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STABLE AND CENTER-STABLE MANIFOLDS OF
ADMISSIBLE CLASSES FOR PARTIAL FUNCTIONAL
DIFFERENTIAL EQUATIONS

TRINH VIET DUOC AND NGUYEN THIEU HUY

ABSTRACT. In this paper, we investigate the existence
of stable and center-stable manifolds of admissible classes
for mild solutions to partial functional differential equations
of the form wu(t) = A@)u(t) + f(¢t,ut), t > 0. These
manifolds are constituted by trajectories of the solutions
belonging to admissible function spaces which contain wide
classes of function spaces like Lj,-spaces and many other
function spaces occurring in interpolation theory such as
the Lorentz spaces Lpg4. Results in this paper are the
generalization and development for our results in [15].
The existence of these manifolds obtained in the case that
the family of operators (A(t))¢>¢ generate the evolution
family (U(¢,s))¢>s>0 having an exponential dichotomy or
trichotomy on the half-line and the nonlinear forcing term f
satisfies the y-Lipschitz condition, i.e., ||f(t,ut) — f(t,v¢)]| <
o) |lut — velle, where uy, vy € C := C([-r,0],X), and
»(t) belongs to some admissible Banach function space and
satisfies certain conditions.

1. Introduction. In this paper, we generalize and develop the re-
sults in Huy and Duoc [15] regarding the existence of stable and center-
stable manifolds for mild solutions to partial functional differential
equations of the form

du

(1.1) ==

A(t)u(t) + f(tv ut)v te [07 -I-OO),
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where A(t) is a (possibly unbounded) linear operator on a Banach
space X for every fixed t;

f:R+XC—>X

is a continuous nonlinear operator, C := C([—r,0], X) is the Banach
space of all continuous functions from [—r, 0] into X, equipped with
the norm [|@llc = supge|_,. o) [|¢(0)[| for ¢ € C, and u; is the history
function defined by u:(0) := u(t + 0) for 6 € [—r,0].

In the literature on the existence of manifolds the assumption that
the linear operators (A(t)):>0, which generate the evolution family,
having an exponential dichotomy or trichotomy has seen little change.
The most popular condition imposed on f is its uniform Lipschitz
continuity with a sufficiently small Lipschitz constant, i.e.,

£t 0) = f(t. ) < allo = Vlle

for ¢ small enough (see [1-6], [8, 10, 11, 17, 20]). However, for equa-
tions arising in complicated reaction-diffusion processes, the mapping f
represents the source of material or population in many contexts where
the Lipschitz coefficient depends on time (see [21, Chapter 11], [22],
[26]). Therefore, a natural problem to study is the existence of man-
ifolds when the mapping f has the Lipschitz coefficient dependent on
time. Recently, we obtained exciting results in [12, 13, 15, 16] for
the existence of manifolds based on the notion of admissible Banach
function spaces which allow the Lipschitz coefficient of f to depend
upon time. More concretely, in [15], we have established results on the
existence of stable and center-stable manifolds for solutions to partial
functional differential equations (1.1), but these manifolds are created
by trajectories of bounded solutions.

The purpose of this paper is to show the existence of stable and
center-stable manifolds of the &-class for equation (1.1). These mani-
folds are created by solution trajectories in the admissible Banach space
&, see Definitions 2.2 and 2.5. The manifold of the £-class can contain
solution trajectories in spaces L, with 1 < p < oo, Lorentz spaces L, 4
or some function spaces occurring in interpolation theory. Thus, the
results in [15] are only a specific case of £-class manifolds (L).

The difficulties in this paper which we must surmount, as compared
to [15], include: formulating the definition of invariant manifolds of the
E-class such that it contains the existence and uniqueness theorem as
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a property of the manifold (see Definition 3.3 below), overcoming some
proof techniques in the paper [15] and imposing suitable conditions for
the function ¢ and the admissible Banach function space F.

The paper is organized as follows. Section 2 recalls some notions
on function spaces and redefines the the exponentially FE-invariant
function. Section 3 proves the existence of the invariant stable manifold
of E-class for the mild solutions of equation (1.1): the main results are
Theorems 3.6 and 3.7. The last part in Section 3 is Example 3.8, which
shows the existence of the invariant stable manifold of £-class which
is created by trajectories of the solutions belonging to spaces L, (R4 ).
Section 4 proves the existence of the invariant center-stable manifold
of &-class for the mild solutions of equation (1.1), the main result of
which is Theorem 4.2, obtained by the method of recalling the evolution
family and then applying Theorems 3.6 and 3.7. Finally, Example 4.3
shows the existence of the invariant center-stable manifold of the &-
class, which is created by trajectories of the solutions in the Lorentz
space Lo 1 (R4).

2. Function spaces and admissibility. We recall some notions
on function spaces and refer the reader to Massera and Schéffer [18]
and Rébiger and Schnaubelt [23] for concrete applications.

Denote by B the Borel algebra and by A the Lebesgue measure on
R4. The space Lj 1oc(Ry) of real-valued locally integrable functions
on R} (modulo A-nullfunctions) becomes a Fréchet space with the
countable family of seminorms

pu(f) == / ()] dt,

where J,, = [n,n + 1] for each n € N, see [18, Chapter 2, Section 20].

We can now define Banach function spaces as follows.

Definition 2.1. A vector space E of real-valued Borel-measurable
functions on R4 (modulo A-nullfunctions) is called a Banach function
space (over (Ry, B, \)) if

(i) E is a Banach lattice with respect to a norm | - ||z, ie.,
(E,||-||g) is a Banach space, and if ¢ € E and 9 is a real-valued
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Borel-measurable function such that |¢(-)| < |¢(-)], A-almost
everywhere, then ¢ € F and ||¢| g < ¢l &;

(ii) the characteristic functions y 4 belong to E for all A € B of fi-
nite measure, and sup, > ||x[,i+1)l|z < 0o and infy>o | x[t,i41)l| &
> 0;

(ill) E <= L1 10c(Ry), ie., for each seminorm py, of L1 joc(Ry) there
exists a number 3, > 0 such that p,(f) < B,,|fllg for all
fek.

Next, we define Banach space £ corresponding to Banach function
space F as follows.

