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ENTIRE SOLUTIONS OF THE ALLEN-CAHN
EQUATION AND COMPLETE EMBEDDED MINIMAL
SURFACES OF FINITE TOTAL CURVATURE IN R3

MANUEL DEL PINO, MICHAL KOWALCZYK & JUNCHENG WEI

Abstract

We consider minimal surfaces M which are complete, embed-
ded, and have finite total curvature in R3, and bounded, entire
solutions with finite Morse index of the Allen-Cahn equation Au+
f(u) = 0in R3. Here f = —W’ with W bi-stable and balanced, for
instance W (u) = +(1 —u?)?. We assume that M has m > 2 ends,
and additionally that M is non-degenerate, in the sense that its
bounded Jacobi fields are all originated from rigid motions (this
is known for instance for a Catenoid and for the Costa-Hoffman-
Meeks surface of any genus). We prove that for any small o > 0,
the Allen-Cahn equation has a family of bounded solutions de-
pending on m — 1 parameters distinct from rigid motions, whose
level sets are embedded surfaces lying close to the blown-up sur-
face M, := a~'M, with ends possibly diverging logarithmically
from M,. We prove that these solutions are L°°-non-degenerate
up to rigid motions, and find that their Morse index coincides
with the index of the minimal surface. Our construction suggests
parallels of De Giorgi conjecture for general bounded solutions of
finite Morse index.

1. Introduction and main results

1.1. The Allen-Cahn equation and minimal surfaces. The Allen-
Cahn equation in RY is the semilinear elliptic problem

(1.1) Au + f(u) =0 inRY,

where f(s) = —W/'(s) and W is a “double-well potential,” bi-stable and
balanced, namely

(1.2) W(s)>0if s#1,-1,
W(1)=0=W(-1), W'(£l) = f(£1) =: 01 >0.
A typical example of such a nonlinearity is
1
(1.3) flu) = (1 —u*u  for W(u) = 1(1 —u?)?,
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while we will not make use of the special symmetries enjoyed by this
example.

Equation (1.1) is a prototype for the continuous modeling of phase
transition phenomena. Let us consider the energy in a bounded region
Q of RN

_ [ ey L
Jalw) = [ §IVoP + 2-W(w)
whose Euler-Lagrange equation is a scaled version of (1.1),
(1.4) o?Av + f(v) =0 in Q.

We observe that the constant functions v = £1 minimize J,. They
are idealized as two stable phases of a material in ). It is of interest
to analyze stationary configurations in which the two phases coexist.
Given any subset A of €, any discontinuous function of the form

(1.5) Vs = XA — XO\A

minimizes the second term in J,. The introduction of the gradient term
in J, makes an a-regularization of u, a test function for which the
energy gets bounded and proportional to the surface area of the in-
terface M = OA, so that in addition to minimizing approximately the
second term, stationary configurations should also asymptotically select
interfaces M that are stationary for surface area, namely (generalized)
minimal surfaces. This intuition on the Allen-Cahn equation gave impor-
tant impulse to the calculus of variations, motivating the development
of the theory of I'-convergence in the 1970s. Modica [31] proved that
a family of local minimizers w,, of J, with uniformly bounded energy
must converge in suitable sense to a function of the form (1.5) where OA
minimizes perimeter. Thus, intuitively, for each given A € (—1,1), the
level sets [v, = A] collapse as a — 0 onto the interface A. A similar
result holds for critical points not necessarily minimizers, see [26]. For
minimizers this convergence is known in a very strong sense; see [2, 3].

If, on the other hand, we take such a critical point u, and scale it
around an interior point 0 € 2, setting u,(z) = v, (az), then u,, satisfies
equation (1.1) in an expanding domain,

Aug + f(ug) =0 in a™tQ,

so that formally letting @ — 0 we end up with equation (1.1) in entire
space. The “interface” for u, should thus be around the (asymptotically
flat) minimal surface M, = a~'M. Modica’s result is based on the
intuition that if M happens to be a smooth surface, then the transition
from the equilibria —1 to 1 of u, along the normal direction should take
place in the approximate form u,(x) ~ w(z), where z designates the
normal coordinate to M,. Then w should solve the ODE problem

(1.6) w4+ f(w) =0 inR, w(—o0)=—1, w(+oc)=1.
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This solution indeed exists thanks to assumption (1.2). It is strictly
increasing and unique up to constant translations. We fix in what follows
the unique w for which

(1.7) /Rtw'(t)2dt = 0.

For example (1.3), we have w(t) = tanh (¢/v/2). In general w approaches
its limits at exponential rates,

wt) — +1 = O(e M) ast — +oo.
Observe then that

Talua) = Area (M) [ [+ W(w)

R
which is what makes it plausible that M is critical for its area, namely
a minimal surface.

The above considerations led E. De Giorgi [9] to formulate in 1978
a celebrated conjecture on the Allen-Cahn equation (1.1), parallel to
Bernstein’s theorem for minimal surfaces: The level sets [u = A] of a
bounded entire solution u to (1.1), which is also monotone in one direc-
tion, must be hyperplanes, at least for dimension N < 8. Equivalently,
up to a translation and a rotation, v = w(zx;). This conjecture has been
proven in dimensions N = 2 by Ghoussoub and Gui [16], N = 3 by
Ambrosio and Cabré [1], and under a mild additional assumption by
Savin [38]. A counterexample was recently built for N > 9 by us in
[11, 12]; see also [6, 27]. See [13, 15] for a recent survey on the state
of the art of this question.

The assumption of monotonicity in one direction for the solution u
in De Giorgi conjecture implies a form of stability, locally minimizing
character for u when compactly supported perturbations are considered
in the energy. Indeed, if Z = J,,u > 0, then the linearized operator
L = A + f'(u) satisfies maximum principle. This implies stability of
u, in the sense that its associated quadratic form, namely the second
variation of the corresponding energy,

(18) Q) = / VU — (),

satisfies Q(¢,1) > 0 for all ¥ # 0 smooth and compactly supported.
Stability is a basic ingredient in the proof of the conjecture dimensions
2,3 in [1, 16], based on finding a control at infinity of the growth of the
Dirichlet integral. In dimension N = 3 it turns out that

2 2
(1.9) /B(O,R) Vul? = O(R?)

which intuitively means that the embedded level surfaces [u = A] must
have a finite number of components outside a large ball, which are all
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“asymptotically flat.” The question whether stability alone suffices for
property (1.9) remains open. More generally, it is believed that this
property is equivalent to the finite Morse index of the solution u (which
means essentially that u is stable outside a bounded set). The Morse
index m(u) is defined as the maximal dimension of a vector space E of
compactly supported functions such that

Q(,1) <0 forall e E\ {0}

Rather surprisingly, basically no examples of finite Morse index entire
solutions of the Allen-Cahn equation seem known in dimension N = 3.
Great progress has been achieved in the last decades, both in the theory
of semilinear elliptic PDE like (1.1) and in minimal surface theory in
R3. While this link traces back to the very origins of the study of (1.1)
as discussed above, it has only been partially explored in producing new
solutions.

In this paper we construct a new class of entire solutions to the Allen-
Cahn equation in R? which have the characteristic (1.9), and also finite
Morse index, whose level sets resemble a large dilation of a given com-
plete, embedded minimal surface M, asymptotically flat in the sense
that it has finite total curvature, namely

/ K|V < +oo
M

where K denotes Gauss curvature of the manifold, which is also non-
degenerate in a sense that we will make precise below.

As pointed out by Dancer [7], the Morse index is a natural element
to attempt classification of solutions of (1.1). Beyond De Giorgi conjec-
ture, classifying solutions with a given Morse index should be a natural
step toward understanding the structure of the bounded solutions of
(1.1). Our main results show that, unlike the stable case, the structure
of the set of solutions with finite Morse index is highly complex. On the
other hand, we believe that our construction contains germs of general-
ity, providing elements to extrapolate what may be true in general, in
analogy with classification of embedded minimal surfaces. We elaborate
on these issues in §10.

1.2. Embedded minimal surfaces of finite total curvature. The
theory of embedded, minimal surfaces of finite total curvature in R3
has reached a notable development in the last 25 years. For more than
a century, only two examples of such surfaces were known: the plane
and the catenoid. The first nontrivial example was found in 1981 by C.
Costa [4, 5]. The Costa surface is a genus one minimal surface, com-
plete and properly embedded, which outside a large ball has exactly
three components (its ends), two of which are asymptotically catenoids
with the same axis and opposite directions, the third one asymptotic
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to a plane perpendicular to that axis. The complete proof of embed-
dedness is due to Hoffman and Meeks [21]. In [22, 24] these authors
notably generalized Costa’s example by exhibiting a class of three-end,
embedded minimal surface, with the same look as Costa’s far away, but
with an array of tunnels that provides arbitrary genus k& > 1. This is
known as the Costa-Hoffman-Meeks surface with genus k.

Many other examples of multiple-end embedded minimal surfaces
have been found since; see for instance [29, 40] and references therein.
In general all these surfaces look like parallel planes, slightly perturbed
at their ends by asymptotically logarithmic corrections with a certain
number of catenoidal links connecting their adjacent sheets. In reality
this intuitive picture is not a coincidence. Indeed, Osserman [35] es-
tablished that a complete minimal surface with finite total curvature
can be described by a conformal diffeomorphism of a compact surface
(actually of a Riemann surface), with a finite number of its points re-
moved. These points correspond to the ends. Moreover, assuming that
the ends are embedded, after a convenient rotation, they are asymp-
totically either catenoids or planes, all of them with parallel axes; see
Schoen [39] and Jorge and Meeks [28]. The topology of the surface is
thus characterized by the genus of the compact surface and the number
of ends, having therefore “finite topology.”

1.3. Main results. In what follows, M designates a complete, embed-
ded minimal surface in R? with finite total curvature (to which, below
we, will make a further nondegeneracy assumption). As pointed out in
[25], M is orientable and the set R? \ M has exactly two components
Sy, S_. In what follows we fix a continuous choice of unit normal field
v(y), which conventionally we take to point toward S, .

For z = (z1,72,23) = (2/,73) € R3, we denote

r=r(z)=|(x1,x2)| = \/x% —I—x%.

After a suitable rotation of the coordinate axes, outside the infinite
cylinder r < Ry with sufficiently large radius Ry, M decomposes into a
finite number m of unbounded components Mj, ..., M,,, its ends. From
a result in [39], we know that asymptotically each end of M} either
resembles a plane or a catenoid. More precisely, M} can be represented
as the graph of a function F}, of the first two variables,

Mk:{y€R3/7’(y)>RO, ys = Fi(y') }

where F}, is a smooth function which can be expanded as

(1.10) Fp(y') = aglogr + by + biky—; +0(r™3) for > Ry,
r
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for certain constants ag, b, b;r, and this relation can also be differenti-
ated. Here

m
(1.11) a1 <as <---<ay,, Zak = 0.
k=1

The direction of the normal vector v(y) for large r(y) approaches, on the
ends, that of the z3 axis, with alternate signs. We use the convention
that for r(y) large we have

_ (_1)k / o i
(1.12) v(y) = 1+|VFk(y,)|2(VFk(y), 1) ifye M.

Let us consider the Jacobi operator of M
(1.13) J(h) == Ayh+ |APR

where |A|? = —2K is the Euclidean norm of the second fundamental
form of M. 7 is the linearization of the mean curvature operator with
respect to perturbations of M measured along its normal direction. A
smooth function z(y) defined on M is called a Jacobi field if J(z) = 0.
Rigid motions of the surface naturally induce some bounded Jacobi
fields. Associated to, respectively, translations along coordinates axes
and rotation around the xg-axis, are the functions

Zi(y)zy(y)'ei7 yGM, i:172737

(1.14) za(y) = (=y2,41,0) - v(y), y€ M.

We assume that M is non-degenerate in the sense that these functions
are actually all bounded Jacobi fields, namely

(1.15) {z€eL>®(M)/ J(z) =0} = span{ z1,29,23,24 }.

In what follows we denote by J the dimension (< 4) of the above vector
space.

This assumption, expected to be generic for this class of surfaces,
is known in some important cases, most notably the catenoid and the
Costa-Hoffmann-Meeks surface, which is an example of a three-ended M
whose genus may be of any order. See Nayatani [33, 34] and Morabito
[32]. Note that for a catenoid, zps = 0 so that J = 3. Non-degeneracy
has been used as a tool to build new minimal surfaces for instance in
Hauswirth and Pacard [20] and in Pérez and Ros [37]. It is also the basic
element for building solutions to the singularly perturbed Allen-Cahn
equation in compact manifolds in Pacard and Ritoré [36].

In this paper we will construct a solution to the Allen-Cahn equation
whose zero level sets look like a large dilation of the surface M, with
ends perturbed logarithmically. Let us consider a large dilation of M,

M, = a M.
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This dilated minimal surface has ends parameterized as
My = {y € R® / r(ay) > Ro, y3 = a~ ' Fy(ay') }.

Let B be a vector of given m real numbers with
i=1

Our first result asserts the existence of a solution u = u,, defined for all
sufficiently small o > 0 such that given A € (—1, 1), its level set [uy = A]
defines an embedded surface lying at a uniformly bounded distance in «
from the surface M,, for points with r(ay) = O(1), while its k-th end,
k=1,...,m, lies at a uniformly bounded distance from the graph

(1.17) r(ay) > Ry, y3 = at Fi(ay) + By log |ay/| .

The parameters S must satisfy an additional constraint. It is clear
that if two ends are parallel, say apy1 = ap, we need at least that
Br+1 — Br > 0, for otherwise the ends would eventually intersect. Our
further condition on these numbers is that these ends in fact diverge at
a sufficiently fast rate. We require

(1.18) Brr1— B > dmax{o_', 00"} if ap =
Let us consider the smooth map
(1.19) X(y.2) =y +wlay), (1) € Mo xR

x = X(y, z) defines coordinates inside the image of any region where
the map is one-to-one. In particular, let us consider a function p(y) with

p(y) = (—1)FBrloglay’| + O(1), k=1,...,m,

and g satisfying Bx11 — Bx > v > 0 for all k& with ax = agy1. Then the
map X is one-to-one for all small « in the region of points (y, z) with

0
|z =)l < = +~log(1 + |ay’])
provided that § > 0 is chosen sufficiently small.

Theorem 1. Let N = 3 and M be an embedded minimal surface,
complete with finite total curvature which is nondegenerate. Then, given
B satisfying relations (1.16) and (1.18), there exists a bounded solution
uq of equation (1.1), defined for all sufficiently small o, such that
(1.20)

)
ua(x) = w(z—q(y))+O0(a) forall x=y+zv(ay), |z—qly)|< .
where the function q satisfies
q(y) = (1) B log|ay/| + O(1) y € Myo, k=1,...,m.

In particular, for each given X € (—1,1), the level set [ug, = A] is an
embedded surface that decomposes for all sufficiently small o into m
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disjoint components (ends) outside a bounded set. The k-th end lies at
O(1) distance from the graph

Y3 = a ! Fr(ay) + By log |ay/|.

