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CRITICAL POINTS OF THE CLASSICAL EISENSTEIN
SERIES OF WEIGHT TWO

ZH1IJIE CHEN & CHANG-SHOU LIN

Abstract

In this paper, we completely determine the critical points of the
normalized Eisenstein series F5(7) of weight 2. Although Fs(7) is
not a modular form, our result shows that Eo(7) has at most one
critical point in every fundamental domain of the form ~(Fp) of
I'y(2), where y(Fp) are translates of the basic fundamental domain
F, via the Mébius transformation of v € T'y(2). We also give a
criteria for such fundamental domain containing a critical point of
E5(7). Furthermore, under the Mobius transformations of I'g(2)
action, all critical points can be mapped into the basic fundamen-
tal domain Fy and their images in F give rise to a dense subset
of the union of three connected smooth curves in Fj. A geometric
interpretation of these smooth curves is also given. It turns out
that these curves coincide with the degeneracy curves of trivial
critical points of a multiple Green function related to flat tori.

1. Introduction

The Jacobi theta functions, the Eisenstein series and the Weierstrass
functions arise in numerous theories and applications of both mathe-
matics and physics. Since their discovery in the early 19th century,
the mathematical foundation of elliptic functions was subsequently de-
veloped. It turns out that, besides their applications in science, these
special functions in the elliptic function theory are rather deep objects
by themselves.

The main goal of this paper is to completely locate all the criti-
cal points of the classical function 7;(7) or equivalently the normalized
Eisenstein series Fs(7) of weight 2. Throughout the paper, we use the
notations RT = (0, +o0), w1 =1, wy =7, w3 =1+7 and A, =Z + Zr,
where 7 € H = {7|Im7 > 0}. Let p(z) = p(z|7) be the Weierstrass
p-function with periods A, defined by
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Let ¢(2) = ¢(z|7) :== — [7 p(&|7)d¢ be the Weierstrass zeta function,
which is odd and has two quasi-periods ng(7) := 2¢(5[7), k = 1,2:
(L1 m(r) = ¢z + 17) = C(2|7), m2(7) = C(z + 7|7) = C(2]7).

The well-known Legendre relation gives ny(7) = 791(7) — 2mi. In the
literature, 7 (7) is known as the Weierstrass eta function (cf. [1]), which
is just a multiple of the normalized Eisenstein series Ea(7) of weight 2:

(1.2) %771(7') (7) = 7r2 Z Z (m7 +n)?

m=—0o0 nN=—0o0

=1-— 24ane2nm'z b= d.

n=1 1<d|n
Conventionally, >~ means to sum over (n,m) € Z2\ {(0,0)}. Besides,
m(7) is also connected with Dedekind eta function
oo

n(r) :==e1z (1—e

n=1

2n7ri7—)

through the following logarithmic differential formula (cf. [1, p. 696]):

1 v

777/(7') = 5771( 7).

Unlike the other Eisenstein series of weight 2k with k > 2, Es(7) is
not a modular form. Its transformation under the action of SL(2,Z)

satisfies
ar +b 6ic a b

(1.3) Es (m—i—d) = (eT+d)?Ey(7)— — — (er4d), (C d) € SL(2,Z).

Thus it is surprising that its critical points possess the following prop-
erty.

Theorem 1.1. Let F' = v(Fp) be a fundamental domain of T'g(2).
Then E3(T) has at most one critical point in F.

Here F0(2) is the congruence subgroup of SL(2,Z) defined by
={(2Y) € SL(2,Z)|c=0 mod2},
and Fp is the basic fundamental domain of I'y(2):
Fy:={reH|0< Rer<land|r—3| >3}

Then for any v = (¢%) € To(2)/{*xl2} (i.e. consider v and —vy to be
the same),

WFy) = {v 7= | € B} = (—9)(R)

is another fundamental domain of I'y(2).
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Recently, there are some works studying the zeros of Es(7); see [9,
18] and references therein. As far as we know, there seems no results
concerning the critical points of E2(7) in the literature.

In view of Theorem 1.1, a natural question is: What are those funda-
mental domains containing critical points? This is completely solved in
the following result. Note that v(Fy) = Fo + m for some m € Z if and
only if ¢ = 0.

Theorem 1.2. Let F = ~(Fy) be a fundamental domain of T'o(2)
with v = (2%) € I'o(2)/{xl2}. Then F contains a critical point of
Es(7) if and only if ¢ # 0.

By Theorem 1.2, we can transform every critical point of Es(7) via
the Mobius transformation of I'yg(2) action to locate it in Fj. Denote
the collection of such corresponding points in Fy by D, which consists of
infinitely many points. A fundamental question is: What is the geometry
of the set D?

Surprisingly, it turns out that D locates on the union of three con-

nected smooth curves T(C)’s in Fy, which are parameterized by C €
R\ {0, 1} via the following identity
o
(1.4) C=r-— ™ , TEF
m(7) £ v/ g2(7)/12
Here g2(7) = 60G4(7) is the well-known invariant coming from
o' (217)? = dp(2|7)° — g2()p(2]T) — g3(7),
and G4(7) is the Eisenstein series of weight 4. We will prove in Section
2 that for each C' € R\ {0, 1}, there is a unique point 7(C) € Fy such
that (1.4) holds.!  Consequently, the parametrization (1.4) will give
three connected smooth curves

Co :={7(C)|C € (0,1)},
C_:={7(0)|C € (—00,0)}, C4 :={7(C)|C € (1,400)}.

The relation between (1.4) and 7;(7) comes from the classical formula
(see e.g. [1, p. 704], or from Ramanujan’s formula: Ej(7) = T (E3 —
Ey))

(1.5) (1) = 5z (m(1)? = 1392(7)) .

Theorem 1.3. Let 7(C) be defined by (1.4) for C € R\{0,1}. Then
(1.6) D={7(=%)|(2}) € To(2)/{£l2} with c# 0} CC_UCyUCy.
Furthermore, the closure of D in Fy is precisely the union of the three
connected smooth curves:

(1.7) DNFEy=D\{0,1} =C_UCyUCy.

!Note that the right hand side (RHS) of (1.4) is actually a multi-valued function,
please see Theorem 3.1 for the precise definition of this unique 7(C).
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REMARK 1.4. In fact, we will prove 7(C) € ]50, where ﬁb = Fy\0Fy
denotes the set of interior points of Fy. Given v = (2%) € I'g(2)/{£1>}
with ¢ # 0, we will prove in Theorem 4.1 that the unique critical point

—d . v .
of Ep(7) in v(Fp) is precisely % € v(Fp). Given v = (zj Z?) c
Tl )+

I'o(2)/{%I>} with ¢; # 0 such that v, # +72, we have v1(Fo) N2 (Fp) =
() (note that v1(0Fp) Ny2(0Fy) # 0 may happen) and so

alT(%Clll)—Fbl agT(idg)—i-bg

c2

ClT(_d1)+d1 CQT(_dz)—i—dz.

&1 c2

Therefore, the map from D to the set of critical points of E(7) is one-to-
one and onto. The above results completely locate all the critical points
of the Eisenstein series Fs(7) or equivalently 71 (7). To the best of our
knowledge, such fundamental results have not appeared in the literature
and are new. We believe that they will have important applications. For
example, we consider 7 = 3 + b with b > 0. Then () € R. In order
to study the behavior of the Green function on rhombus tori, Wang
and the second author [14] considered the monotone property of 71(7)
and their numerical computation [14, Figure 2] suggests that 7; should
increase from 0 to some by and then decrease after by, but they can not

prove this assertion in [14] because (1.2) implies

3 o0
;m(% +ib) =1—24) (=1)"bpe "™, b= Y d>0,
n=1 1<d|n

from which it seems difficult to obtain the monotone property shown in
[14, Figure 2]. Now this assertion is confirmed by the following corollary.

Corollary 1.5. There exists by € (3, ﬁ) such that (% + ib) is

strictly increasing for b € (0,bg) and strictly decreasing for b € (by, +00).

One of our motivations of studying critical points of 71 (7) comes from
the Green function on flat tori. Let E, := C/(Z + Z1) be a flat torus
and G(z) = G(z;7) be the Green function on the torus E,:

1
—AG(z;7) = 0o — A on E., / G(z;7) =0,
T Er

where dp is the Dirac measure at 0 and |E;| is the area of the torus
E-. See [14] for a detailed study of G(z;7). In [2, 13, 15, 16|, Chali,
Wang and the second author introduced a multiple Green function G,
n € N. Geometrically, any critical point of G, is closely related to
bubbling phenomena of nonlinear partial differential equations with ex-
ponential nonlinearities in two dimension; see [2, 13, 16] for typical
examples. Thus, understanding the critical points of G, is important
for applications.
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For the case n = 2, the multiple Green function G5 is defined by
(1.8) Go(z1,20;7) := G(21 — 22;7) — 2G(21;7) — 2G(22; 7),
where 0 # 21 # 29 # 0. A critical point (a1, as) of Gy satisfies

2VG(ay;7) = VG(a1 —ag; 1), 2VG(ag;7) = VG(ag — ay;7).

Clearly if (a1, a2) is a critical point then so does (a2, a1), and we consider
such two critical points to be the same one. A critical point (aj,as2) is
called a trivial critical point if

{a1,a2} = {—a1,—a2} in E;.
Recall w; = 1,ws = 7 and wg = 1+ 7. It is known [16] that G2 has only
five trivial critical points {(%wi, %wj)|i # 7} and {(q+, —q+)|p(qx|T) =
++/92(7)/12}, and the Hessian at (¢4, —q+) is given by
det D*G(qx, —q=; 7)

319210y ()P Tm el
_47T4Im7'|p(qi| )+ m(m)I"I ( m(T) £ 92(7')/12>'

From here and (1.4), we will prove in Section 5 that the three curves
coincide with the degeneracy curves of Go (i.e. the curves consisting
of those T’s such that the Hessian at some trivial critical points of Ga
vanishes) related to (g4, —q+). The Hessian at (3w;, 1w;) is related to
the critical points of the classical function ey (1) := (5 |7), {4,4,k} =
{1,2,3}. We will study the critical points of e;(7) in another paper.
Our proof of the existence and uniqueness of 7(C') relies on a pre-

(1.9)

modular form qu?s) (1) of weight 3 introduced in [15, Example 5.8]. See
also [7]. For each pair (r,s) € R?\ 172, Zﬁ? (1) is defined by

A (1) := Zm(r)?’ —3p(r + sT|T)Zy 5(T) — o (r+ s7|7),

r,s

where Z, (7) is introduced by Hecke [11]:
(1.10) Zys(1) == C(r + s7|7) —rni (1) — sna(7).

