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EXISTENCE AND STABILITY OF NONLINEAR,
FRACTIONAL ORDER RIEMANN-LIOUVILLE VOLTERRA-
STIELTJES MULTI-DELAY INTEGRAL EQUATIONS
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ABSTRACT. We study the existence and the stability of
solutions for Riemann-Liouville, Volterra-Stieltjes quadratic
delay integral equations of fractional order. Our results are
obtained by applying some fixed point theorems.

1. Introduction. Fractional calculus is a generalization of the ordi-
nary differentiation and integration to arbitrary non-integer order. The
subject is as old as differential calculus since, starting from some spec-
ulations of G.W. Leibniz (1697) and L. Euler (1730), it has developed
up to the present day. Integral equations are a useful mathematical
tool in both pure and applied analysis [12, 13], in the kinetic theory
of gases [18], transport theory [19], theory of radiative transfer [10,
11], etc. Fractional integral equations have recently been applied in
various areas of engineering, mathematics, physics and bio-engineering
and other applied sciences. Significant recent developments in ordinary
and partial fractional differential and integral equations are described
in the monographs of Abbas et al. [4-6], Baleanu et al. [8], Diethelm
[15], Hilfer [17], Kilbas et al. [20], Lakshmikantham et al. [21], Pod-
lubny [24], Samko et al. [28] and Tarasov [30], and in the papers by
Abbas et al. [1-3, 7], Qian et al. [25-27] and Vityuk and Golushkov
[31]. In particular, interesting results on the stability of solutions of
various classes of integral equations of fractional order have been ob-
tained by Abbas et al. [4-6], Bana$ and Zajac [9], Darwish et al. [14],
and the references therein.
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In [14, 25-27], the authors used the technique associated with a
certain measure of noncompactness for the study of the existence of
solutions for some integral equations. Recently, in [2-5], Abbas et al.
proved some results concerning the existence and stability of solutions
for various classes of nonlinear fractional order integral equations.

Motivated by these papers, we establish here some sufficient con-
ditions for the existence and the stability of solutions of the delay
fractional order Riemann-Liouville, Volterra-Stieltjes quadratic integral
equation

t N T — )21
ot = utt) + 1 omaten) [0 [P

h(t7.’t787y,u(8 _Tlay_gl)a' .. ,U(S _Tmay_gm)) dydsg(ta S),

(1)

for (t,x) € J := R4 x [0, ], with
u(t,x) = ®(t,z) for (t,z) € J := ([~T,00) x [~Z,b])\((0,00) x (0, b]).

Here, u is the unknown solution, and we are given the various constants:
b>0;r, 1€ (0,00);7 >0and & >0fori=1,... ,m;

T =max(m,... ,7m) and = =max(&,...,&n).
Also given are the continuous functions
p:J—R, g: Ry xRy — R, f:JxR—R, h:J xR™ — R,

where J' = {(t,x,s,y) € J?> : s < t,y < 1}, as well as the continuous

function ® : J — R satisfying
®(t,0) = u(t,0) forte Ry
and

®(0,z) = u(0,z) for x € [0,b].

Recall that Euler’s Gamma function is defined by I'(r) = [~ ¢""te~" dt
for r > 0.
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We use the Schauder fixed point theorem to show the existence of
solutions of the problem (1)—(2), and we prove that all solutions are
globally asymptotically stable. This paper initiates the question of
global existence and stability for this class of integral equations.

2. Preliminaries. If p > 0 and ¢ > 0, then L*([0, p] x [0, ¢]) denotes
the space of Lebesgue-integrable functions w : [0,p] x [0,¢] — R, and
BC := BC([-T,00) x [-E, b]) denotes the Banach space of all bounded
and continuous functions from [—7), 00) x [-E, b] into R. We equip these
spaces with their respective standard norms,

P rq
Il :/ / |u(t, x)| dz dt
o Jo

and

lullBe = sup lu(t, )|,
te[—T,00),z€[—E,b]

and B(ug,n) denotes the closed ball in BC' centered at ug € BC with
radius n > 0.

Definition 2.1 [28]. Let r € (0,00) and u € L*([0,p] x [0,¢]). The
rth-order partial Riemann-Liouville integral of u(t,z) with respect to
t is

I&tu(t,x):/o %u(s,x)ds

for almost all (¢,2) € [0,p] x [0, q].