Definition 2.2. Let E be a Banach function space and C:=C([—r, 0], X)
a Banach space endowed with the norm || - [|c. We set

E:=ER4:,C) ={f:Ry — C such that
f is strongly measurable and ||f(-)||c € E},

endowed with the norm || f|le = [|[|f()l|lcllz. We can easily see that £
is a Banach space. We call £ the Banach space corresponding to the
Banach function space E.

Remark 2.3. Note that, in Definition 2.2, we can replace C by an
arbitrary Banach space.

We now introduce the notion of admissibility in the following defi-
nition.

Definition 2.4. The Banach function space F is called admissible if
(i) there is a constant M > 1 such that

b —a
JACOE ME=a)y o),

X(a,0 |l

for any compact interval [a,b] C Ry and for all ¢ € E.
(ii) For ¢ € E, the function A;¢ defined by

t+1
Ap(t) = /t o(7)dr

belongs to F;
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(iii) F is T -invariant and T, -invariant, where T, and T, are
defined for 7 € Ry by

Tro(t) =
- () 0 for0<t<r

T-o(t) = et +71) for ¢ > 0.

{(p(t—T) fort>17>0

(iv) The linear operators T¥ and T are uniformly bounded, i.e.,
there are constants N7 and Ny such that

T < Ny, |T5|| < Ny for all 7 € R

Definition 2.5. Let E be an admissible Banach function space. Then,
£ is called an admissible Banach space.

Example 2.6. The Banach function spaces L,(R4), 1 < p < oo are
admissible. In addition, the space

ME) = {1 € L) o [ 1501 dr < o0

>0

endowed with the norm || f|[a := sup;>¢ fttﬂ |f(7)| dm and many other
function spaces occurring in interpolation theory, e.g., the Lorentz
spaces L, 4(Ry), 1 <p < o0, 1< g < oo are also admissible.

Remark 2.7. We can easily see that, if F is an admissible Banach
function space, then £ — M(R).

We now collect some properties of admissible Banach function spaces
in the following proposition (see [13, Proposition 2.6]).

Proposition 2.8. Let E be an admissible Banach function space.
Then, the following assertions hold.

(a) Let ¢ € L1 10c(Ry) such that ¢ > 0 and Ao € E, where Aq is
defined as in Definition 2.4 (ii). For o > 0, we define functions A,p
and Ay by
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t
Aaplt) = [ e Ip(s) ds,
0
Roplt) = [ 7 0p(s)ds.
t

Then, Ay and Ay belong to E. In particular, if sup;>g fttﬂ lo(T)| dr
< 00 (this will be satisfied if ¢ € E, see Remark 2.7), then Ay and

Ay are bounded. Moreover, with the esssup norm denoted by || - | oo,
we have
Ny
Ioplloe < T IMT7 0]l
_ N,
Aol < T = 1M1l
(b) E contains exponentially decaying functions (t) = e~ for

t > 0 and any fixed constant o > 0.

(c) E does not contain exponentially growing functions f(t) = €%

fort >0 and any constant b > 0.

We next define the associate spaces of Banach function spaces, as
follows.

Definition 2.9. Let F be an admissible Banach function space and
denote by S(F) the unit sphere in E. Recall that L1 = {g: Ry - R | g
is measurable and [ |g(t)|dt < co}. Then, we consider the set E’ of
all measurable real-valued functions 1 on R such that

wY € Ly, /0OO lp(@®)(t)|dt <k for all p € S(E),

where k depends only upon 1. Then, E’ is a normed space with the
norm given by (see [18, Chapter 2, 22.M])

[ee]
o1z =swn{ [ lettwola: o s} orve s,
0
We call E’ the associated space of E.

Remark 2.10. Let E be an admissible Banach function space and E’
its associated space. Then, from [18, Chapter 2, 22.M], we also have



MANIFOLDS OF ADMISSIBLE CLASSES 549

that the following “Hélder’s inequality” holds:

(2.1) /O lp®)v(t)|dt < [l@lellvle forall p € E, ¢ € B

In order to study the existence of stable and center-stable manifolds
of the E-class for partial functional differential equations, in this paper,
we will consider the admissible Banach function space E such that its
associate space E’ is also an admissible Banach function space. We
give the following definition of an exponentially E-invariant function.

Definition 2.11. Let E be an admissible Banach function space and E’
its associated space. A positive function ¢ € E’ is called ezponentially
E-invariant if, for any fixed v > 0, the function h,, defined by

hy(t) = Hef”‘t7'|<p(-)||E/ for t > 0,

belongs to FE.

We also give here some examples of admissible Banach function
spaces and their associated function spaces which satisfy the above
definition. Note that the functions op(t) = Be~* for ¢ > 0 and
fixed B, > 0 are exponentially E-invariant to any admissible Banach
function space E.

Example 2.12. L (Ry) = Ly(Ry) for 1/p+1/g=1,1<p < 0
and the Lorentz spaces L, q(Ry) have L) (Ry) = Ly o(Ry) with
1/p+1/p=1,1/g+1/¢ =1, 1 < p < oo, 1< ¢ < oo. In addition
to the functions of the form ¢(t) = fe~ !, it can be seen that the
functions of the form ¢ = cx|q4) for any fixed constant ¢ > 0 and any
finite interval [a,b] C R4 are also exponentially F-invariant functions,
in which E are the spaces L,(Ry) or L, 4(R4).

3. Exponential dichotomy and stable manifold of £-class. In
this section, we prove the existence of the stable manifold of the £-class,
see Definition 3.3, for the mild solutions of equation (1.1). Throughout
this section, we assume that the evolution family (U (¢, s))i>s>0 has an
exponential dichotomy on R .
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We now make precise the notion of exponential dichotomy in the
following definition.

Definition 3.1. An evolution family (U(t,s));>s>0 on the Banach
space X is said to have an exponential dichotomy on [0, 00) if there exist
bounded linear projections P(t), t > 0, on X and positive constants
N, v such that

(a) U(t,s)P(s) = P(t)U(t,s), t > s > 0;

(b) the restriction U(t,s)| : Ker P(s) — KerP(t), t > s > 0,
is an isomorphism, and we denote its inverse by Uf(s,t)| :=
(U(t,s))" 1 0<s <t

(¢) |U(t,s)z|| < Ne=(t=9)|z| for z € P(s)X,t>s>0;

(d) |U(s,t)z] < Ne7"(=9)||z| for x € Ker P(t), t > s > 0.

The projections P(t), t > 0, are called the dichotomy projections, and
the constants N, v the dichotomy constants.