Indeed, if (r,5) € Q?, Z,s() is the well-known Eisenstein series of
weight 1 with characteristic (7, s); see [8, p. 139]. It is not difficult to
see that Z, ¢(7) is a modular form of weight 1 with respect to I'(V) if

(r,s) is a N-torsion point, so Z,(,Qs) (1) is a modular form of weight 3.
See Section 2. The importance of Zﬁ,zs) (1) lies on the fact that at any
2)

zero Ty of Z,g, s (+), the pair (r, s) contains all the monodromy data of the
classical Lamé equation

(L.11) y"(2) = [n(n +1)p(z[r0) + Bly(z), n=2

for some B € C; see [15, Theorem 4.3]. Therefore, it is important to
study the zero of Zﬁ?)(-), which has not been settled yet. In this paper,
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we study the structure of the zeros of ZT(?) (+). Define four open triangles
(see Figure 1 in Section 2):

Ng:={(r,s)|0<r,s<i, r+s>3}
(1.12) Al::{(r,s)|%<r<1,0<s<l,r+s>1},
' Ng:={(r,s)|5<r<1,0<s<3, r+s<l1},
Ag:={(r,s)|r>0,s>0, r+s<i}

Theorem 1.6. Let (r,s) € [0,1] x [0, 3]\1Z2. Then Z,S?S) (1) =0 has
a solution T in Fy if and only if (r,s) € A1 U Ay U As. Furthermore,
for any (r,s) € A1 UL U Ag, Z,g?s) (1) has a unique zero T in Fy which

satisfies T € Fp.

Remark that Zﬁ?s) (7) is not well-defined for (r, s) = (0, 0) since Zyo =
oo and so do p(0), ¢'(0). To prove Theorems 1.2-1.3, we will “blow up”
Z$2 (1) by considering lim, éZ(fgss(r), C € R, and the existence

and uniqueness of 7(C') will follow from that of the zero of Z(fé < s(T) as
s — 0. 7

The rest of this paper is organized as follows. Theorem 1.6 will be
proved in Section 2. In Section 3, we apply Theorem 1.6 to prove the
existence and uniqueness of 7(C). See Theorem 3.1. In Section 4,
we give the detailed proofs of our main results Theorems 1.1-1.3 and
Corollary 1.5. Some precise characterizations of the three curves (see
Theorem 4.2) will also be given. In Section 5, we introduce the relation
between the three curves and the degeneracy curve of G5 and prove
the smoothness of the curves. Finally in Appendix A, we give another
application of Theorem 1.6.

Acknowledgments. The authors thank the referee for valuable com-
ments and Prof. Chin-Lung Wang for providing the file of Figure 3
to us. The research of the first author was supported by NSFC (No.
11701312).

2. Zeros of pre-modular forms

This section is devoted to the proof of Theorem 1.6. First we recall
the modularity of g2(7) and p(z|7). Given any (%) € SL(2,Z), it is
well known that

(2.1) g2(4t8) = (e7 + d)* ga(7),
o (a| ) = (er + ) p(alr).
From here we can obtain

(5

24 = (7 +d) C(4I7),



THE CLASSICAL EISENSTEIN SERIES OF WEIGHT TWO 195
and so
772(‘”“’)) a by (n2(r)
2.2 crtd’ ) — (et +d .
(2.2) <m(g;¢g) e a) )
In the rest of this paper, we will freely use the formulas (2.1)—(2.2).
As in [7, 15], for any (r,s) € R?\ Z?, we define pre-modular forms

Zys(T) :=C(r + s7|T) — rni (1) — sna(T)
(2.3) =C(r + s7|1) — (r 4+ sT)m (1) + 2mis,

(2.4) Z(1) == Zpo(1)3 = 3p(r + s7|7) Zy.s(T) — ¢/ (1 + 57]|7).

TS

As mentioned before, Z,E?S)(T) is not well-defined for (r,s) € Z2. If
(r,s) € 2Z*\Z?, where

122 = {(%2,2) |m,n € Z},

then (1.1) and the oddness of ((z|7) imply Z, (1) = 0 and so qu?s) (1) =
0, where we used (%) = 0. Therefore, we only consider (r,s) €

R?\3Z2. Then both Z, () and Z,E,QS)(T) are holomorphic in H, and it is
easy to see that the following properties hold:

(1) Zrs(T) = £ Zmarnas(r) and hence Z3 (1) = £250 4 (r) for
any (m,n) € Z2.

(i) Zy ¢ (1") = (e +d) Z, (7) and hence Zﬁ)s, (") = (e + d)gZﬁ?s) (1)
for any v = (¢%) € SL(2,Z), where 7/ = v - 1 := g;ig and
(s',7") = (s,7) -y~ L.

In particular, when (r,s) € @Qx is a N-torsion point for some N € N>3,
where

(2.5)  Qn = { (% %2) ‘ ged(ki, ko, N) =1, 0 < k1, ko < N — 1},

and v € I'(N) := {y € SL(2,Z)|y = Iymod N}, then (r;s") = (r,s)
mod Z2. In other words, if (r,s) € Qu, then

Zrs (S28) = (er + d)Zrs(r), 22 (28) = (er + )22 (7)

hold for any v = (2 %) € I'(N), namely Z, () and Zﬁ?s) (1) are modular
forms of weight 1 and 3, respectively, with respect to the principal
congruence subgroup I'(IV). Due to this reason, Z, 4(7) and Z,S,QS) (1) are
called pre-modular forms in this paper as in [15].

We are interested in the structure of the zeros of Z, ¢(7) and qu?s) (1)
for (r,s) € R%\ %Z? By property (ii), we can restrict 7 in the funda-
mental domain Fy of I'g(2):

Fo:={reH|0< Re7’<1and|7’—%|>%},
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A3 Az

Figure 1. The four open trianlges Ay.

and by (i), we only need to consider (r,s) € [0,1] x [0, 1]\1Z2. Recall
the four open triangles defined in (1.12) (see Figure 1). Clearly [0, 1] x
[0, %} = U} _gAk. The following result was proved in [6].

Theorem A ([6]). Let (r,s) € [0,1] x [0, 3]\3Z%. Then Z,4(1) = 0
has a solution T in Fy if and only if (r,s) € No. Furthermore, for any
(rys) € No, Zys(T) has a unique zero T in Fy which satisfies T € Fy.

)

In this paper, we will prove an analogous result for quQS (7).

Theorem 2.1 (=Theorem 1.6). Let (r,s) € [0,1] x [0, 3]\3Z%. Then

Zﬁ?s) (1) =0 has a solution T in Fy if and only if (r,s) € A1 U AU As.
Furthermore, for any (r,s) € A1 U Ag U As, Z,S,QS) (1) has a unique zero

T in Fy which satisfies T € Fy.

Unlike Z, 4(7), Theorem 2.1 shows an interesting phenomena for
Z;?S)(T). For example, Zﬁ?s)(r) has zeros in Fy for (r,s) € A1 U Ay,
but it has no zeros in Fy for (r,s) € 01 N OAs.

The rest of this section is to prove Theorem 2.1. The reason why
we choose the fundamental domain Fj will be clear from the proof,
particularly Lemma 2.3. The basic strategy is similar to that of proving
Theorem A in [6]. However, the argument is more involved and new
techniques are needed. For example, for the same assertion of the pre-
modular forms having no zero in Fy for (r,s) € uizoaak, it is a trivial
consequence of the same assertion for (r,s) € A1 UAgU A3 in Theorem
A; but obviously, this is not the case in Theorem 2.1.

First we need the following important results from the viewpoint of
partial differential equations (PDE).

Theorem B ([15, 4]).
(1) [15, Theorem 0.4] The mean field equation

(2.6) Au+e“ =161y on E; :=C/(Z+ Zt)



THE CLASSICAL EISENSTEIN SERIES OF WEIGHT TWO 197

has solutions if and only if there exists (r,s) € R? \ %ZQ such that
T is a zero of Zr(?s)()

(2) [4, Theorems 1.1 and 3.1] If 7 € {e™/3}UiR*, then equation (2.6)
has no solutions.

REMARK 2.2. In [2, 15], Chai, Wang and the second author studied
the following singular Liouville equation

(2.7) Au+e" =8nmdy on E;,

where n € N. The solvability of (2.7) depends essentially on the moduli
7 of the flat torus E; and is intricate from the PDE point of view.
To settle this challenging problem, they studied it from the viewpoint
of algebraic geometry. They developed a theory to connect this PDE
problem with the Lamé equation (1.11) and pre-modular forms. In
particular, Wang and the second author [15] proved the existence of a
pre-modular form Z,SZ)() of weight n(nH) such that (2.7) on E; has

solutions if and only if Zﬁg)( ) = 0 for some (r,s) € R?\ 1Z2. Theorem

B-(1) is a special case of this statement for n = 2. Theorem B-(2) is a
purely PDE result. See also [10], where the non-existence of even and
symmetric solutions (i.e. u(z) = u(—z) = u(z)) of (2.7) for 7 € iR" was
proved. We will see that Theorem B plays a crucial role in the proof of
Lemma 2.3 and hence Theorem 2.1. This is the only place where the
PDE results are used.

Lemma 2.3. Let (r,s) € [0,1] x [0, 3]\3Z?. Then Z3(r) £ 0 for
any T € {e™/3} U (0Fy N H).

Proof. Tt does not seem that this assertion could be obtained directly
from the expression (2.4) of Zﬁ?s) (7). Indeed, this lemma is a consequence
of the result of nonlinear PDEs (i.e. Theorem B).

