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ABSTRACT. In this paper we consider the interval-valued
Volterra integral equations (IVIEs). We study the problem of
existence and uniqueness of solutions for IVIEs. Finally, we
give some examples for IVIEs.

1. Introduction. Set-valued differential and integral equations are
an important part of the theory of set-valued analysis, and they play an
important role in the theory and application of control theory. They
were first studied in 1969 by De Blasi and Iervolino [4]. Recently,
set-valued differential equations have been studied by many scientists
due to their applications in many areas. For the basic theory on set-
valued differential and integral equations, readers can be referred to
the following books and papers (see [1, 2, 5-8, 11-15, 18] and the
references therein).

Interval-valued analysis and interval differential equations (IDEs) are
special cases of the set-valued analysis and set-valued differential equa-
tions, respectively. In many situations, when modeling real world phe-
nomena, information about the behavior of a dynamic system is uncer-
tain and one has to consider these uncertainties to gain better meaning
with full models. Use of the interval-valued differential equation is a
natural way to model dynamic systems subject to uncertainties. Re-
cently, much work has been done by several authors in the theory of
interval-valued differential equations (see, e.g., [3, 9, 10, 17, 19]).

Existence theorems for Volterra integral equations have been studied
extensively in view of their applications to predator-prey models and
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medical diagnosis. In this paper, we generalize such existence theo-
rems to interval-valued mappings using the concept of interval-valued
functions and the integral due to Stefanini and Bede [18]. Similarly,
as in classical analysis, we would like to introduce four main types of
interval-valued integral equations: their names appear in the list below.
Suppose that F : [to, T] — I, K : [to,T] X [to,T] — I are continuous
interval-valued functions, k : [tg, 7] — R is a continuous real-valued
function and A is a constant. We classify the interval-valued integral
equations as follows:

(i) Interval-valued non-homogeneous Volterra integral equation

X(t)=F()+ /t k(t,s)X (s)ds

to

(ii) Interval-valued homogeneous Volterra integral equation
t
X(t) = / K(t, 5)X (s) ds
to

(iii) Interval-valued non-homogeneous Fredholm integral equation

X(@t)=F(@)+ A ! k(t,s)X(s)ds

to

(iv) Interval-valued homogeneous Fredholm integral equation

T

X(t) = )\/ k(t,s)X (s)ds,
to

where ¢t € [to,T]. We have noted that the interval-valued Volterra

equation can be considered as a special case of the interval-valued

Fredholm equation when k(t,s) = 0 for s > ¢ in [to,T]. The function

k(t,s) appearing in the above four equations is called the kernel of

the interval-valued integral equation. Such a kernel is symmetric if
k(t,s) = k(s,t), for all ¢, s € [tg, T

In this paper, we shall prove the existence and uniqueness theorem of
solutions for interval-valued Volterra integral equations of the following
form

(1.1) X(t)=F()+ /t K(t,s,X(s))ds.
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This paper is organized as follows. In Section 2, we recall some basic
concepts and notations about interval-valued analysis and interval-
valued differential equations. In Section 3, we present the existence
and uniqueness theorem of a solution to the interval-valued Volterra
integral equations. Finally, we give some examples for IVIEs.

2. Preliminaries and notation. Let K be the space of non empty
compact and convex sets of R™. The set of real intervals will be denoted
by I where I = KC!. The set interval [@, @] is a singleton which contains
a single element: & € [@, @]. @ = {0} = [0,0]. The addition and scalar
multiplication in I is defined as usual, i.e., for A,B €I, A= [a",a™],
B =1[b",b"], where a~ < a™, b~ <b*, and A > 0, then we have

A+B=[a"+b ,a"+bt], M= [ ", a"], (=M =[ T, a7)).
Furthermore, let A € I, A1, A2, A3, A\s € R and A3\4 > 0. Then we have
A1 (/\QA) = ()\1)\2)A and (/\3 + /\4)A = A3 A + MA. Let A,B c1Ias
above; then the Hausdorff metric H in I is defined as follows:

(2.1) H(A,B) = max{|a” —b"|,|a™ — b}

We notice that (I, H) is a complete, separable and locally compact
metric space.

We define the magnitude and the length of A € I by:
H(A,{0}) = [|A]| = max{|a|,]a™[}, len(4)=a" —a",

respectively.

