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SOLVABILITY AND EXISTENCE OF
ASYMPTOTICALLY STABLE SOLUTIONS FOR A
VOLTERRA-HAMMERSTEIN INTEGRAL EQUATION
ON AN INFINITE INTERVAL

LE THI PHUONG NGOC AND NGUYEN THANH LONG

Communicated by Jiirgen Appell

ABSTRACT. By applying a fixed point theorem of Kras-
nosel’skii type, we study the solvability and existence of
asymptotically stable solutions for a nonlinear Volterra-Hammerstein
integral equation on an infinite interval. In order to illustrate
the results obtained, two examples are also given.

1. Introduction. In this paper, we consider the following nonlinear
functional integral equation

z(t) = Q(t) + f(t, x(t), z(n(t)))
u(t)
(1.1) + V(t,s,2(01(5)), ... ,2(0p(s))) ds

0
—|—/ G(t,s,z(X1(8)),... ,x(Xq(s)))ds, te€ Ry,
0

where Q : Ry — E; f : Ry x E? — E; V : A, x EP — E;
G : R%Z x E? — E are supposed to be continuous and A, = {(t, s) €
Ry x Ry : s < p(t)}, the functions u, m, o1,...,0p, X1,...,Xq €
C(R4;Ry) are continuous and E is a Banach space.

We call the integral equation (1.1) a Volterra-Hammerstein integral
equation because it includes the well-known Volterra integral equation
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and the Hammerstein integral equation on an infinite interval, see [3,
pages 151-160], [8]. The integral equation (1.1) is also called an integral
equation of mixed type, see [2].

In the case £ = R?, some types of (1.1) have been studied by
Avramescu and Vladimirescu [1, 2]. The authors have proved the
existence of asymptotically stable solutions to the following integral
equations

(1.2)
z(t) = Q(t) + f(t,z(t)) —l—/o V(t,s)x(s)ds +/0 G(t,s,z(s))ds,
te Ry,
or
(1.3) = /Ktsx ds+/ G(t,s,z(s))ds, te€ R4,

under suitable hypotheses. In the proofs, a fixed point theorem of
Krasnosel’skii type is used, (see [1, 2]).

Applying a fixed point theorem of Krasnosel’skii type and giving the
suitable assumptions, Dhage and Ntouyas [4] and Purnaras [8] also
obtained some results on the existence of solutions to the following
nonlinear functional integral equation

w(t)
£(t) = Q(t) + / K(t,5)f(s, 2(6(s))) ds
(1.4) 0

o(t)
+/0 v(t, s)g(s,z(n(s)))ds, te€]0,1],

where E =R, 0< pu(t) <t,0<0(t) <t, 0<0(t) <t,0<n(t) <t,
for all t € [0,1].

In the case where E is the general Banach space, the existence of
asymptotically stable solutions of the integral equation

x(t) = Q(t) + f(t, x(t), z(n (1))
ws) /Vtsx 2(o(s))) ds
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t € Ry, was proved in [7] by using the fixed point theorem of
Krasnosel’skii type as follows.

Theorem 1.1. Let (X, |-|,) be a Fréchet space, and letU, C : X — X
be two operators. Assume that:

(i) U is a k-contraction operator, k € [0,1) (depending on n), with
respect to a family of seminorms || - || equivalent with the family | - |,;

(ii) C is completely continuous;

(iii) ‘ ‘lim |Cx|n/|z|n =0, for all n € N.
T|p—00

Then U 4+ C' has a fixed point.

Applying Theorem 1.1 while adding some suitable conditions, simi-
larly to (1.5), we get the same results for (1.1). These results may be
considered to be generalizations of [2], by combination of the proofs in
[7] and arguments of density and some techniques in [2]. The paper
consists of four sections and the existence of solutions, the existence of
asymptotically stable solutions for (1.1) will be presented in Sections 2
and 3. Finally, we give two illustrated examples.

2. Existence of solutions. Let X = C(R4;E) be the space
of all continuous functions on Ry to £ which are equipped with the
numerable family of seminorms

el = sup |e()], n>1
t€[0,n]

Then (X,] - |,) is complete in the metric

_ - —-n |x—y|n

and X is the Fréchet space. In X we also consider the family of
seminorms defined by

), = l=ly, + 2l n>1,

’Y’V‘L
where

2|, = sup |z(t)], ||, = sup e MU |a(r)],
" te[0,vm] " telnn]
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Yn € (0,n) and h,, > 0 are arbitrary numbers, which is equivalent to
| - |n, since

ehnm=n) | < ||z||, <2|z|,, forallzec X, foralln > 1.