Given 7 € {€™/3} U (0Fy NH). If 7 € {¢™/3} U4R™T, then Theorem
B implies Zﬁ?s) (1) # 0 for any (r,s) € R*\3Z?. If 7 € iRT + 1, then by
applying v = ((1) ’11) in property (ii), we have that 7 — 1 € iR* and

Z£2> () =272

,S r+8,8

2\ 1772
(1 —1) # 0 for any (r,s) € R%\5Z°.
If |7 — %| = 4, then again by applying v = (
see that ﬁ 6 iR* and
(1 =723 (r) = 217, (+55) # 0 for any (r,5) € R?\LZ2.
This completes the proof. q.e.d.
Recalling Qn in (2.5), we define

(2.8) My(r):= [ 22

(T,S)EQN
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By properties (i)—(ii), it is easy to see that My (7) is a modular form with
respect to SL(2,Z) of weight 3|Qn| (i.e. for any v € SL(2,Z), when
(r,s) runs over all elements of @y, then so does (1/,s") after modulo
72), where |Qn| = #Qn. To apply the theory of modular forms, we
recall the following classical formula. See e.g. [8, 17| for the proof.

Theorem C. Let f(7) be a nonzero modular form with respect to
SL(2,Z) of weight k. Then

(29) S welf) +vsol) )+ ) = .
TeH\{i,p}

where p = /3, vr(f) denotes the zero order of f at T and the sum-
mation over T is performed modulo SL(2,7) equivalence.

We note for each (r,s) € Qn, there exists a unique (7,5) € Qn
such that (7,3) = (—r, —s) mod Z2. Then property (i) of Zﬁ?s) (1) gives
Z8)(r) = — 22 (7), which implies that

(2.10) vr(Mpy) € 2NU {0} for any 7 € H.

To apply Theorem C, we need the asymptotics of Zﬁ?s) (1) as Im7 —
+00.

Lemma 2.4. Let (r,s) € [0,1)x[0,1)\3Z? and g = e*™" with T € Fy.
Then the asymptotics of ZT(?S) (1) at the three cusps T = 0,1,00 are as
follows:

(a) As Fy > 7 — o0,

Z3)(r) = 4ndis(1 — s)(2s — 1) + o(1) if s€ (0,3) U (3,1),
Z3)(r) = —487°sin(27r)q + O(¢?) if s =0,
Z;?S) (1) = —127%sin(27r)¢" /2 + O(q) if s=1/2.
(b) As Fp 57— 0,
lim Z2 (1) =00 if re (0,3)U(3,1).

s
T—0 ’

(c) As Fo5 17— 1,

lim ZZ(r) = 0o if (r+s)€(0,5)U(3.1)U(L3]).
Proof. By using the g-expansions of p(z|7) and Z, 4(7) (see (3.12)-

(3.13) in Section 3), the asymptotics of Zr(?s) (1) as 7 — oo can be easily
calculated. Because the calculation is straightforward and is already
done in [7, 15], we omit the details for (a) here.
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The asymptotics of ng) (1) at the cusp 0 can be obtained by using
property (ii) and the assertion (a). Letting v = (7 ') leads to
() =7 Z2(7).

When 7 € Fy and 7 — 0, we have 7771 € Iy and 7771 — 00. Then
applying (a) we obtain that as Fyp 5 7 — 0,

pre)

r4+s,—7r

Z(Q)(T) — ;12(2) : (TT—I)

7,8 3 —(r+s),r
-1 3. . 1 1
(2.11) =3 [471' ir(L—r)(2r—1)+ 0(1)] if 7€ (0,5)U(s,1).

This proves (b).
Similarly, when 7 € Fy and 7 — 1, we have TT_I € Fy and TT_I — 0.
Applying property (ii) and (2.11) we obtain that as Fy 3 7 — 1,

28(r) = 52200 (75)

7,8 7_3 r4+s,—r

—1
= —— [4xn3 1—r—s)(2r+2s—1 1
(T_l)g[wz(r+s)( r—s)(2r+2s— 1)+ o(1)]
for r+s € (0,3)U(3,1). The remaining case r+s € (1, 3) follows from
253 (r) = 22

r—1,s

(7). This proves (c). q.e.d.

Lemma 2.4-(a) implies

0 if s#£0,1/2
(2.12)  the vanishing order of Z,E?S) (t)at cois ¢ 1 if s=0
3 if s=1/2

Recall Ak, k=0,1,2,3, defined in (1.12).

Lemma 2.5. Fizk € {0,1,2,3}. Then the number of zeros onT(f;) (1)
in Fy is a constant for (r,s) € Ag.

Proof. Since (r,s) € Ay, we have r,s,r + s & {0, %, 1, %}, so Lemma
2.4 (a)—(c) imply that

Z,S?(T) 40 as Fp 27— 00,0,1

respectively. Together with Lemma 2.3 that Zr(?s) (1) # 0 on OFy NH, it

is easy to apply the argument principle to conclude that the number of

zeros of Z,S?S) (1) in Fp is a constant for (r,s) € Ay. q.e.d.

Lemma 2.6. Let (r,s) € Q3. Then Zgg) (1) #0 for any T € H.

Proof. Note that 3|Q3| = 24. Since s # 3 and (3,0), (3,0) € Q3, we
see from Lemma 2.4-(a) (or (2.12)) that M3(7) ~ ¢* as Fy > 7 — oo,
i.e. voo(Ms) = 2. Therefore, we deduce from (2.9) that Ms(7) has no
zeros in H. q.e.d.
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Figure 2. Fy = F U~ (F)U~a(F).

Let F be a fundamental domain of SL(2,7) defined by?
(213) Fi={r €M |0<Rer <1,|r| > Llr—1] > 1} U{e™/3).

Define v(F') := {7 - 7|7 € F} for any v € SL(2,Z), then ~(F) is also a
fundamental domain of SL(2,Z). Let

(2.14) "= <_01 }) y V2= G _01> )

then it is easy to prove that
(215) F0:FU’}/1(F)U")/2(F).
See Figure 2, which is copied from [6]. Now we are in the position to

prove Theorem 2.1.

Proof of Theorem 2.1. Recall Lemma 2.3 that er (1) #0forT e {ptu
(0Fy NH). We divide the proof of Theorem 2.1 into several steps.

Step 1. We claim that Z7(,2s) (7) has no zeros in Fy for (r,s) € Ap.

Lemma 2.6 says that Z(1 )1( ) has no zeros in Fy. Since (3, 3) € Ao,

our claim follows directly frorn Lemma 2.5.

Step 2. We claim that Zﬁys) (1) has a unique zero in Fy for (r,s) €
AN U Ay U Ag.

Since
(2.16) (5,3) ey, (3,3) €, (3,%) € Ds,
2 1)

by Lemma 2.5 we only need to prove the claim for (r,s) € {(%, 2), (3, 3),

(g, 7)} Note that Mg(7) is a modular form of weight 3|Qs| = 72. For

20f course, the standard definition of F should be F := {7 € H | 0 < Ret <
1,|7| > 1,|7=1] > 1}U{e™/3},i.e. ReT = 1is not needed. In this paper, to guarantee
the validity of (2.15), it is more convenient for us to use the definition (2.13), which

does not effect our following argument because Lemma 2.3 says that Z7(22 (1) #0if
Te{r€H|Rer =1} Un({r € H|ReT =1}) U2 ({Tr e H|ReT = 1}) C 9Fp N H.
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. (2) . .
Y 9y r,s
(r,s) € Qs, Lemma 2.4-(a) shows that lim Z;§(7) = 0 if and only
T—00

(a
if (T’, 8) S {(67 ), (6’0) (% %)7 (%7 %)7 (%7 %)7 (%7 %)} Thus we see from
(2.12) that
Voo(Mg) =1 x 2+ 3 x4=4.
On the other hand, Lemma 2.3 says v;(Ms) = v,(Mg) = 0. Therefore,
it follows from (2.9) that

(2.17) > (M) =2.

e\ {i,p}
Recall that F' defined in (2.13) is a fundamental domain of SL(2,Z).
Applying (2.10), there exists a unique 70 € (F N Fy) \ {p = €™/} such
that v, (M) = 2, i.e. there exists a unique (r1,s1) € Qg such that

(2.18) 282, (10) = 0,
where
1y (1 1 1y ¢1 1y ¢1 1y (1 1
Q% :{ (076)7(670)7(676)7(67§)7(67§)7(§76)7 } - [0 1) « [O %]
: 1 1y (1 1y (1 1y (2 1y (5 1\ (5 1 J ’
(37 2)a(§76)a(§>§ 7(5)6)7(6)6)7(87§)
Remark that for any (r,s) € Q 6, either (r,s) € Qg or there exists a

11y
676
Assume by contradiction that (r1,s1) & {(%, ),(2,%),(2,4)}. Then
by (2.17)—(2.18), we have

(2.19) Z3(r) #0in F for (r,s) € {(5, %), (3, §), (3. 5)}-
Recall (2.14)—(2.15). Letting v =~1 = ( ° 1) in property (ii) leads to
(2:20) 2% s m) = (1 =12 (7)
Applying this to (r,s) € {(§, 2),(3,3),(2,3)}, it follows from property
(i) that
@21 Z0nm =22 (n 1) =1 -1)25 (),

63 63 66
(2.22) 2P (1) =2% s(n 1) = (1 =122, (7),

576 RL 376

2) 21 =28 1) = (1-7)° 22 ()

376 376 6°3
Together with (2.19), we obtain
(224)  ZB)(r) #0inn(F) for (r,5) € {(§, 5): (5. ) (3. 3)}-

leads to

N O’:h—l

(
Similarly, letting v = 72 = (% _01) in property (ii
(2.25) 22, (2 -7) = 7 Z2(r)
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and so

(2.26) _Zg)l (yo-7) = Z(f);l (y2-7) = T?’Z(f)l (1),
376 376 6'6

(2.27) 22 (1o 7) = 27 (v 1) = 7280 (7),
63 6’3 376

(2.28) 2P (v 7) =28 (e 1) =720, (7).
6’6 6’6 63

Together with (2.19), we obtain

Z3)(1) £ 0in y(F) for (r,s) € {(3, 1), (2,4, (2. D}
Therefore, it follows from (2.15) (i.e. Fy = F U~ (F) U v,(F)) that

2 .
Zi2(r) # 0 By for (rs) € {(5,3).3.3).(3. 5} By (2.16), w
conclude from Lemma 2.5 and Step 1 that

(2.29) ZA(1)£0 in Fy forany (r,s) € Up_gAg.