Analogously, we define

- 1 I(x—s)r’lu o) ds
I07ru(t,x) = F(r)/o ) (t,s)ds.

Example 2.2. For A\ € (—1,0) U (0,00), w € (—1,0) U (0,00) and
r >0,
, t)\xw - t)\Jrrxw

I :
PP +N) T+ A+7)
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We will also use the following mixed integral.

Definition 2.3 [31]. Let r = (r1,72) € (0,00) x (0,00), = (0,0)
and u € L*([0,p] x [0,q]). The rth-order, left-sided, mixed Riemann-
Liouville integral of u is

[ et
Tyu(t, x) —/0 e /0 () (s,t)dsdr.

In particular, I§u(t, z) = u(t,x) and

t T
Igu(t,x) = / / u(r,s)dsdr where o = (1,1).
o Jo

For instance, Iju exists for all r1, r2 € (0,00), when u € Ll([O,p]
[0,¢]). Note also that, if u € C([0,p] x [0,q]), then IJu € C([0,p]
[0, q]); moreover,

X
X
Iju(t,0) = Iju(0,2) =0 for t € [0,p] and = € [0, q].

Example 2.4. For A € (—1,0) U (0,00), w € (—1,0)U(0,00), 71 >0
and 9 > 0,

. thw t)\+r1 xw+r2

) = .
"TA+ N1 +w) TA+A+r)I(1+w+7)

If u is a real function defined on the interval [a,b], then the symbol
\/Z u denotes the variation of u on [a,b]. We say that u is of bounded
variation on the interval [a,b] whenever \/Zu is finite. If w : [a,b] x
[c,b] — R, then the symbol \/{_ w(t,s) indicates the variation of
the function ¢ — w(t,s) on the interval [p,q] C [a,b], where s is
arbitrarily fixed in [c,d]. In the same way, we define \/{_ w(t,s). For
the properties of functions of bounded variation we refer to Natanson
[23].
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If u and ¢ are two real functions defined on the interval [a, b], then
under some conditions [23] we can define the Stieltjes integral (in the
Riemann-Stieltjes sense)

b
/‘mwdmw

of function u with respect to (. In this case, we say that u is Stieltjes
integrable on [a,b] with respect to ¢. Several conditions are known
guaranteeing Stieltjes integrability [23, 29]. One of the most frequently
used requires that u is continuous and ¢ is of bounded variation on [a, b].

In what follows, we will use a few properties of the Stieltjes integral
contained in the lemmas given below:

Lemma 2.5 [22]. Ifu is Stieltjes integrable on the interval [a, b] with
respect to a function v of bounded variation, then

t

b b
/u(t)dw(t)‘g/ u(t)] d ¥ (), where (t) = \/ .

Lemma 2.6 [22]. Let u and v be Stieltjes integrable functions on
the interval [a,b] with respect to a nondecreasing function v, such that
u(t) <wv(t) fort € la,b]. Then

b b
/umwms/vmwm.

a

In the sequel, we will also consider Stieltjes integrals of the form

b
/‘wwdwu»x

and Riemann-Liouville fractional Stieltjes integrals of the form

[ S e,
0
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where g : Ry x Ry — R, r € (0,00) and the symbol d; indicates that
the integration variable is s. From Lemma 2.5, we get

/ u(t, s)dsg(t, s)
0

t
< / lu(t, 5)] doGi(t, 5),
0

where G(t,s) = \/ g(t, o).

o=0
Let @ #Q C BC and F': Q — , and consider the equation
(3) u(t,x) = (Fu)(t, z).

We introduce the following concept of attractivity for solutions of (3).

Definition 2.7. Solutions of equation (3) are locally attractive if
there exists a ball B(ug,n) in the space BC' such that, for v = v(t, z)
and w = w(t, ) satisfying (3) and belonging to B(ug,n) N, we have
that

(4) tlim [v(t,z) —w(t,z)] =0 for each z € [0,b].

When the limit (4) is uniform with respect to B(ug,n)N$2, solutions of
equation (3) are said to be uniformly locally attractive or, equivalently,
solutions of (3) are locally asymptotically stable.

Definition 2.8. A solution v = v(¢) of equation (3) is said to be
globally attractive if (4) holds for each solution w = w(t,x) of (3). If
condition (4) is satisfied uniformly with respect to the set 2, solutions
of (3) are said to be globally asymptotically stable (or uniformly globally
attractive).