We make the following assumptions.
(A1) There exists a constant L € [0,1) such that

L
[t ur, uz) = f(t,v1,02,)] < 5 (Jua = vi] + Juz = v2]),

for all uq,us,v1,v9 € E, forallt € Ry;

(A2) There exists a continuous function w; : A, — R4 such that
P

[V(t,s,ut,... ,up) = V(t,s,v1,...,0)] <wi(t,s) Z |u; — vi
i=1

for all (u1,...,up), (v1,...,vp) € EP and (t,5) € Ay;

(As) G is completely continuous such that, for all bounded subsets
I, Iy of [0,00) and for any bounded subsets J of E?, for all € > 0,
there exists a § > 0 such that for all ¢1,%5 € Iy,

[t1 —t2] < 6 = |G(t1, 5,u1, ... ,uq) — G(t2, S, u1, ... ,uq)| <e,

for all (ug,...,uq) € J and s € I;

(A4) There exists a continuous function ws : R4 x Ry — Ry such
that, for each bounded subset I of R,

oo
/ sup wea(t,s)ds < oo,
0o tel

and
|G(t7 Sy ULy .- 7uq)| < wQ(tv S)v

for all (t,s) € I x Ry, for all (uy,...,uq) € EY;

(A5) 0 < p(t) <t, 0 < 7(t) <t, 0 < o4(t) < t, X5(t) > 0, for all
teRy,i=1,...,p,5=1,... ,q.
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By hypothesis, (A1) and 0 < w(¢) < ¢, it is easily seen that the
operator ® : X — X, with ®x(t) = Q(t) + f(t,z(t),z(n(?))), z € X,
t € Ry, is the L-contraction mapping on the Fréchet space, (X, |- |n),
so the following lemma is obtained thanks to the known Banach’s
contraction principle.

Lemma 2.1. Let (A1) hold and 0 < w(t) <t. Then the equation

(2.1) z(t) = Q) + f(t, x(t), z(x (1)), teRy

has a unique solution x = &.

On the other hand, the following lemma for the relative compactness
of a subset in X is useful in order to prove our main results.

Lemma 2.2. Let X = C(Ry;E) be the Fréchet space defined as
above, and let A be a subset of X. For eachn € N, let X,, = C([0,n]; E)
be the Banach space of all continuous functions u : [0,n] — E with the
norm [uln, = supepon [u(t)| and A, = {z[jon : v € A}.

The set A in X 1is relatively compact if and only if, for each n € N,
Ay, is equicontinuous in X, and, for every s € [0,n], the set A,(s) =
{z(s) : x € A} is relatively compact in E.

This condition was stated in [5] and proved in detail in [7]. The proof
follows from Ascoli-Arzela’s theorem, (see [6, page 211]).

Theorem 2.3. Let (A1)—(As5) hold. Then (1.1) has a solution on
R,.

Proof. The proof consists of four steps.

Step 1. By the transformation x = y + £, where £ is the unique
solution of equation (2.1), we can write equation (1.1) in the form

(2.2) y(t) = Ay(t) + By(t) + Cy(t), te€ Ry,
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where
(2.3)
Ay(t) = Q) + f(t, (y + )(t), (y + E)(w(£))) — &(1), t Ry,
Bmw “>V@s<y+fx1@», (Y +6)(0p(5))) ds,
y(t) = [°Glt,s, (y + ) (X1 (5))s -, (5 + E)(Xq(s))) ds.

Step 2. Put U = A+ B. Then, U is a k,-contraction operator,
kn, € [0,1) (depending on n), with respect to a family of seminorms
Il - |- Indeed, fix an arbitrary positive integer n € N.