From (2.29), (2.18) and (r1, s1) € Q4 C [0,1)x [0, 5], we obtain (r1, s1) €

Us_y0A k. This, together with Zﬁ??sl(m) = 0 and the argument princi-
ple, implies the existence of (r,s) € US_ /Ay close to (rq,s1) such that

Z,g?s)(r) = 0 for some 7 € Fj close to 79, a contradiction with (2.29).
Therefore, (r1,51) € {(5,5). (3, 5). (5, 3)}-

Step 2-2. We prove that ZT(,QS)( ) has a unique zero in Fy for each
(r,5) € {(5:6): (5 5): (3 5)}-
By Step 2-1, without loss of generality, we may assume (r1,s1) =

(L l) (the other two cases (r1,s1) = (%, %), (%, %) can be discussed in

6’
the same way).

Then 79 is the unique zero of Z3 @) L (7) in F and (2.17) implies

6’6
(2.30) Z3(r) #0in F for (r,s) € {(2,2). (2. D)}
This together with (2.22) and (2.28) implies
23 (1) # 0 in 71 (F) Una(F).
676
Therefore, by (2.15) we conclude that Z(12)1 (7) has a unique zero in Fy.
6’6
For (r,s) = (% %), by applying (2.21), we see that 1 - 7p is the unique
2)

zero of Z:7, (1) in 1 (F'). Clearly (2.27) and (2.30) give

@\m/—\

1
'3

AS ()#Oln’yg(F)

)

@‘U‘A
W=

Together with (2.30) and (2.15), we conclude that Zg)l (7) has a unique
6’3
zero in Fp. By a similar discussion, Z g )l(T) also has a unique zero in

6
5.
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Now by (2.16) and Lemma 2.5, we conclude that ZT(?S) (7) has a unique

zero in Fy for (r,s) € A1 U Ay U Ag. This proves Step 2.

Step 3. We prove that Zﬁ?s) (1) # 0 in Fy for any (r,s) € Up_,00\
172
2

Suppose that there exists (rg,so) € U%ZO(?A;C\%Z2 such that

Zr(g,)so(T) = 0 has a zero 7y in Fy. Lemma 2.3 implies 79 € I%o \
{p}. Clearly there exists a sequence of prime numbers N — oo and
(N, SN) € Qan, Sy < %, such that

(Fn.3N) € Up_g0AR\3Z? and (7n,8n) — (0, 80) as N — oo.
Again by the argument principle, it follows that

(2.31) Zg) (1) has a zero 7y € Fy \ {p} for N large.

Ny»SN

By (2.15), (2.20) and (2.25), we may always assume 7y € F by replacing
Fn with one of {y; - 7x, 75 ' - 7} if necessary.

Now fix such a large prime number N. Recalling (2.8) that Moy (7) is
a modular form with respect to SL(2,7Z) of weight 3|Qan| = 9(N? —1).
Since for any k € {1,3,---,2N — 1}\{V}, (%,0) € 2N, and for any
ke {1,2,-- 2N — 1\{N}, (&%,3) € Qan, it follows from Lemma
2.4-(a) that

Voo(Man) =1 % (N = 1)+ 3 x 2(N — 1) = 2(N —1).

Together with Lemma 2.3 that v;(Man) = v,(Man) = 0, we see from
(2.9) that

3(N? —1) 3N?-8N +5

(2.32) > v(Myy) = 2N 1) = 1 ,

TeH\{i,p}

where the summation over 7 is performed modulo SL(2,Z) equivalence.
On the other hand, recall

Ag={(r,s)[r>0,5>0,r+s<3}
It is easy to compute that in Qop, there are

N-3 _(N-1)(N-3)

14+24...
24— <

(r,s) = (2’“—}\,, 2’%)’8 belonging to Asz such that k; is odd and k2 is even
(resp. ki is even and ko is odd); and there are

N-1_(N+1)(N-1)

14924...
+24 b 2
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(r,s) = (£, 22 y’s belonging to Az such that k; and ko are both odd.

2N’ 2N
Thus
N-1D((N-3) (N+1)(N-1
(2.33) |Qan N D3] = ( Z( ) + ( ); )
_ 3N?-8N+5
= < )
Write )
3N“—8N +5
QzNﬂA3={(rk,sk) 1§k§8+}_

Applying Step 2, we see that Z,, s, (7) has a unique zero 7, € Fyin Fp.
If 7, € 1(F) U (F), say 7, € v1(F) for example, for some k, then
by (2.20) and property (i) it is easy to see the existence of (7}, s}) €
As N Qon such that ’yl_l -7, € F' is the unique zero of Zﬁ?s@ (1) in Fp.
Therefore, together with (2.31) and (2.33), we conclude that

3N? —8N +5
D vr(May) > 2Qan N Ag| +2 = — t2
TeH\{i,p}
which is a contradiction with (2.32). This proves Step 3 and hence the
proof of Theorem 2.1 is complete. q.e.d.

3. Existence and uniqueness of 7(C)

The purpose of this section is to prove the existence and uniqueness
of 7(C) for C € R\ {0,1} by applying Theorem 1.6. Given C' € R, we
define the holomorphic function fo(7) on H by

(3.1) fo(r) :=12(Cmi(r) — m2(7))? = g2(7)(C — )%
By n2 = ™1 — 2mi, we see that fo(7) = 0 if and only if (1.4) holds.
This fo(7) appears in the expression of solutions of certain Painlevé
VI equation (cf. [3, 5]). The following result proves the existence and
uniqueness of 7(C) as zeros of fc(7). Recall the fundamental domain
F[) of F()(Q)Z
Fo={reH|0<Rer <1, |7—3|>3}.
Theorem 3.1 (Zero structure of fo(7) in Fp).
(1) For any C € R\{0,1}, fc(7) has a unique zero 7(C) in Fy. Fur-

thermore, 7(C) € Fy.
(2) For C € {0,1}, fo(7) has no zeros in Fy.

Recall the classical result (cf. [1, p. 704]) that
?

(3.2) m(r) =5 (m(7)* = 1592(7)) -

To prove Theorem 3.1, first we need the following lemma.
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Lemma 3.2. If 7 = ib with b > 0, then (1) # 0 and

(3.3) g2() = 12m(7)* > 0,
(3.4) 12n9(7)? — 72ga(7) > 0.
Proof. Denote q = ¢*™7. Recall the g-expansion of 11 (7) (see (1.2)):
2 [e.e]
T
(3.5) m(r) = 3 82 Zbqu, where by, = Z d.
k=1 1<d|k

Let 7 = ib with b > 0. Then ¢ = ¢~2™ and hence %, (ib) > 0 for b > 0.
So nj(7) # 0 and (3.3) follows from (3.2). To prove (3.4), we use the
following modular property (see (2.2)):

(3.6) m(Z) =mn(r), g2(3) =7g2(7).
It follows that
122(7)? — m2ga(7) = ;12 [12m(F)* = g2(F)] > 0,
i.e. (3.4) holds. q.e.d.
Lemma 3.3. For any C € R\{0,1}, fo(7) #0 for 7 € 0Fy N H.

Proof. Suppose fo(1) = 0 for some 7 € 9Fy N H.

Case 1. T € iR™.
Then it is known that g2(7) > 0, 71(7) € R (see e.g. Lemma 3.2) and
n2(7) = ™1 (1) — 2mi € iR. It follows from fo(7) =0 and (3.1) that

T =)+ Ve)i2 ek,

a contradiction with our assumption C' € R\ {0}.

T

Case 2. |7 — | = 3.
Then 7 = == € iR*. Define ' := ;<5 € R\ {0}. By go(7) =

(1 —7)%go(7) and
(3.7) m(r') = (1= 7)n2(7), m(r') = (1 —7)(m(r) —m2(7)),
a straightforward computation leads to
/ (1 — 7—)2
/ == =0.

Then we obtain a contradiction as Case 1.

Case 3. 7 € 1 +iR™T.

Then 7/ = 7 — 1 € {R*. Define ¢’ := C —1 € R\ {0}. By using
92(7") = ga(7) and
(3.8) m(r") =m(r), na(r) = na(1) —m(7),
we easily obtain for(7') = fo(7) = 0, again a contradiction as Case 1.

The proof is complete. q.e.d.
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Recall the pre-modular form Zﬁ) (7) in Section 2. Now we study the

precise relation between Zﬁ?s) (1) and fo(7). This is the key point of our
whole idea. Fix any C' € R, and for s € (0 ) we define
4r-C
Feo(m) = =28 o).

S

1
T A(1+[C])?

Lemma 3.4. Letting s — 0, Fg s(1) converges to fo(r) uniformly in
any compact subset of Fy = Fy N H.

Proof. Denote u = —C's+s1 = s(7—C) for convenience. Then u — 0
as s — 0. Let 7 € K where K is any compact subset of Fjy. Then go(7)
and g3(7) are uniformly bounded for 7 € K. So it follows from the
Laurent series of {(-|7) and @(+|7) that

1
(3.9) ((—Cstsrir)y = £ = 208 4 oy,
U 60
1
o(~Cs+ s7ir) = &+ 22 4 ojuyt),
-2 g2(7) 3
/ _
O (=Cs +s1|T) = e + T + O(|u]?),
hold uniformly for 7 € K as s — 0. From here and (2.3), we see that
1
(3.10) Z_css(T) = " + 2mis — mu — g—éUS + O(|ul?)
and so
280 (1) = Z_cus(7)? = 3p(~C's + s7|7) Z_cis,s(7) — ¢ (~Cs + s7|7)
—1272s . 92
(3.11) =——c - 127inys + 3nfu — Zu+0(|u\2)

uniformly for 7 € K as s — 0. Consequently, we derive from u =
s(t — C) and no = 1 — 2mi that

A1 —=C) 2
Feo(r) = ———2%, (1)

s
= —487% — 48miny (1 — C) + 1202 (1 — C)? — ga(7 — C)? + O(s)
=12((1 — C)m — 2mi)* — go(7 — C)* + O(s)
=12(Cm — 772)2 — go(T — 0)2 + O(s) = fo(r)

uniformly for 7 € K as s — 0. The proof is complete. q.e.d.