Lemma 2.9 [12, page 62]. Let D C BC. Then D is relatively
compact in BC' if the following conditions hold:

(a) D is uniformly bounded in BC,

(b) The functions belonging to D are almost equicontinuous on Ry X
[0,0], i.e., equicontinuous on every compact subset of Ry x [0, b];
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(¢) The functions from D are equiconvergent, that is, given € > 0 and
x € [0,b] there corresponds a T(e,x) > 0 such that

|u(t,z) — lim u(t,z)| <e for allt>T(e,x) andu € D.

t—o0

3. Existence and stability of solutions. We will use the following
hypotheses.

H1. The functions x4 and ® are in BC. Moreover,

tlggo wu(t,z) =0 for z €[0,D].

H2. There exists a positive function P € BC' such that
|f(t,x,u) - f(t,x,v)| < P(t,z)|lu —v| for (t,x) € J and u,v € R.

Moreover, lim;_,« f(¢,2,0) = 0 for = € [0,b] and, if B is any bounded
subset of BC, then the set of functions {(¢,z) — f(¢t,2,u):u € B} is
equicontinuous on R x [0, b].

H3. For all ¢1, to € Ry such that ¢; < t2, the function s —
g(ta, s) — g(t1, s) is nondecreasing on R, .

H4. The function s — ¢(0, s) is nondecreasing on R.

H5. The functions s — g(t, s) and ¢ — ¢(t, s) are continuous on R
for each fixed t € R4 or s € Ry, respectively.

H6. There exists a continuous function @ : J* — R such that

(1 +Z|ui|>|h<t,x,s,y,u1,... )] < Qs 5,1):

i=1
for each (t,z,s,y) € J' and all u; € R for i = 1,...m. Moreover,

¢
lim [ (t—s)"'Q(t,z,s,y)dG(t,s) =0

t—o0 0

S

where G(t,s) = \/ g(t,o).

o=0
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Remark 3.1. Set

W= sup plta),  ®F = sup (),

(t,x)ed (t,x)e]
f* = Sup f(tvxvo)a p* ‘= sup P(t’x)’
(t,x)eJ (t,w)ed
and
t ri—1 x ro—1
* Ry O
R s 0G0

t,xyer Jo L(r) 0 L(rz)

From the hypotheses above, we infer that u*, ®*, f* p* and ¢* are
finite.

We can now prove the existence and stability of a solution to the
problem (1)—(2).

Theorem 3.2. Assume that hypotheses H1-H6 hold. If
(5) prg* < 1,

then the problem (1)—(2) has at least one solution in the space BC.
Moreover, solutions of the problem (1)-(2) are globally asymptotically
stable.

Proof. Define the operator N such that N(u)(t,z) equals the right-
hand side of (1) for (¢,x) € J, and equals ®(¢,x) for (¢,z) € J, so that
the problem (1)—(2) is equivalent to u = N(u). Also, for brevity, define

h(t,l‘, Sayvu) = h(tv'xvsvyau(s —T1,Y — 61)5 s 7“’(8 —Tm,Y — gm))

Operator N maps BC into BC. Indeed, the function N(u) is con-
tinuous on J for any u € BC and, to see that N(u) is bounded, we
write

(6) (Nu)(t,z) =1+II+1II for (t,z) € J,

where T = u(t, x),

t _ s r1—1 T ro—1
II:f(t,x,O)/O (t F(r)l) /0 ( F(Zi) h(t,z,s,y,u)dydsg(t,s),
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and

=m0l |55 |

h(t,z,s,y,u) dydsg(t, s).

Here, |T| < p*. Hypotheses H4 and H6 imply

r1 1 (LC _ y)rgfl
< 77 / /o [(r2)
Qt,z,s,y)dyd;G(t,s) < f*q*

and Hypotheses H2 and H6 imply

t_ST’l 1 ff(m_y)T’Q—l
I1| < P(x,t)|u(t,z
R o
Q(t7$737y) ddeG(ta S)a
o |(Nu)(t, )| < p*+q* (f*+p*||lullpe) for (t,z) € J. Also, if (t,z) € J,
then |N(u)(t,x)| = |® ( ,x)| < ®*, showing that N(u) € BC with

(7) IN(u)llpe < max{®",pn* +¢"(f* +p*[ullsc)},

and proving that N : BC — BC. Moreover, inequalities (5) and (7)
imply that IV transforms the ball B, := B(0,n) into itself if

P W ETST
= max{®*, d > —
n ax{®*,n*} and 7 s

We shall now prove, in several steps, that NV : B,, — B, satisfies the
assumptions of the Schauder fixed point theorem [16].