For all ¢t € [0,,], with 7, € (0,n) to be chosen later, we have

Uy(t) ~ UG < 5 (0) T + 5 lu(x(0) ~ Fx()
u(t)
(2.4) 5) (0i(s)) — §(oi(s))| ds
A A, Zw Fos(s))] d

< (L + pwinyn) Iy - yI% ;
where

W1 = sup{wi(t,s) : (t,8) € Ap},

(2:5) An={(t,s):0<s < p(t),0 <t <n}

This implies that
(2.6) Uy = Uyl,, < (L+pornyn) ly —4l,, -
For all ¢ € [y, n], similarly, we also have
Uy(t) - Uy(t)| < | (t) - (t)| + 5 [y () — y(=(@))]

(2.7) +w1"/0 |y —y(oi(s))| ds

\V]
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By the inequalities

(2.8)
0< e nlt=m) < o=hn(m=m) 1 forallte [Vn,7],
0 < e =) < g=hnl@i)=7m) 1 forallte [Ynsm], i=1,...,p,

in which h,, > 0 is also chosen later, we get

) = Ug(t)] e

(2.9) |Uy(t
L - _ _
< 2 lylt) — (e)| e
L N iy N
+ 9 ly(m(t)) —y(m(t))le n(m () =) + pLO1nYn |y — y|'Y'n
w(t) P
+@”/1 S w(6i(s)) — Foi(s))] e~ ds
n =1
<Ly-a. +Ew-a
t
+m%wﬂy—ﬂ%+mﬁﬂw—ﬂu/‘ﬁ“k”%
<Ly B —dl + (E P2 -
< g ly =, AP ly =4l + {5+ ) Iy =l
We get
- L - _ -
Uy = Udly, < 51y =¥l + P07 ly =71,
(2.10) P
+ (2B |y -7
2 hn, n’

Combining (2.6) and (2.10), we deduce that

(2.11)
Uy = Uyll,, = Uy — Uyl + Uy —Uyl,,

N N L, N N
< (LA pornyn) [y = Ul + 5 [y = Yl + 201 ly =4l

L pa}ln ~
+(5+52) -3,
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< (L +2pwinyn) (ly — 9l + 1y —4ln,)
L pojln ~
+ (5452 ) Iy -3,

~ ~ L paln ~
<<L+2pw1n~yn)||y—y|n+<5+ n )Ily—ylln

where k,, = max{L + 2p&1n7n, (L/2) + (p@1n)/hn}. Choose
—L p&v}ln

2.12 n e Y T L 7

(2.12) 0<~ <m1n{2pw1n n} >1—(L/2)

then we have En < 1by (2.11), U is a En—contraction operator with
respect to a family of seminorms || - ||;,.

Step 3. We show that C': X — X is completely continuous. We first
show that C' is continuous. For any yo € X, let (ym)m be a sequence
in X such that lim y.,, = yo.

m—00

Let n € N be fixed. For any givene > 0, by [~ SUPe(o,y wWa(t, 8) ds <
00, there exists a T;, € N (T, is big enough) such that

(2.13) / wa(t,s)ds g/ sup wa(t,s)ds < %, for all t € [0, n].

n Tn tE[O,’I’L]
Put
Ky = {(ym +§)(X1(S)) 18 € [Oan]a m e Z+}a
(2.14) :
Kqg=A{(ym +§)(Xq(5)) : s € [0, Tn], m € Z, }.
Then K, ... , K, are compact in E since lgn |Ym —yolT,, = 0. Indeed,

let {(ym,; +&)(X1(s5))}; be a sequence in K;. We can assume that

lim s; = sp and that hm D Yo, + & =yo + & We have
j—o0
)

(2.15)  |(Ym, +E)(X1(s5)) = (o + &) (Xa(s0)
<[ (ym; +E)(Xa(s5)) = (o + &) (Xa(sy))]

+ [(yo + &) (X1(s5)) — (yo + &) (X1 (s0))]

< [y = ol g, + 1(yo +E)(Xa(s5)) — (yo + &) (Xa(s0))],
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which shows that jllrilo(ymj + & (X1(55)) = (o + & (Xu(s0)) in E. It

means that Kj is compact in £ and, in a similar manner, the same
holds true for Ko,... , K.

By G continuous on the compact set [0,n] x [0,T,] x K1 x --- x Kg,
there exists a 6 > 0 such that, for every (ui,...,uq), (vi,...,v4) €
Kix- - xKg, |ug—vi| <90,i=1,...,q,

€
G(t,s,u1,... uqg) — G(t, s,v1,...,05)| < —,
210 fel ) - Gl I < 7o

for all (¢,s) € [0,n] x [0,T5].
Withi=1,...,q, by
sup |(ym + &) (Xi(s)) = (yo + &) (Xi(s))]

0<s<T,

< sup  |(Ym +E)(s) = (o + &) () = [ym — Yoy, — 0,
0<s<T),

as m — o0o; hence, there exists an mg such that, for m > myq,

(2.17) |(ym + &) (Xi(s)) — (yo + &) (Xils))] <6,

for all s € [0,T;,], foralli=1,... ,q.