Lemma 3.5. Let s > 0. Then as s — 0, any zero 7(s) € {1 €

H|ReT € [-1,1]} of Z(_zés’s(T) (if exist) is uniformly bounded.

Proof. Suppose by contradiction that up to a subsequence of s — 0,

Z(_zg«&s(T) has a zero 7(s) € {r € H|Ret € [—1, 1]} such that 7(s) — oo

as s — 0. Write 7 = 7(s) = a(s) + ib(s), then a(s) € [—1,1] and
b(s) — +o0.
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2miT

Denote ¢ = € as before. We recall the g-expansions (cf. [12, p
46) for p and [6, (5.3)] for Z,,): for |q| < |e*™%| < |q| 7,

(312) p(2|7) — i‘i‘ﬂ Z an 27rznz —27rinz_2)7

—4r? T 12 (1 — e2miz)2

m=1n=1

o (z]T) 2mie?T* 4rrietmiz
—Ar? T (1- 6271'1'2)2 t (1 — e2riz)3

+ 27i 2 : 2 :n2 nm 27rznz _ e—271'znz)’

m=1n=1

14 627riz
1— e27riz

27T’LZ n e*27TiZqTL
(3.13) - 27”2 (1 — ezmz n 1 — e—27rizqn> )

where z = r + s7 in (3.13). We will also use the g-expansion of go(7)
(cf. [12, p. 44]):

Zys(T) =2mis — i

4 o0
(3.14)  go(7) = §7T4 +320m* > " o3(k)g¥, where o3(k) = > d°.
k=1 1<d|k

Now we let z = —C's + s7 = s(a(s) — C +ib(s)) and denote x = 2™
for convenience. Then
27rb

27rsb(s) —2mb(s)

=g > |z| = > gl =e

so we can apply the above g-expansions. Notice that || € (0,1) and
|z 1q| = e=27(1=9)%(s) — () as s — 0. There are two cases.

Case 1. Up to a subsequence |z 1¢| = o(s|1 — z|?).
Then we derive from (3.12)—(3.13) that

plzlr) 1 x 2
1 = —_— 1-—
(3.15) —1? — 12 + (=2 + o(s] x|?),
o (z]7) 2mix 4riz? 9
= 1 -
A2 (1—z)2 + 1—2) + o(s] z|%),
1
(3.16) Z_aa(r) = —mi7 T omis 4 o(s|1 — z/?).
-z

We note that if x — 1, then sb(s) — 0 and
logp=1-— eQﬂ’is(a(s)fCJrib(s))
= —2mis(a(s) — C +1ib(s)) + o(sb(s)).

Together with b(s) — +o00 as s — 0, we always have

(3.17) = o(s).
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Then by (3.15)—(3.16) and (3.17), a straightforward computation gives

0= 2%, (7(5)) = Z_cus(r)’ = 3p(2|7) Z_cs,0(7) — ¢/ (27)

= —473is 4 o(s),
which is a contradiction.

Case 2. Up to a subsequence |77 1g| > ds|1 — x|? for some constant
d > 0.
Then we see from (3.17) that

6—27r(1—s)b(s) — |l‘_IQ| > dS|1 _ .’E|2 > $3
and so b(s) <In? for s > 0 small. Then u := s(r — C) = s(a(s) — C +
ib(s)) — 0 and
5= offul), u* = ofs).
Recall ¢ = €2™". Since b(s) — 400, (3.5) and (3.14) show that
4 1
() = 37+ Ollal), m(r) = 37+ O(la)

are uniformly bounded, so (3.9)-(3.11) still hold, namely

0= Z(,zés J(7(s)) = —12mins — 127 + 3nfu — P20+ O(|ul?).
’ T—C 4
Since
3t = 2 = 0(la)) = O(e ™) = 0 (Ir - €| ?)
we have )
TliTrCs 4 30Pu— iju -0 (hjc‘) = o(s).

Therefore, we finally obtain

) 12725 g2
0= —12mins — p—s + 3nfu — Vi + O(|ul?)
= —4r%is + o(s),
which is a contradiction. The proof is complete. q.e.d.

Recall Ak, k =0,1,2,3, defined in (1.12). We define
Ay :={(r,s)|(r+1,s) € Ay}
={(rs)0<s<3,F<r<0,r+s>0},

Ao ={(r,s)|(r +1,s) € Do}
={(rs)0<s<3, F<r<0,r+s<0}.
Since property (i) in Section 2 gives ZT(?S) (1) = qu_)l’s(T), we see from
Theorem 1.6 that
(3.18)  For (r,s) € Ay UAyU As, Z)(7) has a unique zero in Fy.

7,8
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From now on, we fix C € (—00,0) U (0,1) U (1,00). Then s €
(O,W) implies (—C's,s) € A1 U Ay U As, so (3.18) implies that

Z(_z()js +(7) has a unique zero 7(s) € Fy. By the definition of Fy, we easily

see that
-1 7(s)

7(s) 1 —17(s)
Lemma 3.6. As s — 0, the unique zero 7(s) € Fy of Z(_%S S(1) can
not converge to any of {0,1,00}.
Proof. Lemma 3.5 shows that 7(s) /4 co. To prove 7(s) /4 {0,1}, we
use the modular property (ii) of Z,E?s) (7) in Section 2:

20,7 = (er + P Z2(7),

€ {r e H|ReT € [-1,1]}.

whenever
, _ar+b ron d —b a b
= and (s',r") = (s,7) <—c a > , (c d) € SL(2,Z).
We also use property (i):
(3.19) 22 o) = £232(r), Ym,n € Z.
Letting (‘é 2) = ((1) *01), we obtain
(3.20) 72 () =323 (7).
Recall C € (_OO, 0) U (O, ].) U (1, +OO) and s € (O, W)
Case 1. C € (—00,0).
By defining
.1
C:= ok 5:=—Cs,
: 1
we have § € (0, W) for s small and

2 _ 2 _ 2 _
P20 1) = 205G = 2805 = 25, (5.
Therefore, Z(_%gg(T) has zero % € {r € H{Ret € [-1,1]}. Since
5 — 0as s — 0, Lemma 3.5 implies % /4 00, 1.e. 7(s) A 0as s — 0.

Case 2. C' € (0,1) U (1,400).

By defining
S |
C = ok 5:=0Cs,
we have § € (0, M) for s small and
2 2) ,_ 2 _
TSZ(—%’S,S(T) = Zé,C)'s(?l) = Z(—éé,g(%)

Again we obtain 7(s) 4 0 as s — 0.
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Therefore, we have proved 7(s) 4 0 as s — 0.
Finally, to prove 7(s) /4 lass — 0, welet (2%) = (!, 9) and obtain

2) (&
(3.21) 2,74:(15) = (L= 1)*Z2(7).
Case 3. C € (—00,0) U (0,1).
By defining
=Y 5= (1-0)s
1=’ o ’

we have § € (0 ) for s small and

(1-nPz%, sm =29, 10 (i5) = 2, ()
So 7 C~ _(7) has zero
implies 1= (Ts() # 00, 1.e. 7'( )74>1 as s — 0.

Case 4. C € (1,+0).

y € {r e HReT € [-1,1]}, and Lemma 3.5

1—7(

By defining
C .= % §:=—(1-0C)s,
we have § € (0, m) for s small and
(1 =29, (1) = 2%, 1 0)o(75)
2 T 2 r
= _Zés),—(l—C)s(ﬁ) = _Z(,%'g,g(lfT)

Again we obtain 7(s) 4 1 as s — 0.
The proof is complete. q.e.d.

Now we are in a position to prove Theorem 3.1-(1).

Proof of Theorem 3.1-(1). Fix C' € R\{0,1} and let s € (0, m)

Recall that 7(s) is the unique zero of z! és 4(7) in Fy. By Lemma 3.6,
up to a subsequence of s — 0, we have

(3.22) 7(C) := lim 7(s) € Fy NH =F.
s—
Recalling
4(r - C
Four) = =D ().

we have Fo 5(7(s)) = 0. Then Lemma 3.4 implies fo(7(C)) = 0, namely
fo(7) has a zero 7(C) € Fy. Applying Lemma 3.3, we have 7(C) € .
Suppose fo(7) has another zero 71 # 7(C) in Fy. Since Fc (1) and
fc(r) are all holomorphic functions, it follows from Lemma 3.4 and
Rouché’s theorem that Fe 4(7) has a zero 7i(s) satisfying 71(s) — 71 as
s — 0, namely Z(_%SS(T) has two different zeros 7(s) and 71(s) in Fj
when s > 0 small, a contradiction with (3.18). Therefore, 7(C) is the
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unique zero of fo(7) in Fp. This also implies that (3.22) actually holds
for s — 0 (i.e. not only for a subsequence). The proof is complete.
q.e.d.

The proof of Theorem 3.1-(2) will be postponed in the next section.
As in Theorem 3.1-(1), we always denote by 7(C) the unique zero of
fo(r) in Fy. Since we proved in [3, Theorem 1.1] that for fixed C,

(3.23) fc(r) has at most simple zeros on H,

the implicit function theorem infers that 7(C') is a smooth function of
C € R\{0,1}. We conclude this section by proving some basic properties
of 7(C).

Lemma 3.7. The smooth function 7(C) satisfies

(3.24) T<1_10> = 1_];(0), ¥C € R\{0,1}.

Proof. Let 7/ = ﬁ and C' = ﬁ, then it easy to prove that
(3.25) T eFy<= 1€ Fyand C' e R\{0,1} < C € R\{0,1}.
By using go(7') = (1 — 7)%go(7) and
(3.26) me(r) = (1= 7)m(7), m(7') = (1 —7)(m(r) —n2(7)),

a straightforward computation leads to
(1-1)?