The solution predicted by this theorem depends, for fixed a, on m
parameters. Taking into account the constraint Z;”Zl Bj = 0, this gives
m — 1 independent parameters corresponding to logarithmic twisting of
the ends of the level sets. Let us observe that, consistently, the com-
bination 8 € Span{(ai,...,a,)} can be set in correspondence with
moving « itself, namely with a dilation parameter of the surface. We
are thus left with m — 2 parameters for the solution in addition to a.
Thus, besides the trivial rigid motions of the solution, translation along
the coordinates’ axes, and rotation about the x3 axis, this family of
solutions depends exactly on m — 1 “independent” parameters. Part of
the conclusion of our second result is that the bounded kernel of the
linearization of equation (1.1) about one of these solutions is made up
exactly of the generators of the rigid motions, so that in some sense
the solutions found are L°°-isolated, and the set of bounded solutions
nearby is actually m — 1 + J-dimensional. A result parallel to this one,
in which the moduli space of the minimal surface M is described by a
similar number of parameters, is found in [37].

Next we discuss the connection of the Morse index of the solutions
of Theorem 1 and the indez of the minimal surface M, i(M), which
has a similar definition relative to the quadratic form for the Jacobi
operator: The number (M) is the largest dimension for a vector space
FE of compactly supported smooth functions in M with

/\WPdV—/ |APPE*dV <0 forall ke E\{0}.
M M

We point out that for complete, embedded surfaces, finite index is equiv-
alent to finite total curvature; see [19] and also §7 of [25] and references
therein. Thus, for our surface M, i(M) is indeed finite. Moreover, in the
Costa-Hoffmann-Meeks surface it is known that (M) = 2] — 1 where [
is the genus of M. See [33], [34], and [32].

Our second result is that the Morse index and non-degeneracy of M
are transmitted into the linearization of equation (1.1).

Theorem 2. Let u, be the solution of problem (1.1) given by Theorem
1. Then for all sufficiently small o, we have

m(ug) = i(M).

Besides, the solution is non-degenerate, in the sense that any bounded
solution of

Aj+ f'(ua)p =0 in R’
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must be a linear combination of the functions Z;, i = 1,2,3,4 defined
as
Z; = &-ua, 1=1,2,3, Zy= —T901Uq + T102Uq.

We will devote the rest of this paper to the proofs of Theorems 1
and 2. Before that, we discuss new ingredients and ideas in our approach,
comparing with Pacard-Ritoré’s [36].

1.4. A comparison with Pacard-Ritoré’s work. In the seminal pa-
per [36], Pacard and Ritoré considered the Allen-Cahn equation on an
N-dimensional smooth and compact Riemannian manifold (M, g)

(1.21) ?Agu +u —u? =0 in M.

They constructed solutions concentrating on an (N — 1)—dimensional
embedded nondegenerate minimal submanifold of M, through an argu-
ment that shares some similarities with the one used here. Here nonde-
generacy means that the Jacobi operator admits only a trivial Jacobi
field. Our result in its existence part may be regarded as a counterpart
of this one, but now in the entire Euclidean space. In the proof of our
results we encounter the loss of compactness twice: First, the ambient
manifold is the Euclidean space. Second, the minimal embedded sur-
face is also non-compact. Thus, several difficulties due to this lack of
compactness have to be overcome in the analysis, and a major part of
our analysis is indeed devoted to design techniques to deal with this
issue. Additionally, unlike the setting in [36], non-trivial Jacobi fields
associated to rigid motions are present, and therefore we cannot speak
of non-degeneracy of M.

To prove its existence, we follow the infinite dimensional reduction
approach used in our earlier work [11]. (See also [10].) Namely, we split
the problem into two steps: first we solve the problem in the orthogonal
complement of the kernel of the linearized operator. This, by projection
on the kernel, eventually reduces the full problem to one of solving a
nonlinear, nonlocal equation which involves as a main term the Jacobi
operator of the minimal surface. The solvability of the Jacobi opera-
tor with inhomogeneous and nonlocal terms is the main objective of the
second step. Finally, establishing the correspondence between the Morse
index of the solution constructed and that of the minimal surface M is
fairly delicate and technically involved, and a major portion of the pa-
per is precisely devoted to that. Our method is likely to adapt to the
compact setting, with an easier proof. In [36], only existence of solu-
tions was obtained. Here we obtain a complete spectral correspondence
between a class of solutions of the Allen-Cahn equation and embedded,
finite total curvature minimal surfaces.

Acknowledgments. We are indebted to N. Dancer for a useful discus-
sion, and to F. Pacard for pointing out reference [40] to us. This work
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2. The Laplacian near M,

2.1. The Laplace-Betrami Operator of M,. Let D be the set
D = {yeR*/|y| > Ro}.

We can parameterize the end My of M as

(2.1) yED—y:=Yi(y) = yie; + Fi(y)es,

and Fj, is the function in (1.10). In other words, for y = (v/,y3) € M
the coordinate y is just defined as y = y/. We want to represent Aj;—
the Laplace-Beltrami operator of M—with respect to these coordinates.
For the coefficients of the metric g;; on M}, we have

0y, Yy =¢;+ 0O (r_l) es3
so that
(2.2) 9i5(y) = (0iY3, 0;Yy) = 65 + O (r7?),,
where r = |y|. The above relations “can be differentiated” in the sense

that differentiation makes the terms O(r~7) gain corresponding negative
powers of r. Then we find the representation

(2.3)
1 y
Ay = T@(\/det 9ij g”aj) = Ay+O(T_2)aij+O(T_3) 0; on My .
y/ det gij
The normal vector to M at y € My k=1,...,m corresponds to
1
v(y) = (—1)F (0iFk(y)ei —es3), y=Yi(y) € My
1+ [V F(y)[?
so that

(24) v(y) = (—Dres+apryiei + O™, y=Yi(y) € M.
Let us observe for later reference that since 9;v = O(r~2), the principal
curvatures of M, ky, kg satisfy k; = O(r~2). In particular, we have that
(2.5) AP = ki + k3 = 0.

To describe the entire manifold M, we consider a finite number N >
m + 1 of local parameterizations

(2.6) yEZ/[kCR2 — y = Yi(y), YkeCOO(Hk), k=1,...,N.
For k= 1,...,m we choose them to be those in (2.1), with Uy = D, so
that Yy (Ux) = My, and Uy, is bounded for k = m+1,..., N. We require

then that M = U]kvzl Y (Ux). We remark that the Weierstrass represen-
tation of M implies that we can actually take N = m + 1, namely only
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one extra parameterization is needed to describe the bounded comple-
ment of the ends in M. We will not use this fact. In general, we represent
for y € Yi(Us),

(2.7) Ay = al ()0 + ()0, y=Yi(y), y€EUs,
where a% is a uniformly elliptic matrix and the index k is not made
explicit in the coefficients. For £k =1,...,m we have

(28)  ay(y) =0, +O(™2), B =0077), asr(y) =yl = oc.
The parameterizations set up above naturally induce a description
of the expanded manifold M, = o~ 'M as follows. Let us consider the
functions
(2.9)
Yia : Upa = a U — My, y— Yia(y) :=a 'Yi(ay), k=1,...,N.

Obviously we have M, = Uévzl Yia(Uka). The computations above lead
to the following representation for the operator A,y :

(2.10) A, = ali(ay)dij + b ()i, vy =Yia(y), ¥ € Ugas

where a?j, bY are the functions in (2.7), so that for k = 1,...,m we have

(2.11) a?j =i + O(r;?), v =0(r.?), forry(y):=|ay|> Ry.

2.2. The Euclidean Laplacian near M,. We will describe in coor-
dinates relative to M, the Euclidean Laplacian A,, z € R?, in a setting
needed for the proof of our main results. Let us consider a smooth func-
tion h: M — R, and the smooth map X;, defined as
(2.12)

X Mg xR —=R3 (y,t) — Xp(y,t) ==y + (t+ h(ay)) viay)

where v is the unit normal vector to M. Let us consider an open subset
O of M, x R and assume that the map Xp|p is one to one, and that
it defines a diffeomorphism onto its image N' = X,(O). Then z =
Xp(y,t), (y,t) € O, defines smooth coordinates to describe the open
set A/ in R3. Moreover, the maps

r = Xh(Yka(y)7t)7 (y7t)€(ukaXR)moa k=1,...,N
define local coordinates (y,t) to describe the region A/. We shall assume

in addition that for certain small number § > 0, we have

(213) O {ly)/It+hlay) < - log2+ra(y) )

The Euclidean Laplacian A, can be computed in a neighborhood of
a region of M by the well-known formula in terms of the coordinates
(y,2z) with =y + zv(y) as

(214) A;p - 822 + AMZ - HMzazw
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where M, is the manifold
M, ={y+z2v(y) /ye M}

Local coordinates y = Yi(y), y € R? as in (2.1) induce natural local
coordinates in M. The metric g;;(2) in M, can then be computed as

(2.15) gij(z) = (0,Y, 8]Y> + 2({0;Y, 8jl/> + (an, o)) + 22 (O, 8jl/>
or
9ij(2) = gij + 20(r™%) + 220(r™"),

where these relations can be differentiated. Thus we find from the ex-
pression of Ajy. in local coordinates that

(2.16) Apnr, = Ay + za}j(y, 2)0ij + 2b; (y,2)0i, y =Y (y)

where al-lj, b} are smooth functions of their arguments. We also find
99 (2) = g7 + 20(r72) + 220(r) + - --

Then we find that for large r,

(2.17) Ap, = Ay + 20 2)045 + 20(r™2)0;.

We have the validity of the formula

2 2
k; 2 3.2
HMzzzl_kiZ:;ki—kkiz—i—kiz SEEEE

i=1

where k;, i = 1,2 are the principal curvatures. Since M is a minimal
surface, we have that k; + ko = 0. Thus

|AP? = k2 + k3 = —2k1ky = —2K

where |A| is the Euclidean norm of the second fundamental form, and
K the Gauss curvature. As r — 400 we have seen that k; = O(r—2)
and hence |A|? = O(r~*). More precisely, we find for large r,

Hy. = |APz + 220(r7°).

Using the above considerations, a straightforward computation leads to
the following expression for the Euclidean Laplacian operator in N.

Lemma 2.1. For x = X,(y,t), (y,t) € O with y = Yia(y), v € Uga,
we have the validity of the identity
Ay = Ou + Anr, — o?[(t+ h)|A]® + Axh)0, — 20cal; 0;hdy
+ a(t+h) [al-lj&-j — 2« a}j 0;hdji + ab} (0; — ad;hdy) |
(218)  +a°(t+ h)*b30; + o*[af; + ot + h)aj;10;h0;h Oy .
Here, in agreement with (2.10), Ay, = a?j (oy)9j + b9 (ay)d;. The func-

1

tions a;;, bil, bé in the above expressions appear evaluated at the pair
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(ay,a(t + hlay)), while the functions h, O;h, Ayh, |A|?, a?j, Y are
evaluated at ay. In addition, fork=1,...,m, 1 =0,1,

ag; = 000 + O(rg?), by =0(5%), by =0(°),
forro(y) = |ay| > Ro, uniformly in their second variables. The notation

O;h refers to O;[h o Yy].

Actually, the coefficients a}j and b} can be further expanded as fol-
lows:

1 _ 1 (2) _.
a;; = a;;(ay,0) + a(t + h) a;;’ (ay, ot + h)) =t a

1,0

with ag-) = O(r;?), and similarly
1_ g1 (2 _. 110 2
b; = bj(ay,0) + at + 1) b;” (ay,a(t + h)) = b;" + a(t + h)bj,

with b§-2) = O(r;%). As an example of the previous formula, let us com-
pute the Laplacian of a function that separates variables ¢ and y, which
will be useful in §3 and §11.

Lemma 2.2. Let v(x) = k(y)¥(t). Then the following holds.

Agv=Fky" + 9 Ap,k — o®[(t+ W) AP + Aah] k) — 2aal; 9;hk )

+aft + h) [a; 0k — 2000, 9;hd;k

+ a8k b — ab P oh k') |

+ o (t + h)? [a3;0ikp — 20 aZ; D;hik

+ a(bZ0ik b — abidih k') |
(2.19)

+aP(t+h)bs ko' + o[a; + at + h)aj; 10;h0;h k.

3. Approximation of the solution and preliminary discussion

3.1. Approximation of order zero and its projection. Let us con-
sider a function h and sets O and N as in §2.2. Let © = X} (y,t) be the
coordinates introduced in (2.12). At this point we shall make a more
precise assumption about the function h. We need the following prelim-
inary result, whose proof we postpone for §5.2.

We consider a fixed m-tuple of real numbers g = (f1,...,mn) such
that
(3.1) Z 8;=0.
i=1
Lemma 3.1. Given any real numbers [i,..., By satisfying (3.1),

there exists a smooth function ho(y) defined on M such that
j(h(]) = Apho + |A|2h0 =0 1w M,
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ho(y) = (—1)?B;logr + 60 asr — oo in M;  for all y € M;,
where 0 satisfies

(3.2) 100 + 172 D8] o0 < 400 .

We fix a function hg as in the above lemma and consider a function
h in the form
h = hg + hy.
We allow h; to be a parameter which we will adjust. For now we will
assume that for a certain constant K we have

(3.3) [Pl oo ary + 1(L+7%)Dha|pooary < Ko
We want to find a solution to
S(u) := Agu+ f(u) = 0.
We consider in the region N the approximation
uo(z) == w(t) = w(z — ho(ay) — hi(ay))
where z designates the normal coordinate to M. Thus, whenever 3; #
0, the level sets [ug = A] for a fixed A € (—1,1) depart logarithmi-

cally from the end a‘le, being still asymptotically catenoidal; more
precisely, it is described as the graph

ys = (o ta; + B;) logr + O(1) as r — oo.

Note that, just as in the minimal surface case, the coefficients of the
ends are balanced in the sense that they add up to zero.

It is clear that if two ends are parallel, say a;11 = aj, we need at
least that 3;41 — B; > 0, for otherwise the ends of this zero level set
would eventually intersect. We recall that our further condition on these
numbers is that these ends in fact diverge at a sufficiently fast rate:

(34) ,8]'+1 — Bj > 4 max {0':1,0'__'_1} if Gj+1 = Qj.
We will explain later the role of this condition. Let us evaluate the error

of approximation S(ug). Using Lemma 2.2 and the fact that w”+ f(w) =
0, we find

S(uo) :=Azug + f(uo)
= — a?[|APhy + Aphiw!
+ —a?|AP tw' + 2 oz2a?j Dihodjho w"
+ o a;(20;ho0;h1 + O;h10jh1)w”
+20° (t + ho + h1)aj; 0i(ho + h1)9;j (ho + hy) w”
(3.5) +a3(t + ho + h1)b}9;(ho + h1) w' 4 o3(t + ho + hy)3biw’

where the formula above has been broken into “sizes,” keeping in mind
that hg is fixed while hy = O(«). Since we want ug to be, as close as
possible, a solution of (1.1), we would like to choose hy in such a way
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that the quantity (3.5) is as small as possible. Examining the above ex-
pression, it does not look like we can do that in absolute terms. However,
part of the error could be made smaller by adjusting h;. Let us consider
the “L2-projection” onto w’(t) of the error for each fixed 3, given by

)= [ Stun)y (o)

where for now, and for simplicity we assume the coordinates are defined
for all t; the difference with the integration taken in all the actual domain
for ¢t produces only exponentially small terms in a~'. Then we find

(y) = a2(AMh1 + h1|A|2) / w’zdt + 04382-(h0 + hy)

— 00

/ bL(t + ho + hi)w'*dt

+ a?’&-(ho + hl)aj(ho + hl) / (t + ho + h)a}jw”w'dt + o’
(3.6) / (t + ho + h1)*biwdt

where we have used [*_tw' 2dt = 75 w"w' dt = 0 to get rid, in par-
ticular, of the terms of order o?.
Making all these “projections” equal to zero amounts to a nonlinear

differential equation for h of the form
(3.7) J () = Ayl + | A(y)]> = Go(m) ye M

where GGy is easily checked to be a contraction mapping of small constant
in hq, in the ball radius O(a) with the C! norm defined by the expression
in the left-hand side of inequality (3.3). This is where the nondegeneracy
assumption on the Jacobi operator J enters, since we would like to
invert it in such a way as to set up equation (3.7) as a fixed point
problem for a contraction mapping of a ball of the form (3.3).

