any module V/ and
any homomorphism ¢’ : V' — V. d

The module variety mod4(d) is the underlying variety of an affine k-scheme modj
of finite type, which represents the functor

mod?, : (Commutative k-algebras) — (Sets),

where mod% (R) is the set of k-algebra homomorphisms from A to the algebra of d x d-
matrices with coefficients in a commutative k-algebra R [4], [8]. We denote by Ty . the
tangent space of a k-scheme 2" at a point x. Let n be a (closed) point of &. Then the
tangent space ﬁmodi ., corresponds to the preimage of n via the canonical map

mod$ (k[e]/(¢%)) — mod§ (k),

and the latter corresponds to the group of cocycles Z! (N, N). Hence we get a canonical
k-isomorphism
d: 7

mod? ,n

= ZL(N,N).
Furthermore, ®( g, ) = B4 (N, N) which gives the isomorphism
@ : Tnoat n/ Tom — Exty (N, N)

known as a Voigt result [8, Proposition 1.1]. Here and later on, the group ExtY (V,U) of
extensions of V by U is identified with the quotient Z% (V,U)/BY(V,U) for any modules
U and V.

LEMMA 3.3. Letn € On. Then <I>(9EM ) C Zun(N,N).

N

PROOF. We have to recall some notation and results of Section 3 in [15] (see also
the proof of [16, Proposition 2.2]). Let X be a module and

mod‘i’x,t : (Commutative k—algebras) — (Sets)

be the subfunctor of mod? defined in [16, (3.3)], where ¢ = [X, M]. This functor is
represented by an affine k-subscheme 2~ = modi x,t of modi such that the underlying
variety is given by

Zrea = {l € moda(d); [X,L] =t}.

Here L denotes a module corresponding to a point [ in mod 4(d). Assume that 6}, (X) =

0. Then the orbits &) and Oy are included in Zcq. Therefore 75  is contained in
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Ta n. On the other hand, the tangent space Ty ,, corresponds to the preimage of n via
the canonical map

mod(  ,(k[e]/ (%)) — mody x (k).

Furthermore, by [15, Lemma 3.11], the latter corresponds to the subset of Z% (N, N)
consisting of the cocycles Z such that d;,, (X) = 0. Hence ®(F% ) is contained in

{Z € Zy(N,N); 6, ,(X)=0forany X € Fp; y
By duality, ®(7,, ,,) is also contained in
{ZGZ%(N,N); 66, (X)=0forany X € Zayn},

and the claim follows from the definition of 23/ N (N, N). O

We define the quotient &y n (V,U) = Zy,n(V,U)/B4(V,U) for any modules U and
V. An immediate consequence of Lemmas 3.1 and 3.2 is the following fact.

COROLLARY 3.4. &m n(—,—) is a k-subfunctor of

Ext! (=, —) : mod A x mod A — mod k

and
Eun(V,U)= [  Ker(BExty(V,f)) n () Ker(Exth(g,U))
XeFu,N Yekgj'wyN
JfeHom4 (U,X) gE€Hom 4 (Y,V)

for any modules U and V.

Now we are ready to formulate our first sufficient conditions for regularity of points
in ﬁ M-

PrOPOSITION 3.5.  dimy &y n(N,N) > [N,N] — [M, M] and the equality implies
that Sing(M, N) = Reg.

PrOOF. Let n € Oy. Combining Lemmas 2.1 and 3.3 we get

dimy, &y v (N, N) = dimy, 2375 (N, N) — dimy, B4 (N, N)

Z dlmk ﬁgM’n - dimk ﬁﬁN,n = dlmk ng’n — dim ﬁN

> dim @), — dim Oy = [N, N] — [M, M].

Moreover, the equality dimy &y N (N, N) = [N, N] — [M, M| implies that
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dimy, 35%” =dim Oy,

which means that Sing(M, N) = Reg, as the variety &' is irreducible. O

As a consequence of the above proposition one can conclude the following useful
result [16, Proposition 2.2].

PROPOSITION 3.6.  Assume that one of the following cases holds.

(1) There is an exact sequence 0 : 0 — Z — Z@® M — N — 0 in mod A and
Sy n(Z® M) =0 for some module Z.

(2) There is an exact sequence ' : 0 - N - M & Z' — Z' — 0 in mod A and
Smun(M & Z") =0 for some module Z'.

