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Abstract. We consider complete integrability of the Hamiltonian of the geodesic
flow of two particular solutions, the Kerr-Newman and the FRLW metrics of the
Einstein equations in the sense of Liouville. We construct recursion operators using
first integrals, and then obtain constants of motion of the geodesic flows by using
the recursion operators.
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1. Introduction

We consider two particular solutions of the Einstein equations, the Kerr-Newman
and the FRLW metrics. The Kerr-Newman metric is a metric of space-time sym-
metry axis representing the black hole that was charged to rotation (see e.g. [6]).
The FRLW metric stands for the Friedmann-Lemaitre-Robertson-Walker metric,
which is widely used as a first approximation of the expanding universe model
(see e.g., [8]). These metrics are well-known as the exact solutions of the Einstein
equations.

In [10], we get complete integrability of the Hamiltonian of the geodesic flows of
four solutions of the Einstein equations: Schwarzschild, Reissner-Nordstrom, Kerr
and Kerr-Newman metrics. In this paper, we show the Hamiltonian function of
the geodesic flow of the Kerr-Newman metric and the FRLW metric are system of
separation of variables, and then we get complete integrability of the Hamiltonian
of the geodesic flow of the Kerr-Newman metric and the FRLW metric in the sense
of Liouville, respectively.

In [1] and [2] the authors proposed a new characterization of integrable systems,
which is called a recursion operator. A recursion operator is a (1, 1)-tensor field
which satisfies the conditions: 1) Lie derivative is zero under a dynamical vector
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field, 2) it has a vanishing Nijenhuis torsion, 3) it has doubly degenerate eigenval-
ues with nowhere vanishing differentials. Also, it is known that traces of the recur-
sion operators are the constants of motions (see e.g., [4], [9], [11], [12]). However,
up to now, a few concrete examples of a recursion operator are known. The Ke-
pler dynamics is well known integrable systems. In [5], the Kepler dynamics get
functionally independent constants of motion by constructing a recursion operator.
Using the complete integrability, they have considered a quantization-problem of
the Kepler problem (see also e.g., [3], [7], [13]). In [12], a construction of a re-
cursion operator of the rigid body shows the integrability of the systems. In [10],
we construct recursion operators for the geodesic flows of four solutions of the
Einstein equations.

In this paper, we construct recursion operators of the Hamiltonian of the geodesic
flow of two particular solutions of the Einstein equations using the first integrals.
And then we obtain constants of motion of the geodesic flows by using that recur-
sion operators.

We introduce the definition and the Minkowski metric of the simplest example
among the pseudo-Riemannian metrics of the recursion operator in Section 2. In
Section 3, we construct recursion operators of the geodesic flow for the Kerr-
Newman and the FRLW metrics. Using the recursion operators, we see that the
geodesic flows for the Kerr-Newman and the FRLW metrics are integrable sys-
tems and we obtain the respective constants of motion.

2. Recursion Operator

The recursion operator is introduced in [1] and [2] as a new characterization of
integrable systems. In this section, we describe the definition of the recursion
operator, and the theorem concerning the separability and complete integrability
of the recursion operator (Theorem 1), and prove a lemma about construction of
the recursion operator (Lemma 3). Then, we construct a recursion operator for the
Hamiltonian of the geodesic flow of the Minkowski metric using the first integral.
This construction is a simple example of a geodesic flow of a pseudo-Riemannian
metric.

For that purpose let us consider a vector field on 2n-dimensional manifold M 2",
Then, the following definition and theorem are given in [12].

Theorem 1. A vector field X is separable, integrable and Hamiltonian for certain
symplectic structure when X admits an invariant, mixed, diagonalizable (1,1)-
tensor field T with vanishing Nijenhuis torsion and doubly degenerate eigenvalues
without stationary points. Then, the vector field X is a separable and completely
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integrable Hamiltonian system with respect to the symplectic structure in the sense
of Liouville.

Definition 2. A (1, 1)-tensor field in above theorem is called a recursion operator.
In a particular case, a recursion operator can be constructed in [10] as follows

Lemma 3. Let us consider vector fields

0
X':— 5 ':1,...,7%
! amn+j !

on R?" and let U be a (1,1)-tensor field on R*" given by

. 9
U=> z;( - ®dy dznq | -
i:1:c <3$i® r; + & a:+>

Then we have vanishing Nijenhuis torsion Ny = 0 and L x;U = 0. That is, a
(1,1)-tensor field U is a recursion operator for X ;.