3.2. Improvement of approximation. The previous considerations
are not sufficient since, even after optimally adjusting h, the error in
absolute value does not necessarily decrease. As we observed, the “large”
term in the error

—o?|APtw’ + oz2a?j8ih08jho w”

did not contribute to the projection. In order to eliminate or reduce the
size of this remaining part O(a?) of the error, we improve the approxi-
mation through the following argument. Let us consider the differential
equation

Yo () + ' (w(t)vo(t) = tw'(t),
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which has a unique bounded solution with 1(0) = 0, given explicitly
by the formula

t
o(t) = u/(t)/ (w'(s)_z(/ s/w/(sl)zds/)ds).
0 —00
Observe that this function is well defined and that it is decaying expo-
nentially since [*_sw/(s)%ds = 0 and w'(t) ~ e 7+l as t — Zoo, with
oy > 0. Note also that () = 3tw’'(t) solves
1) + fl(w(t)r(t) = " ().
We consider as a second approximation
(3.8)
up =g+ ¢1,  1(y.t) = | A(ay)*1ho(t) — oPag;0ihodiho(oy) r(t) .
Let us observe that
S(ug + ¢) = S(uo) + Ay + f'(u0)¢ + No(9),
No(¢) = f(uo + @) — f(uo) — f'(u0)¢.

We have that

01 + f(ug)pr = oz2|A(ozy)|2tw' — oz2a?j8ih08jh0(ay) w”.

Hence we get that the largest remaining term in the error is canceled.
Indeed, we have

S(uy) = S(uo)—(2a2agj8,~h08jho w” —o?| Aoy |Ptw’)+[A s — 04| p1+No(o1).
Since ¢ has size of order a? and a smooth dependence in oy, and it is

of size O(r;%e~I*) using Lemma 2.2, we readily check that the “error
created”

o 4 2 I 0 9. . /
- 1770 J
[Ax 8tt]¢1 + No(gbl) : o ( ’A‘ two a-ja hoO;hg tl/)l ) Ahy + Ry

satisfies

|[Ro(y, )] < Ca®(1+ra(y)) e V.
Hence we have eliminated the hj-independent term O(c?) that did not
contribute to the projection II(y), and replaced it by one smaller and
with faster decay. Let us be slightly more explicit for later reference. We
have

S(up) == Aug + f(ug) =
— &?[| ARy + Aprha] W
+ o af; (9;hodsh1 + 9;h1djho + 8;h18jh) w”
— o (APt — ag;0:hodiho t¥] ) Anrha

(3.9) +20°(t + h)aj; ;hd;hw” + Ry

where
Rl = Rl (yv t) hl (Oéy), V1\4]7“1 (Oéy))
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with
|DZR1(y7 t, Z)])| + |DJR1 (y7 t, Z,])|
+|R1(y, t,1,9)| < CaP(1 4 ro(y)) e 0,

and the constant C' above possibly depends on the number C of condi-
tion (3.3).

The above arguments are in reality the way we will actually solve the
problem: two separate but coupled steps are involved: (1) Eliminate the
parts of the error that do not contribute to the projection II, and (2)
adjust hq so that the projection II becomes identically zero.

3.3. The condition of diverging ends. Let us explain the reason
to introduce condition (3.4) in the parameters ;. To fix ideas, let us
assume that we have two consecutive planar ends of M, M; and M, 1,
namely with a; = a;11 and with d = b;j;1 — b; > 0. Assuming that the
normal in M; points upward, the coordinate ¢ reads approximately as

t=1x3— oz_lbj —h  mnear Mj,, t= oz_lij —x3—h near Mjiiq.

If we let hg = 0 both on Mj, and M;;1),, which are separated at
distance d/a, then a good approximation in the entire region between
Mjq and M), that matches the parts of w(t) coming both from M;
and M, should read near M; approximately as

w(t) +w(a™td—t) — 1.

When computing the error of approximation, we observe that the fol-
lowing additional term arises near M;,:

E = fw(t) +wle™d—t) = 1) = f(w(t)) - f(w(a™'d 1))
~ [f(w®) = f )] (wla™d—1t) —1).

Now in the computation of the projection of the error, this would give
rise to

[e.9]
/ [F(w®) = )] (wa™ d—1) — 1)w/(t)dt ~ce™™ &
—0o0

where ¢, # 0 is a constant. Thus equation (3.7) for h; gets modified
with a term which, even though very tiny, has no decay as |y| — +oo on
M;, unlike the others involved in the operator Gy in (3.7). That term
eventually dominates, and the equation for hy for very large r would
read in M; as

A Mhl ~ e_% 75 0,
which is inconsistent with the assumption that h is bounded. Worse

yet, its solution would be quadratic, thus eventually intersecting an-
other end. This problem is solved with the introduction of hq satisfying
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condition (3.4). In that case, the term E created above will now read
near Mj, as

E ~ Ce & = Bir1=hy)logra o—oltl O(e~ar e M)

which is qualitatively of the same type as the other terms involved in
the computation of the error.

3.4. The global first approximation. The approximation u(z) in
(3.2) will be sufficient for our purposes; however, it is so far defined only
in a region of the type N which we have not made precise yet. Since
we are assuming that M, is connected, the fact that M, is properly
embedded implies that R3 \ M,, consists of precisely two components,
S_ and S.. Let us use the convention that v points in the direction of
S.. Let us consider the function H defined in R3 \ M, as

{ 1 ifre Sy

(3.10) H@) = | yece

Then our approximation u(x) approaches H(x) at an exponential rate
O(e=7+!!) as |t| increases. The global approximation we will use consists
simply of interpolating u; with H sufficiently well inside R3\ M,, through
a cut-off in |t|. In order to avoid the problem described in §3.3 and
having the coordinates (y,t) well-defined, we consider this cut-off to be
supported in a y-dependent region that expands logarithmically in 7.
Thus we will actually consider a region Ns expanding at the ends, thus
becoming wider as 1, — oo than the set N previously considered,
where the coordinates are still well-defined.
We consider the open set O in M, x R to be defined as

1)
O ={(y,t) € My xR, [t +hi(ay)| < >

(3.11) +4max{c"", o7 Hog (1 + ra(y)) =: pa(y)}

where ¢ is a small positive number. We consider the region N' =: Ny of
points z of the form

= Xp(y,t) =y + (t+ holay) + hi(ay)) v(ay), (y,t) €O,

namely N5 = X3, (0O). The coordinates (y,t) are well-defined in N for
any sufficiently small §: indeed, the map X}, is one-to-one in O thanks
to assumption (3.4) and the fact that h; = O(«). Moreover, Lemma 2.1
applies in Nj.

Let n(s) be a smooth cut-off function with n(s) = 1 for s < 1 and
=0 for s > 2, and define

(3.12) ns(x) = { (|t + h1(ay2)| — paly) — 3) ﬁ:; Zﬁ/ﬁ;,
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where p,, is defined in (3.11). Then we let our global approximation w(z)
be defined simply as

(3.13) w = nsui + (1 —ns)H

where H is given by (3.10) and u(z) is just understood to be H(x)
outside Nj.

Since H is an exact solution in R?\ Mj, the global error of approxi-
mation is simply computed as

(3.14) S(w) = Aw+ f(w) = nsS(u1) +E
where
E =2Vns;Vuy + Ans(uy —H) + f(nsur + (1 —ns)H) ) — nsf(u1).

The new error terms created are of exponentially small size O(e”a )
but have, in addition, decay with r,. In fact, we have

|E| < Ce ro A,

Let us observe that |t + hi(ay)| = |z — ho(ay)| where z is the normal
coordinate to M,; hence 7n; does not depend on hp, and in particular
the term Ans does involve second derivatives of hy on which we have
not yet made assumptions.

4. The proof of Theorem 1

The proof of Theorem 1 involves various ingredients whose detailed
proofs are fairly technical. In order to keep the presentation as clear
as possible, in this section we carry out the proof, skimming it from
several (important) steps, which we state as lemmas or propositions.
Some proofs are postponed to subsequent sections. We also refer sys-
tematically to our work [11]. The reader may also consult a preliminary
version of this paper in the preprint [14].

We look for a solution u of the Allen-Cahn equation (1.1) in the form

(4.1) u=w+

where w is the global approximation defined in (3.13) and ¢, is in some
suitable sense, small. Thus we need to solve the following problem:

(4.2) Ap + f'(w)p = =S(w) — N(p)
where
N(p) = fu+ @) = f(w) = f'(w)e.
Next we introduce various norms that we will use to set up a suitable

functional analytic scheme for solving problem (4.2). For a function g(z)
defined in R3, 1 < p < +o0, > 0, and o > 0, we write

19llp. e = S“@(l +r(ax)!|gllr(B@ay. @ s) = |2
S
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On the other hand, given numbers g > 0, 0 < 0 < min{oy,0_},
p > 3, and functions g(y,t) and ¢(y,t) defined in M, x R, we consider
the norms

P
(43)  lglpuo == sup ra(y) e / [fIPdVa )
B((y.1).1)

(y,t)EMa xR

Consistently we set

(4.4) Igllooyie == sup  ra(@)" e il (1)
(y,t)EMq xR

and let

(4.5) 10ll2.p00 = I1D*Pllp o + 1DBlloo0 0 + |Blloo,uo -

We also consider for a function g(y) defined in M the LP-weighted norm
(4.6)

1/p
1fllp,8 = </M\f(y)\p(1+ \ylﬁ)pdv(y)> = [+ 19”) f llzeany

where p > 1 and 8 > 0.
We assume in what follows that for a certain constant > 0 and
p > 3 we have that the parameter function h;(y) satisfies

(4.7) ||hall« = 1P|l zoo (ary + 1 (1+77) Dha || oo ary+ [ DR | 4 < Ka.

p74_

Next we reduce problem (4.2) to solving one qualitatively similar
(equation (4.20) below) for a function ¢(y,t) defined in the whole space
M, x R.

4.1. Step 1: The gluing reduction. We will follow the following
procedure. Let us again consider 7(s), a smooth cut-off function with
n(s) =1 for s <1 and =0 for s > 2, and define

(4.8) (o) = { n([t+hi(ay)| — S +n)  ifxeN;

0 ifx g N5~
We look for a solution ¢(z) of problem (4.2) of the following form:
(4.9) p(x) = G(z)d(y, t) + ¥(z),

where ¢ is defined in the entire M, x R, ¢(z) is defined in R3, and
Ca(x)d(y, t) is understood as zero outside N.
We compute, using that (s - (1 = (j,

Sw+p) = Ap+ f(w)e + N(p) + S(w)
=G [Ad+ f(ur)d + Cu(f'(wr) + H(t))p + QN+ ¢) + S(uy) |
+AY = [(1 =) f'(u) + GH) JY
(4.10) +(1 = )S(w) + (1 = Q)N (Y + ¢20) +2VGVP + dAG
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where H (t) is any smooth, strictly negative function satisfying

f(+1 ift>1,
H(t) = {f’((—l)) it < 1.

Thus, we will have constructed a solution ¢ = (2¢ + 1 to problem (4.2)
if we require that the pair (¢,) satisfies the following coupled system:
(4.11)

A+ f'(u1)d+ G (f (u1)—H (8)Y +C N (h+¢)+S(ur) = 0 for [t < g+3

A+ [(1 = G) f () + GHE) Y +
(4.12) (1=G)S(W)+(1—C)N (v+(20)+2V1Ve+pAG = 0 in R®.

In order to find a solution to this system, we will first extend equation
(4.11) to the entire M, x R in the following manner. Let us set

(4'13) B(¢) = <4[Aac — Oy — Ay,Ma ] o

where A, is expressed in (y,t) coordinates using expression (2.18) and
B(¢) is understood to be zero for |t + hy| > g + 5. The other terms in
equation (4.11) are simply extended as zero beyond the support of (j.
Thus we consider the extension of equation (4.11) given by

Od + Ayar,d +B(9) + f(w(t)g = —S(u)
(4.14)
—{[f'(wr) = f'(w)]¢ + Cu(f'(ur) — H(E) + QN+ ¢)} in € Mo xR,

where we set, with reference to expression (3.9),

g(ul) = —a2HA\2h1 + AMhl] w + o? a%— (28,-h08jh1 + 8ih18jh1 ) w”
(4.15)
—a (|APtyg—ag;0ihodho t) ) Ay +Cy [0 (t4h)ag; 0;hdjhw” +Ry(y, t) ]

and, we recall,
Ry = Ri(y,t, ha(ay), Varhi (ay))
with
(4.16)
D, Ry (y, 1,2, 9) [+ |Dy Ry (y, t,2, ) [+ Ry (3. £,2,9)] < CoP(L4ra(y)) el

In summary, S(u;) coincides with S(uy) if {4 = 1, while outside the
support of (4, their parts that are not defined for all ¢ are cut-off.

To solve the resulting system (4.12)—(4.14), we first solve equation
(4.12) in ¢ for a given ¢, a small function in absolute value. Noticing
that the potential [(1 — (1) f"(u1) + (1 H(¢)] is uniformly negative, so
that the linear operator is qualitatively like A — 1 and using the con-
traction mapping principle, a solution ¥ = ¥(¢) is found according to
the following lemma, whose proof is essentially contained in Lemma 4.1
of [11].
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Lemma 4.1. For all sufficiently small o the following holds. Given ¢

with ||@||l2p.pe < 1, there exists a unique solution 1 = W(¢) of problem
(4.12) such that

_ o8
(4.17) [911x = I1D*$llp,pus + [Pllpue < Ce™ e
Besides, U satisfies the Lipschitz condition

_os
(4.18) [V (h1) = U(d2)llx < Ce o |lpr — P2ll2ppo-

Thus we replace 1p = ¥(¢) in the first equation (4.11) so that by
setting
(4.19)

N(¢) = B(¢)+[f(ur)— f'(w)]¢ + G (f'(ur) —H () T(d) +C1 N (T())+6),
our problem is reduced to finding a solution ¢ to the following nonlinear,
nonlocal problem in M, x R:

(4.20)  Oud + Ayard + f(w)p = —S(ur) —N(¢) in M, x R.