When the evolution family (U(t,s))t>s>0 on the Banach space X
has an exponential dichotomy on [0, 00), we can define the family of
operators (P(t)):>0 on C as follows.
P(t):C—C
(3.1) ~
(P(t)p)(0) =U(t —0,t)P(t)p(0) for all § € [—r,0].

Then, we have that (P(t))? = P(t), and therefore, the operators P(t),
t > 0, are projections on C. Moreover,
ImP(t) = {p€C:p(0) =U(t — 0,)p
for all @ € [—r, 0] for some vy € ImP(t)}.

Next, we provide the notion of the @-Lipschitz of the nonlinear
term f.

Definition 3.2. Let E be an admissible Banach function space and ¢
a positive function belonging to E. A function f : [0,00) x C — X is
said to be @-Lipschitz if f satisfies:

(i) f(t,0) =0 for all t € Ry;
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(ii) [[f(t, d1) — f(t, d2)|l < p(t)]|d1 — ¢2llc for all t € Ry and all
¢17 ¢2 S C.

Note that, if f(t, ¢) is ¢-Lipschitz, then || f(t, ¢)|| < ¢(¢)||¢|lc for all
¢eCandt>0.

The stable manifold of the £-class is constituted by mild solutions
of equation (1.1), that is, solutions of the following integral equation

(3.2) u(t) =U(t, s)u /Utgf(f,%)df fort > s >0,
=¢eC,

with (U (¢, s))i>s>0 & given evolution family. We note that, if the evolu-
tion family (U(¢, s))¢>s>0 arises from the well-posed Cauchy problem,
then the function v : [s — r,00) — X, which satisfies equation (3.2)
for some given function f, is called a mild solution of the semilinear
problem

% = A@ult) + f(tw), 12520,
us =¢ €C.

Now, let £ := E(R4,C) be the admissible Banach space correspond-
ing to admissible Banach function space FE. Next, we give the definition
of a stable manifold of £-class for the solutions of equation (3.2).

Definition 3.3. A set S C Ry x C is said to be an invariant stable
manifold of E-class for the solutions to equation (3.2) if, for every

t € Ry, the phase space C splits into a direct sum C = Xo(t) @ X, (t)
with corresponding projections P(t), i.e., Xo(t) = ImP(t) and X;(t) =
Ker P(t), such that

sup [ P(t)]| < oo,

>0

and there exists a family of Lipschitz mappings
D, Xo(t) — X1(t), teRy,

with the Lipschitz constants independent of ¢ such that:
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(gi) Sd= {(t, 0 +@1() € Ry x (Xo(t) @ Xa (1) |t € Ry, ¢ € Xo(1)},
and we denote

Sp={Y+ Q(¥) : (£, + P:(¢)) € S}

(i) S; is homeomorphic to Xo(t) for all ¢ > 0;

(iil) to each ¢ € S, there corresponds one and only one solution u(t)
to equation (3.2) on [s — 7, 00) satisfying the initial condition us = ¢

and the function
A1) = uy fort > s,
0 for0<t<s

belongs to £. Moreover, any two solutions u(t) and v(t) of equa-
tion (3.2) corresponding to different functions ¢1, ¢o € S, attract each
other exponentially in the sense that there exist positive constants u
and C), independent of s > 0 such that

(3:3) ue—ville < Cue™ [ (P(5)61)(0) = (P(s)$2)(0)||  for t > s;

(iv) S is positively invariant under equation (3.2), i.e., if u(t),
t > s —r, is a solution to equation (3.2) such that initial conditions
us € Sg and z(t) € £, then we have u; € S; for all t > s.

Note that, if we identify Xo(t) @& X1 (t) with Xo(t) x X;(t), then we
can write Sy = graph(®;). This definition is a natural extension of the
definition of stable manifold in the papers [12, 15, 20].

Let the evolution family (U(t,s))i>s>0 have an exponential di-
chotomy with the dichotomy projections P(t), ¢ > 0, and constants
N, v > 0. Note that the exponential dichotomy of (U(t,s))i>s>0 im-
plies that H := sup,~ ||[P(t)|| < oo and the map ¢ — P(t) is strongly
continuous (see [19, Lemma 4.2]). We can then define the Green’s
function on the half-line as:

Gt 7) = {P(t)U(t,T) fort >7>0

(3-4) ~U(t,7)((I - P(r)) for0<t<r.

It follows from the exponential dichotomy of (U(t, s))i>s>0 that
1G(t,7)| < N(L+H)e ™71 forall t £ 7.
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The next lemma gives the form of the solution to equation (3.2)
which belongs to £.

Lemma 3.4. Let the evolution family (U(t,s))t>s>0 have exponential
dichotomy with the dichotomy projections P(t), t > 0, and dichotomy
constants N, v > 0. Let E be the admissible Banach function space,
E' its associated space and £ := E(R4,C) an admissible Banach space
corresponding to E. Suppose that ¢ € E' is exponentially E-invariant
function, defined as in Definition 2.11. Let f : Ry x C — X be -
Lipschitz and u(t) a solution to equation (3.2) such that the function

A1) = {ut fort>s,

0 for0<t<s

belongs to & for fized s > 0. Then, fort > s, we can rewrite u(t) in
the form

() = Ultom + [ C G f () dr,
us =¢ €C, )

(3.5)

for some vy € Xo(s) = P(s)X, where G(t,T) is the Green’s function
defined as in (3.4).

Proof. Set
y(t) = / G(t,7)f (7, ur) dr

for t > s and y(t) = 0 for 0 <t < s. We have

ly@I < N(1 + H) /OO e urllc dr

S

= N(1+ H) /OOO el (r)||2(7) ¢ dr.

Using “Holder’s inequality” (2.1), we obtain
(3.6) ly@)Il < N+ H) e o)l l2]e.

Note that the function h,(t) = |le=**~"lp(-)|| g belongs to E. There-
fore, by the Banach lattice property, we have that the function ||y(t)|| €
E. Similarly, we also have the function ||u(t)|| € E. On the other hand,
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UQ$M$:j/UW$W&mU*PMVﬁmJM
B /too U(t,$)U (s, 7)(I — P(r)) f(r,u,) dr
:5/Umﬂu—Pmﬁvw»w

—/t Ut,7),(I - P(r)f(ryur) dr.