Then Sing(M, N) = Reg.

PROOF (1). We may assume that Z @ M belongs to #}, y. By Corollary 3.4,
év,n (N, N) is contained in the kernel of the last map in the following long exact sequence
induced by o:

0 — Homa(N,N) — Homu(Z & M,N) — Homu(Z,N) —
— Ext4(N,N) — ExtY(Z® M, N).
Consequently,
dimk gMﬁN(N, N) S 5J(N) = 5M,N(N) +5§\/[,N(M) = [N, N] — [M, M]

Hence the claim follows from Proposition 3.5.

We proceed dually in case (2). O

COROLLARY 3.7. Leto: 0 U — M — V — 0 be an exact sequence in mod A
such that /(U & M) =0 or §o(M @& V) =0. Then

Sing(M,U & V) = Reg.

Proor. If 6/ (U & M) = 0 then it suffices to apply Proposition 3.6 for Z = U and
the direct sum of o and the sequence 0 — 0 — U U 0. We proceed in a similar
way if 6,(M & V) = 0. O

We conclude from the proof of [17, Theorem 1.1] and its dual the following result.

THEOREM 3.8. Assume that dim Oy — dim On = 1. Then:

(1) (SM)N(M) = 5;\/[,N(M) =0 and 6M7N(N) = (SEVI’N(N) = 1;

(2) there is an exact sequence 0 — Z — Z@d M — N — 0 in mod A for some
indecomposable module Z with &y, x(Z) = 0;

(3) there is an exact sequence 0 — N — M & Z' — Z' — 0 in mod A for some
indecomposable module Z' with 6y v(Z') = 0.
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In particular Sing(M, N) = Reg.

4. Reduction to disjoint modules.
Combining Lemmas 2.2 and 2.4 we get the following fact.

LEMMA 4.1. Let
o 0=ULWwWoLviev-o

be an ezxact sequence in mod A such that 6. (V1) = 0. Then W = Wy @ Wa for some
modules Wy ~ Vi and Wy such that there is an exact sequence

n: O—>UL>W2g—>V2—>O

in mod A with f' : U — Wy being a component of f : U — W1 & Ws.

We denote by u(L,Y) the multiplicity of an indecomposable module Y as a direct
summand of a module L.

LEMMA 4.2. Let M and N be modules such that On C Op;. Let Y be an inde-
composable module such that p(M,Y) < u(N,Y). Then oy n(Y) >0 or 6y n(Y) > 0.

PrROOF. Applying Theorem 2.5 we get an exact sequence
o OHZLZ@MHNHO

in mod A such that f belongs to rad(mod A). Let Y be an indecomposable A-module
such that p := p(N,Y) > p(M,Y). Assume that 8y, n(Y) = 0. Then &,(Y?) =
Oy ny(YP) = 0 and Y? is isomorphic to a direct summand of Z @ M, by Lemma 4.1.
Therefore p(Z @ M,Y) > p and consequently p(Z,Y) > 0. This means that there is a
retraction h : Z — Y. We know that h does not factor through f, as the latter belongs
to rad(mod A). Hence dpr,n(Y) = d,(Y) > 0, by Lemma 2.2. O

LEMMA 4.3.  Let M', N’ and X be modules such that Ongx C Oprgx and
M’ % N'. Then [N',N'] > [M", M"].

PROOF. Let M = M'® X and N = N’ @& X. Since M’ and N’ are not isomor-
phic and dimy M’ = dimy N’, then there is an indecomposable A-module Y such that
(N Y) > p(M'Y), or equivalently, u(N,Y) > u(M,Y). Consequently dpr,n(Y) >0
or 8y (YY) > 0, by Lemma 4.2. Therefore the claim follows from the inequalities

[N, N'] = [M',M'] = Spr n(N') + 83y (M) > 501, n(N') > 00 v (Y),
[N, N'] = [M', M'] = 8y n(N') + a1, v (M) > 63y N (N') > 0y p (V). O
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We shall need the following cancellation properties proved by Bongartz [6, Corollary
2.5] [5, Theorem 2].

THEOREM 4.4. Let M', N' and X be modules such that On C Oy for M = M'®X
and N=N'¢ X.

(].) IféMyN(X) =0 or 55\4,N(X) =0 then ﬁN/ QEM/
(2) If N (X) =0 and 8y, y(X) = 0 then Sing(M, N) = Sing(M', N').