OTn i

Next, we introduce an example using pseudo-Riemannian metrics.

2.1. The Geodesic Flow for the Minkowski Metric

Now, we consider geodesic flows in pseudo-Riemannian metrics. In particular, we
consider the Hamiltonian of the geodesic flow of the Minkowski metric. For details
we refer to [10].

First, we construct a vector field X on the phase space for the geodesic flow for
the Minkowski metric. A matrix g;; of the Minkowski metric is

1000
g—gi—| 0100
i 0010

0001

and the equation of geodesics is
By A et
dt? ede dt o de?

d K
If we put v" = % then we have a first order differential equation on 7'M

=0, k=1,234.

g~ =", 0" = =T " = 0.
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From the above equations, we get a geodesic spray

0 , 0 0
X = Uné?q“ =Lt B U“aqﬁ-
By setting p,, = gx-v°, the vector field X is equivalently transformed to the vector
field X on 7™M such that

4 4
0 0 0 0
X = (Jk—zik> =-pi5—+ ) Dy
kzl ( g~ Opx g % Iqk
The vector field X is a Hamiltonian vector field of a certain Hamiltonian function.
We put a symplectic form w as

4

w= Z dpr A dgy
=1

and a function H as

H =

N | =

4
(—p% + sz) : e
k=2
Then, we have
ixw = —dH.

The vector field X is a Hamiltonian vector field of the Hamiltonian function H
which will be denoted by X . Next, we consider the Hamilton-Jacobi equation
with the Hamiltonian function (1). The Hamiltonian function (1) does not include
qr (k = 1,2,3,4), therefore pi, (k = 2,3,4) are circular coordinates. Let us
consider the respective Hamilton-Jacobi equation

oW
E=H{(q —
<q 361)

where F is a constant. We set a generating function as
4
W=> Wig)
i=1

oW (qr)
0qx.

OWy.(qr.)

. Then
Oqx

Since p, = (k = 2,3,4) are first integrals, we set ay, =

we have
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Thus, the generating function W is

In addition, we determine a canonical coordinate system using the generating func-
tion . We put

oW,
Q1:H7 kaﬂa :27374
Oqr
and then a canonical coordinate system (P, Q) is given by
oWy, 19144 q1 ow Pk
H — 5 P:—iz—’ P:—iz_i_
o O = . o1 " 0Qk, p

Here we regard parameters () (k = 1,2, 3,4) variables. Hence, the relationship
between a canonical coordinate system (P, Q) and the original coordinate system

(p,q) is

4
> Q2 201, pr=Qk, g = —Pr — QuP1.

k=2

p1 =

4
ZQ% —2Q1, @ =P
k=2

We put a tensor field 7" of (1, 1) type as

0 1o}
T = ZQ’<8P®dP+8Q ®sz>. )

From Lemma 3, we have that Lx,, T = 0, N7 = 0 and deg Q); = 2 for the equation
(2). Thus, the (1, 1)-tensor field 7" is a recursion operator for X f.

It is known the traces Tr(T'), Tr(T?), Tr(T?) and Tr(7T*) are constants of motion
(see, [1]). If we express in the original coordinate system (g, p), 7 and Tr(T%) are
written respectively as

0 .0
T = d B dp: + A*. — ® dg
3221< ®p]+ 5i®pj+ J&]i@)q])
1 14
Tr(T*) = 5y (=i + 03 + 93 + 1) +2(p§+p§+pﬁ), 0=1,2,3,4
H 0 0 0
%(pz—ff) p2 0 0
_ 4t
where A = Zﬁ(p3_H) 0 ps 0 | B pl(A A)
p1
yZt
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Thus, we get a recursion operator of the simplest example among the pseudo-
Riemannian metrics.

3. Geodesic Flows for Two Types Solutions of Einstein Equations

In this section, we consider geodesic flows for two particular solutions of Einstein
equations, and we construct recursion operators. These solutions of Einstein equa-
tions are the Kerr-Newman and the FRLW metrics. We describe a construction of
a recursion operator for the solution of Einstein equations. And we get constants
of motions with recursion operators.

3.1. The Geodesic Flow for the Kerr-Newman Metric

The Kerr-Newman metric is one of the exact solution of Einstein equations of
general relativity, it is a metric of space-time symmetry axis representing the black
hole that was charged to rotation. If the charge is equal to zero, the Kerr-Newman
metric is the Kerr metric. At very large radii, the curvature and dragging effects of
the central object are negligible, so the Kerr metric becomes flat as can be seen by
letting ¢ — oo (see [6]). Of the several forms of the Kerr-Newman metric, the most
useful expression for our purpose is given by the Boyer-Lindquist coordinates.