Therefore,

y®=UW@M$f/U@ﬂﬂﬂme

Since u(t) is a solution of equation (3.2), we obtain that u(t) — y(t) =
U(t, s)(u(s) —y(s)). Now, set vo = u(s) —y(s). From the fact that the
functions |ly(¢)|| and ||0u(¢)|| belong to E, it is implied that vy € Xo(s)
and P(s)u(s) = P(s)$(0) = vg. Therefore, u(t) = U(t, s)vp + y(t) for
t>s. |

Remark 3.5. Equation (3.5) is called the Lyapunouv-Perron equation.
By computing directly, we can see that the converse of Lemma 3.4 is
also true. This means that all solutions of the integral equation (3.5)
belonging to &£ are also solutions of equation (3.2) in the admissible
Banach space & for t > s.

Using admissibility, we construct the structure of solutions of equa-
tion (3.2) in the following theorem.

Theorem 3.6. Let the evolution family (U(t, s))i>s>0 have exponential
dichotomy with the dichotomy projections P(t), t > 0, and dichotomy
constants N, v > 0. Let E and E’ be, respectively, an admissible
Banach function space and its associate space. Define the function
h,(t) = |le """ lo()| g fort > 0. Then, we have that, if the function f
is @-Lipschitz with ¢ € E’ being an exponentially E-invariant function
and
N1+ H)e' ||h||e < 1,
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then there corresponds to each ¢ € Imﬁ(s) one and only one solution
u(t) of equation (3.2) on [s—r,00), satisfying the condition P(s)us = ¢

and the function
o= {5 i
belong to £. Moreover, if
N1+ H)e" (N1[|A Ty ¢lloc + NafArglloc) <1,

then the following estimate is valid for any two solutions u(t) and v(t)
corresponding to different initial functions ¢1, ¢2 € ImP(s):

e = ville < Cue™ I 62(0) = 62(0)||  for all t > 5 >0,
where p is a positive number satisfying

0<p<v+n(l—NI+H)e" (N[AT gl + No[Argllo)) »

and

Nel/’l‘
1= [NQ A+ H)err]/[L— e 0N AT @llos + Nof[Arplloc)

Cu:

Proof. For ease of exposition, the proof is divided into two steps.

Step 1. To point out the existence and uniqueness of solution for
equation (3.2) with each ¢ € ImP(s). Denote by C([s — r,00), X) the
set of bounded, continuous and X-valued functions defined on [s—r, 00).
Setting vy := ¢(0), for each z € & := E(R4,C) then we have the
function Hz € C([s — r,00), X ), defined as:

U(2s —t,s)vp + / G(2s —t,7)f(r,2(1))dr t€[s—r,s]
U(t, s)vo +/ G(t,7)f(r,2(T)) dr t>s.

We will prove that the transformation 7', defined by

(Hz); fort>s,
0 for0<t<s

(T2)(t) = {

acts from & into £ and is a contraction mapping.
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In fact, we have

Ne = ly|| + N(1+ H)
e BTl (n)|l2(7) [l dr - for s—r<t<s,

Hz)(t)|| < i
I(Hz)®)] < Ne =9 ||yo|| + N(1 + H)

e V=lo()||2(7) || dr for t>s.

S

Therefore, for ¢t > s, then

I(Hz)tlle = o I(Hz)(t+0)|| < Nev"em =) [l
e|—r,

+N(1+H)e”/ e =T ()| |2(7) [ dr.

Using “Holder’s inequality” (2.1), we obtain

I(Hz)ille < Ne" T e, (t)llvoll + N(1+ H)e hy (1)) ]e

where ||z]le = [[[|2(7) /e, b (t) = e lo() | & and
e V(=5 for ¢ > s,
Ttre,(t) = -
0 for 0 <t <s.

Since the functions T e, (t), h,(t) € E, by the Banach lattice property
of E, therefore, function ||(T'z)(t)||c € E. Thus, Tz € €.

Next, we prove that, if N(1 + H)e*"||h,||g < 1, then T is the
contraction. For z,z € £, we have estimate

[(Hz): — (Hz)ille < N(1 + H)e'”/ e To(n) |z (r) = 2(7)lle dr
for t > s. By “Holder’s inequality” (2.1), we obtain
I(Hz): — (Hz)dlle < N(1+ H)e" h, ()] = 2]e-

From the Banach lattice property of E, we have

|72 = T2lle < N+ H)e" bl — lle.
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Thus, T is a contractive mapping. Hence, there exists a unique z € £
such that Tz = z. Therefore, we have

0 for0 <t<s.

S(t) = {(Hz)t for t > s,

This yields

sfts
(Hz)(t) = / 9( S—”f(T (Hz);)dr  te[s—r,s]
V0+/ G, 7)f(r,(Hz);)dr t>s.

Hence, u(t) = (Hz)(t) is unique solution of equation (3.5). By
Lemma 3.4 and Remark 3.5, then w(t) is also a unique solution of
equation (3.2) with

us(0) =U(s —0,8)vy+ /oog(s —0,7)f(1,u;)dr

for 6 € [-r,0], and P(s)u(s) = vp = ¢(0). Therefore, P(s)us = ¢ by
the definition of P(s), see equality (3.1).

Step I1I. Show that any two solutions have the property of exponen-
tial attraction. Let wu(t),v(t) be two solutions to equation (3.5), cor-
responding to different initial functions ¢, ¢o € Im]g(s), respectively.
Setting 11 := ¢1(0) and vy := ¢2(0), we have that

lu(t) - v(®)]
N(1+ H) / (1) ur — vy dr

+Ne =) vy — vy if t > s,
N(1+ H) e‘”lZs_t_T‘go(T)HuT —vrllcdr

<

S
+Ne 76D |uy — vy ifs—r<t<s.
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Since t + 6 € [—r + t,t] for fixed ¢ € [s,00) and 6 € [—r,0], we obtain
lue = velle < Nev"e ™= vy — ]|

+N(1+ H)e’”/ eV Tlo(M) ur — velledr,  t>s.

Set

h(t) = llus — vel|e for t > s,
0 for0<t<s.

Then, h(t) € E, and

h(t) < Ne*"e =)y — uy|

(37) + N(l + H)eur /OO e*V|t*T|4p(7)h(T) d7’7 t>s.

We will use the cone inequality theorem (see [13, Theorem 2.8]) for
admissible Banach function space E and the cone K as the set of all
nonnegative functions. We then consider the linear operator A, defined
for g € E, by

N(L+H)e'r [ e VIt=lp(r)g(r)dr  for t > s,
0 for0 <t<s.