/ p—
fC’(T ) - (1 — 0)2f0<7-)'
So fo(7(C)) = 0 gives fo/(ﬁ(c)) = 0. Applying Theorem 3.1-(1), we
obtain (3.24). This completes the proof. q.e.d.

Lemma 3.8. Write 7(C) = a(C) +b(C)i with a(C),b(C) € R. Then

1/4 if C — +o0,
3/4 if C — —o0,
(3.28) 7(C) = 0asC—0 and 7(C) —1as C — 1.

(3.27) b(C) — +00, a(C) — {

Proof. Recalling (1.4), we define
2mi
_ Cor
m(7) +v/g2(7)/12

Write 7 = a + bi and g = €*™7 as before. Recall from the g-expansions

(3.5) and (3.14) that

(3.29) o4(1) = € Fy.

(330) m(r) = 37— 8x%(q +3¢%) + O(lal’).
(3.31) (7) = x4 32004 (g + 9¢2) + O(lal?).

3
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For 7 € Fp, we fix the branch of \/¢2(7)/12 near b = 400 such that
V/92(7)/12 = 372 4+ O(|q|) near b = +oc. Then we easily obtain

m(r) — /ga2(7)/12 = —48m2q (1 — 42¢ + O(|q|?)) ,

and so
b (r) =7+ =g+ - 1 O(lq)
a 247 47
sin2ma 9., . cos2ma o, 7
= _— b 4 - O .
“ 247 € +Z< + 247 +47r +0O(lal)

Therefore, when C' € R and |C| — +00, it is easy to prove the existence
of 71(C) = a1(C) +ib1(C) € Fpy such that C' = ¢_(71(C)) and

1/4 if C — +oo,
3/4 if C — —o0,

ie. 71(C) = o0 as C — +oo. By n2 = 71 — 2mi, (3.29) and (3.1), it
follows that C' = ¢_(71(C)) implies fo(m1(C)) = 0. Since 7(C) is the
unique zero of fc in Fy, we conclude 7(C) = 71(C'). This proves (3.27).
Finally, (3.28) follows from (3.27) and (3.24). q.e.d.

51(0) — +00, al(C) — {

4. Critical points of 71(7) or equivalently F(T)

4.1. Location of critical points of 7;(7). This section is devoted to

the proof of our main results. Note that e™/3 = 1#/3 Then by
—e

m(t) = (1= 71)(m(r) - n(r))
and the Legendre relation ne(7) = 71 (7) — 27, we easily obtain
(4.1) m(e™/?) = 21 /V/3.

First we prove the following result, which implies Theorems 1.1-1.2 as
consequences.

Theorem 4.1. Let 7(C) be the unique zero of fo (1) for C € R\{0,1}
in Theorem 3.1-(1). Then the followings hold:

(1) For any m € Z, there holds ny(1) # 0 in Fy +m. Consequently,
(1) # 0 whenever Imt > 3.

(2) Given v = (24) € To(2)/{%L} with ¢ # 0. Then T3t

is the unique zero of ny(7) in the fundamental domain v(Fy) of
[o(2). In particular,

cm’(%d) +b

er(=4) +d (CCL Z) € I'o(2)/{£ L2} with c # 0}

(4.2) 0 := {

gives rise to all the zeros of nj () in H.
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Proof. (1). First we claim that
(4.3) 1201(7)% — gao(7) # 0 for 7 € OFy N H.

If 7 € iRT, 121(7)% — go(7) # 0 follows from Lemma 3.2. If 7 €
iRT 41, then

12m< )2 — ga(7) = 12 (1 — 1)% — go(7 — 1) #0.

If[r— 1| =1, then 7/ = ;= € iR". By using (3.7), we see from (3.1)
with C' = —1 that

f(r') = 120m (") +12(7")? = ga(7') (1 + 7)?
= (1= 7)*[12m(7)* — ga(7)]-
Since Lemma 3.3 shows f_1(7') # 0, we obtain 12n;(7)? — g2(7) # 0.
This proves (4.3).

Suppose by contradiction that 12n;(7)2 — go(7) has a zero 79 in Fp.
Then

either 71 (79) — v/g92(70)/12 = 0 or n1(70) + /g2(70)/12 = 0.

Without loss of generality, we may assume n1(70) + /g2(70)/12 = 0.
Recall (4.1) and the fact that go(7) = 0 in Fy if and only if 7 = e™/3.
So 79 # €™/3 and ga(79) # 0, i.e. M (7) 4+ 1/g2(7)/12 is holomorphic
at 79 with 79 being a zero. Recalling ¢4 (7) in (3.29), it follows that
¢4 (7) is meromorphic at 79 with 79 being a pole and so maps a small
neighborhood U C Fy of 19 onto a neighborhood of co. Then for C' > 0
large enough, there exists 71(C) € U such that C = ¢4 (71(C)), which
implies fc(71(C)) = 0. Applying Theorem 3.1-(1) and Lemma 3.8,
we obtain 71(C) = 7(C) — o0 as C — 400, which contradicts with

Tl(C) elU.

Therefore, we have proved that
(4.4) 1201(7)? — ga(7) # 0 for any 7 € Fy.
Since

() = o (m(r) — Bos(r)

and m1 (7 + 1) = n1(7), we conclude that nj(7) # 0 for any 7 € Fy +m
and m € Z. This proves (1).

(2). Given v = (2%) € T'g(2)/{£L2} with ¢ # 0. Write 7/ =y -7 =
at+b
cT+d

(4.5)  m(r') = (cr + d)(ena(7) + dm (7)), g2(7') = (em + d) ga(7),
we have

12771(7'/)2 — g2(7") = c*(eT + d) 2 [12 =m+ 7]2)2 - 92(7')(% + 7’)2]
(CT + d)2f7d( ).

with 7 € Fy. By using
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Clearly %d € Q\Z, so Theorem 3.1-(1) shows that T(_Td) € Fy is the

unique zero of f_4(7) in Fy. Consequently,
C

v(Fp)

B aT(_Td) +b
vo7(34) =

—— €
er(=2) +d
is the unique zero of 12n? — g2 in v(Fp). Since
H = U 7(F0)>
YET0(2)/{+ 12}
we conclude that the set © defined in (4.2) gives all the zeros of 1277 —go
and so n}. This proves (2). The proof is complete. q.e.d.

Recall the curves defined in Section 1:
C- =A{7(0)|C € (=00,0)}, Cx=A{7(C)|C € (1,+00)},
Co ={7(C)|C € (0,1)}.
Proof of Theorem 1.3. The smoothness of the three curves will be given
in Section 5. The assertion that under the Mobius transformation of
I'p(2) action, the collection of all critical points of 7;(7) is precisely the
set D given by (1.6), is a direct consequence of the expression (4.2) of
the critical point set ©. Recall that 7(C) is smooth as a function of
C € R\{0,1}. To prove the denseness, i.e. the identity (1.7), it suffices
to prove that
Qo:={d€Z, ce2Z\{0}, (c,d) =1}

is dense in Q and hence dense in R. Take any > € Q \ {0} such that
m,n € Z and (m,n) = 1.

Case 1. n is even. Then 7' € Qo.

Case 2. n is odd and m is odd. Then
2k
Qoo ™EAN) Mk e
2kn, n

Case 3. n is odd and m is even. Then

2k;
QOBM_}@ as k — +oo.
2kn n
This proves Qg = R and so completes the proof. q.e.d.

Proof of Corollary 1.5. Let v = (% j) € I'g(2). Then it is easy to
prove that

WR)={remllr-4<} Ir-4zd 1r-412 4},

and so
{r €eH|Rer = 3} C Fy Uy(Fp).
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Applying Theorem 4.1-(2), we see that 7 := % is the unique
zero of ] in v(Fy). We will prove in Theorem 4.2 (iii) that 7(1/2) =
%—Fil; for some b € (@,g) Then 7 = %4—4%) € {r € H|Ret = i},
namely 7 is the unique zero of 7} on the line {r € H|Re7 = 3} with
by i=Tm7 € (3}, 5%5). Recall (3.5) and (4.1) that mi(3 + %) > & =
limyp o0 11 (5 + ib). Moreover, it follows from (1.2) and (1.3) that for

1 .
T = 5 =+ Zb,

m (3 +45) =m(E) = —4b*m (1) + 87b — —oc0 as b — +o0.

Thus (4 +ib) is strictly increasing for b € (0,bo) and strictly decreasing
for b € (by,+00). The proof is complete. q.e.d.

Now we can finish the proof of Theorem 3.1.
Proof of Theorem 3.1-(2). First we consider C' = 0, i.e.

fo(T) =12n3(7)* — ga(7) 7.
Suppose fo(7) = 0 for some 7 € Fy. Then it is easy to see that 7/ :=
-1

TT € F(). By ) ) .

m(r) =1n2(r), g2(7') = 77 ga2(7),
we obtain

1201(7)2 — go(7) = T2 fo(1) = 0,
a contradiction with (4.4).
Now we consider C' =1, i.e.

A(T) =120 (1) — m2(7))? — go(7) (1 — 7).
Suppose f1(7) = 0 for some 7 € Fy. Then it is easy to see that 7/ :=
i € Fo. By

m(r') = (1 =7)(m(r) = m(r)), g2(r) = (1 =7)'g2(7),
we obtain
12m(7")? = g2(r') = (1 = 7)* fu(7) = 0,
again a contradiction with (4.4). The proof is complete. q.e.d.
4.2. Geometry of curves C_, Cy and C,. In this section, we want
to describe some geometry about these three curves, including their

intersection with the line ReT = 1

3
Theorem 4.2.

(i) The function C — 7(C) is one-to-one whenever C' is restricted in
one of (—00,0), (0,1) and (1,400), i.e. any one of curves C—, Cy,
C+ has no self-intersection. Furthermore,

(ii) The curve Cy is symmetric with respect to the line ReT = %; C_

1

and Cy are symmetric with respect to the line ReT = 3.
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(iii) 7(3) s the unique intersection point of the curve Co with the line

ReT = % Furthermore, ImT(%) € (§7 g)

(iv) C— (resp. Cy) has a unique intersection point T_ with the line

Rer = 3. Furthermore, Im7_ € (3, @)
(v) 7_ is the unique intersection point of C_ with C.