The Hausdorff metric (2.1) satisfies some of the properties below:

H(A+C,B+C)=H(A,B) and H(A,B)=H(B,A),
H(A+ B,C + D)< H(A,C) + H(B, D),

H(MA,AB) = |\ H(A, B),

H(A,B) < H(A,C) + H(C, B),

for all A,B,C,D € Tand A € R. Let A, B € I. If there exists an
interval C' € I such that A = B + C, then we call C' the Hukuhara
difference of A and B. The interval C' is denoted by A © B. Note
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that A© B # A+ (—)B. It is known that A © B exists in the case
len (A) > len (B). Besides that, we can see the following properties for
A,B,C,D €1 (see [9, 10]):

o if Ao B, AS C exist, then H Ao B,AcC)=H(B,(C);

eif AOB,CO D exist, then HAcB,CoD)=H(A+ D,B+C);

o if A6 B, Ao (B + C) exist, then there exist (A © B) © C and
(AeB)eC=Ac (B+0C);

oif Ao B, Ao C, C © B exist, then there exist (A& B)o (Ao ()
and (AeB)e(Ae(C)=CoB.

Definition 2.1 [9]. We say that the interval-valued mapping F :
[to,T] — I is continuous at the point ¢ € [to,T] if, for every ¢ > 0,
there exists § = 0(t,e) > 0 such that, for all s € [to,T] such that
[t — s| <6, one has H(F(t), F(s)) <e.

The strongly generalized differentiability was introduced in [18] and
studied in [3, 9-15].

Definition 2.2 [18]. Let X : [to,T] — I and ¢ € [to, T]. We say that
X is strongly generalized differentiable of the first-order differential at
t, if there exists X'(t) € I, such that

(i) for all h > 0 sufficiently small, there exist X (¢t + h) © X(¢),
X({t)e X(t—h) and

. Xt+hoX() ,
}%H(—,X(w) =0,
. X(t)@X(t—h) ’
}111{‘%1{<f,x (t)) =0

or

(ii) for all A > 0 sufficiently small, there exist X (¢t) © X (¢t + h),
X(t—h)o X(t) and

pi 11 (SO ) <o
. X(t-hoX®) .,
}{%H(_—h,X (t)) =0
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or

(iii) for all h > 0 sufficiently small, there exist X (¢t + h) & X(¢),
X(t—h)o X(t) and

o r(KEEDEXO )

h\O h
. Xt—-hoX( -,
}%H(_—h“ (’f)) =0

or

(iv) for all A > 0 sufficiently small, there exist X (¢) © X(¢t + h),
X (t)© X(t — h) and the limits

(X(t) OX(t+h)

lim H
im 5

h™\0

X(0) =0,

. X(t)@X(t—h) ’
%%H(f,X (t)) =0.

(h in the denominators means 1/h). In this definition, case (i) ((i)-
differentiability for short) corresponds to the classic H-derivative in-
troduced in [8], so this differentiability concept is a generalization of
the Hukuhara derivative. Case (ii) of this definition corresponds to the
second type Hukuhara derivative studied in [9, 10].

For an interval-valued function F : [to, T] — I, F(t) = [F~(t), FT(t)],
one defines the integral by the expression

[ ([ e o

By the Newton-Leibniz formula, one can write: if an interval-valued
function F' is a second type Hukuhara differentiable on [to,T], then

F(to) = F(t) + (~1) [ F'(s)ds.

Definition 2.3. A mapping X : [tg, T] — Iis bounded, if there exists
an element M > 0 such that H (X (t),{0}) < M, for all ¢ € [to, T].

Corollary 2.1 (bee e.g., [10]). Let X : [to,T] — I be given. Denote
X(t)=[X"(t),Xt(t)] fort € [to,T], where X, X+ : [ty,T] — R.
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(i) If the mapping X is (i)-differentiable (i.e., classical Hukuhara
differentiable) at t € [to, T, then the real-valued functions X, X T are
differentiable at t and X'(t) = [(X7)'(t), (X T)'(¢)].

(ii) If the mapping X is (ii)-differentiable at t € [to,T), then the
real-valued functions X—,XT are differentiable at t and X'(t) =

[(X)' (@), (X7) ().

3. Main results. Consider the following interval-valued Volterra
integral equations

(3.1) X(t)=F()+ /t K(t,s,X(s))ds,

for all t € [tg,T], where F : [to,T] — I and K : D x I — I, with
D:{(t,s)e[tO,T]x[tO,T]:tOSSSt<T}.