(Ag)(t) = {

By “Holder’s inequality” (2.1),
[(Ag)(t)] < N(1 + H)e""hy, (t)]|g] &

From the Banach lattice property of E, we have ||Ag|lg < N(1 +
H)e"" |h, ||ellgllg. Therefore, A € L(E) and ||A|| < N(1+H)e""||h, || g
< 1. Obviously, the cone K is invariant under the operator A.

Inequality (3.7) can now be rewritten as
h<Ah+z for z(t) = Ne"e "= ||lu) — s

From the cone inequality theorem [13, Theorem 2.8], we obtain that
h < g, where g is a solution in F of the equation g = Ag + z, which
can be rewritten as:

g(t) = Ne*"e V=) ||y — 1y + N(1 + H)e”r/ e VIt =Tlo(r)g(r) dr

S
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for t > 5. We set w(t) = e*(*=%)g(t) for t > s. Then, we obtain that w
is solution of the equation
w(t) = Ne" e =M=y — 1y

3.8 oo
(3:8) +N(1+ H)e"™" / e VI=TIFRE=T) (T (1) dr.

S

We find w in L [s, 00), which is a space of real-valued functions, defined
and essentially bounded on [s, 00) (endowed with the sup-norm denoted
by || - |loc). We consider the linear operator K, defined on Lo [s, 00)

(K¢)(t) = N(1+ H)e"" /00 e VI=TIHRE=T) (Y (r) dr for all £ > s.

S

By Proposition 2.8, it can easily be seen that K € £(Ls[s,00)) and

N1+ H)e"

1K < T (Nl T el + NallArgllo).

Equation (3.8) can be rewritten as:
w=Kw+7% for2(t) = Ne" e~ W=mE=8) || — by
We have ||K|| < 1 if
O0<pu<v+In(l—N1+H)e" (N AT @l + NallA1g]ls)) -

Under this condition, the equation w = Kw -+ z has the unique solution
w € Loo[s,00) and w = (I — K)~'Z. Hence, we obtain that

Neu'f
[wlloe = I(Z = K) ™ Zllo0 < -—7orllvr — ve
1K

Nev"||lvy — vs|

<
T 1= [N+ H)err]/[1 — e =N |A1 T ¢l oo + Nal|Arg] o)
= Cyllvi — 12|

This yields that w(t) < C,||vn — 2| for t > s. Hence,
h(t)=|lus —velle <g(t)=e D (t) <CLe ™9 vy —1o|  for t > s.
|

We now prove our main result of this section.
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Theorem 3.7. Let the evolution family (U (¢, s))t>s>0 have exponential
dichotomy with the dichotomy projections P(t), t > 0, and dichotomy
constants N, v > 0. Let E and E’ be, respectively, an admissible
Banach function space and its associated space. Define the functions
en(t) = e and h,(t) = |e 1t lp()||g for t > 0. Suppose
that ¢ € E’ is an exponentially E-invariant function, defined as in
Definition 2.11. Then, if the function f is p-Lipschitz with ¢ satisfying

max{N (1 + H)e"" (N1|[A1T; ¢lloc + Na||A1¢]lo0),
N+ H)e" ([|[h|le + NNilles| ellellz)} <1,

then there exists an invariant stable manifold S of E-class for the
solutions to equation (3.2).

Proof. Since (U(t, s))t>s>0 has an exponential dichotomy, we have
that, for each ¢t > 0, the phase space C splits into the direct sum
C = ImP(t) & Ker P(t) where the projections P(t), t > 0, are defined
as in equality (3.1). Clearly, sup,~ |P(t)]| < co. We now construct a
stable manifold S = {(¢,S;)}¢>0 for the solutions to equation (3.2). In
order to do this, we determine the surface S; for ¢ > 0 by the formula:

Sy = {o+ Py (¢) : ¢ € ImP(t)} C C,

where the operator ®; is defined for each ¢ > 0 by
D, ()(0) = / Gt—0,7)f(r,ur)dr for all € [—r,0];
t

here, u(-) is the unique solution of equation (3.2) on [—r + ¢,00),
satisfying P(t)u; = ¢ (note that the existence and uniqueness of u(-) is
guaranteed by Theorem 3.6). On the other hand, by the definition of
Green’s function G, see equation (3.4), we have that ®,(¢) € Ker P(t).

We next show that the stable manifold S satisfies the conditions
of Definition 3.3. Firstly, we prove that ®;, is of Lipschitz continuity
with the Lipschitz constant independent of 3. Indeed, for ¢; and ¢5
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belonging to ImP(to), we have
11y (61)(0) — @i, (¢2)(0)]

<N+ ) [T e T~ fedr

to

< N(1+H) / o)ty — vl dr

to

S N1+ H)llollerlu —vle.

Moreover, by the Lyapunov-Perron equation for u(-) and wv(-), see
equation (3.5), we have

lus = ville < Ne"e™ 10| — dallc + N(1+ H)e" hy (1) |u — vl
for t > ty. By the Banach lattice property of E and e *(t—t) —=
T; ey (t), we obtain

lu—vlls < N[ T ey |pllén — dallc + N1+ H)e [ [ sllu — olle

S NNie"levllellér — @lle + N1+ H)e"" ||y || pllu — vl

It follows that

NNye'"|lev|| g
N1+ H)er||hy ||

|p1 — d2]lc-

- <
e~ olle < 1=

Substituting this inequality for (3.9), we obtain that

N2(1+ H)Nie”"|ley||ell el
1— N(1+ H)e’"||hy| g

[@10(01) = Py (P2)llc < [¢1 = ¢2llc.

Therefore, ®;, is of Lipschitz continuity with the Lipschitz constant

.o N2+ H)Nie” ey |lpll¢lle
' 1— N1+ H)e'||hy| g

<1

independent of tg.

In order to show that S;, is homeomorphic to ImP(ty), we define
the transformation B
F : ImP(tg) — St,

by F¢ := ¢+ P4, (¢) for all ¢ € Im]s(to). Obviously, F is surjective and
of continuous mapping. If F¢; = Feo, then ¢y — g = Dy, (d2) — P, (¢1).
Since ®;, is of Lipschitz mapping with Lipschitz constant k¥ < 1, so
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¢1 = ¢2. Thus, F is a bijective. We also have

o1 — d2llc < [[Fd1 — Foalle + [ P4, (d2) — Pi,(d1)]lc
< ||[Fp1 — Foa|lc + k|1 — o2lc-

Therefore, ||¢1 —d2llc < 1/(1 — k)||Fp1 —Fdso||c. This yields continuity
of inverse map F~!. Hence, F is a homeomorphism. Therefore, condi-
tion (ii) in Definition 3.3 is satisfied.