This implies that, for all ¢ € [0, n], for all m > my,
(2.18)

T,
|Cym () = Cyo (1)) S/O Gt 5, (Ym+E) (X1 (5); -+ (Ym + E) (Xq(s)
— G(t,5,(y0 + )(Xa(s)), - (Wo + &) (Xg(s))] ds

o € e €
2 ts)ds < Ty + 25 = =,
+ /Tn wa(t,s)ds < 4Tn+ 3= 3

50 |Cym — Cyln < g, for all m > myg, and the continuity of C' is proved.

It remains to show that C' maps bounded sets into relatively compact
sets. We use Lemma 2.2.

Now, let 2 be a bounded subset of X. We have to prove that, for
n €N,

(a) The set (CQ),, is equicontinuous in X,.



304 L.T.P. NGOC AND N.T. LONG

(b) For every t € [0,n], the set (CQ),(t) = {Cyljon(t) : y € Q} is
relatively compact in F.

Let n € N be fixed. Consider any € > 0 given. Then, there exists a
T, € N (T, big enough) such that (2.13) is valid.

Proof of (a). For any y € Q, for all ¢1, t2 € [0, n],
(2.19)

Tn
|Cy(t1) — Cy(t2)] S/O |G (t1,5, (y + &) (Xa(8)), -+, (¥ + ) (Xq(5)))
= G(t2,s,(y +(Xa(s)s -5 (Y +E)(Xg(s)))] ds
+/ ((UQ(t]_,s) +LLJ2(t2,S)) ds.

Tn

According to (2.13), (2.19) and the hypothesis (43), (CN),, is equicon-
tinuous on X,,.

Proof of (b). Let {Cyx|jo,n)(t)}r, yr € Q, be a sequence in (CQ),(1).
We have to show that there exists a convergent subsequence of
{Cyrljo,n (t) }x- Put

S1={(y+8Mu(s)) :y € Q s €[0,Tp]},
(2.20)

Sq ={y+(Xg(s)) 1y €2, 5 €[0, T}

Then Si, ..., S, are bounded in E and, consequently, the set G([0, n] x
[0,T5,] x S1 % -+ - x Sg) is relatively compact in E, since G is completely
continuous.

Let Q be the set of rational numbers in [0,7,]; it means Q =
QnNJ0,T,]. It is known that the set of rational numbers Q is countable
and Q = R. So, Q is countable and has form Q = {s,,}.

For m = 1, the sequence {G(t, s1, (yx+£)(X1(51)), - - - , (Y +E) (Xq(51))) }&
belongs to G([0,n] x [0,T},] X S1 x -+ x S), that is relatively compact

in E, so there exists a subsequence of {y;}, denoted by {y,(cl)}k, such
that

{G (t, 51, (y,(:) +8(X1(51)),--- (y,(:) + f)(Xq(sl))) }k converges in E.
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For m = 2, similarly, there exists a subsequence of {yl(cl)}k, denoted
by {yl(f)}k, such that

{G (t, s2, (y,(f) + & X1(s2))s .-y (y,(f) + f)(Xq(SQ))) }k converges in E.

Therefore, for all m € N, by induction, we can establish a subse-
quence {y,im+1)}k of {y,(cm)}k, such that

{6 (tsmen G + Q0G0 T + O (sma)) )}

converges in E.

Put 2z, = y,ik). Then {2} is a subsequence of {y; }r and {G (¢, s, (zx+

(X1 (5m))s- -+ 5 (2 + €)(Xq(sm))) }x converges in E, for all s, € Q.
Then, there exists a kg > 1 (depending only on ) such that for all
kvl 2 k()v

(2.21) |Gty 8m, (2 + ) (X1 (8m))s - -+ s (26 + £)(Xg(Sm)))

€
= Gt sm, (2 + O (Xa(sm)), -5 (21 + ) (Xg(sm)))] < gmy
for all s,,, € @
For each s € [0,T,], the sequence {s,,}, sm € @, m=1,2,..., exists
such that lim s,, = s.
m—00
By continuity of the functions G, &, zx, 21, X1,... ,Xq, Passing (2.21)
to the limit, we obtain that, for all k,1 > kg,
(222) |G(t,s, (2 + §)(X1(5)), - - -, (21 + §)(Xq(s)))
€
=Gt s, (21 +0(s)); - (2 + X)) < g7

for all s € [0,T5,].
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It follows that, for every t € [0,n], for all k,1 > ko, we have
(2.23)