PROOF OF THEOREM 1.1. Let M’, N’ and X be modules such that On C Oy
and dim 0y; — dim Oy = 2, where M = M’ ® X and N = N’ ® X. In particular, the
modules M’ and N’ are not isomorphic and

2 — [N, N] = [M, M] = (IN', N'] = [M', M) + a1, (X) + 83 ().
On the other hand [N’, N'] — [M', M'] > 1, by Lemma 4.3. Therefore
dim Oy — dim Oy = [N/,N/] — [M/,M/] S {1,2},
and at least one of the numbers 57 v (X) and &}, 5 (X) is zero. Consequently On: C O,
by Theorem 4.4.

We first consider the case dim &y — dim &, = 1. By duality, we may assume that
63 n(X) = 0. Using Theorem 3.8 we derive the exact sequence

c:0-Z—>ZaM - N —0
in mod A for some module Z such that &y, y.(Z & M’) = 0. Hence
Sun(ZdM) =208y n(ZeM)+ 6y n(X) =0y n(Z®M)=0.
Let
0—-2Z2—-ZdM—N—0
be a direct sum of o and the short exact sequence
0—0—X 25X -0,
Then Sing(M, N) = Reg, by Proposition 3.6.

It remains to consider the case dim Oy — dim&n = 2. Then oy n(X) =
63 n(X) = 0. Hence Sing(M, N) = Sing(M’, N'), by Theorem 4.4. O

5. Reduction to at most two summands.

We shall need the following result which can be derived from the proof of [13,
Theorem 2.3].
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PrROPOSITION 5.1. Let0— Z ER Z@®M — N — 0 be an exact sequence in mod A
such that the homomorphism f belongs to rad(mod A). Then there are a positive integer
h and exact sequences

ag; O—>Ni—>Ni_1@Ni+1—>Ni—>O7 i=1,27...,h7

inmod A for some modules No, N1, ..., Npt1 such that Ng =0, Ny ~ N, N1 ~ N,oM
and Z is isomorphic to a direct summand of Np,.

LEMMA 5.2. Let 0 — Z L Z @M — N — 0 be an ezact sequence in mod A
such that f belongs to rad(mod A). Let M and N be modules such that Oy C O 7 and

O N(M) =0y nN(N) = 53&1,N(N) =0. Then 5%47]\7(2) = 0.
PrROOF. We use Proposition 5.1 and the notation introduced there. Then
h
> 00, (M) = 6.5 (M) = 0.
i=1
This implies that
2 [Ny, M] = [Nij1, M] — [N;_1,M] = 6,,(M) =0, i=1,2,... h
Proceeding by induction on ¢, one can show that
[N;, M] =i - [N, M], i=0,1,...,h+1.
In a similar way we get
[N;, N] =i-[N,N], i=0,1,...,h+1.
In particular
& ,N(Nh> =h- 5;\”4,1\7(N> =0 and 62\2’N(Z) =0,
as Z is isomorphic to a direct summand of Np,. O

PROPOSITION 5.3.  Let M', M"”, N’ and N" be modules such that M’ # N,
M fﬁN”, OnNv Cﬁ]\/p, Onn CEM// and

dim ﬁ]\/[/@M// — dim ﬁN’EBN” = 2.

Then Sing(M’ @& M”, N’ & N"') = Reg.

PrOOF. It follows from the assumptions and Lemma 2.1 that the integers
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C/ = dim ﬁ]u/ — dim ﬁN/ and C” = dim ﬁM// — dim ﬁNH
are positive and

2= Cl + CN + 5M/,N/ (NN) + (S;VI/,N/(NH) + (SM//7N// (M/) + 63\/[//7N//(M/)
== C/ + CI/ + 5M/’N/ (M”) + 5?\4',]\” (M”) + (SM”’N”(NI) + 5§W//,N,’(N/)'

Hence ¢ =c¢”" =1 and

5M/’N/(N”) = (SI /’N/(NN) == (SM//’N//(MI) == 6;\/[”,N’/(M/) == 07

Sar (M) = 8oy (M) = Bgr o (N') = By (N') = 0. ol
By Theorem 3.8, there are exact sequences
0=z zZeM N -0 and 0—2" L 27 M = N" — 0
in mod A such that the modules Z’ and Z” are indecomposable and
Oy (2" @ M) = 8y yn (2" @ M) = 0. (5.2)