Theorem 3.1. Let N,M and L be positive numbers. Assume that
F, K satisfy the following conditions:

(i) F : [to,T) = I is continuous and satisfies H(X (t), F(t)) < N;

(ii) K : Dx I — 1 is continuous and satisfies the Lipschitz condition
with respect to X, 1i.e.,

H(K(ts,X),K(tsY)) < LH(X,Y),

for (t,s,X),(t,s,Y) e D x L

In addition, if H(K(t,s,X),{0}) < M, then there is a unique
solution of IVIE (3.1) on [tg, T] where T = min{T — to, (N/M)}.

Proof. In the proof of this theorem, we apply the method of successive
approximations to construct a sequence of continuous functions X, :
[to, T] — T as follows:

(3.2)

¢
F(t)y+ | K(t,s,Xn-1(s))ds, n>1.

to

b
o
—
=
I
!
P
~
ol
b
3
—
=
I

By the mathematical induction method, we can see that all {X,},>0
are continuous mappings on [tg, T]. Further H(X,,, F(t)) < M(t—tg) <
N, for all n > 1. Then, for ¢ € [tg, T], we have
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H(X1(t), Xo(t)) = H(/ttK(t,s,Xo(s))ds, {0}) < M(t—ty) < N.

By (ii) and (3.2), we find that
H(Xn(t), Xn-1(1))

gH(/t:K(t,s,Xn_l(s))ds, /t:K(t,s,Xn_g(s))ds>

SL/ H(X,-1(5), Xn_2(s)) ds.

to

In particular,

H(X5(t), X1(t)) < L/ttH(Xl(s),Xo(s)) ds

ML(t —tg)?

ol , te [t(),T].

t
< L/ M(s —tg)ds =
to
Furthermore, if we assume that

(33) H(anl(t)vXn72(t)) <

% [L(t —to)]" L [to, T,

(n—1)! 7~

then we have

It follows by mathematical induction that (3.3) holds for any n >
1. Consequently, the series > 07 H(X,(t), X,,—1(t)) is uniformly
convergent on [to, T], and hence the sequence {X,},>0 is uniformly
convergent. It follows that there exists a continuous function X :
[to, T] — I such that H(X,(t), X(¢)) — 0 as n — oo. Since

H(K(t, s, Xn(s)), K(t, s, Xn(s))) < LH(X,(t), X () — 0
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on [tg, T] as n — oo and since

(/KtsX ds/KtsX())d)

H(K(t,s, Xn(s), K(t,s,X(s))))ds,

to

it follows that

t

lim K (t,s,Xn(s)) ds = K (t,5,X(s)), tE€ [to, T].

n— oo tO

By (3.2), we obtain that
t
+/ K(t,s,X(s))ds
to
and so X satisfies (3.1).

To prove the uniqueness, let Y : [tg, T| — I be a second solution for

(3.1), and
t —|—/ K(t,s,Y(s))ds.

Then, for every t € [tg, T|, we get

t

HOX(0.Y(0) < [ LHX(:),Y(9)ds
to

By applying the Gronwall inequality, we get H (X (t), Y (¢)) < 0, which

completes the proof. i

Remark 3.1. With the assumptions of Theorem 3.1, the existence
and uniqueness of the solution for problem (3.1) can be obtained by
using the contraction principle. Let S be the space of continuous
functions from [tg, T| into (I, H) with Ho(Z,F) < N, ie., S = {Z |
Z : [to,T] — I continuous and Hy(Z,F) < N} where Ho(Z,F) =
supsep, ) H(Z(t), F(t)). We define an operator A : S — S by

AZ({t)=F(t)+ /t K(t,s,Z(s))ds.
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Now we shall prove the operator A is a contraction mapping with the
assumptions of Theorem 3.1.