(vi) 1_1T7 (resp. Tf‘_l) is the unique intersection point of Cy with C_

(resp. C4).

First we prove that any one of these curves has no self-intersection.

Lemma 4.3. The function C — 7(C) is one-to-one whenever C' is
restricted in one of (—o0,0), (0,1) and (1,+00).

Proof. We recall the following results (cf. [14, Section 6]): when
T:%+ibwithb>0,

>0 if b> Y3
(4.6) n(7),g92(t) €ER and ga(7)¢ =0 if b= @7
<0 if be [ ).
As pointed out before, fo(7(C)) = 0 is equivalent to
21
(4.7)  either C = ¢4 (7(C)) =7(C) —
m(r(C)) + v g2(7(C)) /12

21

Cm(r(0) — Ve (r(O)) /12

If 7(C) = § + ib(C) with b(C) > @ for some C € R\{0,1}, then
it follows from (4.6) and (4.4) that C = ¢+ (7(C)) = Re7(C) = %
Therefore,

(4.8) C,,C+CFO\{T:%+ib|b2§}.

or C=¢_(r(C)) = T(C)

Remark that go(7) = 0 for 7 € Fp if and only if 7 = 1 + @z We

restrict 7 € Fo\{r = 1 + ib|b > @} and fix a branch of /ga(7)/12.
Then it follows from (4.4) that both ¢ (7) and ¢_(7) are single-valued

holomorphic functions in Fo\{r =1 +ib | b> @} Define
Dy :={C € (=0,0)|C = ¢_(7(C))},
Dy = {C € (~00,0)|C = 64 (r(C)}.

Since 7(C) is continuous as a function of C, we see that D, Dy are both
closed subsets of (—o0,0), so

either D = (—00,0), Dy =0 or Dy =0,Dy = (—00,0).

Without loss of generality we may assume Dy = (—00,0). Then C =
¢_(7(C)) for any C' € (—00,0). This proves that (—o0,0) 5 C —
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7(C) € C_ is one-to-one. Similarly, (1,400) > C — 7(C) € C4 is
one-to-one. Finally, since

Ce(0,1) << ¢ € (1, 4+00),
it follows from (3.24) that (0,1) 3 C' +— 7(C) € Cp is also one-to-one.
The proof is complete. q.e.d.

Lemma 4.4. Let 7 = §+ib with b > § and recall (4.6) that g2(T) >
0. Then

27

(4.9) m(T) —Vg2(7)/12 < 5
Proof. Clearly ¢ = e2™ = —e~27%_ Tt follows from the g-expansions
(3.5) and (3.14) that
2 (o)
T
(4.10) mr) =7 - 82> (—D)Fbre ™ b= ) d,
k=1 1<d|k

4 (o]
41D ) = dnt 4 32000 3D, st = 3 o
k=1 1<dlk

Since b > @, we have €™ > 15. It is easy to prove that

b <151 <e'i, o3(k)<b <e't, Vk>1
Consequently,

0 © . e—%wb
Z bk6—2k7rb < Z e—kab — . < e—47rb’
1— e—ZTrb
k=3 k=3
ie.
o0 o
_ Z(_l)kbke—leb — e—27rb _ 36—47rb - Z(_l)kbke—Qkﬂb € (0’ e—27rb)'
k=1 k=3
From here and (4.10) we obtain
2 2
3
(4.12) % <m(r) < % +8r2e 2™ Yp > *2[

Together with Corollary 1.5 that %771(% +ib) # 0 for b > L we
conclude that

(4.13) (3 +ib) <0 for b>——

4
dbm
so (4.1) gives

V3
5

) 2
1 . im/3
= +1b) < e = — for any b >
771(2 )—771( ) \/g -

Since g(7) > 0 for b > @, we see that (4.9) holds for any b € [@, V3).
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Now we assume b > g (indeed b > V3 is enough, here we assume

b> g for later use). Then €™ > 40. Similarly we have

.- 2kmb 5k e 5 L —omb
o3 (k)e 2k ik €0 o o
S P
ie.
0o 0o 3
Z(_l)kag(k)efmmrb _ _6727rb + Z(_l)ko_g(k)efmmrb > _56727rb.
k=1 k=2

Thus (4.11) and ™ > 40 give

4 4
ga(1) > §7T4 (1 - 3606_2”17) > §7T4(1 — 210e27%)2,

ie.
2
(4.14) Valr]i > (1 - 210e7), v > g
Together with (4.12), we obtain
6
m(t) — Vga(7)/12 < 787272 vb > — 5

Since it is trivial to see that 7872e27 < 27” for b > /3, we conclude
that (4.9) holds for any b > /3. This completes the proof. q.e.d.

Proof of Theorem 4.2. (i) is just Lemmas 3.8 and 4.3.

(ii). We will prove in Theorem A.l below that 1 (1 — 7) = n1(7)
and 1n2(1 — 7) = n1(7) — m2(7). By the g-expansion (3.14) we also have
g2(1 —7) = ga(7). Since C' € R\{0,1}, we easily obtain

fioo(l=7) =12((1 = O)pn(1 = 7) = m(1 = 7))* = g2(1 = 7)(C — 7)?
=12(Cm(7) = 12(7))* = g2(7)(C = 7)* = fe(7).
Therefore, it follows from Theorem 3.1-(1) that
(4.15) 7(1-C)=1-7(C).

Since 7 and 1 — 7 is symmetric with respect to the line Re T = %, we see
that assertion (ii) holds.

(iii). By (ii), Co has intersections with the line Rer = . Let 19 =
3 + ib be such an intersection point. Then 79 = 7(C) for a unique
C € (0,1). Applying (4.15), we have 7(1 — C') = 19 = 7(C), so Lemma
4.3gives1-C =Cie. C = % This proves that 79 = T(%) is the unique

intersection point of the curve Cy with the line Re T = % By (4.7),
1 2mi
5 = ¢+(m0) =70 —
2 m(7o) + v/g2(70)/12
1 2
=—-+41ib-

2 m (7o) £ /g2(0) /12
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we see that 11(70) £ \/g2(70)/12 = 2 is real, so ga(79) > 0, ie. b=
Immy > @ Since (4.1) gives n;(e 7”/3) = % # f—}, we obtain b =

Immy > ? Then Im% < ﬁ and so Lemma 4.4 applies. In

particular, (4.9) infers

2

(416) 771(7’0)—1— g2(7'0)/1 = ?

Suppose b =Im7y > S. Then (4.12), (4.14) and (4.16) imply

272 2T 51
_70 2 —271'b 7<7
3 S5 3

which is equivalent to LO’:,) > e%b, clearly a contradiction with e™ >

e7/5 > 40. Thus b= Im 7y < 5. This proves (iii).
(iv)—(v). Note from (4.8) that if C_ (resp. C4) has a intersection

point 7 with the line Re7 = 1, then Im 7 € [3, \2[) Assume T = 3 +ib
with b € [%, @) is a intersectlon point of C_ with the line ReT = %

Then (4.6) gives \/¢2(7)/12 = +i\/|g2(7)|/12. Clearly there exists C €

(—00,0) such that 7 = 7(C), which implies C = ¢4 (1), i.e
211
m(7) £iv/[g2(7)]/12
RN NG kG

C=71-—

2 m(r)? — g21(2T)
Thus
(4.17) p_ _ 2mm(r)
m(r)? — &5

For 7 = § +ib with b € [3, i] we define

b (% + ib)
2

m (s +ib)?

0(b) := —.
m( +ib)? — 2GxD

and 6;(b) :=

Then (4.17) shows that if 7 = 1 + b with b € [1, 3) is a intersection

point of C_ with the line Ret = l then
(4.18) 0(b) — 61(b) =

s

[\ia

Now we want to prove that (4.18) has a unique solution in [%,

For this, first we note from (4.13) that

(4.19) m(z+bi)>72/3 for b> 1o

ST
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We also recall the following fundamental results (cf. [14]):

(4.20) e1(3 + 3i) = 0 and €1 (5 + bi) > 0 for b > 3,
(4.21) g3(5 + bi) = de1 (3 + bi)|ea(5 + bi)|> > 0 for b € (3, @],
(4.22) 92(5 +bi)® — 27g3(% + bi)> < 0 for b > 3.
By using (see e.g. [1, p. 704] or [3, Appendix B])
d o —1
(4.23) (g +bi) =i (r) = — (20 = 562),

d . . 1
%92(% + bi) = igy(T) = ;(393 —21m192),

d ) . 1
(4.24) —593(3 +bi) = ig5(7) = —(=3gsm + 593),
we easily obtain
b m (% +ib)
4.2 by =10 0 (o2 lgy = 2 T -
' U2\ 1 e G
m(z +ib) 12

Uil 2 1 2
= 5 393 — M1g2 — 1393) -
127T(77% _ %)2 ( 1 12 )

Step 1. We claim that ¢'(1) < 0.
Indeed, by (3.6) and n2(7) = 7m1(7) — 27i we obtain

m(i)=mn and (i) = —mi,
which imply
m(z +31) =m(ss) = (L= )(m i) — (i) = 2.
Recalling Lemma 3.2 that go(i) > 121 (1)? = 1272, we have
925 + 50) = g2(755) = (1 — i) g2(i) = —4ga(i) < —487%,
SO
m(z + 3i)°
T 1.
. 5+5t
7]1(% + %2)2 _ 92(2 2 )
This, together with (4.25), proves ¢'(3) < 0.

0< 01(%) =

Step 2. We claim that for any b € (3, @) satisfying 6] (b) = 0, there
holds ¢/ (b) > 0, where

P(b) = (3g3m — nig2 — 1595) (3 + bi).
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Applying (4.23)—(4.24), a straightforward computation leads to

¥'(b) = % (39217 — % gamri + §93m — 39203) -
By (4.19), (4.26) and 67(b) = 0, we have 9(b) = 0, i.e.
92 = 393 — 1395-
Inserting this into the term 3gon? of ¥/ (b), we easily obtain

1
Y'(b) = = (=593mi + S95m — 2g293) ,
and so

1
929/ (b) = — (= 393(3g3m — La3) + 2gm — 29393)
_m

%(93 —27g3).