Observe that the homomorphisms f’ and f” belong to rad(mod A), as they are not
sections and Z' and Z” are indecomposable modules. Using (5.1) and applying twice
Lemma 5.2 we get

55\4/71\// (Z”) - 55\4//71\/'//(2/) == O (53)

Let M =M &M’ N=N &®N" and Z = Z' ® Z". Taking a direct sum of the above
exact sequences we obtain an exact sequence of the form

0—-Z—2ZdM — N — 0.
Applying (5.1), (5.2) and (5.3) yields
53\47N(Z®M) == 5, /,N/(Z/@M/@Z/I@M//) +§§M//7N//(ZI®M/@Z“®M//) == O.

Hence Sing(M, N) = Reg, by Proposition 3.6. O
We shall need the following result proved by Bongartz in [5, Theorem 5].

PROPOSITION 5.4.  Let U, V and M be modules such that Oyeyv C Oy and
v vev(U) = dmuaev(V) = 0. Then there is an evact sequence in mod A of the form
0-U—-M-—->V—0.

PROPOSITION 5.5. Let M and N be disjoint modules such that On C O yr. Assume
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that N ~U @ L&V for some modules U, L and V' such that

. (5.4)

unU)=0, dyn(L)=1, oyun(V)=1, dyn(M)=

Then Sing(M, N) = Reg.

PrOOF. Applying Theorem 2.5 we get an exact sequence
o 0-2LzoM L N0

in mod A such that f belongs to rad(mod A). Since 0}, x(U) = 0 and the modules M
and U are disjoint, then Z ~ U @Y and there is an exact sequence

o0zl YyeMoLav -0

in mod A for some module Y and some homomorphism f’ in rad(mod A), by Lemma 4.1.
Taking a pushout of the sequence T under a retraction 7 : Z — U leads to the following
commutative diagram with exact rows and columns

0—7 T vyoM—sLav—=0

0 U w LoV ——0.

Applying Corollary 2.6 and Theorem 2.5 to the exact sequences
0o USWA LoV -0 and 00Y Y@M —W -0

we get that Oy C Oy and Oy C ). We conclude from (5.4) the equality 5;\4’N(U &
M) = 0. Therefore if W ~ M then Sing(M,N) = Reg, by Corollary 3.7 applied to
the sequence €. Thus we may assume that W % M. Since f’ belongs to rad(mod A)
then the retraction m does not factor through f’ and consequently the exact sequence
€ does not split. This implies that W 2 U ® L &V ~ N, by Lemma 2.3. Therefore
dim Oy < dim Oy as well as dim Oy < dim &);. Since dim O — dim O = 2 then
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dim&Oy —dim Oy =1 and dim Oy —dim Oy = 1.
Applying Theorem 3.8 we get
Onr.w (W) = 0w (W) = dw.n(N) = by n(N) = 1, Oy y(W)=0.  (5.5)

Consequently

1=0wn(N) 2oy y(LOV)=06(LDV) >0,
by Lemma 2.3. Thus

O (L) + o n(V) =1,

which gives two possibilities.
Case 1. 4y n(L) =1 and dy, (V) = 0.
Then 0.(V) =0, W ~V @& W' and there is an exact sequence

e 0-U—-W —=L—-0

in mod A for some module W', by Lemma 4.1.
It follows from (5.4) and (5.5) that

53\4,W(W/) = 53\4,W(W) - 53\4,W(V) =1- (‘%w,N(V) - 5{/V,N(V)) =0,
5M,W(V) =0y N(V) — 5W,N(V) < §M,N(V) =0.

)

(5.6)

Hence 0p7,w (V') = 0 and there is an exact sequence
n: 0-W —-=M-—=V =0

in mod A, by Proposition 5.4. It follows from (5.5) that dy, 5 (W’) = 0. Consequently,
by (5.4) and (5.6),

unUeW & M) =08y n(W') =08y w(W')+ oy (W) =0.

Taking a direct sum of the sequences ¢/, n and 0 — 0 — U U —o gives an exact
sequence of the form

0—-UeW - UsW &M — N —0.