T,

|Czx(t) — Ca(t)| S/O G(t, s, (zk +E)(Xa(s)), -5 (26 + ) (Xq(5)))
=G5, (2 +(Xa(5)s -+ (2 +6)(Xg(9))] ds
+/ Gt 5, (21 +E)(Xa(s)), -+ (21 + ) (Xq(5)))

n

—G(ts, (2 +(Xa(8), -+ (21 +6)(Xg(9)))] ds

<§+§<a
- 8 8 ’

It implies that {C'zy|o,n)(t)}+ is the Cauchy sequence in the Banach
E; the convergence of {Czx|[g,n)(t) }1 follows. Note that {Czx|(,n)(t) }x
is a subsequence of {Cyx|[o,n)(t)}r. Then, (CQ),(t) is relatively com-
pact in E.

In view of Lemma 2.2, C(f2) is relatively compact in X.
Therefore, C' is completely continuous. Step 3 is proved.

Step 4. Finally, we show that, for all n € N,

(2.24) im Y

By the assumption (A4), for all ¢ € [0,n], we get

[Cy(t)] < /OQ G (t,s, (y + &) (Xa(s)), - (¥ +E)(Xq(s)))| ds
(2.25) 0

< / wa(t, s)ds < 0.
0
It follows that

(2.26) im 1Y

ly|n—>00 Iyln

By applying Theorem 1.1, operator U 4 C' has a fixed point y in X.
Then equation (1.1) has a solution z = y + £ on R;. Theorem 2.3 is
proved. ]
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3. Asymptotically stable solutions. We now consider the
asymptotically stable solutions for (1.1) defined as follows.

Definition. A function x is said to be an asymptotically stable
solution of (1.1) if, for any solution Z of (1.1),

lim |z(t) — Z(¢t)| = 0.

t—o00

In this section, we assume (A7)—(A4s) hold and assume, in addition,
(Ag) w(t) =t, for all t € Ry,
(A7) V(t,s,0,...,0) =0, for all (t,s) € A,.
Then, by Theorem 2.3, equation (1.1) has a solution on [0, c0).
On the other hand, if z is a solution of (1.1), then, as Step 1 in the

proof of Theorem 2.3, y = x — £ satisfies (2.2). This implies that, for
allt € Ry,

(3.1) ly(®)] < |Ay(®)] + |By(0)] + [Cy(®)],

where Ay(t), By(t) and Cy(t) are as in (2.3). Using (A1), (A42),
(As)—(A7) and noting that A0 = 0, we obtain for all t € R,
(3.2)
w(t) p o
ly(t)] < LIy(t)] + / 1) 3l + (o) s + / walt, 5) ds
< LIy() +/0 i, s>2|<y+5><ai(s>>|ds+/o walt, s) ds.

i=1

It follows that
(3.3)
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Forall j=1,...,p, (3.3) leads to:

(3.5)
o;(t) p
s / {30.) D lules()] ds-+afo0)
<1 [y Z| )| ds
=1_1 0 1 U] y Uz
+a(oj(t)), forallte R+
From (3.5), summing up with respect to j = 1,...,p, afterwards,

adding to (3.3), we obtain

(3.6) |+Zly@

< ﬁ wi(t,s) ( ly(s)| + ; |y(ai(s))|> ds +a(t),

where
p

w1 (t,s) =wi(t,s) + Zw1(0j(t), s),

= alt) + Y al; (1)

Using the inequality (a+b)? < 2(a® +b?), for all a,b € R, (3.6) leads
to:

1 (ol + X e )

| Dts) ds / t ( ()] + ; |y<ai(s>>|) ds +222(1).
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Put o(t) = (|ly(t) + X7, ly(ea(t))?, b(t) = 2/(1 = L)? [f@i(t, ) ds;

(3.7) is rewritten as follows:
¢
(3.8) v(t) < b(t)/ v(s)ds + 2a>(t).
0

y (3.8), based on classical estimates, we obtain
(3.9)

v(t) < 2a%(t) + 2b(t) /Ot @*(s) exp (/St b(u) du) ds, forallte Ry.

Then we have the following theorem about asymptotically stable solu-
tions.