Thus, we concentrate in the remainder of this proof on solving equa-
tion (4.20). As we stated in §3.2, we will find a solution of (4.20) by
considering two more steps: We improve the approximation, roughly
solving for ¢ that eliminates the part of the error that does not con-

tribute to the “projections” [[S(Uy) + N(¢)]w'(t)dt, which amounts to
a nonlinear problem in ¢. Then we adjust h; in such a way that the
resulting projection is actually zero.

Let us set up the scheme for the next step in a precise form.

4.2. Step 2: Eliminating terms not contributing to projections.
Let us consider the problem of finding a function ¢(y,t) such that for a
certain function ¢(y) defined in M,, we have

(4.21)
Ot + Ayarnd + f (w)p = —S(ur) —N(¢) + c(y)w'(t) in M, xR,

/ d(y,t)w'(t)dt =0, forall ye€ M,.
R

Solving this problem for ¢ amounts to “eliminating the part of the error
that does not contribute to the projection” in problem (4.20). To justify
this phrase, let us consider the associated linear problem in M, x R,

O+ ANy ar, @+ f(w(t) g = gy, t) + c(y)w'(t), for all (y,t) € M, x R,
(4.22

)
/ d(y,t)w'(t)dt = 0, for all y € M,
where

(4.29) ) de ot

Jz w'?dt
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In order to solve problem (4.21), we need to devise a theory to solve
problem (4.22), where we consider a class of right-hand sides g with
a qualitative behavior similar to that of the error S(u;). As we have
seen in (4.15), typical elements in this error are of the type O((1
o (y)) " *e ). The following fact holds.

Proposition 4.1. Givenp > 3, 1 >0, and 0 < 0 < min{o_, 04},
there exists a constant C' > 0 such that for all sufficiently small o > 0,
the following holds: Given f with ||g||pue < 400, Problem (4.22) with
c(y) given by (4.23) has a unique solution ¢ with ||P||lec e < +00. This
solution satisfies in addition that

(4.24) [¢ll2po < Cllgllp,p.o-
Proof. The proof consists just in a small variation of that for Propo-
sition 6.1 in [11]. We omit the details. q.e.d.

After Proposition 4.1, solving Problem (4.21) for a small ¢ is easy,
using the small Lipschitz character of the terms involved in the operator
N(¢) in (4.19) and the contraction mapping principle. The error term
S(uy) satisfies

(4.25) 1S (u1) + a*Ahyw!||pae < Ca.

Using this, and the fact that N(¢) defines a contraction mapping in a ball
center zero and radius O(a?) in || ||2.p.40, We conclude the existence of
a unique small solution ¢ to problem (4.21) whose size is O(a?) for this
norm. This solution ¢ turns out to define an operator in hy ¢ = ®(hq)
which is Lipschitz in the norms || ||« appearing in condition (4.7). In
precise terms, we have the validity of the following result, whose proof
is essentially that of Proposition 4.1 in [11]:

Proposition 4.2. Assumep >3, 0<p<3,0< o0 <min{oy,o_}.
There exists a K > 0 such that problem (4.21) has a unique solution
¢ = ®(hy), such that

[ll2ppo < Ka®.
Besides, ® has a Lipschitz dependence on hy satisfying (4.7) in the sense
that

(4.26) [ (1) — @ (h2)ll2p o < Ca?|[hy — ha..

4.3. Step 3: Adjusting h; to make the projection zero. In order
to conclude the proof of the theorem, we have to carry out the next step,
namely adjusting h;, within a region of the form (4.7) for suitable K in
such a way that the “projections” are identically zero, i.e. making zero
the function c¢(y) found for the solution ¢ = ®(hy) of problem (4.21).
Using expression (4.23) for ¢(y), we find that

(4.27) / /5 Y dt+/ N(®(hy) ) o dt
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Now, setting ¢, := fR w?dt and using the same computation em-
ployed to derive formula (3.6), we find from expression (4.15) that

/S(ul)(y,t) W) dt = —cy aP(Anhy + bl AP) + cv0?Gy(hy)
R

where

cxG1(hy) = —a? Ahy (|AP? / tgw’ dt — af;0;hod;ho / tph '’ dt)
R R
+ Ozai(h() + hl)aj (ho + h1) /RQ;(t + h)a}jw”w’ dt

(4.28) —|—a_2/ C1 Ri(y,t,hi, Varhy )w’ dt,
R

and we recall that R; is of size O(a?) in the sense of (4.16). Thus, setting
(4.29)

C*Gg(hl) = a2 /RN((I)(hl))’w, dt, G(hl) = Gl(hl) + Gg(hl),

we find that the equation ¢(y) = 0 is equivalent to the problem
(4.30) J(h1) = Aprhy + |APhy = G(hy)  in M.

Therefore, we will have proven Theorem 1 if we find a function A
defined on M satisfying constraint (4.7) for a suitable K that solves
equation (4.30). Again, this is not so direct, since the operator J has
a nontrivial bounded kernel. Rather than directly solving (4.30), we
consider first a projected version of this problem, namely that of finding

h1 such that for certain scalars cq,...,c; we have
J
Ci .
J(h) = G(hy) + ; ik M,
zih
(4.31) / SV =0, i=1,...,J
M 1 +7r
Here z1,..., 27 is a basis of the vector space of bounded Jacobi fields.

In order to solve problem (4.31), we need a corresponding linear in-
vertibility theory. This leads us to consider the linear problem

J
G L .
J(h) :f+zmzi in M,
i=1

Zih .
4.32 dV = =1,...J.
(4.32) /M T3 V=0 i=1,...J
Here z1,...,%; are bounded, linearly independent Jacobi fields, and J

is the dimension of the vector space of bounded Jacobi fields.
We will prove in §5.1 the following result.
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Proposition 4.3. Given p > 2 and f with || f]|, ,_12 < 400, there

p74_5
exists a unique bounded solution h of problem (4.32). Moreover, there
exists a positive number C = C(p, M) such that
(4.33)

Al = 1Plloe + I (1 + |yl*) Dhllos + HD2th,4_g < Clfllpa-2

Using the fact that G is a small operator of size O(«) uniformly
on functions h; satisfying (4.7), Proposition 4.3 and the contraction
mapping principle yield the following result, whose detailed proof we
carry out in §6.

Proposition 4.4. Given p > 3, there exists a number K > 0 such
that for all sufficiently small o > 0, there is a unique solution hy of
problem (4.31) that satisfies constraint (4.7).

4.4. Step 4: Conclusion. As the last step, we prove that the constants
¢; found in equation (4.31) are in reality all zero, without the need of
adjusting any further parameters, but rather as a consequence of the
natural invariances of the full equation. The key point is to realize what
equation has been solved so far.

First we observe the following. For each h; satisfying (4.7), the pair
(¢, 1) with ¢ = ®(hy), ¥ = ¥(¢), solves the system

A+ fllur)d + CG(f'(ur) = H($)Y + GN (W + @) + S(u1)

= c(y)w'(t) for |t| < g +3
A+ [(1 = G) f () + G H(t) |

+(1—)SW) + (1= Q)N+ (¢) +2VOVo +¢AG = 0 in R
Thus setting

o(r) = Q()o(y,t) + ¥(z), u=w+g,
we find from formula (4.10) that
Au+ f(u) = Sw+p) = Ge(y)w' ().

On the other hand, choosing h; as that given in Proposition 4.4 which
solves problem (4.31) amounts precisely to making

a2 2 ay
—C* C;
Z Zl_i_ra

for certain scalars ¢;. In summary, we have found A7 satisfying constraint
(4.7) such that

(4.34) w=w~+ Co(x)®(h1) + U(D(h))
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solves the equation

<
1

(4.35) Au+ f(u ay)w'(t)

where & = c,a’¢;. Testing equation (4.35) against the generators of the
rigid motions d;u i = 1,2,3, —x901u + x102u, and using the balancing
formula for the minimal surface and the zero average of the numbers 3;
in the definition of hgy, we find a system of equations that leads us to
¢; = 0 for all 7, thus concluding the proof. We will carry out the details
in §7.

In sections §5—7 we will complete the proofs of the intermediate steps
of the program designed in this section.

5. The Jacobi operator

We consider in this section the problem of finding a function h such

that for certain constants cq,...,cy,
2 .
(5.1) T (h) = Aprh+ |APPh = f+Zl+T4 ; in M,
Zih .
2 = =1,...
(2 [ N

and prove the result of Proposition 4.3. We will also deduce the existence
of Jacobi fields of logarithmic growth as in Lemma 3.1. We recall the
definition of the norms || ||, 3 in (4.6).

Outside of a ball of sufficiently large radius Ry, it is natural to pa-
rameterize each end of M, y3 = Fj(y1,y2) using the Euclidean coordi-
nates y = (y1,y2) € R%. The requirement in f on each end amounts to
f e LP(B(0,1/Ry)) where

(5.3) F) = Iy[7 F(yI%y).
Indeed, observe that

fIP =/ yI7?| f(ly|72y) IP dy
I Wsiaonsion = [y o B0

- / 1P £ (y) P dy.
RQ\B(O,RO)

In order to prove the proposition, we need some a priori estimates.

Lemma 5.1. Let p > 2. For each Ry > 0 sufficiently large, there
exists a constant C' > 0 such that if

||f||p 4_, 4+ ||hHLo<> ) < +0o0
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and h solves
Aph+|APh=f, yeM, |yl > Ro,
then

44
1l oo (yi>2r0) + | Y2 DA Loo (y2m0) + 1| 19172 D2l o (y>280)
< Ol llpazs + ol oo o<ty <sro) -

Proof. Along each end My, of M, Ay can be expanded in the coor-

dinate y as
Ay =A+0(ly[7*)D?* + O(ly|*)D.
A solution of h of equation (5.1) satisfies
Aprh+|APh = f, |y| > Ro
for a sufficiently large Ry. Let us consider a Kelvin’s transform
h(y) = h(y/ly).
Then h satisfies the equation

~ ~ ~ i 1
Ah+ O(ly[*)D*h+ O(ly|)Dh + O(1)h = f(y), 0<|y| < N
0

where f is given by (5.3). The operator above satisfies the maximum
principle in B(0, RLO) if Ry is fixed large enough. This, the fact that A is
bounded, and LP-elliptic regularity for p > 2 in two dimensional space
imply that
1Bl oo (B0,1/280)) + |1 DB oo (B0,1/280)) + 1Dl Lo (B(0,1/2R0))
< ClIfllpas + 1llzee (B(Ro<Iyi<3Ro)) |

From this it directly follows that

44
12/l oo (1y1>2R0) + 172Dl oo (y>2R0) + I 17172 DRl Loy >2R0)
< Ol llpa—a + 1l (B(Ro<IyI<3R0)) |-

Since this estimate holds at each end, the result of the lemma follows,
after possibly changing slightly the value Ry. q.e.d.

Lemma 5.2. Under the conditions of Lemma 5.1, assume that h is
a bounded solution of problems (5.1)—(5.2). Then the a priori estimate
(4.33) holds.

Proof. Let us observe that this a priori estimate in Lemma 5.1 implies
in particular that the Jacobi fields 2; satisfy

Vi(y) = O(lyl™)  as [y — +oo.
Using Z; as a test function in a ball B(0, p) in M, we obtain

/ (hdy2i — 2:0,%) + / (Anzi+ |APZ) h =
OB(0,p)

lyl<p
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ZiZ;
zZi + c
/y|<pr Z J/ L+t

Since the boundary integral in the above identity is of size O(p~!), we
get

(5.4) / 4 +Zc] / ffi .

so that in particular

(5.5) lejl <O fll,4a forall j=1,....J
op

In order to prove the desired estimate, we assume by contradiction
that there are sequences hy, f, with [[hy[ls = 1 and [[fpl[,, 2 — O,
op

such that

J s
C: ' Z;
=1

hnZi .
/ —z4:0 forall 7=1,...,J.
M1+'I"

Thus, according to estimate (5.5), we have that ¢} — 0. From Lemma
5.1 we find

1A llLeo(jy>2r0) < Clo(1) + [[hnll Lo (B(0,3R0))] -

The latter inequality implies that

Al oo (B(0,3R0)) =7 > 0.

Local elliptic estimates imply a C' bound for h, on bounded sets. This
implies the presence of a subsequence h,, which we denote the same way
such that h,, — h uniformly on compact subsets of M, where h satisfies

Ayh 4 |APPR =0.

h is bounded; hence, by the nondegeneracy assumption, it is a linear
combination of the functions 2;. Besides, h # 0 and satisfies

/ hzi4:0 forall ¢i=1,...,J.
M1+7’

The latter relations imply h = 0, and hence a contradiction that proves
the validity of the a priori estimate. q.e.d.
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5.1. Proof of Proposition 4.3. Thanks to Lemma 5.2, it only remains
to prove existence of a bounded solution to problems (5.1)—(5.2). Let f
be as in the statement of the proposition. Let us consider the Hilbert
space H of functions h € H} (M) with

1

2 2 2

= Vh|* 4+ ——— +00
1]l / |Vh| 1 r4|h| < )

1
/—4h2i:0 forall i=1,...,J.
M1+T

Problems (5.1)—(5.2) can be formulated in weak form as finding h € H
with

/ VAV — |APhy = —/ fv forall o € H.
M M

In fact, a weak solution h € H of this problem must be bounded, thanks
to elliptic regularity. This weak problem can be written as an equation
of the form 3

h—T(h)=f
where T is a compact operator in H and f € H depends linearly on f.
When f = 0, the a priori estimates found yield that, necessarily, h = 0.
Existence of a solution then follows from Fredholm’s alternative. The
proof is complete. q.e.d.

5.2. Jacobi fields of logarithmic growth and the proof of Lemmma
3.1. Let us consider an m-tuple of numbers 31,..., 8, with Z;n:l Bj =
0, and any smooth function p(y) in M such that on each end M; we
have that for sufficiently large r = r(y),

ply) = (=1 Bjlogr(y), ye M;
for certain numbers f1,..., 3,, that we will choose later. To prove the
result of Lemma 3.1, we need to find a solution hg of the equation
J(hg) = 0 of the form hg = p+ h where h is bounded. This amounts to
solving

(5.6) J(h) = =T (p).
Let us consider the cylinder Cgr = {x € R? / r(z) < R} for a large R.
Then

| awmiv =3 [ (0w pou) dotw)
MNCpr j=1 8CRmMj
Thus, using the graph coordinates on each end, we find
/ J(p) z3dV =
MNCgr
Z(—l)j @/ v3do(y) — Bjlog R Orvado(y) | + O(R™Y).
= R Jy=r lyI=R
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We have that, on each end Mj,

L _ (=17 +0(r7%), Oyws(y) = O(r™).