Step 1: N is continuous. Let wu, be a sequence such that u, — u
in B,,. Then, for each (t,z) € [-T,00) x [-ZE,b],

(Nuy)(t,x) — (Nu)(t,z) =T+ 11,

where, this time,

I=[f(t, @, un(t,z))—f(t 2, ult,x) |/ t_s " /0 (z ;‘(Z:«);;_

h(t,z,s y,un) dy dsg(t, s)
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and

w= sttt [ [T
[h(t,x, 8, Y, Un) — h(t,x, s, y,u)] dydsg(t, s).

Hypotheses H2 and H6 imply that
1 < p*q*[un(t, z) — u(t,z)| < p"q" ||lun — ullBe,

so 1 — 0 as n — oo. Likewise, | f(t,z,u(t,z))| < f* + p*|lul| pc so

g —g)yri—l (T (p_g\r2—1
s e e S

‘h(tmc7 S, Y, Un) — h(t,z, s, v, u)‘ dy dsG(t, s).

This integral tends to 0 uniformly for (¢,z) € J U ([0,a] x [0,0]) with
any fixed a > 0, because h is continuous. If (t,z) € (a,00) x [0, b], then

|II|<(f*q*+?7)/Oz(x ;(‘?2)_ (/O (t_rf::)l_ 2Q(t7x7s,y)dsG(t,s))dy,

and, by H6, the inner integral can be made arbitrarily small with «a
chosen sufficiently large. Thus, || N (u,) — N(u)||sc — 0.

Step 2: N(B,,) is uniformly bounded. This is clear since N(B,,) C B,
and B, is bounded.

Step 3: N(B,) is equicontinuous on [=T,a] x [-E,b] for each a > 0.
Let (tl,l‘l), (tQ,xQ) S [O,a] X [O,b] satisfy t1 < tg and 1 < X9, let
u € B, and write

(Nu)(ta,z2) — (Nu)(t1,z1) = T+ 1T+ 11,
where, this time, I = p(te, o) — p(ts, 1),

II = [f(tg, o, u(tg, 1‘2)) — f(tl, T, u(tl, 1‘1))]

to ri—1 T2 ro—1
(t—s)" / (x —y)™
h(ts, z2,s,y,u)dydsg(t, s
/0 F(T‘l) 0 F(T‘Q) (2 2 Y ) Y g( )
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and
I = f(t1, o1, u(ty, 1))
2ty =)t [T (g — )t
h(t dy dsg(ta,
</0 I( /0 I( (t2, 22, 8,9, u) dy dsg(t2, )

7‘1) 7‘2)
Bty — )t (T (g —y)e ! >
— h(t1,z1,s,y,u)dydsg(ti, s)).
/0 F(’/’l) /) F(T‘Q) ( 1,41 Yy ) Y g( 1 )
Thus,
| < ¢ |f (t2, x2, ulta, x2)) — f(tr, 21, u(ts, z1)|
and P
PN
| < =——— ([IV[ + [V[ + [V
L'(ry)D(r )( )
where

t1 Xy
V= / / (t2 — 5)" " (w2 — y)"™> " "h(ta, x2, 5, y,u) dy deg(ta, s)
0
t1 x1
_/ / (tl - S)Tl_l(ml - y)r2_1h(t1,$1, Sayvu) dydsg(tlvs)v
/ 2 - S Tl 1(x2 - y)rQilh(t27x2a Sayvu) dydsg(t27s)v

t1
VI = / / 741_1(51:2 _y)r2_1h(t27x2asayvu) dydsg(tQ’S)

Continuity of u, f, g and h implies that I, IT and III all tend to zero
as (t1,x1) tends to (t2,x2). The equicontinuity for cases t; < to < 0,
1 < a9 <0andt; <0<ty 21 <0< xyis obvious.