Condition (iii) in Definition 3.3 follows from Theorem 3.6. We shall
now prove that condition (iv) of Definition 3.3 is satisfied. Indeed, let
u(-) be a solution of equation (3.2) such that the function us(0) € Ss.
Then, by Lemma 3.4, the solution u(t) for ¢ € [s,00) can be rewritten
in the form:

u(t) = Ul(t, s)vo + /00 G(t,7)f(r,u;)dr for some vy € ImP(s).
Thus, for t > s and 6 € [—r, 0], we have
u(t—0)=U(t—0,s)vy+ /00 Gt —0,7)f(r,u;)dr
o
=U(t—6,s)vg+ / Gt—0,7)f(r,u,)dr
+ /OO Gt —0,7)f(r,u,)dr
' t
=U(t—6,s)ry+ / Uit—0,7)P(T)f(r,u;)dr
h —0,7)f(1,u,)dr
+ [ gt =0.m1ru)
=U(t—0,t) [U(t, syvo+ | U, 7)P(T)f(r,ur)dr

—i—/oo Gt —0,7)f(r,u,)dr.

Set
¢
o = U(t, s)vo + / U(t,7)P(7)f(r,ur)dr.
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We have P(t)uo = po; hence, ug € ImP(t). We thus obtain that
U(t — 6,t)p0 belongs to ImP(¢) and

u(t—6)=U(t—0,t)uo + /toc Gt—0,7)f(r,u;)dr.

By the uniqueness of u(-) on [s —r,00) as in the proof of Theorem 3.6,
we have that equation (3.2) has a unique solution u(-) on [—r + ¢, 00)

satistying (P(t)u)(0) = U(t — 6, ) and

WO = U~ &0+ [ 60— &) dr
for € € [—r +,t]. Therefore, the history function u; can be viewed as:
u(0) =u(t+0)=U(t—0, t)uo—i—/toog(t—ﬂ, ) f(r,ur)dr= ¢(0)+P:(0)(6).

Hence, u; € Sy for t > s. O

Finally we give an illustrative example. This example was considered
in [15]; thus, work verifying the ¢-Lipschitz condition for the nonlinear
part is a repetition. However, the computation is significant for the
conditions on the functions ¢ and h, since we take E, E’ to be a
concrete admissible Banach function space.

Example 3.8. Consider the following problem.

(3.10)
0 "9 0
gu(t, x) = kzl_:l B (akl(t, :r)a—xlu(t, x))
T 0
+ou(t, z) + bte_‘”/ In(1+ |u(t+0,z)|df fort > s >0,

x € Q,

Xn: ng(z)ap (t, x)iu(t, x)=0 x € 09,

=1 oz

us(0,z) =u(s+0,z) = ¢0,z), 6¢€[-r0] x € .

Here,  is a bounded domain in R with smooth boundary 02 ori-
ented by outer unit normal vector n(z). The coefficients ay(t,z) €
Cl' R4, C(Q) N Cy(Ry,CH (), 1/2 < p < 1, are supposed to be real,
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symmetric, and uniformly elliptic in the sense that

n
Z ap(t, x)vgvy > nlv?,  for all x € Q and for some constant 7 > 0.
k=1

Finally, the constants o > 0, b # 0 and § > 0 are sufficient. We now
choose the Hilbert space X = Lo(2) and define the differential operator

n

A(t,z, D) Za (akltxai>+6

k=1

with domain

D(A(t)) = {f e W**(Q) : nk(x)akl(t,x)%f(x) =0, z € 00}.

1

NE

k.,

Therefore, this problem can be rewritten as an abstract Cauchy prob-
lem

%u(t, )= A()u(t,) + F(t,u(0,)) fort>s>0,
us(6,-) =¢(0,) € C for 0 € [—r,0],

where F': Ry x C — X is defined by
0

F(t, 6)(x) = bte—o* / (1 +|(6(0))(@))) db, =€ Q.

-r

We have F(t,¢)(-) € X since Minkowski’s inequality implies that

(/ |F(t, 2dm> v
— 1y te-at</Q (/_0 In(1+|(6(6))(@)) d@)de>l/2
1/2

< b|te—at/0 (/ (1 + |(6(6 ))(3:)|)dx> a0
< |bJte™o [ </| |2da:)1/2d0

= | te*at/ 16(6)]|2 d6 < oo.
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From [24, Theorem 3.3, Example 4.2], the family of operators (A(¢)):>0
generates an evolution family having an exponential dichotomy, with
the dichotomy constants N and v, provided that the Holder constants
of ayp; are sufficiently small. In addition, the dichotomy projections
P(t), t > 0, satisfy sup,~¢ [|P(t)|| < N.

Now, we verify that F is ¢-Lipschitz with ¢(t) = |b|rte=** €
E' = L,(R}), p € (1,00). Indeed, condition (i) is evident. To
verify condition (ii), we use Minkowski’s inequality and the fact that
In(1+ h) < h for all h > 0. Then,

1E(t, 1) () = F (¢, ¢2) ()2
e ([
e e o))

0
< [b| te~ / ( /Q (610) (@) — (62(0)) ()2 ) db

0
— o] tee / 161(0) — 62(6)]]2 do

< [plrte™" sup [[¢1(0) — ¢2(0)]2-

oc[—r,0]

Hence, F' is ¢-Lipschitz with ¢ € E' = L,(Ry), p € (1,00). Therefore,
E = L,(Ry) with 1/p+1/¢ = 1. In the space L,(R; ), the constants
N; and N, in Definition 2.4 are defined by N; = Ny = 1. In addition,
we have

t+1
Ap(t) = /t p(r)dr

and
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where (t — 1) = max{0,t — 1}. Thus,

Iblr(1+e~t —e™ )

max{[[A1¢]loo, A1 Ty plloc} < o2

On the other hand, we have t? < eP! for all t > 0. Thus, for a > v + 1,
then

0o 1/p 00 1/p
nwnE/::|bh~<J/ Tpeapfdf> 55“”T<L/‘ e(aUPTdT>
0
wlats)”
(a—=1)p

00 1/p
e[
0

2 1/17
< |b|r() e vt fort > 0.
pla—v—1)

1/p 1/q
2 1
hollg < |blr| —=——— -] .
| ”E_Hr(p(avl)) (VQ)

From Theorem 3.7, we obtain that, if

2[b|r(1 L em@
MR Tal

2 )

and

Therefore,

(&) ) ") )
< NOEA

then there is an invariant stable manifold of £-class S for the mild
solutions to problem (3.10). The S manifold is created by trajectories
of the solutions belonging to L,(R.).