Then Sing(M, N) = Reg, by Proposition 3.6 applied for Z =U @ W'.
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CasE 2.y y(L) = 0 and gy (V) = 1.
Then 0.(L) =0, W ~ L ® W’ and there is an exact sequence

e 0—-U—-W'=V =0
in mod A for some module W”, by Lemma 4.1. In particular U ®V £ W" and Opgy C

Oy, by Corollary 2.6. Applying Lemma 2.3 to the sequence € yields dy n (U) = 6.(U) >
0. Consequently

(SW’N(L) = §W,N(N) — (SW’N(UEB V) < (SW’N(N) — (SW’N(U) < 5W,N(N) — 1.

It follows from (5.4) and (5.5) that dyw n(N) —1=0, ow,n(L) =0 and

(=%}
S
=

3

I

(=%}
S
=
3

|

(=%}
S
=
=

I

!
=

S
2
B

|

(o)
=
=
=

I

Let Y be an indecomposable direct summand of W”. Then darw (Y) = 0 (Y) = 0
and p(M,Y) > u(W,Y) > 0, by Lemma 4.2. This implies that M ~ W” & M’ for some
module M’ not isomorphic to L. Furthermore & C @y, by (5.7) and Theorem 4.4.
Applying Proposition 5.3, we get

Sing(M,N) = Sing(W" @ M',(U® V) ® L) = Reg.

This finishes the proof of Proposition 5.5. U

Proor oF THEOREM 1.2. We decompose N = N; @ --- @ Ng, where N; is an
indecomposable module for i = 1,...,s = s(IN). Our assumptions and Lemma 2.1 imply

that [N, N] — [M, M] = 2. Therefore

2= SN (M) + D Sy n(Ni) = Sy (M) + D S v (M),
=1 =1

. (5.8)
4= (O (M) + Sy n (M) + Y (arn(N3) + 0y (V7)) -
i=1
Since the modules M and N are disjoint then u(M, N;) = 0 and consequently
5M,N(Ni)+5§\/[,N(Ni) >1, i=1,...,s, (5.9)

by Lemma 4.2. This implies that s < 4. Recall that s > 3, by our assumptions. Hence

o, N (M) + 0y N (M) < 1. (5.10)



Orbit closures for representations of Dynkin quivers 875

Let U and V' be the direct sums of the modules N; such that ¢}, x(NV;) = 0 and
dm,n(N;i) = 0, respectively. Then 8}, n(U) = 0 and dpr,n(V) = 0. It follows from (5.8)
and (5.9) that N ~ U @V @ L, where either L = 0, or L = N; for some j < s and the
equalities (5.4) hold. We get Sing(M, N) = Reg in the latter case, by Proposition 5.5.
Therefore we may assume that L = 0, or equivalently, N ~ U @ V. Then there is an
exact sequence

0—-U—-M-—->V -0

in mod A, by Proposition 5.4. Furthermore, (5.10) implies that dy n(M) = 0 or
Sy (M) = 0. Hence Sing(M,N) = Reg, by Corollary 3.7. This finishes the proof
of Theorem 1.2. O

6. Path algebras of Dynkin quivers.

Throughout the section, A is the path algebra of a Dynkin quiver. We shall need
some special properties of modules over such algebra A described in the following three
lemmas, in order to prove Theorem 1.3. The first lemma follows from [7] and the second
one follows from [5, Lemma 5].

LEMMA 6.1.  There are only finitely many isomorphism classes of indecomposable
modules. Moreover, for each indecomposable module Y,

Ends(Y)={t-1y; t € k}.
LEMMA 6.2. Let M and N be disjoint modules such that On C O and dim Oy —
dim O = 1. Then the inequality p(M,Y) < 1 holds for any indecomposable module Y .
LEMMA 6.3. Let M and N be disjoint modules with Oy C O . Then there are
indecomposable direct summands U and V' of N such that

(SMJV(U) > 0, 6?\/17N(U> =0 and (SM,N(V) =0, 534’]\7(‘/) > 0.