WO = AT RRmP

Hence we get

dv = 2 " g, O(R™Y).
/MOCRJ(p)zs #3° 6+ 0(r1)

=1

It is easy to see, using the graph coordinates, that J(p) = O(r~%) and
it is hence integrable. We pass to the limit R — 400 and get

(5.7) /Mj(p) zdV = 21y B =0.
j=1

We make a similar integration for the remaining bounded Jacobi
fields. For z; = v4(y) i = 1,2 we find

/MQCR J(p) z0dV = ;(_1)1

B / vodo(y) — Bjlog R Opvado(y) | + O(R™Y).
R Jiyl=r lyl=R
Now, on Mj,
(—1) o L -3 -2
v = =(-1)Yaj— +0(r7), O =0(r 7).
2(y) RN (=1)a;—5 + 00 ™) 2(y) = O(r™)
Hence
/ J(p)zdV = 0i=1,2.
M
Finally, for z4(y) = (—y2,v1,0) - v(y), we find on M;,
j _ _ o Y2 0V -2 _ -2
(=1 z4(y) = —y202Fj+y 101 Fj = ]1r—2—b32r—2+0(7’ )y Orza = O(r™7)

and hence again
/ j(p) Z4dV = 0.
M

From the solvability theory developed, we can then find a bounded so-
lution to the problem

J
J(h)==T()+ Y ac.
=1

Since [y, J(p)zidV = 0 and hence [,, J(p)zdV = 0, relations (5.4)
imply that ¢; = 0 for all 4.
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We have thus found a bounded solution to equation (5.6) and the
proof is concluded. q.e.d.

Remark 5.1. Observe that, in particular, the explicit Jacobi field
20(y) =y - v(y) satisfies that
2(y) = (—1)ajlogr + O(1) for all y e M;
and we have indeed Zj a; = 0. Besides this one, we thus have the
presence of another m—2 linearly independent Jacobi fields with |z(y)| ~
logr as r — 400, where m is the number of ends.

These are in reality all  Jacobi fields with exact logarithmic growth.
In fact, if J(z) =0 and

(5-8) 2(y)| < Clogr,

then the argument in the proof of Lemma 5.1 shows that the Kelvin’s
inversion Z(y) as in the proof of Lemma 5.2 satisfies near the origin
Az = f where f belongs to any LP near the origin, so it must equal a
multiple of log |y| plus a regqular function. It follows that on M; there is
a number B; with
z(y) = (1) Bjlog |y| + h

where h is smooth and bounded. The computations above force
Zj Bj = 0. It follows from Lemma 3.1 that then z must be equal to
one of the elements predicted there, plus a bounded Jacobi field. We
conclude in particular that the dimension of the space of Jacobi fields
satisfying (5.8) must be at most m — 1+ J, thus recovering a fact stated
in Lemma 5.2 of [37].

6. The reduced problem: Proof of Proposition 4.4

In this section we prove Proposition 4.4, based on the linear theory
provided by Proposition 4.3. Thus, we want to solve the problem

J
— 2 _ z : Cj s .
(61) j(hl) —AMhl + h1|A| == G(hl) + — m Z; m M,
hi%; .
dV =0 forall i=1,...,J,
M 1+7"4

where the linearly independent Jacobi fields 2; will be as chosen in (7.1)
and (7.2) of §8, and G = G1 + G2 is as defined in (4.28) and (4.29). We
will use the contraction mapping principle to determine the existence of
a unique solution hy for which constraint (4.7), namely

(6.2) [[Palls == [1h1]l Lo (ary+ 11 (1472) Dha || oo (apy + | DB ||, 4 s < Ka,

is satisfied after fixing K sufficiently large.
To analyze the size of the operator G, we make use of the following
estimate, whose lengthy but rather straightforward proof we omit.
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Lemma 6.1. Let ¢(y,t) be a function defined in My X R such that

[lppo = sup e+ ) 1]l Lo Biya.1) < +00
(y,t)EMq xR

for o, > 0. The function defined in M as
o) = [ wlufot)ul @) d

satisfies
(6.3) lallp.a < ClYllpuo
provided that

2

w>—-+a.

p
In particular, for any T > 0,
(6.4) lallpo-2 - < Cl¥llp20
and
(6.5) lallpa—a < CllYllpao-

i S
Let us apply this result to ¥ (y,t) = N(®(h1)) to estimate the size of
the operator Gy in (4.29). For ¢ = ®(hy), we have that

Ga(h1)(y) := C*_la_z/RN(@(y/a,t) w' dt
satisfies
Gl 4t < Ca?N(@) o < Co
On the other hand, we have that, similarly, for ¢; = ®(h;), | = 1,2,
|Ga(h1) — G2(h2)|!p74_% < Ca 2||N(¢1, h1) — N(¢a, ha)lp.a.o-
Now,
IN(¢1, 21)=N(1, h2)|lpae < C?||hy —hall«l|é1 230, < Ca®||h1—ha]|,

and

IN(¢1, h1) = N(d2, h1) |pao < Co?llpr — d2llpso < Catllhy — holl. .
We conclude then that

|G2(h1) — Ga(h2)|| s < C o®||hy — ha..

p74_
In addition, we also have that
1G2(0)]l, 41 < Ca®

for some C' > 0 possibly dependent of . On the other hand, it is
similarly checked that the remaining small operator Gi(h;) in (4.28)
satisfies

[G1(h1) — Gi(h2)l|,4_s < Cralhy — hall.

p74_5



THE ALLEN-CAHN EQUATION AND MINIMAL SURFACES IN R3 99

A simple but crucial observation we make is that
cG1(0) = a@ihoajho/ C4(t+h0)a2-1jw”w' dt+a_2/ CaR1(y,t,0,0)w dt
R R

so that for a constant Cy independent of K in (6.2), we have
1G1(0)],4—1 < Cacr.

4
P
In all, we have that the operator G(h;) has an O(«) Lipschitz constant,
and in addition satisfies
GO < 2C30.
Let h = T'(g) be the linear operator defined by Proposition 4.3. Then
we consider the problem (6.1) written as the fixed point problem
(6.6) hi = T(G(h)), ]l < Ka.
We have
IT(G ()l < ITIHIGO)p,a-1 + Callha]ls.
Hence, fixing I > 2C5||T||, we find that for all « sufficiently small, the
operator T' G is a contraction mapping of the ball ||A|. < Ko into itself.
We thus have the existence of a unique solution of the fixed problem

(6.6), namely a unique solution h to problem (6.1) satisfying (6.2), and
the proof of Proposition 4.4 is concluded. q.e.d.

7. Conclusion of the proof of Theorem 1
We denote in what follows

1 o1
r(r) =1\/2? + 23, 7= ;($1,$2,0), 0= ;(—@7517170)-

We consider the four Jacobi fields associated to rigid motions,
21,...,24 introduced in (1.14). Let J be the number of bounded, linearly
independent Jacobi fields of 7. By our assumption and the asymptotic
expansion of the ends (1.12), 3 < J < 4. (Note that when M is a
catenoid, z4 = 0 and J = 3.) Let us choose

4
(7.1) 5= dyzorj=1,...,7,
=1
normalized such that
2 [ awas =0 fori£d [ @i =Lig =10
M M
In what follows we fix the function ¢ as

(7.3) ay) = ﬁ .
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So far we have built, for certain constants ¢;, a solution u of equation
(4.35), namely

J
Au+ f(u) = &zlay)w' (t)g(ay)és
j=1

where u, defined in (4.34), satisfies the following properties:
(7.4) u(z) = w(t) + oy, 1)
near the manifold, meaning * = y + (t + h(ay) ) v(ay) with
5
ye M, |t< 2t vlog(2 + r(ay)).

The function ¢ satisfies in this region the estimate
1

7.5 < Ca?———el,
(75) 6]+ V6] < Co g
Moreover, we have the validity of the global estimate
C
|Vu(z) —og

| < ms
We introduce the functions
Zi(x) = 0p,u(z), 1=1,2,3, Zy(z) = —aw20z,u + ax105,u .

From the expansion (7.4) we see that

Vu(z) = w'(t) Vt + V.
Now, t = z — h(ay), where z designates a normal coordinate to M,.
Since Vz = v = v(ay), we then get

Vit =v(ay) — aVh(ay).

Let us recall that h satisfies h = (—1)¥3;logr + O(1) along the k-th
end, and

Vh = (—1)’“%72 +0(r?).

From estimate (7.5) we find that

(7.6) Vu(z) = w'(t)(v — a(—l)kf—kf) + O(ary el

(87

From here we get that, near the manifold,
(7.7)

Zi(z) = w'(t) (ziloy) — a(=1)FLiey) + O(arg?e M), i=1,2,3,

(7.8) Zy(z) = W' (t) 204(oy) + O(ar; te™ M),
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Using the characterization (4.35) of the solution u and barriers (in ex-
actly the same way as in Lemma 9.4 below, which estimates eigen-
functions of the linearized operator), we find the following estimate for
ro(x) > Ro:

(7.9) Vu(z)| < €Y emolmamo™ (Fulaa)+f;aloglaa’)|
k=1

We claim that
(7.10) / (Au+ f(W)Zi(2)dz =0 forall i—1,...4
RS

so that
(7.11)

J
Zéj/ q(ax)zj(ay)w' (t)Zi(z) Cede = 0 forall i=1,...,4.
j=1 R

Let us accept this for the moment. Let us observe that from estimates
(7.7) and (7.8),

4
o? /RS q(az)zi(ay)w'(t) ; dyZ(z) (o dx

[ee]
= / w’(t)2dt/ q2i2dV + o(1)
—0o0 M

with o(1) small with «. Since the functions Z; are linearly independent
on any open set, because they solve an homogeneous elliptic PDE, we
conclude that the matrix with the above coefficients is invertible. Hence
from (7.11) and (7.2), all ¢&’s are necessarily zero. We have thus found a
solution to the Allen-Cahn equation (1.1) with the properties required
in Theorem 1.

It remains to prove identities (7.10). The idea is to use the invariance
of Au + f(u) under rigid translations and rotations. This type of Po-
hozaev identity argument has been used in a number of places; see for
instance [18].

In order to prove that the identity (7.10) holds for ¢ = 3, we consider
a large number R >> é and the infinite cylinder

Cr = {z / 23+ 23 < R?}.
Since in C'r the quantities involved in the integration approach zero at
an exponential rate as |x3| — 400 uniformly in (z1,x2), we have that

/(Au—I—f(u))@xSu— Vu-f@wgu:/ Ony (F(u)— = |Vul?) =0,
CR CR 2

9Cr
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We claim that

lim Vu -7 Opu = 0.
R—+o00 aCk

Using estimate (7.6), we have that near the manifold,
1
BuguVu(z) -7 = w' (t)*((v — a(=1)"E7) - #)ug + O(ae ™11 5).

Let us consider the k-th end, which for large r is expanded as
x3 = F o(x1,22) = ofl(ak log ar + by, + O(r_l))

so that
1 ag T

. (V-1 = %" e 1062,
1—|—|VFk,a|2( " ) ar ™)

Then on the portion of C'r near this end we have that

(7.12) (—D)rv =

(7.13) (v — a(—l)kf—kf) g = —a t BT ;O‘B’“ +O(R™2).

In addition, for 2% + 23 = R? we have the expansion
t = (23 — Fra(21,22) — Brlogar + O(1))(1 + O(R™?))

with the same order valid after differentiation in x3, uniformly in such
(x1,x2). Let us choose p = vlog R for a large, fixed 7. Observe that
on OCR the distance between ends is greater than 2p whenever « is
sufficiently small. We get

Fi o (z1,22)+0) log ar+p 00
/ W (1) 2das = / W (£)2dt + O(R™2).
Fi o(x1,22)+0) logar—p -0
Because of estimate (7.9) we conclude, fixing -, appropriately that
/ OpsuVu(x) - 7 dry = O(R™?).
Ny{lzs—Fr,a|>p}

As a conclusion,

[e%S) . 1 m [%S) B
/_Oo Og,uVu - 7 drg = ) kz_:l(ak + af) /_Oo w'(t)?dt + O(R™?)
and hence
2 m
/ O uVu(w) 7 = — 25 (ax + afi) + O(RY).
OCr * =

But > " ar = >0, Br = 0 and hence (7.10) for ¢ = 3 follows after
letting R — oo.
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Let us prove the identity for ¢ = 2. We now need to carry out the
integration against J,,u. In this case we get

/ (Au+ fF@)nyu= [ Vu-ionu +/ Os, (F(u) — 2|Vul?).
Cr Cr 2

ACR

We have that
1 2 1 2
0ry (Fu) — 2 [Vul’) = [ (F(u) ~ |Vul)ns
Cr OCRr
where ny = x9/r. Now, near the ends, estimate (7.6) yields
1
Vul? = [/ ()] + O™ ).

and arguing as before, we get

/ IV 2das :m/ (! (£)2dt + O(R2).

—00

Hence

/ |Vu|2n2:m/ |w’(t)|2dt/ ns + O(RY).
OCRr —00 [r=R]

Since f[T: g2 =0, we conclude that

lim Vu|*ng = 0.
R—+o00 8Ch
In a similar way we get
lim F(u)ng = 0.
R—+o00 8Ch

Since near the ends we have

O = w'(t)(vg — a(—l)k@feg) + O(ar™2e7lty,
Ta
and from (7.12) vy = O(R™1), completing the computation as previously
done yields

Vu - 7 pu = O(R7Y).
dCR

As a conclusion of the previous estimates, letting R — +o0o we finally
find the validity of (7.10) for ¢ = 2. Of course, the same argument holds
for ¢ = 1.
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Finally, for ¢ = 4 it is convenient to compute the integral over Cp
using cylindrical coordinates. Let us write u = u(r, 0, z). Then

/ (D + (1)) (220, 0 — 2100, 10)
Cr

2w prR  poo
= / / / sz + T_l(rur)r + f(u)]ugrdfdrdz
0 0 —00
1 2w R foo
:_5/ / / g [u? +u? — 2F (u)] r df dr dz
0 0 —00

) 2m
—I—R/ / urup(R, 0, 2)d0 dz
—o0 J0

=0+ / Uplg.
aCR

On the other hand, on the portion of dCr near the ends we have
upug = w'(t)*R(v - #)(v - 0) + O(R™2e71t).
From (7.12) we find

and hence
urug = w' (t)20(R™%) + O(R2e7MM),

/ uyug = O(R™1Y).
aCx

Letting R — +o00, we obtain relation (7.10) for ¢ = 4. The proof is
concluded. q.e.d.

and finally

8. Negative eigenvalues and their eigenfunctions for the
Jacobi operator

For the proof of Theorem 2, we need to translate the information
on the index of the minimal surface M into spectral features of the
Jacobi operator. Since M has finite total curvature, the index i(M) of
the minimal surface M is finite. We will translate this information into
an eigenvalue problem for the operator 7. Let

Q(k, k) ;:/ \VdeV—/ |AE2 dV.
M M

The number i(M) is, by definition, the largest dimension for a vector
space E of compactly supported smooth functions in M such that

Q(z,2) <0 forall ze€ E\{0}.
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The number (M), when finite, has the following convenient charac-
terization, whose proof is straightforward. In what follows, we fix the
function ¢ as

(8.14) p(y) = —

1+r(y)*
Let us consider, for a large number R, the region
M%={yeM /r(y) <R}
and the eigenvalue problem
(8.15) Apk + |APE+Mp(y) k=0 in ME,
k=0 on oM~

Let mp(p) denote the number of negative eigenvalues (counting multi-
plicities) for this problem. Then we have

(8.16) i(M) = sup mp(p).

Let us also consider the eigenvalue problem in entire space
(8.17) Ak + APk +Mp(y) k=0 in M, ke L®(M).
We will prove the following result.