Theorem 3.1. Let (A1)—(A47) hold. If

(3.10) Jim {aQ(t) + b(t) /Ota2(s) exp </t b(u) du)ds} =0,

where
(3.11)

80) = e [ @1 (t,8) S0 |Q(ou(5)) + F(oi(5),0,0)] ds
+27 [T wal(t, s) ds,

@a(t,s) = walt, s) + 327 walo;(t), s),

b(t) = = L)2 [ @3, s) ds,

then every solution x to (1.1) is an asymptotically stable solution.
Furthermore,

(3.12) lim |z(t) — £(t)] = 0.

t—o00

Proof. We first note

€@ = 1Q() + f(£,£(t), (1))
=1Qt) + f(t,0,0) + f(t,£(£),£(t)) — f(2,0,0)]
(3.13) <[Q) + f(2,0,0)]
+ [f(#€@),£(8)) — f(¢,0,0)|
<[QM) + f(t,0,0)[+ LIE®)], teRy.
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Then
(314) €0 < QW+ (10.0), teRy:
hence,
o)< gy | 6.9 21000 + Sl 0.0
(3.15) b | et as

1 ¢ 1 *
= / w1(t, s)A(s)ds + —— wa(t,s)ds,
0 1=L Jo

where X(s) = Y71 |Q(oi(s)) + f(oi(s),0,0)];

o (t)
o) g [ o093 s
. . .
< m/o wi(oj(t), s)A(s) ds
+ ﬁ 000 wa(o;(t), s) ds.
Hence,
a(t) = a(t) + ZG(UJ (t))
(3.17) " t oo
a —1L)2/0 wi(t,s)A(s)ds + —— | wa(t, s)ds

=a(t),

where
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Combining (3.9)—(3.11) and (3.15)—(3.17), we obtain

(3.18) Jim Jy(6)] = lim [x(t) — £(1)] = 0.
Theorem 3.1 is completely proved. i

4. Examples. Let us give two examples illustrating the results
obtained. Let E = C([0,1];R) be the Banach space of all continuous
functions w : [0,1] — R with the norm

[ull = sup [u(n)|, weE.
0<n<1

Then, for all z € X = C(R4; E), for any t € R4, x(¢) is an element of
FE and we denote

x(t)(ﬂ):x(ﬂﬂ)a OSUS 1.

Example 1. Consider (1.1) in the following with p = ¢ = 2,
m(t) = t/2, p(t) = 3/(1+13), o1(s) = s, 02(s) = 8/3, X1(s) =
Xa(s) = 4s,

Qo)+ 1 (a0 5)

+ /j/(mg)v (t,s,x(s),x(%)) ds +/OOOG(t,s,x(8),x(4S))ds,

t € Ry, where @, f, V and G are continuous functions defined,
respectively, as follows:

(i) Function Q. Q(t)(n) = Q(t,n) = 2(1 — k1 — k2)(1/(e" + 1)),
0<n<1,t>0,with k1, ko are given constants such that

|
®

8
—~
~
~—
Il

1
max{|k1|, |k2|} < 5

(ii) Function f. Ry x E? — E,

f@tur,uz)(n) = ki fur(n)] + k2 p

OSUSL (taul,U2)€R+><E2.
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111 FunCliOn L A X E — E, A - t,S € R : O < S <
14 1 -+

V(t,s,u1,uz2)(n)
L o sin E(es +nui(n) | + sin 3_77(63/3 +mn)u2(n) ||
5 2

et—l—ne
0<n<1,(tsu,ug) €A, x B2
(iv) Function G. R x E? — E,

_ ﬁe—% [Sin (g /0 O (0 dc) —sin (37” /0 € Ous(0) d<)},

with k=Fki +ka—1,0<n<1, (¢ s,u1,u2) ER?F x E2.

It is clear that (As) holds. We can show that the functions @, f, V
and G satisfy (A41)—(A4).

Assumption (A;) is valid, since, for all (u,us), (U1, u2) € E?, for all
t >0, for all n € [0,1],

|f(t7u1a UQ)(U) - f(tvala 52)(77)|

~ et’2 4 -
< k1| lui(n) — w1 (n)] + [k2| e luz(n) — u2(n)]
<kl [lur — U || + k2 [|ue — usa|
<3 [[lur = ws]| + lluz — uall],

in which
0 < L =2max{|k1]|, |ka|} < 1.