PROOF. A complete set ind A of pairwise nonisomorphic indecomposable modules
is finite, by Lemma 6.1. Moreover there is a partial order < on ind A such that [X,Y] > 0
implies X <Y for any modules X and Y in ind A. Applying Theorem 2.5 we get an
exact sequence

n: 0->N->-MoZ -7 -0

in mod A. Then 0pr,n(N) = 0,(N) > 0, by Lemma 2.3. Hence there is a <-minimal
U € ind A with the property da,n(U) > 0. Then u(N,U) > 0, by [6, Lemma 3.1].
Moreover, using the Auslander-Reiten formula mentioned in the proof of [6, Lemma 3.1],
we get that 5M,N(U) = 0. Dually we get an appropriate module V. O

ProproSITION 6.4. Leto: 0 —-U ERG VN V — 0 be an exact sequence in mod A
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such that the modules M and N =U &V are disjoint and

Then Sing(M, N) = Reg.

PROOF OF PROPOSITION 6.4. The equality d,(M) = 1 implies that M = M; @ M’
for an indecomposable module M7 and a module M’ such that

5o(My) =1 and &,(M’') = 0. (6.2)

We divide the proof into several steps.

STEP 1. There are nonsplittable exact sequences in mod A of the form

f ! _ '] ! ’

o1 OHU@MGBMlMXHO, oo: 0— M, f—>Xg—>V—>O.
PROOF.  Since 0,(M;) > 0 then there is a homomorphism h : U — M; which

does not factor through f, by Lemma 2.2. Taking a pushout of o under h leads to the

following commutative diagram with exact rows

0 vty 0
hl lh/
f g
0 M, X 1% 0,

this gives the exact sequences o; and o3. The sequence o2 does not split, by our con-
struction. Since the modules U and M @ M; are disjoint, the sequence o1 does not split
as well. 0

STEP 2. The following equalities hold:

601(U) =1, 0o (M) =0, 5(/71 (U) =0,
) (6.3)

0n(V)=0, 6,,(U)=0, 6,(V)=1

o2

PROOF.  Since the sequences o; and oo do not split then the integers o, (U),
0o, (My) and 0, (V') are positive, by Lemma 2.3. Hence the claim follows from (6.1),
(6.2) and the equalities
05 (Y) =06, (Y) + 05, (Y) and  6,(Y) = 0;,(Y) + 6, (Y),

for any module Y. a



Orbit closures for representations of Dynkin quivers 877

STEP 3. 4., (X) =0.

PROOF. Let M = M & M;. The sequence o7 induces the following commutative
diagram with exact rows and columns

0 — Hom(X,U) — Homy (X, M) — Homy (X, X)

0 — Hom (M, U) — Hom (M, M) — Hom4 (M, X)

« Y

0 — Hom (U, U) —— Hom (U, M) LA Hom 4 (U, X).

Since 65, (M) = 65, (U) = 0, then the homomorphisms o and 3 are surjective. Hence
is also surjective, which implies that d,, (X) = 0. O

STEP 4. 4., (M) =0.
PROOF. Suppose that 0, (M) > 1. Since 1 = 0,(M) = 65, (M) + 65,(M), then

0y, (M)=0 and &, (M;)=0,
as M is a direct summand of M. Observe that
00, (U) = b5 (M & M) + 05, (X) =6, (U) — 0, (M & M) + 6, (X).

Applying (6.3) and Step 3 we get that d,, (X) = 1. Then X = X; ® X’ for an indecom-
posable module X; and a module X’ such that

0y, (X1) =1 and 4, (X')=0.

Let ¢ : X’ — X be a section. Hence ¢ = h'h— f' f for some homomorphisms h : X' — M
and f : X! — My, by Lemma 2.2 applied to the sequence ;. Since the sequence oo does
not split and the module M; is indecomposable, then f’ belongs to rad(mod A). Thus f’f
belongs to rad(mod A) and h’ h is a section. Consequently A is also a section. Applying
Lemma 2.4 to o1 we get that M ~ X’ @® M" and there is an exact sequence

7. 0=-U—-M'®M — X;—0

in mod A for some module M. The modules U and M" & M; are disjoint, by our
assumptions. The modules X; and M@ M; are also disjoint, since X is indecomposable,
05, (X1) > 0 and 6, (M" & M;) = 0. Observe that
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dim Oprrom, — dim Opex, = 00, (U & X1) + 65, (M" & My) = 1,

by (6.3) and Step 2. Hence u(M", M;) = 0, by Lemma 6.2. Since M; & M’ is isomorphic
to X' @ M" then p(X,M;) > pu(X',My) > 1 and X ~ M; & X" for some module X”.
Hence, up to an isomorphism, the sequence oo has the form

(B1,82)

/(01 ;o
M) M, @ x" LR,

Since the endomorphism a; € End4 (M) belongs to rad(mod A) and M; is an indecom-
posable module, then oy = 0, by Lemma 6.1. Observe that

Ker(81) C Ker(¢')NM; and Ker(¢') = Im(f’) C X".