Lemma 8.1. Problem (8.17) has exactly i(M) negative eigenvalues,
counting multiplicities.

8.0.1. A priori estimates in M. For the proof of Lemma 8.1, and
for later purposes, it is useful to have a priori estimates uniform in large
R > 0 for the linear problem

(8.18) Ak + |APE —yp(y) k= f in ME,

k=0 ondMT.
We have the following result.

Lemma 8.2. Let p > 1, 0 > 0. Then for Ry > 0 large enough and
fixred and vo > 0, there exists a C' > 0 such that for all R > Ry + 1,
0 <5 <", any f, and any solution k of problem (8.18), we have that

(a) If||f||p’4_% < 400, then

(8.19) lllso < CTISllpas + Iello(yi<aro) 1-
(b) If HprQ_%_U < 400, then
(8.20) HDQka’Q_g_J + Dk, y_2_o < CIfllpo—2_g + Koo ]-
P P >

If p > 2, we have in addition
(8:21) (1 + 1Y)~ Dk [loo < ClAlp2-2—g + IElloc T
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Proof. Let us consider the equation in M
(8:22) Anp + [APY = =|fIXyy<rs 1yl > Ro,

(8.23) ¥(y) =0, |yl=Ro.

For a large and fixed Ry, solving this problem amounts to doing it on
each separate end. As in Lemma 5.1, after a Kelvin’s transform the
problem reduces in each end to solving in a ball in R? an equation of
the form

A+ O(y[) D% + O(y)) D + 0 = ~|flxyos. Iyl <

~ 1
=0, == .
U(y) yl=%,
Enlarging Ry if necessary, this problem has a unique solution, which is

also positive. This produces a bounded, positive solution 1 of (8.22)—
(8.23) with

1
Ry’

[6loe < CI lpams

On the other hand, on this end the Jacobi field z3 = v-e3 can be taken as
positive with z3 > 1 on [y| > Ro. Thus the function ¢ + [|k|| oo (|y|1= ry)#3
is a positive, bounded supersolution for the problem (8.18) on this end,
where |y| > Ry, and estimate (8.19) then readily follows.

Let us now prove estimate (8.20). Fix a large number Ry > 0 and
another number R >> Ry. Consider also a large p > 0 with 3p < R. On
a given end, we parameterize with Euclidean coordinates y € R? and
get that the equation satisfied by k = k(y) reads

Ak +O(ly[7*) D% + O(ly|*)Dk + O(ly| ™k = f. Ro <yl <R.
Consider the function k,(z) = k(pz) wherever it is defined. Then
Ak, + O(p~2[21 ") D%k, + O(p™ 22| ) Dk + 00”212 )k, = f,

where f,(z) = p?f(pz). Then interior elliptic estimates (see Theorem
9.11 of [17]) yield the existence of a constant C' = C(p) such that for
any sufficiently large p,

1Dkl Lo (1<|z1<2) + 1Dkl Lr1<)z1<2) < C( 1Kl oo (1 <121 <3)

(8.24) F 1 foll oz <pz1<3))-
Now,
P _ 2p p
1ol s i<y = # /( oy S

< Cp° / 222 ()P R
(3<|z]<3)

—Cpr / Y1272 ()P dy.
(5<lyl<3p)
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Similarly,

HDzkaip(1<|z|<2) > Cp™ / y[*P=2 7P| D?k(y) P dy.
(p<lyl<2p)

Thus
/ 9[22 77| D2k(y) P dy < C
(p<lyl<2p)

/ y[*P=2P ()P dy + p PRI
(5<lyl<4p)
Take p = p; = 2J. Then

/ g2 | D2k(y) P dy <
(pi<lyl<pj+1)

C [y 27PN f(y) [P dy + 2777 |KIB, -
(pj—1<lyl<pj+2)
Then, adding up these relations wherever they are defined, also taking
into account boundary elliptic estimates which give that for p = %,
‘|D2kﬁ‘|LP(1<\z\<2) <C <Hkp||L°°(%<|z|<2) + pr||LP(%<|z|<2)> s

plus a local elliptic estimate in a bounded region, we obtain that for
some C' > 0 independent of R,

1%kl 525 < C([Iklloo + 1 £

p72_%_0— )‘

The corresponding estimate for the gradient follows immediately from
(8.24). We have proven (8.20). In the case p > 2, we can use Sobolev’s
embedding to include || Dkl 10 (1<|z|<2) on the left-hand side of (8.24),
and estimate (8.21) follows. The proof is complete. q.e.d.

8.0.2. Proof of Lemma 8.1. We will prove first that problem (8.17)
has at least i(M) linearly independent eigenfunctions associated to neg-
ative eigenvalues in L°°(M). For all R > 0 sufficiently large, problem
(8.15) has n = (M) linearly independent eigenfunctions ki g, ..., kn R
associated to negative eigenvalues

MRS A< <A r<0.
Through the min-max characterization of these eigenvalues, we see that
they can be chosen to define decreasing functions of R. On the other
hand, A1 g must be bounded below. Indeed, for a sufficiently large v > 0,
we have that

AP —9p < 0 in M

and by maximum principle, we must have A\; g > —~v. The eigenfunc-
tions can be chosen orthogonal in the sense that

(8.25) / pkirkjrdV = 0 forall i#j.
MR
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Let us assume that ||k; rl|cc = 1. By (8.19) of Lemma 8.2, we obtain
(8:26) 1= |[kirlloo < ClINir+7)0ki Rl a1 + kiRl ooty <3R0) ]

Then the a priori estimate in Lemma 8.2 implies, passing to a subse-
quence in R — 400, that we may assume that

Nir 4 A <0, ki.r(y) — ki(y),

uniformly on compact subsets of M, where k; # 0 (by (8.26)) is a
bounded eigenfunction of (8.17) associated to the negative eigenvalue
Ai. Moreover, relations (8.25) pass to the limit and yield

(8.27) /pkikjdV = 0 forall i#j.
M

Thus, problem (8.17) has at least n = (M) negative eigenvalues. Let
us assume there is a further bounded eigenfunction k,,41, linearly inde-
pendent of kq, ..., k,, say with

(8.28) /pkiandV =0 foral i=1,...,n,
M

associated to a negative eigenvalue A,11. Then the a priori estimate of
Lemma 5.1 implies that

(14 72 Vkpp1|| < +oo.
The same of course holds for the remaining k;’s. It follows that
Q(k,k) <0 forall kespan{ki,...,knt1}\{0}.

However, again since Vk; decays fast, the same relation above will hold
true for the k;’s replaced by suitable smooth truncations far away from
the origin. This implies, by definition, i(M) > n+1, and we have reached
a contradiction. The proof is concluded. q.e.d.

9. The proof of Theorem 2

In this section we will prove that the Morse index m/(u,,) of the solu-
tion we have built in Theorem 1 coincides with the index of the surface
M, as stated in Theorem 2. We recall that this number is defined as the
supremum of all dimensions of vector spaces E of compactly supported
smooth functions for which

Q) = [ VU = flua)i? <0 forall b€ B\ {0},

We provide next a more convenient characterization of this number,
analogous to that for the Jacobi operator of §8. Let us consider a smooth
function p(z) defined in R? such that

1

plaz) = Ty if z=y+(+h(ay))v(ay) €N,
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and such that for positive numbers a, b,
a b
L+ Jaa’|t 1+ [aa/|!
For each R > 0, we consider the eigenvalue problem in the cylinder
Cr = {(2/,x3) / |2'| < Ra™!, |z3] < Ra™1)},

< plax) < for all z = (2,z3) € R>.

(9.1) Ad+ f'(ua)p + Ap(az)p =0 in Cpg,
¢=0 on JCg.
We also consider the problem in entire space
(9.2) Ad+ f'(ug)d + Aplaz)p =0 in R3¢ e L°(R?).

Let mp(u,) be the number of negative eigenvalues A (counting mul-
tiplicities) of problem (9.1). Then we readily check that
m(ua) = sup mp(ua).
R>0
On the other hand, we have seen in §8 that the index i(M) of the mini-
mal surface can be characterized as the number of linearly independent
eigenfunctions associated to negative eigenvalues of the problem

(9.3) Az + APz + M\p(y)z=0 in M, ze L>®(M),

which corresponds to the maximal dimension of the negative subspace
in L>°(M) for the quadratic form

Qz,2) = / Varel? — A2 aV.
M

We shall prove in this section that m(u,) = i(M) for any sufficiently
small a.

The idea of the proof is to put in correspondence eigenfunctions for
negative eigenvalues of problem (9.1) for large R with those of problem
(9.3). This correspondence comes roughly as follows. If z is such an
eigenfunction for problem (9.3), then the function defined near M, as

(9-4) k(y)w'(t), k(y) = z(ay)

defines after truncation a negative direction for the quadratic form Q on
any large ball. Reciprocally, an eigenfunction for a negative eigenvalue
of problem (9.1) will look for any sufficiently small o and all large R like
a function of the form (9.4). In the following two lemmas, we clarify the
action of the operator L on functions of this type, and the corresponding
connection at the level of the quadratic forms QO and Q.

Lemma 9.1. Let k(y) be a function of class C? defined in some open
subset V of M,. Let us consider the function v(z) defined for x € N,
yeVas

v(z) = v(y,t) = k(yuw'@), yeV, [t+hlay)| < paly)
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where py, s the function in the definition of Ny, (3.11). Then L(v) :=
Ayv+ f(ug)v can be expanded as in (9.8) below. Besides, we have

/ Lw)w'dt = (A k+o?|APk + aha; 0;k) /w’2dt
‘t+h1|<P(x R

(9.5) + 0(a?r32) dijk + O(a®ry?) dik + O(aPry*)k.
Here
ai’ = a;(ay) = O(rg?) .
The same conclusions hold for the function
v() = v(y,t) = k@)W ®)nsy.t), yeV, [t+hi(ay)l < paly)
where the cut-off function ns is defined as in (3.12).
Proof. Using Lemma 2.2, we get
Agv + fl(ua)v = k(w"” + flw)w') + [ (ua) — f'(w)] kw'
+w Ak — &P[(t+ h)|AP + Ayl kw” — 2aa;0;h0:kw”
+a(t+h) [ailj&jk‘w' -« a}j( djhdik + 0;h0;k) w"
+ a(bl ok w' — abldshw')]
(9.6) +a3(t+h)*blkw” + a2[a?j + ot + h)a}j) 10;hOjh kw" .

We can expand

aj; = ajj(ay,0) + a(t + h) af;(ay, a(t + h)) = a

1,0
ij

+ at + h)a?j
with a?j = O(r;?), and similarly
b} = b}(ay, 0) + a(t+h) b?(ay, a(t +h)) =: bjl-’0 + a(t + h)b?
with b? = O(r;?). On the other hand, let us recall that
Uy — w = ¢1 + O(aPr;te ol
where ¢; is given by (3.2),
(97)  di(y,1) = o?|A(ay)Peo(t) — o’ agidihodsho(o) i (2),
and g, 11 decay exponentially as |t| — +00. Hence
['(wa) = fw)]w' = f'(w)grw’ + O(a’e"Mrgh).
Using these considerations and expression (9.6), we can write
Q = Ayv+ fllug)v =

Anr kw' — o2 AP ktw” + o af;0:hodho kw'” + ahaj; 0;jkw'

Q1
+ f"(w) g1 kw'
———
Q2
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—" [aagj (0;h0;k + 0;hd;k) + a*kAnrhy + a’hal ¥ (9;hdik + aihajk)}

Q3
+ atw' |a; 0k + ab%’oaik}

Q4
(9.8)
+ a®(t+ h)2ak0ijkw’ + o2 (t + h)al; (9;hd;k + 9;h0;k)w” + O(a’e Iy ?) .
Qs Qo

The precise meaning of the remainder Qg is
Qs = O(a’e M 2) 0k + O(aPe™r %) 05k

We will integrate the above relation against w’(t) in the region |t +
hi(ay)| < pa(y). Let us observe that the terms @; for i = 1,...,4 are
in reality defined for all ¢t and that

(9.9) / Q;w' dt = /Q,- w'dt + O(a’r?)
[t+h1]|<pa R
where the remainder means
O(a3ry?) == 0(a®rg*) 9k + O(a®ry*) 0ik + O(aPry ) k.
Let us observe that

(9.10) /R(Q3 + Q) w' dt = 0.

On the other hand, since

1
/tw”w/dt = ——/wlzdt,
R 2 Jr

we get that
/ Qrw' dt = (Ank + = |A| 2k + aha’0; k)/w’zdt
R
(9.11) + a8 hod;ho / o .
R

Next we will compute [, Q2 w’dt. We recall that, setting Lo(¢) = 9" +
f'(w)v, the functions ¥y and vy in (9.7) satisfy

L()(l/)()) = tw'(t), LQ(l/Jl) = w”.

Differentiating these equations, we get
Lo(¥p) + f"(w)w'vo = (tw')’, Lo(l/f'l) + f(w)w'hr = w™.

Integrating by parts against w’, using Lo(w’) = 0, we obtain

/Rf”(w)w&’tbo: /tw”w’— / /f” Y2y = / o
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Therefore

/ Q1w dt = / F(w)py kw' dt

R R

= a2k|A[? / F(w)pow'? dt — oad;0;hodiho k / £ (w)py w'? dt
R R

1
(9.12) = a2k|A|2_ / w/2 _ ozza?jaihoﬁjho k / o
2 Jr R
Thus, combining relations (9.10)—(9.12), we get
(9.13)

/(Q1+'~+Q4)w/dt = (A k+ APk + ozhailj’-oaijk:) /w/zdt.
R R

On the other hand, we observe that
(9.14) / (Qs + Qg)w' dt = O(a®r;?) Oijk + O(a?r;3) 0;k.
[t+h1]|<pa

Combining relations (9.13), (9.14), and (9.9), expansion (9.5) follows.
Finally, for v replaced by nsk w’, we have that

/L(k:wn(;)n(; kw' dt = /n?L(k‘w)k‘w dt
+ /ng(AT](; kw' 4 2VnsV (kw')) kw dt.

The arguments above apply to obtain the desired expansion for the first
integral in the right-hand side of the above decomposition. The second
integral produces only smaller order operators in k since Ans, Vs are
both of order O(r;*a*) inside their supports. The proof is concluded.
q.e.d.

Let us now consider the region

W:={z e N5/ raly) < R},
where R is a given large number.

Lemma 9.2. Let k(y) be a smooth function in M, that vanishes
when ro(y) = R, and set v(y,t) := ns(y, t) k(y)w'(t). Then the following
estimate holds.

Q(v,v) = /W\VUIQ — f(ug) v? da

:/ [V k)* — o®|A(ay)|* k* | dVa/w’z dt
ra(y)<R R

(9.15) + O <a / [IVE? + o2 (147871 E?] dVa> .
Ta(y)<R
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Proof. The proof follows from computations in a similar spirit to
those in Lemma 9.1, and the facts that mean curvature of M vanishes
and the Gauss curvature equals |A|?, so that

de = (1+a(t+h)?|Alay)?) dVa(y) dt.
After Lemma 9.2, the inequality
(9.16) mua) > i(M)

for small « follows at once. Indeed, we showed in §8 that the Jacobi
operator has exactly i(M ) linearly independent bounded eigenfunctions
Z; associated to negative eigenvalues \; of the weighted problem in entire
space M. According to the theory developed in §5, we also find that
V% = O(r~2); hence we may assume

(9.17) A%, %) = Ni /qu%- zjdv.