Applying (4.6), (4.19) and (4.22) we conclude ¢’(b) > 0.

Step 3. As a direct consequence of Step 2 and (4.26), we have that

if 6 (bo) > 0 for some by € (1, %2), then ¢ (b) > 0 for any b € (by, %2).

Step 4. We claim that there exists by € (3, @) such that 6'(b) < 0
for b € [3,b1), 0'(b1) = 0 and 0'(b) > 0 for b — by > 0 small. Conse-
quently,

(4.27) 0, (b1) > 0 and 0, (b) > 0 for any b € (by, %2).

Since m (3 + @z) = 2—’; gives 0(@) = 1 = 6(3), Step 1 implies
that there exists by € (3, @) such that ¢'(b) < 0 for b € [%,b1) and
' (b1) = 0. Suppose #'(b) < 0 for b—b; > 0 sufficiently small, then (4.25)
says that 61(b) — 6(b) has a local maximum 0 at by, so 6](b;) = 0 and
then Step 3 gives 0 (b) > 0 for b — by > 0 small. However, this implies
07(b) — 0’ (b) > 0 for b— by > 0 sufficiently small, which contradicts with
that 61(b) — 6(b) has a local maximum 0 at by. Therefore, §'(b) > 0 for
b — by > 0 small. This also gives 6;(b) — 6(b) > 0 for b — b; > 0 small.
Since 61(b1) — 6(b1) = 0, we obtain 0 (b1) = 07(b1) — 6'(b1) > 0 and so
(4.27) holds.

Step 5. We claim that 6'(b) > 0 for b € (by, @]

Since ga(3 + ?z) = 0 gives 91(§) =1> 0(@), we have 0’(@) > 0.
Suppose there exists by € (b1, @) such that 6'(b2) = 0 and €'(b) > 0
for b € (b1,b2). Then (4.25) gives 01(b) — 0(b) > 0 for b € (b1, bs) and
01(b2) — O(b2) = 0, i.e. 01(b2) — €'(b2) < 0. However, by (4.27) we have
07 (b2) — 0'(b2) = 67(b2) > 0, a contradiction.

Step 6. We finish the proof of assertions (iv)—(v).
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By Steps 4-5 and (4.25), 61(b) — 0(b) = 0 has a unique solution b;
in [L @] and b € (4 ¥3). Together with (4.18), we see that C_ has

2072 2172
at most one intersection point % + ¢b; with the line Ret = % Since
Lemma 3.8 implies that C_ must intersect with the line ReT = %, we
conclude that 7_ := % + b1 is the unique intersection point of C_ with

the line Re7 = 1. Finally, it follows from assertion (ii) that 7_ is also

the unique intersection point of Cy with the line Re7T = % (resp. C_).
(vi). Clearly this follows readily from the assertion (v) and (3.24).

The proof is complete. q.e.d.

5. Geometric interpretation and smoothness of the curves

The purpose of this section is to give the geometric meaning of the
three curves from the multiple Green function G2. As pointed out in Sec-

tion 1, {(q+, —q+)|p(qr) = £/ g2/12} are trivial critical points of Ga,
and it was calculated in [16, Example 4.2] that the Hessian is given by

3
= M52 ) ()P I 6 (7).

where ¢4 (7) is defined in (3.29). Define the following degeneracy curve
of G5 on Fy related to (g4, —q+):>

Ly = {T € Fy\ {73}

(5.1)  det D*Ga(qs, —q+;7)

det D2Go(qs, —qy;7) =0
or det D?Ga(q_,—q_;7)=0 |~

Theorem 5.1. The degeneracy curve Ly _— =C_UCyUC4. In par-
ticular, C_, Co, C+ are all smooth curves.

Proof. Remark that o(q+|7)+n1(7) = m(7) £/ g2(7)/12 = 0 implies

1211 (7)%2—g2(7) = 0. So it follows from (4.4) that 11 (7)£+/g2(7) /12 # 0
for any 7 € Fy. Consequently, we deduce from (5.1) that

(52) Ly = {T € Fy\ {e™/3} [Im ¢, (7) = 0 or Im¢_(7) = o}
_ { € Fo\ {"/%) ‘ 6+(r) = C or ¢_(7) = C }

for some C' € R
= {T e Fy\ {3} |fo(r) = 0 for some C € R}
={r(C)|C e R\{0,1}} =C_UCyUC4,
where we have used Theorem 3.1 and Theorem 4.2 (iii)—(iv), which show
that e™/3 ¢ C_ UCyUCy.
Now we prove that the three curves are all smooth curves in Fj. Re-
calling (4.8) in Lemma 4.3, we restrict 7 € Fy\{r = & +ib|b > g} and

3 gg(e“i/g) = 0 implies that the two trivial critical points (q+, —qg+) degenerate to

7i/3

one trivial critical point at 7 = €"*/°, so we exclude the trivial case in the definition

of L+7_.
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fix a branch of y/g2(7)/12. Then both ¢ (7) and ¢_(7) are single-valued
in Fo\{r = 5 +ibjb > @} and it follows from [3, Theorem 3.1] that

(5.3) ¢ (1) #0, ¢(1)#0, VreFR\{r=1+ibp> L}
By (5.2), the same argument as Lemma 4.3 implies that either
(5.4)  C_C{reFR\{r=1%+ibb>L}Img¢,(r) =0}
or
C_ C{reFR\{r=1+ibp> L} Ime_(r)=0}.
Say (5.4) holds for example. Write 7 = a + bi with a,b € R. By (5.4),

(5.3) and

Olmey , Olmoy /
ga _mén g =Redy,

we see that C_ is smooth at any 7 € C_. Therefore, in both cases, we
can apply (5.3) to conclude that C_ is a smooth curve. Then Theorem
4.2-(ii) shows that Cy is also a smooth curve. For Cp, we note from

Theorem 4.2-(iii) that Co C Fo\{r = 1 +iblb < @} Restrict 7 €
Fo\{r = +iblb < @} and fix a branch of y/g2(7)/12. Again both

¢+ (1) and ¢_(7) are single-valued in Fy\{r = 1 +ibb < @}, so the
same argument shows that Cy is a smooth curve. q.e.d.

The numerical simulation for the degeneracy curves of G5 and hence
the three smooth curves is shown in Figure 3, which is copied from C.
L. Wang [15]. The other six curves appearing in Figure 3 are those
degeneracy curves of Gy at other trivial critical points {(3w;, w;)|i #
j}. In another paper, we will prove that under the I'g(2) action, all
critical points of ey(7) = p(%:|7) will be mapped to locate on these
six smooth curves. Figure 3 indicates that critical points of Ea(7) and
er(7)’s could be approximately computed via mathematical softwares
such as Mathematica.

Appendix A. Application

In this appendix, we apply Theorem 1.6 back to the mean field equa-
tion (2.6). Define

L:={(r,s) € A1 | 2r+s=2}.

By Theorem 1.6, for any (r,s) € L, Zﬁ?s) (7) has a unique zero, denoted
by 75, in Fp.

Theorem A.1l. For any (r,s) € L, the unique zero 75 of ZT(?S) (1) in
Fy satisfies 74 = %—l—ibs for some bs > % Furthermore, lim,_ 1 bs = +00
2
and

(A1) b* := lim b, exists and b* € (V/3/2,6/5).

s—0
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Figure 3. The smooth curves.

In particular, for any T = $+ib with b € (b*, +00), there exists (r,s) € L

such that this T is the unique zero of Z,g 5) mn Fy.

Proof. Given any (r,s) € L. By the definition of {(z|7) and p(z|7),
it is easy to prove

C(z[m) = ¢z = 7), p(zlr) = p(z[1 - 7),
¢ (2l7) = (21 = 7).

Thus
m(r) =2¢(1/2|7) =2¢(1/2]1 = 7) = m(1 - 7),
n2(7) = 2¢(7/2|7) = 2¢(7/2]1 - 7)
=2¢(1/21 = 7) = 2¢((1 = 7)/2]1 = 7)
=m(l—7)—n(l-7),

Zys(T)=Cr+s—s1=7)1=7) = (r+s)m1—7) +sn(l—7)
= r+s,fs(1 - 7_—)-
From here and

p(r+st|t)=p(r+s—s(l—-7)]1—7),
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P oI = 9+ 5 = s(1— D1 - 7),
we obtain

Z7g725) (7-) = Zﬁi)s,fs(l - 7__) = _Z(_2()r+s),s(1 - 7_-)
1-7)=—-2%1-7).

r,s

_ (2)

- _Z2—r—s,s

Then 1 —75 is also a zero of ZT(?S) (1) in Fp, 80 1 =75 = 75, l.e. 75 = %—i—ibs

for some by € (%, +00). Suppose by contradiction that, up to a sequence,
lim bs =0 € [1/2,+00).

s—1/2

() (1) in Fp, which is a contradiction with

Then % + ib is a zero of Z3
3

Theorem 1.6 because (3, 3) € 4. This proves lim,_,1 by = +00. Note
2

Zﬁ?s)(f) = Zfi)%&s(T) = Z(_2£S7S(T). To prove (A.1), we recall that the

proof of Theorem 3.1-(1) shows that lim,_,o 7, exists and

lim 7, = 7(3),

5—0
where 7(3) is the unique zero of fi(7) in Fy. Together with Theorem
2
4.2-(iii), we obtain lim,,0bs = Im7(3) € (@,g) This proves (A.1)
and hence completes the proof. q.e.d.

The following result, which was announced in [4], give new existence
results for the mean field equation (2.6) when E; is a rhombus torus.

Theorem A.2. Let 7 = % +ib with b > b*, where b* € (@, %) is in

Theorem A.1. Then equation (2.6) on E; has a solution.

Proof. This theorem is an immediate consequence of Theorem A.1
and Theorem B-(1). q.e.d.

Remark that Theorem A.2 is almost optimal in the sense of Theorem
B-(2), which says that if 7 = § + @i, then equation (2.6) on E; has no
solutions.
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