Therefore the homomorphism 3 is injective and Im(8;)NIm(B2) = {0}. Thus Im(8;) is a
direct summand of V', as ¢’ is surjective. Consequently the homomorphism 3y : M; — V
is a section, which is impossible as M; and V are disjoint modules. O

STEP 5. 6,(X) =0.

ProoOF. Observe that
0o (M) = 65(X) + 65(V) = 0,,(U) — &, (M) +6,,(V).
Hence the claim follows from (6.1), (6.2), (6.3) and Step 4. O

STEP 6. There is an ezact sequence o3: 0 = U - X O M —V eV — 0.

PROOF. Since M = M; & M’ then the sequence ¢ has the form

fi
0—U Lz) Mo M )y,

We get from (6.3) the equality d,,(V) = 0. Hence any homomorphism from M; to V
factors through f’, by Lemma 2.2. Thus ¢g; = jf’ for some homomorphism j : X — V.
It is easy to check that the sequence

(), (12)
f2 J g2
-7 - 777,

is exact. 0

0—-U XoM VoV -0

We shall consider the k-functor &y, n(—, —) defined in Section 3.
STEP 7. dimyg éaMyN(V, U) < 2.

Proor. We know that dprn(X @& M') = 6,(X) + 65(M’') = 0, by (6.2) and Step
5. Applying Corollary 3.4 we get that &y v (V,U) is contained in the kernel of the last
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map in the following long exact sequence induced by o3:

0 — Homu (V,U) — Homa(V, X & M') — Homs(V, V& V) —
— Exty(V,U) — Exty (V, X @ M').

Consequently
dimy, Sy n(V,U) <6, (V) =0,(V)+6,,(V)=1+1=2,

by (6.1) and (6.3). O
Step 8. dimy &y (N, N) < [N, N] — [M, M].

PrROOF. Let Y be a module. We know that dp n(V) = 0,(V) = 0 and
SuynU) = 6,(U) = 0, by (6.1). Then &y,n(Y,V) is contained in the kernel of
Exth(Y,1y) and &y n(U,Y) is contained in the kernel of Ext) (1r,Y), by Corollary
3.4. Hence &y n(Y, V) =0 and &y, n(U,Y) = 0. Consequently

EuN(N,N)~EynUaV.UaV)
~EuNnUU) @ EqNU V) EuNV,U) D E(V,V) = Eyn(V,U).

Therefore the claim follows from Step 7 and the equalities
[N,N] = [M,M]=06,(U)+6,(V)+6,(M)=14+0+1=2. O

Step 8 together with Proposition 3.5 imply that Sing(M, N) = Reg, which finishes
the proof of Proposition 6.4. O

PROOF OF THEOREM 1.3. Let M be a module. It follows from Lemma 6.1 that
Oy contains only finitely many orbits. Thus it suffices to show that Sing(M, N) = Reg
for any module N such that Onx C €y and

c:=dim Oy — dim Oy € {1,2}.

If ¢ = 1, then the claim follows from Theorem 3.8. Therefore we may assume that ¢ = 2.
Applying Theorem 1.1 we reduce the problem to the case when the modules M and N
are disjoint. Then N ~ U @&V @ L, where U and V are indecomposable modules such
that

6M,N(U) >0, 6§\4,N(U) =0 and 6M,N(V) =0, 6?\/[,N(V) > 0,

by Lemma 6.3. Applying Theorem 1.2 we may assume that L = 0 and N ~ U @ V.
Hence there is an exact sequence

c:0-U—- M-V —0,
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by Proposition 5.4. If 6,(M) = 0 or 6. (M) = 0 then Sing(M, N) = Reg, by Corollary

3.7. Therefore we may assume that the integers d, (M) and §/ (M) are positive. On the
other hand, by Lemma 2.1,

2=[N,N|—[M,M]=05,U)+6,(V)+ 4.

= 06 (U) + 05(V) +6,(M),

which implies that the equalities (6.1) hold. Thus Sing(M, N) = Reg, by Proposition
6.4. This finishes the proof of Theorem 1.3. O
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