Assumption (Az) holds since, for all (u,us), (u1,u2) € E? and
(t,s) € A, for all n € [0,1],

V(t,s,ur,u2)(n) — V(t, s, a1, u2)(n)
— e (G ) —sin (5 +nmm )|

et +n

b e sin (3 ) - s (5 + mata) ).
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note that
1 6728(68 + 77) < 26775787 1 6725(65/3 + 77) < 2671578’
et +n - et +n -
SO

|V(ta $,u1, U2)(7I) - V(tv S, ’(71, 52)(77)|

1 25T/ ¢ a1
< P 5 (€ +m) [ur(n) = w(n)]
1 72.937.r s/3 ~
et—l—ne 7(6 +n) luz(n) — uz2(n)]

< me 8 g — Uy || 4 3me T S |lug — us|

Swi(tys) [lur =l + [Juz — usl],

where

wi(t,s) = 3me 175,

Assumption (As) is also fulfilled; the proof is as below.

First, we show G : Ri x E? — E is continuous. For all (¢,s,u1, uz),
(E gv a17’(72) € R?l» X EQ;

G(t,s,u1,u2)(n) — G(t, 3,01, u2)(n)
_ k(ﬁe—% — egine—ﬁ)
«Jain (3 [ (et af¢)ic)—sin (% | (e 4 () )|

ko o[ ([N,
+e£+n€ 2 |:le (5/0 (e +C)U1(C)d<)

1
_ e{ine_% {sin <377T/0 (e** + Ouz(Q) dC)
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Then,

|G(t7 S, U1, U'Q)(n) - G(E ga ﬂla 62)(7])|

—2s 1 6_2§

et +n° et +n

ol
3 =T e+ (0 - (¢ + Q)] d¢

< 2k|

37 —25-% ' 4s 45
ke (e 4 Ouale) — (4 + Q)] de
0

1 9 03 et — et 03
§2|k|'t—(e_ foe ) —————
et +n (et +m)(e’ +n)

ol N
+ g |k e_2§_t/ ‘(es —e*)u1(€)

+(e* +¢) (ur(¢) —u1(¢ | )| d¢

#5eT [e — eualo

+(e* 4+ ¢) (u2(¢) — u2())| d¢
<4kl (]s—3+ |t —1])
+ 5 Ikl e T e s = 1 fun | 4+ 2 lus — @]
+ 37 k| €257 [2€%% |5 — 5] [Jua|| + [luz — To]]]
<Akl (]s— 3]+t —t])
+ 5 [kl [e*|s = 81 lun ]| + 2 s = @]
+ 37 k| €2 [26* |5 — 3] | + [luz — o] -

So

||G(t,s,u1,uQ)—G(t Uy, )|
(s =31+ 1)
+t3 DRI (e 1s — 3] fuall + 2 [fur — @]
+ 3 [k| € [2¢" |s — 3] [Jual| + [luz — @] ,

and the continuity of G is proved.
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Next, we show G : Ri x E? — E is compact. Let B be bounded in
Ri x E2. We have:

|G(t,s,ur,u0)| <2|kle 2% <2|k| =M, forall (t,s,u,us) € B,

which implies that G(B) is uniformly bounded in E. For all 5,12 €
[0,1], for all (¢, s,uy,us2) € B,
G(tv 5, U1, U'Q)(nl) - G(tv S, U1, u2)(772)
2 — 7
(e +m) (e'+m2)

<o fan(3 [ e+ u©ac)—sm(% [ rcacrac):

hence,

|772 —771|
(et +m1) (ef +1n2)
< 20k] [n2 —ml.

|G(t7 S, u1, U2)(771) - G(tv S,u1, u2)(772)| <2 |k| 6728

Consequently, G(B) is equicontinuous.

Finally, for all bounded subsets I, s of Ry and for any bounded
subsets .J of E2, for all ¢ > 0, there exists a § > 0 such that for all
tl) t2 S Il)

|t1 — t2| <= |G(t1, S,U1,’U,2) — G(tQ, 8,U1,’(L2)| <eg,
for all (u1,u2) € J and s € I. Indeed, we get the above property since

G(tlv S, U1, U2)(77) - G(t27 Svu17u2)(n)

1 1
:k —
et +n  etz24n

X e 28 [Sin G /0 1(eS+C)u1(C) dg) —sin (37” /0 1(64S+C)uQ(C) dg)].