Let us set ki(y) := Zi(ay). According to Lemma 9.2, setting v;(z) =
k;(y) w'(t)ns and changing variables, we get

(9.18)

Qv vy) = a®0(ii ) |

w?+0(®) Y / V22 + (14 rH~1z2av.
R - J M

l=i,j
From here and relation (9.17), we find that the quadratic form Q is
negative on the space spanned by the functions vy, ..., ;). The same
remains true for the functions v; smoothly truncated around r,(y) = R,
for very large R. We have thus proven inequality (9.16).

In what remains of this section, we will carry out the proof of the
inequality
(9.19) m(ug) < i(M).

Relation (9.18) suggests, that associated to a negative eigenvalue \; of
problem (9.3), there is an eigenvalue of (9.1) approximated by ~ \;a?.
We will show next that negative eigenvalues of problem (9.1) cannot
exceed a size O(a?).

Lemma 9.3. There exists a p > 0 independent of R > 0 and all
small v such that if X is an eigenvalue of problem (9.1), then

A > —,uozz.

Proof. Let us denote
Q) = [ V0 = 1'ua)y®.
Then if 1 (x) is any function that vanishes for |2/| > Ra~!, we have

Q) > Quiniraturery (42 8) + 7 / ¥

R3\Ns
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where v > 0 is independent of @ and R. We want to prove that, for
some g > 0, we have in Q = Ny N {ry(y) < R} that

w2
2 > —pa? dz.
(9.20) Qo () 2 —pa® | o
Equivalently, let us consider the eigenvalue problem
(9.21) L(¢) + A\p(ax)y =0 in Q,

=0 onr,=R, Oy =0 onl|t+hi|=pa.
Then we need to show that for any eigenfunction ¢ associated to a neg-
ative eigenfunction, inequality (9.20) holds. Here 9,, denotes the normal
derivative. Let us express this boundary operator in terms of the coor-
dinates (t,y). Let us consider the portion of ONs where

(9.22) t+ hi(ay) = paly)-

We recall that for some v > 0, po(y) = play) = vlog(l + ro(y)).
Relation (9.22) is equivalent to

(9.23) z — ho(ay) — paly) =0
where z denotes the normal coordinate to M,. Then, for V = V,, we
have that a normal vector to the boundary at a point satisfying (9.23)
is

n = Vz—Va (ho + p) =v(ay) — aV(ho + p)(ay).
Now we have that 0,1 = V¢ -v(ay). Hence, on points (9.22), condition
Ont = 0 is equivalent to

(9.24) oy — aVyr(ho + p) - Var, b =0,
and similarly, for

(9.25) t+hi(oy) = pa(y),

it corresponds to

(9.26) oy — aVr(hg — p) - Var, b = 0.

Let us consider a solution ¢ of problem (9.21). We decompose

Y= k(yw'(tns + ¢+
where 7; is the cut-off function (3.12) and

/+h et )TZJJ'(y,T) w'(r)dr =0 forall ye M,n{r,(y) < R},
T 1(ay)|<pay
namely
/
(9.27) k) = Jrtteni<a i Y D W T dr

fR w'(t)2ns dt
Then we have

Qo (1, ¥) = Qu(y,v") + Qakw'ns, kw'ns) + 2Qq (kw'ns, v).
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Since 1) satisfies the same boundary conditions as v, we have that

Qo (4, ) = — /Q (LA + F(ue)t?) de.

Thus,

¢J_ ¢J_ /TQ<R /t—l—h1<pa w Aww

+ ()] (14 a2(t + h)2|A]?) Vi dt .

Let us fix a smooth function H(t) with H(t) = +1ift > 1, H(t) = —1
for t < —1. Let us write

— At — f(ug)ht = —Oppt
— )t + ady [vM(ho L H®)p) - Var ot
— A0t + BWHh).

Then, integrating by parts in ¢, using the Neumann boundary condition,
we get that the integral

—/ [@tzﬁ + f'(w ] dt
t+h1|<Pa
+ / 0, (Varlho + H(t)p) - Var o) 0 (L+e2(t-+ h2|AP) de
[t+h1|<pa
- / 012 — /(w1 (1 + o(1) ) dt
[t+h1|<pa

+ / 0OV ap - Bt + 0(1)yut o dt
[t+h1]<pa

Now we need to make use of the following standard fact: thereis ay > 0
such that if a > 0 is a sufficiently large number, then for any smooth
function £(t) with [ &w'dt =0, we have that

(9.28) &= fw)edt >~ | €% +€dt.
Hence
(9.29)
1> / [0t [P+ [*] dt + / aO(rg )V Ot dt.
2 |t+h1|<pa |t+h1‘<ﬁa

On the other hand, for the remaining part, integrating by parts in the
y variable the terms that involve two derivatives of ¥, we get that

= - [ dt [ (@B 6t (e AR) dValy) >
[t+h1|<pa Ta(y)<R
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(9.30)
/ dt / Var P + o) (62 + 10 PIVar v 2).
|t+h1]<pa ra(y)<R

Using estimates (9.29) and (9.30), we finally get
031 Qawhuh) = 3 [ (00 + Va4 vt
Q

for some p > 0.
Now we estimate the crossed term. We have

—Qa(v, kw'ns) = /L(kw’na)wl(1+a2(t+h)2\A12)dVadt.
Q

Let us consider expression (9.8) for L(kw'), and let us also consider the
fact that
L(nskw') = ns L(kw') + 2VnsV (kw') + Ans k',

with the last two terms producing a first order operator in k with expo-
nentially small size, at the same time with decay O(r;*). Thus all main
contributions come from the integral

I = / nsL(kw') ¢t (14 o?(t + h)*|A]?) dV, dt.
Q

Examining the expression (9.8), integrating by parts once in the y vari-
able those terms involving two derivatives in k, we see that most of the
terms obtained straightforwardly produce quantities of the type

6= o(1) / (IVH? + 02| APK? ) dVis + o(1) / (2 + [ 2).
M, Q
In fact, we have

I = /AMakw’mw dVadtJr/ o a;0:ho0jho kw" -dV, dt +
Q Q

I I
/ " (w) ¢y kw' pdV,, dt +6.
Q

I3
On the other hand, the orthogonality definition of ¢ essentially elimi-
nates I;. Indeed,

I = —/ Apr kw' (1 —mns) bt dV, dt
Q

:/VMakw’ (1 —n5) Vgt — Vnst) dVydt = 6.
Q

On the other hand, for a small, fixed number v > 0, we have

] < Ca? [ [0t Ve de < Cota? [

k2 dv,
Ql"‘?"gé Mal‘i‘ré @
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—H// )% da .
Q

A similar estimate is valid for I3, since ¢; = O(a?r;?). We then get

1
(9.32) I > —Cu—1a2/ —k2dva—y/ |t |2,
Q

L1+
Finally, we recall that from Lemma 9.2,
(9.33)
Qq (kw'ns, kw'ns) = / [[Var kP = ?A(ay)* k2] dVa/ w dt + 6.
ra(y)<R R

From estimates (9.31), (9.32), and (9.33), we obtain that if v is chosen
sufficiently small, then

1
>-Cao? [ ——kav, > - 2/ 2d
Qo(w 1)z ~Ca? | kv, > ot [
for some p > 0, and inequality (9.20) follows. q.e.d.

In the next result, we show that an eigenfunction with negative eigen-
value of problem (9.1) or (9.2) decays exponentially, away from the in-
terface of u.

Lemma 9.4. Let ¢ be a solution of either (9.1) or (9.2) with A < 0.
Then, in the subregion of N, where it is defined, ¢ satisfies that

(9.34) 6(y, )] < Clg]oc e

where o > 0 can be taken arbitrarily close to min{o,,o_}. The number
C depends on o, but it is independent of small « and large R. We have,
moreover, that for |ax’| > Ry,

(035)  |o(a)| < O el Bhlexsalog e
j=1
where Ry is independent of a. Finally, we have that
)
(9.36) lo(z)] < Ce%a for dist (z, My) > o

Proof. Let ¢ solve problem (9.1) for a large R. Let us consider the
region between two consecutive ends M; , and M1 . For definiteness,
we assume that this region lies inside S, so that f’(u,) approaches O'_%_
inside it. So let us consider the region S of points x = (z/, x3) such that

ro(x) > Ry for a sufficiently large but fixed Ry > 0, and
(aj+aBj)logalr!|+bj+ay < azrs < (ajr1+aBjpr) logala’|+bj11 — av.
In terms of the coordinate ¢ near M; ., saying that

azs ~ (aj + afj)log alz’| + b; + ay

is, up to lower order terms, the same as saying ¢t ~ ~, and similarly
near M 1. Thus, given any small number 7 > 0, we can choose
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sufficiently large but fixed, independently of all Ry sufficiently large and
any small «, such that

flug) < —(o4 —7)* in S.
Let us consider, for x € S and ¢ = 04 — 27, the function
vi(z) = e—olzza—a~!(a;+ap;)log ala’|+b;]
+ e—o(@ajri+aB i) logala!|+bj41)—w3]
Then v has the form
v; = Aje 7% pA2 4 Bieo®3 B2 = 1),
so that
Avy = A%r‘%‘” Aye™% 4 B2 Bir—B2e7% 4 520, <
[@®? ARy + o*B3Ry? + o*]vy.
Here
Ay =ca Y a; +aB;), Ba=oca Haji1+ aBji1).
Hence, enlarging Ry if necessary, we achieve
Avy + f'(ug)vy <0 in S.

Therefore, v so chosen is a positive supersolution of

(9.37) Av + f'(ug)v + Ap(az)y <0 in S.
Observe that the definition of v also achieves that
inf >y >0
8S\{ra=Ro}

where v is independent of . Now, let us observe that the function vy =

/ R,
e o213 also satisfies, for small «, inequality (9.37). As a conclusion,

for ¢, a solution of (9.1), we have that
(9.38) |o(z)] < C|o|loc [v1(x) + vo(xz)] for all z € S ro(x) < R.

Using the form of this barrier, we then obtain the validity of estimate
(9.35), in particular that of (9.34), in the subregion of Ny in the positive
t direction of M;  and M; 1 when r4(y) > Ry. The remaining subre-
gions of NsN{r,(y) > Rp} are dealt with in a similar manner. Finally, to
prove the desired estimate for r,(y) < rg, we consider the region where
[t] < %, assuming that the local coordinates are well defined there. In
this case we use, for instance in the region

26
v<it< —
o
for v > 0 large and fixed, a barrier of the form

v(y,t) =e 7"+ e (R,
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It is easily seen that, for small a, this function indeed satisfies
Azv — f'(uq)v <0

where o can be taken arbitrarily close to 0. We conclude that

. 5
lp(y, 1) < C|plloce™ forv<t< .

Thus estimate (9.34) holds true. Inequality (9.36) follows from the max-
imum principle.

Finally, for a solution of problem (9.2), the same procedure works,
with only minor differences introduced. Estimate (9.38) can be obtained
after adding a growing barrier. Indeed, we obtain

lp(z)] < C||9|loo [vi(x) + va(x) + cv3(x)] forall xe€ S

with vs(z) = e’ and then we let ¢ — 0. We should also use e?*3 to
deal with the region above the last end M,,, and similarly below Mj.
We then use the controls far away to deal with the comparisons at the
second step. The proof is concluded. q.e.d.

9.1. The proof of inequality (8.23). Let us assume by contradiction
that there is a sequence @ = o, — 0 along which
m(uq) > (M) =: N.

This implies that for some sequence R,, — +00, we have that, for all R >
R,,, problem (9.1) has at least N +1 linearly independent eigenfunctions

¢1,a,R7 cee 7¢N+1,a,R
associated to negative eigenvalues
>\1,a,R < >\2,a,R <-.- < )\N—l—l,a,R <0.

We may assume that ||@; o r|lcc = 1 and that

/Sp(a$)¢i7a,3¢j7a,3d$ =0 forall di,5=1,..., N+1, i#j.
R

Let us observe that then the estimates in Lemma 9.4 imply that the
contribution to the above integrals of the region outside Ny is small. We
have at most

(9.39)

/ p(ay) diar bjardr = O@®) forall i,j=1,...,N+1, i j.
Ns

From the variational characterization of the eigenvalues, we may also
assume that \; o r defines a decreasing function of R. On the other

hand, from Lemma 9.3 we know that \; o r = O(c?), uniformly in R,
so that we write for convenience

2
/\i,a,R = Mia, RO, HiaR < 0.
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We may assume p;or — Mia < 0 as R — +o0o. We will prove
that ¢; o r converges, up to subsequences, uniformly over compacts to
a nonzero bounded limit ¢; , which is an eigenfunction with eigenvalue
piac? of problem (9.2). We will then take limits when a — 0 and
find a contradiction with the fact that J has at least i(M) negative
eigenvalues.

We fix an index 7 and consider the corresponding pair ¢; o .r, i a,R,
to which temporarily we drop the subscripts i, o, R.

Note that by maximum principle, |¢| can have values that stay away
from zero only inside Ns. Besides, from Lemma 9.4, ¢ = O(e~?") in Nj.
We observe then that since A remains bounded, local elliptic estimates
imply the stronger assertion

(9.40) |D2¢| + |Do| + |¢| < Ce M in Nj.

In particular, considering its dependence in R, ¢ approaches a limit,
locally uniformly in R?, up to subsequences. We will prove by suitable
estimates that that limit is nonzero. Moreover, we will show that ¢ ~
z(ay)w'(t) in Ny where z is an eigenfunction with negative eigenvalue
~ p of the Jacobi operator 7.

First, let us localize ¢ inside Ns. Let us consider the cut-off function
ns in (3.12), and the function

¢ =n59.
Then ¢ satisfies
(9.41) L(¢) + palqlax)d = Eo = —2VnsVe — Anso

with L(¢) = A¢ + f'(ua)¢. Then from (9.40) we have that for some
o >0,

|Eq| < Cale (1 4 r2)~1,
Inside Ny, we write equation (9.41) in (y,t) coordinates as

(9.42) L() + B(9) + Ap(ay)¢ = Eq
where B B B B
Li(9) = 0o + Anred + f'(w(t))e -
Extending QNS and E, as zero, we can regard equation (9.42) as the solu-

tion of a problem in entire M, x R for an operator L that interpolates
L inside N with L, outside. More precisely, ¢ satisfies

(9.43) L(®) := L.(¢) +B(¢) + A\p(ay)p = E, in M xR,
where for a function ¢ (y,t) we denote

B if h a 3
e
and

X(y:t) = Gy + (t+ h)valy))
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with (7 the cut off function defined by (4.8) for n = 1. In particular,
L =1Lin Nj.
Now, we decompose

(9.45) o(y,t) = @(y,t) + k(y)nsw'(t)
where -
_ ,w/(t) fR ¢(y’ ) w' dr

k =
() fR nsw'® dr

so that
/ oy, t)w' (t)dt = 0 forall ye M
R
From (9.40), k is a bounded function of class C? defined on M with
first and second derivatives uniformly bounded independently of large
R. A posteriori we expect that k also has bounded smoothness as a
function of ay, which means in particular that Dk = O(«). We will see

that this is indeed the case.
The function ¢ satisfies the equation

(9.46) L(p)+pc’play) e = —L(kw')+ By — papkw’  in MEXR.