Step 4: N(B,,) is equiconvergent. Let (t,x) € J and u € B,, and
decompose N (u)(t,z) as in (6). By H2 and H6,

(t—s)" Haz—y)'Qt, s, 2,y)
I dy d.G(t, s
| '*rm T(ra) // T35 1|u1< “ry—g WG

and

P(ta)lut, o) [* (7 . ro
|IH|§W/O/O(75—S) Ha—y)=7'Q(t, x, 5,y) dy dG(t, 5),
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SO ‘(Nu)(t,x)‘ is bounded by

e+ g [ [ st a7 Q) dy ).

Thus, for each x € [0,b], we have |(Nu)(t,z)] — 0 as ¢ — 400, and
hence
|(Nu)(t,2) — (Nu)(+00,z)| — 0 as t — +o0.

As a consequence of Steps 1-4 together with Lemma 2.9, we conclude
that V : B,, = B, is continuous and compact. Applying Schauder’s
theorem [16], we deduce that N has a fixed point u which is a solution
of the problem (1)—(2).

Step 5: Global asymptotic stability of solutions. Assume that u and
v are two solutions of the problem (1)—(2). Then, for each (¢,z) € J,

lu(t, z) —v(t, z)| = [(Nu)(t,z) — (Nv)( )|

<piqtfult,z) -
n f* +P ||U||BC/ / il — gyt
X 2Q(t,x, s,y)dydsG(t, s),
so |u(t,z) — v(t,x)| is bounded by

2(f*+p*||u”BC) * ro—1 ! g r1—1 7.8 s
o lloc) s [yt ([ Qs dGt.s) .

‘We deduce that

tlizgo |U(t, .73) - U(ta Z‘)| = 07

and consequently all solutions of (1)—(2) are globally asymptotically
stable. O

4. An example. As an application and to illustrate our results, we
consider the following problem of fractional order Riemann-Liouville
Volterra-Stieltjes quadratic multi-delay integral equations

©) ult) = ulta) + S ate) [T [P

h(t7x785y7u(5_1ay_2)7u(s_ 5 Y — )) dydgg(t S)
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for (t,x) € J := R4 x [0, 1], with

2

) uhT) = S rme T

for (t,z) € J := ([~1,00) x [~2,1])\((0, 00) x (0, 1]). This problem has
the form (1)—(2) with

soT =1 and =Z = 2. We choose

1 1 (t,2) 1
T1T = — To = — r)=——-
1 4) 2 2) pAL, 2—|—t2—|—x2’
easft|u|
t,x,u) = , t,s) = s,
fltnw) =S gt

with
cxs™3/4|u| sin /f sin s
(1482 +y*) (2 + Jua] + |uz])’
™

16el'(1)’

h(tv'xv Y, Ul,’U,Q) =

for (t,z,s,y) € J', s #0 and uy,us € R, and zero otherwise.

We can see that 1/(2 + t2 + 22) — 0 as t — oo, for each z € [0,1],
and the assumption H1 is satisfied with p* = ®* = 1/2. The function
f is continuous, f* =0, and

}f(taxau) - f(tvxvv)} < 63vit'“ - 'U|
for (t,z) € J and u,v € R,

so assumption H2 holds with P(¢,x) = e*~* and p* = e. The function
g satisfies hypotheses H3—H5, and the function h satisfies assumption
H6. Indeed, h is continuous and

Q(tvxvsvy)
ht,x,s, , U, U2 S
[ 4 ) L+ |ug| + |uz|

for (t,z,s,y) € J and uy,us € R,
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where

—3/4 si 7 si
Qt,x,s,y) = ors 1—|—t;n—|— )2 15 for (t,z,s,y) € J and s # 0,

with Q(t,z,0,y) =0 for (¢t,z) € J and y € [0,1]. Then,
t . t .

/ |cx sm\/_ sms| dSG(t,s)
0

/0(t—s)HQ(t,x,s,y)dsg(taS) < e

¢
< cx|sin \/E|/ (t—s) 31573/ ds
0

cxl'(1/4) |sin v/t cxl(1/4)?
< N < N

which tends to zero as t — oo, and

= sup // e )l Qt,z,s,y)dydsG(t,s)

(ta)ed L(rz)
cal'(§ ) s1n\/_‘ 2cT( %) 1
< sup 3 = —.
(t I)EJ F(g) \/E 86

Finally, we can see that p*¢* < 1/8 < 1 so inequality (5) is satisfied.
Consequently, by Theorem 3.2, problem (8)—(9) has at least one solu-
tion in the space BC([—1,00) x [—2,1]), and all solutions are globally
asymptotically stable.
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