We consider the Kerr-Newman metric by the Boyer-Lindquist coordinates
sin? §
2

2
ds? = —% (dt — asin® 6de)” + ((r* + %) do — adt)”+ ar? 4 p?dp?
where t € (—00,0), 7 € (2M, ), § € (0,7), ¢ € (0,27), k = r% — 2rM +
a? + QQ, p2 =12 + a?cos?6 and aM = J. M is the mass of the black hole,
Q is the electric charge and J is the angular momentum. In addition, the Kerr-
Newman geometry has a horizon, and therefore describes a black hole, if and only
if M? > Q? + a?.

Here, for simplicity of notation, we putt = q1, r = q2, 0 = q3 and ¢ = qu

R . 2
ds? = - (dq1 — asin? Q3dq4)
sin? qs 9 9 2 P2 2 212
+ 2 ((¢5 + a®) dgs — adqr)” + ;dQQ + pdgs. (3)

For the canonical symplectic structure, we have the Hamiltonian vector field X gy
of the geodesic flow for the Kerr-Newman metric

3= (1
H—k:1 “oar " o



On the Construction of Recursion Operators for the Kerr-Newman and ... 91

where
2 1 A Q’pr 2p2
U, = -3 <aB Sm g3 — f(Apl + ap4)> , Uy = 5 Us = =
P K P P
2 (C(k—p*+ A
K p
292 4qop1
Vi=0, Vo ="5(C% = g5 +np)) — = 5 (Apy +apa) — (M — g2)p
2 sin g3 cos a? 22 %
1/3:‘132(13<2<B2+Hp§_'22?4)+32_ .p21p4>, V=0
P P sSin- gs sin” q3
A=d+q, B = apisings + C = apy cosqs + 'p4 .
sings’ sin g3

The Hamiltonian function H of the vector field Xz is

1[/a? (g3 + a*)?
H=-1("gin2gs— 2" "/
[<P2 s Kp? P 02p2

1, a? 1 5 a a(g3+a?)
ERL Y ) (rampp— I PP ¥ (A R .
2 <ﬁp2 p? sin? Q3) P P2 w2 )

We see that the Hamiltonian function H does not include ¢; and q4. Hence, p;
and p, are first integrals, and we put p; = «, py = (5. Then, we consider the
Hamilton-Jacobi equation

2, 2)2 Ao\ 2 2 2a(a2 - a2
2Eq§+(q2:a) a2—n< 2) +%52+ G(QQI:CL)%B

dgo
AWy 2
= —2FEa? cos? g3 + a®a’ sin® g3 + < 3> - 52 + 2aa (4)
dgs sin” qs
4
where W = Z Wi (qr) is the generating function. Since the equation (4) is a type
k=1
of separation of variables, we put K as
dw. 2
K = —2Fd® cos® g3 + a’a blIl(]-’-( 3> — 5 + 2aaf3
dgs sin? g3

where K is the third integral. Therefore, we have a generating function

dW- dW-
WZQQ1+/2dQ2+/3dQ3+5Q4 = aq + Wa + Wi + Bqa.
dg2 dgs
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Next, we determine the canonical coordinate system (P, () using a generating
function W. Thus, we get

dW dw.
Q1:E7 Q2:K7 Q3:717 Q4:74
dgq dgu
bW Wy b OW  OWy
YTT0Q0 0y 2T 0Q, 0Q,
P g W2 OWs po_ W2 W5
ST 9Qs T Qs 1T 000 0. M

by considering a canonical coordinates in the same manner as the geodesic flow
for the Minkowski metric. We consider that Q (k = 1,2, 3,4) are variables. In
terms of the canonical coordinate system, a vector field Xz and symplectic form
w are written as

4
w=Y dP; A dQs.

k=1

0
XH — {H,E} - _87P17

We put a (1, 1)-tensor field T as

! a a
T:;Qi <8Pi®dpi+aQi®in>-

Then, from Lemma 3, 7" is a recursion operator for X . In additon, the constants
of motion Tr(T*) (¢ = 1, 2,3, 4) of the geodesic flow of the Kerr-Newman metric
is

Te(T") :2(E4+Kf+o/+/34>, (=1,2,3,4.