We observe that the expansion (9.8) holds true globally in M x R for
L(kw') replacing L(kw'). We also have the validity of expansion (9.5)
for the corresponding projection, namely

/L(krw/)w’dt = (AMak+a2]A\2k)/w/2dt
R R

(9.47) + O(ary?) dijk + O(a®ry?) 0ik + O(aPriY) k.
Thus, integrating equation (9.46) against w’, we find that k satisfies
Ak + 2APE + pa? play) k
+0(ary?) dijk + O(a®ry®) dik + O(a’ryh) k
- ﬁ/}RB(cp)w’dt, ye ME.
Let us consider the function z(y) defined in M by the relation k(y) =
z(ay). Then (9.48) translates in terms of z as

Az + APz + paly)z =

(9.48) = O(c®ry %)

«

(9.49)
« [0(7‘_2) 0ijz + O(r=3)0;z +O(r™) z + O(r_4)] +B ye ME

where

950)  Bly) = —

Je w'? )

In other words, we have that k(y) = z(ay), where z solves “a perturba-
tion” of the eigenvalue equation for the Jacobi operator that we treated

_Q/B(w)(a‘ly,t)w’dt, ye M.
R
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in §8. We need to make this assertion precise, the basic element being to
prove that the operator B[z] is “small.” For this we will derive estimates
for ¢ from equation (9.46).
We shall refer to the decomposition Q1 + - -+ Qg in (9.8) to identify
different terms in L(kw’). Let us consider the decomposition
Y =1+ 2,

where 1 solves the linear problem for the operator L, and the part of
L(kw’) that “does not contribute to projections,” namely

(9.51)
Q3+ Q4= —u"
|aal, (9;h03k + Bihdik) + a*kAarhy + a*hali (D;hDik + DO k)
(9.52)
+ atw’ {agj’p&jk + abil’oaik‘] .
More precisely, ¢ solves the equation
(9.53) Li(¢1) + auppr = Qs+ Q4 in ME xR

This problem can indeed be solved: according to the linear theory de-
veloped, there exists a unique solution to the problem

Li(p1) + peppr = Qs + Qu + c(y)w'(t) in ME x R,
such that
/ prw' dt =0 forall ye MFE
R

and
(9.54)

1D*¢1llp 10 + | Do1llocto + l#1lloote < 1Qs + Qallp1o < Ca .
But since

/(Q3+Q4)w'dt = 0 forall ye ME
R

it follows that actually c(y) = 0; namely, ¢ solves equation (9.53).
We claim that s actually has a smaller size than ;. Indeed, @9
solves the equation

L.(2) 4 B(p2) + pa’pps = Eq —B(p1) — (@1
(9.55) + Qo+ Qs + Q¢) — pa’qkw’ in MIE xR,
Now we have that
Q1+ Q2+ Qs + Qs
= Ak + aha}jzoaijk} w + a® [—|AP ktw” + a%0:hod;ho kw"”
+a " (w) drkw' + (t+ h)?af0ikw’ + 2(t + h)aZ; 9:h0;k) w” |
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(9.56) +a? [O(e—o\tlrj)aijk + O(e‘”'t‘r;?’)ﬁjk]

= 0(a®r;* log>ra e ") + p(y)u'(¢),
for a certain function p(y). On the other hand, let us recall that
B = (f'(ua)—f'(w))—c?[(t+h1)|[AP+An )0 —a af;( 0;h0y+0;h0j1) +
Oé(t + h) [a}jaij — 2« a}jaihajt + a(b}@z - ab}&h@t)] +

(9.57) o3t + h)?bio; + a2[a?j + ot + h)a}j 10;h0jh Oy

Thus the order of B(p;) carries both an extra o and an extra r,! over

those of 1, in the sense that
(9.58) IB1)llp 2.0 < Ca®.

From relations (9.56) and (9.58), we find that ¢y satisfies an equation
of the form

(9.59) Lu(@2) + B(pa) + paqpa = g + c(y)w' in ME xR
where for arbitrarily small ¢’ > 0 we have
||g||p,2—0'/,0' < Ca’.

Since 9 satisfies fR pow' dt = 0, the linear theory for the operator L,
yields then that

(9.60)  [ID*p2llp2-0'0 + | Dg2lloc2-o0 + I 92lloc 2070 < Ca?,

which compared with (9.54) gives us the claimed extra smallness:

(9-61) [B(22)llp3-or0 < Car®

Let us decompose in (9.50)

B =B+ B

where
(9.62) B = @a”/ﬂ@B(g@ﬂ(oﬁ@,t) w'dt, 1=1,2.
From Lemma 6.1 we get that
(9.63) 1BLllpo-2—6r < Ca?|B(¢1)lp20 < C
and
064 el 2 5 < Ca 2B lpserr < T

Now we apply the estimate in part (b) of Lemma 8.2 to equation
(9.49) and then get for z(y) = k(£) the estimate
(9.65)

1Dz 002 g0 + | (14 [2)' 77 Dz lloo < CLIIfllp2-2_90 + ll2lloo ]
P P
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where
f=al00r )02z + O(r™) 9z + O(r™") 2+ O(r™")] + B.
Then from estimate (9.65) it follows that for small «,

(9.66) 10?2l 52 a0 + 1| (1 + |2)' 7> Dz |l < Car

Using this new information, let us go back to equation (9.53) and to the
expression (9.52) for Q3 + Q4. The terms contributing the largest sizes
in this function can be bounded by

Dk D]
l+re 1472

Cae [
Now we compute

| D2K|P
1+Tay2p/ 7dva§
( w)") By (1+72)P

C’ozzp_z/ |D?2|PdV < Ca®*72||D?*z|| 5 2 o, < Ca®~?
B(y,0) e
and D[P

1+7’ay2_2"/p/ ——dV, <

( W) B(y1) (L+7a)?

CllIDk| (1 +74)' 77 & = Ca? |[Dz| (1+7)' 77 |5, < Ca?.
As a conclusion, from expression (9.52) we obtain that
||Q3 + Q4Hp,2—2o’,o‘ < CCJZ2,

and therefore a substantial reduction of the size of ¢, compared with
(9.54). We have

(9.67) ID*¢1llp2-200 + || Dpillcc2—20r0 < Ca?,
and hence, again using Lemma 6.1, we get
(9.68) H31Hp73_%_3a, < Ca—2”B(cp1)Hp73_20170 < Ca,

which matches the size we initially found for By in (9.64).
We recall that ¢ = ¢; o r has a uniform C! bound (9.40). Thus,
passing to a subsequence if necessary, we may assume that

Giar — Pia as R — +oo
locally uniformly, where ¢; , is bounded and solves
(9.69) A¢ia+ f(Ua)ia + Hia o® plaz) ¢io = 0 in R,

Let us return to equation (9.49), including the omitted subscripts. Thus
k = k; o,r satisfies the local uniform convergence in M%,

Fionl(y) = ¢ / bionw dt - c / biatw dt = k;o(y).
[t+h1]<pa [t+h1]<pa
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We have that z = z; o g satisfies
Anziar + [AW)Pziar + Hiara(Y) Ziar =
« [0(7‘_2) 0ijZi.a,R + O(r_3) Oi%ia.r + O(r_4) Zio R+ O(r_4)] +
Bianr, ye<M",
where
(9.70) IBrallyg2_g < Co
with arbitrarily small ¢/ > 0 and C independent of R. We now apply

the estimates in Lemma 8.2 for some 1 < p < 2 and find that for C
independent of R we have

26,0, 8l oo vy < C |21, Rl Lo (r< o) + O() ]

or equivalently

(9.71) 1Ki0, ]| oo (arz) < C[l|Ki 0]l L% (ra<ro) + O(@)] -
Since from (9.45) we have that
(9.72)
Sira(y,t) = Cira(y,t) + Fira(y) w'(t) N5 ra(y) <R,
where we have uniformly in R |¢;pa(y,t)] = O(ae™Hr52), while

biRa = O(e~a) outside N, and i, rallc = 1, then ||k; o, r |l oo a7y >
v > 0 uniformly in R. Thus from (9.71), the limit k; o, as R — 400 can-
not be zero. We have thus found that ¢;, is non-zero. Moreover, we
observe the following: Since the functions

Zi = Oiug, 1=1,2,3, Zy:=—x901Uq + 102Uy

are bounded solutions of (9.2) for A = 0, we necessarily have that

(9.73) / plax) Zjpiadr = 0, j=1,2,34.
RS

Let Z; = Z?‘Zl dyZy,i=1,...,J. Then we also have

(9.74) / plax) Zigiadr = 0, i=1,...,J.
R3

Now we want to let a — 0. 2; o satisfies
Anzia + 1AW 20 + Hia P(Y) zia
=a[O(r ) dijzia+ 0 %) 0izia + O(r ") zia + O(r )]
+ Bia, y€EM,
with

(9.75) 1Bl < Ca.

p,3—2-30'

Moreover, ||ziallzemar) < C[l|2ia,rllLo@<ry) + O(@)] . Since we also
have that || D?z; .|| rr(r) < C, Sobolev’s embedding implies that passing



126 M. DEL PINO, M. KOWALCZYK & J. WEI

to a subsequence in «, z; , converges as o — 0, uniformly over compact
subsets of M to a non-zero bounded solution z; of the equation

Anz + AWz + pig(y) % = 0 in M,
with u; < 0.
Now we have that ¢;on = zia(ay) w'(t) + ¢i(y,t) in N5 where
loi(y,t)| < Cae 7t We recall that

/ q(ay)dia pjadr =O(a) forall i#j.
Since on Ny, dx = (1+a?|A]*(t+h))dV, dt , we get then that fMa q(ay)
zia(ay) zj o (ay) dVe = O(a) or

/M 4W)2i.0(y) 2j.a(y)dV = O(a®)  for all i j.

We conclude, passing to the limit, that the z;’s ¢ = 1,..., N + 1 satisfy
/ qzz;dV = 0 forall i+#j.
M

Since, as we have seen in §8, this problem has exactly N = i(M) negative
eigenvalues, it follows that px+1 = 0, so that zx41 is a bounded Jacobi
field. But we also recall that

Z;i = zi(ay)w' (t) + O(ae™) forall i=1,...,J,
and hence the orthogonality relations (9.74) pass to the limit to yield

/qﬁi-ZN_i_ldV:O, i=1,...,J
M

where Z;’s are the J linearly independent Jacobi fields. We have thus
reached a contradiction with the non-degeneracy assumption for M, and
the proof of m(u,) = i(M) is concluded.

Finally, the proof of the non-degeneracy of u, for all small a goes
along the same lines. Indeed, the above arguments are also valid for a
bounded eigenfunction in entire space, in particular for p = 0. If we
assume that a bounded solution Z5 of equation (9.2) is present, linearly
independent from Z1, ..., Z4, then we assume that

(9.76) /p(ax)Zg,Zidx =0 i=1,...,J.
RS

Thus, in the same way as before, we have that in N, Z5 = z5(ay)w'(t)+
¢ with ¢ orthogonal to w’(t) for all y and ¢ small with size @ and uniform
exponential decay in t, the function z, solves an equation of the form
of (9.75), but now for g = 0. In the same way as before, it converges
uniformly on compacts to a non-zero limit which is a bounded Jacobi
field. But the orthogonality (9.76) passes to the limit, thus implying the
existence of at least J + 1 linearly independent Jacobi fields. We have
reached a contradiction that finishes the proof of Theorem 2. q.e.d.
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10. Further comments and open questions

10.1. Symmetries. As is natural, the invariances of the surface are
at the same time inherited from the construction. If M is a catenoid,
revolved around the z3 axis, the solution in Theorem 1 is radial in the
first two variables,
Ua () = uq (|2'], 23) .

This is a consequence of the construction. The invariance of the Lapla-
cian under rotations and the autonomous character of the nonlinearity
imply that the entire proof can be carried out in spaces of functions with
this radial symmetry. More generally, if M is invariant under a group
of linear isometries, so will be the solution found, at least in the case
that f(u) is odd. This assumption allows for odd reflections. The Costa-
Hoffmann-Meeks surface is invariant under a discrete group constituted
of a combination of dihedral symmetries and reflections to which this
remark applyies.

10.2. Toward a classification of finite Morse index solutions.
Understanding bounded, entire solutions of nonlinear elliptic equations
in RY is a problem that has always been at the center of PDE research.
This is the context of various classical results in PDE literature such
as the Gidas-Ni-Nirenberg theorems on radial symmetry of one-signed
solutions, Liouville-type theorems, or the achievements around the De
Giorgi conjecture. In those results, the geometry of level sets of the
solutions turns out to be a posteriori very simple (planes or spheres).
The problem of classifying solutions with finite Morse index, though,
seems more challenging, even in a model as simple as the Allen-Cahn
equation. While the solutions predicted by Theorem 1 are generated
in an asymptotic setting, it seems plausible that they contain germs of
generality, in view of parallel facts in the theory of minimal surfaces. In
particular, we believe that the following two statements hold true for a
bounded solution u to equation (1.1) in R3.

(1) If w has finite Morse index and Vu(z) # 0 outside a bounded
set, then, outside a large ball, each level set of u must have a finite
number of components, each of them asymptotic either to a plane or to a
catenoid. After a rotation of the coordinate system, all these components
are graphs of functions of the same two variables.

(2) If u has Morse index equal to one, then u must be azially symmet-
ric: namely, after a rotation and a translation, u is radially symmetric in
two of its variables. Its level sets have two ends, both of them catenoidal.

It is worth mentioning that a balancing formula for the “ends” of level
sets to the Allen-Cahn equation is available in R?; see [18]. An extension
of such a formula to R? should involve the configuration (1) as its basis.



128 M. DEL PINO, M. KOWALCZYK & J. WEI

The condition of finite Morse index can probably be replaced by the
energy growth (1.9).

On the other hand, (1) should not hold if the condition Vu # 0
outside a large ball is violated. For instance, let us consider the octant
{x1,72,23 > 0} and the odd nonlinearity f(u) = (1 — u?)u. Problem
(1.1) in the octant with zero boundary data can be solved by a super-
subsolution scheme (similar to that in [8]) yielding a positive solution.
Extending by successive odd reflections to the remaining octants, one
generates an entire solution (likely to have finite Morse index), whose
zero level set does not have the characteristics above: the condition
Vu # 0 far away corresponds to embeddedness of the ends.

Various rather general conditions on a minimal surface imply that
it is a catenoid. For example, R. Schoen [39] proved that a complete
embedded minimal surface in R? with two ends must be catenoid (and
hence it has index one). One may wonder if a bounded solution to (1.1)
whose zero level set has only two ends is radially symmetric in two
variables. On the other hand a one-end minimal surface is forced to be
a plane [23]. We may wonder: if the zero level set lies in a half space,
then the solution depends on only one variable.

The case of infinite topology may also give rise to very complicated
patterns; we refer to Hauswirth and Pacard [20] and references therein
for recent result on construction of minimal surfaces in this scenario.
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