4. Exponential trichotomy and center-stable manifolds of
E-class. In this section, we will consider the case where the evolution
family (U(t, s))i>s>0 has an exponential trichotomy on Ry. With the
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same conditions as in Section 3, we will prove that there exists a center-
stable manifold of £-class for the solutions to equation (3.2).

We now recall the definition of an evolution family which has
exponential trichotomy.

Definition 4.1. A given evolution family (U(, s))t>s>0 is said to have
an exponential trichotomy on the half-line if there are three families of
projections (P;(t))t>0, 7 = 1,2,3, and positive constants N, o and 3
such that the following conditions are fulfilled:

() H = suppsg | P5(1)] < o0, j = 1,2,3.

(i) Pj(t)U(t,s) =Ul(t,s)Pj(s) fort>s>0and j =1,2,3.

(iv) U(t,s)|mp,(s) are isomorphisms from ImP;(s) onto ImP;(t),
for all t > s > 0 and j = 2, 3, respectively; we also denote the
inverse of U(t, s)|mp,(s) by U(s, 1)), 0 < s < t.

(v) Forallt > s >0 and z € X, the following estimates hold:

U2, 8)Py(s)z]| < Nem || Py(s)e]|
1U(s, ) Pa(t)al] < Ne™P0=2)|| Py(t)z|
U (2, 5)Ps(s)z]| < Ne®=)||Py(s)z]|.

The projections P;(t), t > 0, j = 1,2,3, are called the trichotomy
projections, and the constants N, a and (3, the trichotomy constants.

Note that, in the above definition, the Banach space X is split
into direct sums of three subspaces such that the evolution family
(U(t,8))t>s>0 is an exponential decay on ImP;(s), the exponential
growth on ImPs(s) and exponentially bounded on ImP3(s) for each
fixed s > 0. Moreover, the evolution family (U(¢,s))>s>0 becomes an
exponential dichotomy if the family of projections Ps(t) is trivial, i.e.,
Ps(t) =0 forall t > 0.

Given that the evolution family (U(t, s)):>s>0 has an exponential
trichotomy on the half-line, we can now construct three families of

projections Pj(t), t >0, j =1,2,3, on C as follows:

(4.1) (P;(£)6)(8) = U(t—0,t)P;(t)$(0) for all § € [~r,0] and ¢ € C.
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Next, is our second main result. We prove the existence of a center-
stable manifold of £-class for solutions of equation (3.2).

Theorem 4.2. Let the evolution family (U(t, s))t>s>0 have exponential
trichotomy with the trichotomy projections (Pj(t))t>0, 7 = 1,2,3 and
the constants N, « and B given as in Definition 4.1. Let E and E’
be, respectively, an admissible Banach function space and its associated
space. For each fized § such that § > «, define the functions e, (t) =
e "t and h,(t) = |le """ lo( )| g fort >0 and v = (6 — a)/2. Set

q =sup{||[P;(¢)] : t =0, j=1,3},
and
Ny := max{N, 2Ngq}.

Suppose that ¢ € E' is an exponentially E-invariant function and the
function f is p-Lipschitz with ¢ satisfying

max{No(1 + H)e"" (N1[[A1 T ¢lloo + Na[[A1¢]ls0),
No(1+ H)e""(||h|| & + NoNille || ell¢llz)} < 1.

Then, there exists a manifold S = {(t,S))}i>0 C Ry x C for the
solutions to equation (3.2), called a center-stable manifold of £-class,
that is represented by the graphs of a family of Lipschitz continuous
mappings _ _ _

®, : Im(Py (t) + Pg(t)) — Il’Ing(t)

with the Lipschitz constants independent of t such that S; = graph(®;)
has the following properties:
(i) Sy is homeomorphic to Im(Py(t) + Ps(t)) for all t > 0.

(ii) To each ¢ € Sy, there corresponds one and only one solution
u(t) to equation (3.2) on [s —r,00), satisfying e~ 75Ty (0) = ¢(8) for
6 € [-r,0], and the function

z(t) = {67(”-)%(') fort > s,

~]o for0<t<s

belongs to &, where v = (0 + «)/2. Moreover, for any two solutions
u(t) and v(t) to equation (3.2) corresponding to different functions
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@1, P2 € S, we have the estimate
(4.2)

e = velle < Crue@™ME|(P(5)1)(0) — (P(s)d2) (0)]|  fort > s,

where p and C,, are positive constants independent of s, u(-), and v(-).

(iil) S is positively invariant under equation (3.2) in the sense that, if
u(t), t > s—r, is the solution to equation (3.2), satisfying the condition
e Y6y () € S, and

= €0 fortzs,
0 for0<t<s

belongs to £, then the function e~V )y, (-) € S; for all t > s.

Proof. Set P(t) := Pi(t) + Ps5(t) and Q(t) := P»(t) = Id—P(t) for
t > 0. We have that P(t) and Q(t) are projections complementary to
each other on X. We then define the families of projections ﬁj (t),t >0,
j=1,2,3, on C as in equality (4.1). Setting P(t) = Py (t) + Ps(t) and
Q(t) = Py(t), t > 0, we obtain that P(t) and Q(t) are complementary
projections on C for each t > 0.

We consider the following rescaling evolution family
Ult,s) =e 79Ut s) forallt>s>0.