Thus,

1 1
elv+n  etz41
le'2 —eh|
=21k e
M e

< 2k[ [t1 —to].

—2s

|G(t1a SaulaUQ)(n) - G(t2757u15u2)(77)| <2 |k|

.

—2s
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Assumption (A,) is also clearly seen by the facts that, for alln € [0, 1],
for all (¢,s,u1,u2) € RZ x E?,

2|k —2s —2s
|G(t, s,u1,u2)(n)| < o | | 25 < 9|k e 2 = walt, s),
/ supwa(t, s)ds =2 |k|/ supe "%%ds < 2 |k|/ e %ds
0o tel tel 0
= k| < 0.

We conclude that the result of Theorem 2.3 holds true for equation
(4.1).

For more details, let us consider

1
z:Ry — F; z(t)(n) = z(t,n) = s for all n € [0, 1].

It is clear that = defined as above is the solution of (4.1).

Example 2. Consider (1.1) in the following with p = ¢ = 2, 7(¢t) = ¢,
p(t) =3/ (14 %), a1(s) = s, oa(s) = 5/3, X1(s) = 5, Xa(s) = 4s,

(4.2)
z(t) = Q(t) + f1(t, (1), z(t))

t3/(1+4t2) s 00
+ / V(t, s, m(s),x<§)> ds+ | G(t,s,x(s),x(4s)) ds,
0 0

t € Ry, where V, G and @ are continuous functions defined as in
Example 1, and f; is given as follows:

fi:Ry xE*> —F
(t,’U/]_,’U/Q) — fl(tvulvu2)v
f1(t,ur,u)(n) = ky lui(n)| + kaua(n),

0<n<1,t>0, (u,uz) € E? with k; and ks being constants such

that )
max{|k1|, |ka|} < 3
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It is obvious that f; satisfies (A1) and that (A2)—-(A7) hold. On the
other hand, (3.10) is also valid. Indeed,

(i) Estimate a(t) = 1/021 — L)? fot w1ty ) D8 1Q(ei(s)+ fi(oi(s),
0,0)[[ds+ (1/(1 = L)) f, @alt,s)ds.

We have

Z 1Q(0i(5)) + fi(ai(s),0,0)

222 (I =21kl (7 + /%) <4,
2

Dty s) = wilt,s) + Y wi(oy(t), s)

j=1

= 3me”? (2e_t + e_t/g) < 97re_se_t/3,

Da(t,s) = walt,s) + Y waloj(t), s)

j=1
=2|kle % (2671& + e*t/B) < 6|k|e"25e7t/3,

/Otwl(t, S)Z |Q(ai(s))+ f(0i(s),0,0)| ds <36 |k| 7T67t/3/0 e °ds

i=1
<36 |k| me~/®=Const.e /3

/ wa(t,s)ds = 6k| e*t/B/ e 2ds < 3|k|e”t/3.
0 0

So

(4.3) a(t) < Cre /3.

(i) Estimate b(t) = 2/(1 — L)? [; @} (t,s) ds. By

t t
/ T2 (t,s)ds < 817T2672t/3/ e 2%ds
0 0

2
= 81%67275/3 (1 — efzt) < Const.e 2/3,
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Hence,
b(t) < Che 23,

(iii) Estimate f: b(u)du, s < t.

t t
/ b(u) du < Cz/ e~ 2u/3qy, = % (6_25/3 _ e—2t/3) < 302.

(iv) Estimate b(t) [; @%(s) exp(Jf. b(u) du) ds.

(4.4) b(¢) /Ot a*(s) exp (/: b(u) du) ds

t
< 0201267275/3/ e=28/3 exp <%> ds
0

= 302012 €Xp (3—32)6%/3 (1 - eiQt/B) < Const.e /3,

Combining (4.3) and(4.4), (3.10) follows. We conclude that the result
of Theorem 3.1 holds true for equation (4.2).

For more details, the following equation

§(t) = Q) + f1(1,£(1),6(1), t=0,

has a unique solution ¢ defined by

Ry — By () =&(tn) =

2
m, for all n S [O, 1]

And we can compute to assert that

1
z:Ry — F; z(t)(n) = z(t,n) = - for all n € [0, 1],

is the solution of (4.1). Furthermore,

lim |z(t) — £(t)] = lim e™* = 0.

t—o0 t—o0

So, it is clear that z, £ are asymptotically stable solutions of (4.2).
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