Proof. Step 1. To prove that A : S — S, we have to prove that AZ
is continuous and AZ C S. For each ¢ € [tg, T|, we get

(3.4) H(AZ(t+ h),AZ(t))
t+h t
= H(F(t +h)+ K(t+ h,s,Z(s))ds, F(t) + / K(t,s, Z(s)) ds)

to

< H(F(t+h), F(t)) + /t H(K(t +hy s, Z(s)), K(t, s, Z(s))) ds
+ o H(K(t+ h,s,7Z(s)),{0})ds.

t

By using assumptions (i) and (ii), we obtain that the right hand side
of (3.4) tends to zero as h — 0. So AZ is continuous. Let Z € S. We
have

tE[to,T]

t
sup H(F(t) + [ K(t,s,Z(s)) ds,F(t))
tE[to,T] to
¢
< swp [ H(K(t,s,2(5)), {0}) ds
tE[to,T] to

< M(t—to) <N.
Therefore, AZ € S.
Step 2. We have to prove that S is a complete metric space. Indeed,
let {Z,,} be a sequence in S converging to Z € C([to, T],I). We consider

Ho(Z,F) < Ho(Zn,Z)+ Ho(Z,,F) <e+ N

for sufficiently large n and all € > 0. So Z € S. Therefore, S is a
complete metric space.
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Step 3. We have to prove that A is a contraction mapping. For
Z,W €S, we get

¢ t
Hy(AZ,AW) = sup H( K(t,s,Z(s)) ds,/ K(t,s,W(s)) ds)
tE[to,T] to to

t
= sup L [ H(Z(s),W(s))ds < LTHy(Z,W).
te(to, T to

Therefore, A : S — S is a contraction only if LT < 1. Since S is
a complete metric space and A is a contracting self-map on S, it has
a unique fixed point Z € S. This fixed point is the required unique
solution to IVIE (3.1). O

Theorem 3.2 (Existence and uniqueness). Assume that F, K satisfy
the following assumptions:

(i) F : [to,T) — I is continuous and bounded;

(ii) K : DxI — 1 is continuous and satisfies the Lipschitz condition
with respect to X, 1i.e.,

H(K(t,s,X),K(t,sY)) < LH(X,Y),

for (t,s,X),(t,s,Y)eDxI, L>0;

(ili) K (¢,s,{0}) is bounded on [to,T]. If LT < 1, then IVIE (3.1) has
a unique solution X on [to,T).

Proof. One can obtain this result easily by using the methods of
successive approximations and the contraction principle as in the proof
of Theorem 3.1 and Remark 3.1, respectively. ]

Finally, we shall give some simple examples of an IVIE. We consider
the following homogeneous Volterra integral equation

(3.5) X(t) = F(t) + A / k()X (s)ds, te[0.T],
0

where F(t), X (t) € I and k(¢, s) € R.
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Corollary 3.1. Suppose thatk : [0,T]x[0,T] - R and F : [0,T] = 1
are given continuous functions and X\ is an arbitrary parameter. If
|k(t,s)] < M for all 0 < t,s < T, then equation (3.5) has a unique
interval-valued solution.

Case 1. We assume that X - k(t,s) > 0 and F(t) = [F~(¢), F*(¢)],
X(t)=[X"(t),X*(t)]. From equation (3.5), we obtain

Case 2. We suppose that X - k(t,s) < 0. From equation (3.5), we
obtain

X~ () =F~(t)+ [y A-k(t,s) XT (s) ds
Xt ()= FHt)+ [ A-k(t,s) X (s) ds
X7(0) = F(0)
X*(0) = F*(0)
X (t F(t i 0 Me(t,s)] [ X (s
{XJFEt;] = [FJFEt” +/0 L\-k(t,s) (o )} [X+Es” ds

Example 3.3. Let us consider the interval-valued Volterra integral
equation

(3.6) X (t) =[1,2] cos(t / X(s

We transform problem (3.6) into the following ordinary integral equa-
tion system

X~ (t) = cos +f0

Xt (t) =2co +f0X+ ) ds
X-(0)=1

X*(0) = 2.
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X7(t) (blue) and X*(t) (red)

FIGURE 1. Solution of Example 3.3.

We obtain a unique solution to (3.6) defined on [0, 7/2], and it is of the
form

X(t)=|— (sin(t) + ;os(t)) +3¢f , — (sin(t) + cos(t)) + 3e'|.

This solution is illustrated in Figure 1.

Example 3.4. Let us consider the interval-valued Volterra integral
equation

(3.7) X(t)=[t*,1+2t%] + /t —X(s) ds.
0

We transform problem (3.7) into the following ordinary integral equa-
tion system

X-)] [ ¢ N To —1][X(s) ds

Xty | 1+22 o -1 0] |XT(s) '
We obtain a unique solution to (3.7) defined on [0, 2], and it is of the
form

X(t)=[-€e+2e"+2t—1,e" +2e7 "+t —-2].

This solution is illustrated in Figure 2.
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FIGURE 2. Solution of Example 3.4.
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