Now, we prove that the evolution family U (t,s) has an exponential
dichotomy with dichotomy projections P(t), ¢ > 0. Indeed,

P)U(t,s) = e ") (P (t) + P3(t)U(t, s)
= e U (L, 5)(Py(s) + Ps(s)) = U(t, s)P(s).
Since U(t, 5)|tmp,(s) 15 @ isomorphism from ImPs(s) onto ImP5(t) and

ImP,(t) = Ker P(t) for all ¢ > 0, thus, ('_Nf(t,s)|Kerp(s) is also an
isomorphism from Ker P(s) onto Ker P(¢), and we denote ﬁ(s,t)| =

(U(t,s)h(crp(s))_l for 0 < s < t. By the definition of exponential
trichotomy we have

1T (s, 8),Q(t)z]| < e~ PV Q1) for all £ > 5 > 0.
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On the other hand,
U (t,5)P(s)x]
= e 1IN U (L, 5)(Pi(s) + Ps(s))a
< Ne "9 (e U9 Py(s)a]| + €| P3(s)a])
= Ne ) (e U= Py (s) P(s)a|| + e )| Py(s) P(s)]))

forallt > s > 0and z € X. Setting ¢ := sup{||P;(t)||, t >0, j =1, 3},
we finally obtain the following estimate:

T (¢, )P (s)all < 2Nge™ @20 P(s)z].

Therefore, (7(25, s) has an exponential dichotomy with the dichotomy
projections P(t), t > 0, and dichotomy constants Ny := max{N, 2Ng},
v:=(0—-a)/2

Set Z(t) = e~ "*x(t), and define the mapping F : Ry x C — X as
F(t,¢) = e " f(t, e’ () for (t,¢) € Ry x C.

Obviously, F is also o-Lipschitz. Thus, we can rewrite equation (3.2)
in the new form

(1) = U (L, s)i(s) + /t U(t, )F(¢,5e)de forall £ > 5 > 0,

(4.3) s
Fo() = e H)g() e C.

Hence, by Theorem 3.7, we obtain that, if

max{No(1 + H)e"" (N1[|A1 Ty ¢l o + No[[Arg]oc),
No(1+ H)e”"(|[hw|[ g + NoNtllev| sllelle)} <1

then there exists an invariant stable manifold of £-class S for the
solutions to equation (4.3). Returning to equation (3.2) by using the
relation z(t) := €"'Z(t) and Theorems 3.6 and 3.7, we can easily verify
the properties of S which are stated in (i), (ii) and (iii). Thus, S is a
center-stable manifold of £-class for the solutions of equation (3.2). O

Next, we give an example in which the center-stable manifold is
created by trajectories of solutions in the Lorentz space La1(Ry). In
order to simplify the computations, the linear operator generates an



MANIFOLDS OF ADMISSIBLE CLASSES 571

analytic semigroup and the nonlinear part is as in Example 3.8, but
the Lipschitz coefficient is different.

Example 4.3. For fixed n € N\ {0, 1}, consider the following problem:

0 0?

au(t x) = 2

(4.4) —|—<p(t)/ In(1+ |Ju(t+6,x)])dd fort>s>0, z€l0,n],

u(t, z) + n2u(t,z)

-

u(t,0) =u(t,m) =0 te Ry,
us(f,z) =u(s+0,2) = ¢(0,z) 0 € [-r0], z €[0,n],

where
)= Vi xa/G+u.a/(6) + Z be~ x4 (t), b#O.
=

Choose X = Ls(|0, 7]), the operator A: D(A) C X — X defined by
2
Au = —u+ nu,

ox?
D(A) = {u € H*([0,7]) : uw(0) = u(r) = 0}.
Then, equation (4.4) can be rewritten as an abstract Cauchy problem

d
dt( ) = Au(t,) + F(t,ue(0,-)) fort>s >0,

us(0,-) = ¢(0,-) € C for 0 € [—r,0],

where F': Ry x C — X is defined by

F(t,¢)(z) = @(t)/ In(1 +[(¢(0))(x)[) do, € [0,7].

-

It can be seen (see [9, Chapter II]) that A generates an analytic
semigroup (T'(t));>0. On the other hand, the spectrum of A is defined
as

o(A) = {12 4+n% 2240 ..., —(n—1)?+n%0,—(n+1)*+n? .. .}.

Choose tg > 0, by the spectral mapping theorem for the analytic
semigroup which yields that o(7T'(to)) consists of three disjoint compact
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sets 01,09, 03, where
o1 C{lz| <1}, oo C{|z| >1} and o3 C {|z] =1}.

Hence, the trichotomy projections P;, j = 1,3, are the Riesz projections
for T'(tp) corresponding to spectral sets o1, 02, 03. Since o9 and o3
consist of finitely many points, so T'(t)|imp, are isomorphisms on ImP;
forallt > 0 and j = 2,3. Therefore, the evolution family (U (¢, s))t>s>0,
defined by U(t,s) = T(t — s), has an exponential trichotomy with the
trichotomy constants IV, «a, (.

As in Example 3.8, F' is -Lipschitz with ¢(t) € E' = Lo o (R4).
Therefore, E = Lg 1(R1). Obviously, the function ¢(¢) cannot belong
to L,(R4) spaces with p > 2. In the Lorentz space Lg o (R4), the
constants N7 and Ny in Definition 2.4 equal 1. We also have

[Arglloe <20l AT 0lloo <208 and o]l < [b]-
Let v € (0,1/2], ie, 6 € (a,2a]. Set gi(7) = e ¥!*"Tlp(r). This

yields the estimate for the nonincreasing rearrangement function g; of
g, as follows:

o Ifte (1/(k+1),1/k], kK > 1, then

k—

g (1) < ZIb\ YOV Xy G asi ()

j=1

+ BIVE X1/ (k- 41),1/k) ()

+ 3 e MO Gx G ) (7)

j=k+1
+ bl oy (7).
j=1

o Ift € (k,k+1], k> 1, then

fo%e) k—1

<Dl TN Gy (T)+ Y [ble Ty ()
j=1 Jj=1
+  [ble” X[k k1) (T Z |ble” v(t=3)=2] X(5,5+1) (T)-

j=k+1
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Therefore,

I if t € [0,1],
[ble=¢=1) if ¢ > 1.

ho(t) = llgell e = sup VTgi(r) < {

Hence,
1
Ikl < b (2+ )
1%

On the other hand, we have

lleslle <2+

vev’
From Theorem 4.2, we obtain that, if

—vr

1 e
1o (2 + ,,) = No(1+ No)(1 + H)’

then there exists an invariant center-stable manifold of £-class for mild
solutions to the problem (4.4). The above condition will be satisfied
when b is sufficiently small. Moreover, this center-stable manifold is
created by trajectories of solutions in the Lorentz space Lz 1(Ry).
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