Now, if Q = 0, (3) is the Kerr metric. If J = 0, (3) is the Reissner-Nordstrom
metric. And if ) = 0 and J = 0, (3) is the Schwarzschild metric. Then it enables
us to get the other three respective recursion operators for the Kerr metric, the
Reissner-Nordstrom metric and the Schwarzschild metric.

3.2. The Geodesic Flow for the FRLW Metric

Now, we consider the following metric

dr?
1 — kr?

ds* = —dt* + R(t)? ( + 7% (d6? + sin® 9d¢2)> )
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where R(t) is a scale factor and k is a constant representing the curvature of the
space. The metric (5) is called the Friedmann-Lemaitre-Robertson-Walker met-
ric. Also called simply the FRLW metric. This metric is widely used as a first
approximation of the expanding universe model.

Notice that we can, without loss of generality, scale the coordinate 7 in such a
way as to make k take one of the three values +1, 0, —1 ([8]). That is, if R(¢)
becomes to ¢ times, then the curvature becomes 1/c? times. In other words, radius
of the universe swells to c times. Let ¢y be the present time. And we assume that
R(tp) = 1. Then, k will be the curvature of present universe.

Also, if k = 0, (5) is called the flat FRLW metric. And if &k = +1, (5) is called
the closed, or spherical FRLW metric. Moreover, if £ = —1, (5) is called the
hyperbolic, or open FRLW metric.

Here, for simplicity of notation, we putt = q1, r = ¢2, 8 = q3 and ¢ = qq, the
metric (5) becomes

dg?
1-— kqg

ds? = —dg} + R*(q1) ( + ¢3 (dg3 + sin® quqi))

where g1 € (—00,00), g2 € (2M,0), g3 € (0,7), g1 € (0,27).

For the canonical symplectic structure, we have the Hamiltonian vector field X
of the geodesic flow for the FRLW metric

4
19, 0
X =3 (Ui +Vigy)

=1
where
T TR T Rad” T Ragsine
1 3 Pi dR(q1)
V1=<1—k2p2+3+ :
R3(q1) ( QQ) ? 43 q sin? g3 dt
2 2
q2 2 D3 Py COS g3 2
Va = <kp ++.>, V3 = : p;, Vi=0.
R*qi) \"? " a3 gfsin’gy R2(q)g3sin® g3

Then, the Hamiltonian function H of the vector field Xz is

1 4 1—]@(13 2

]' 2
“p? 4+ + .
2P TR ()2 T 2R2(g1)g

H=- . p
2R2(q1)¢2sin® g3 '

3 +
2



94 Tsukasa Takeuchi

We see that the Hamiltonian function H does not include q4. Hence, p4 is first
integrals, and we put p; = «. Then, we consider the Hamilton-Jacobi equation

2 - 2 2
2E:<dW1> Jrl 2kq2 <dW2)
dq1 R*(q1) \ dge

P <dW3) + : 6)
R*(q1)g3 \ dgs 2R%(q1)q3 sin” g3
4
where W = Z Wi (qr) is the generating function. Since the equation (6) is a type
k=1
of separation of variables, we put K and L as
AW 1 (dws)> 1
o (890 (30
dgo g5 \ dgs g5 sin” g3
dws\? 1
L = ( 3) =+ 9 062.
dgs sin® g3
K and L are the third integral. Therefore, we have a generating function
dW dw. dw.
W = 1d1—|—/2d2—|—/3dQ3+OZQ4:W1+W2+W3+CVQ4.
dg1 d dgs

Next, we determine the canonical coordinate system (P, () using a generating
function W. Thus, we get

1 =FE, Q2 = K, Q3 =L, Qs =«

oWy oWy oWy
P=——, Pp=—— - —=
YT, 2T 0Q,  0Qs
8W2 8W3 8W3
Pa=—= 2 Py= -2 _
ST T0Qs  0Qs 1T o, M

by considering a canonical coordinates in the same manner as the geodesic flow
for the Minkowski metric. In terms of the canonical coordinate system, a vector
field X7 and symplectic form w are written as

Xp={H B =2

4
= dP; A dQk.
ap  “ > dP A dQ;

k=1

We put a (1, 1)-tensor field 7" as

B
T = ZQl( ®dP+aQ ®dQl>.
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Then, from the Lemma 3, 7" is a recursion operator for X . In additon, the con-
stants of motion Tr(7%) (¢ = 1,2,3,4) of the geodesic flow of the FRLW metric
is

To(TY) :2(E£+K’f+a‘f+ﬁf>, 0=1,2,3,4.

These results provide new examples of recursion operators of the geodesic flow for
pseudo-Riemannian metrics.
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