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THE PLATEAU PROBLEM IN ALEXANDROV SPACES

CHIKAKO MESE & PATRICK R. ZULKOWSKI

Abstract

We study the Plateau Problem of finding an area minimizing
disk bounding a given Jordan curve in Alexandrov spaces with
curvature > k. These are complete metric spaces with a lower
curvature bound given in terms of triangle comparison. Imposing
an additional condition that is satisfied by all Alexandrov spaces
according to a conjecture of Perel’'man, we develop a harmonic
map theory from two dimensional domains into these spaces. In
particular, we show that the solution to the Dirichlet problem from
a disk is Holder continuous in the interior and continuous up to
the boundary. Using this theory, we solve the Plateau Problem in
this setting generalizing classical results in Euclidean space (due
to J. Douglas and T. Rado) and in Riemannian manifolds (due to
C.B. Morrey).

1. Introduction

The Plateau Problem is the problem of finding a surface minimizing
the area amongst all surfaces which are images of a map from a disk and
spanning a given Jordan curve I' in a space X. If X is the Euclidean
space R", we can formulate this problem more precisely as follows. If
D is the unit disk in R?, the area of a map u: D — R" is

oul? ou ou\?
1 Au) = —| == =) dxdy.
W (“) /D\/ 5 (G 5) wo
The Plateau Problem in R"™. Given a Jordan curve I' C R", let
F = {v:D-R": ve W*D)NC°D) and

@2
ox

U‘@D monotonically parameterizes F} .

Find u € F so that A(u) < A(v) for allv € F.

The mathematical problem of proving the existence of an area min-
imizing surface spanning a given contour was raised by J. Lagrange in
the mid-eighteenth century, but the problem is named after the Belgian
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physicist J. Plateau who studied soap films. It was not until the 1930’s
that J. Douglas [D] and T. Rado [R1] [R2] properly formulated and
independently solved this problem. In the 1950’s, C.B. Morrey [Mo]
generalized the problem by replacing the ambient Euclidean space by a
space belonging to a very general class of Riemannian manifolds (that
includes all compact ones). Further generalization is due to I. Nikolaev
[N] who replaced the Riemannian manifold by a complete metric space
with curvature bounded from above in the sense of Alexandrov. Our
interest here is to extend the generalization to the case when the ambi-
ent space is an Alexandrov space, i.e. when the curvature is bounded
from below.

An important ingredient for the Plateau Problem (and minimal sur-
face theory in general) is the theory of harmonic maps from a domain
of dimension 2. In fact, the solution of the Plateau Problem in Eu-
clidean space and Riemannian manifolds can be given by a map that
is harmonic and conformal. With the assumption of non-positive cur-
vature, the harmonic map theory into a singular target space (with the
domain assumed to be a Riemannian domain of arbitrary dimension)
was first considered in the foundational paper of M. Gromov and R.
Schoen [GS] and further generalized by N. Korevaar and R. Schoen
[KS1], [KS2]. This theory was also developed independently by J. Jost
(see [Jo] and references therein). A generalization to the case when the
curvature is bounded from above by an arbitrary constant was given
by T. Serbinowski [Sel]. The aspect that makes the harmonic map
theory tractable in this setting is the convexity property of the energy
functional under the assumption of an upper curvature bound. The reg-
ularity theory for the Dirichlet problem (i.e. the problem of finding a
map of least energy amongst all maps with a given boundary condition)
states that the Dirichlet solution is Lipschitz continuous in the interior
[KS1] and Hélder continuous up to the boundary if given a Holder con-
tinuous boundary condition [Se2]. Recall also that there often exists a
heavy reliance on the upper sectional curvature bound when one stud-
ies harmonic maps into Riemannian manifolds (see for example [ES]).
The harmonic map approach to the Plateau Problem in metric spaces of
curvature bounded from above is discussed by the first author in [Mel],
[Me2], [Me3]. (This differs substantially from the approach pursued in
[N].)

To tackle the Plateau Problem when the ambient space has a lower
curvature bound, we will develop the relevant harmonic map theory.
More specifically, we study the Dirichlet problem for maps into an
Alexandrov space X. The difficulty here is that we do not have the
nice convexity properties of the energy functional and cannot mimic the
techniques developed for maps into non-positively curved spaces. In
fact, the solution of the Dirichlet problem is not continuous in general,
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even for maps into Riemannian manifolds (cf. [Hal]). On the other
hand, the regularity of harmonic maps into Riemannian manifolds from
a two dimensional domain was established by [Mo|, [Gu], [Sc| and [He].
We generalize this result when the target space is an Alexandrov space
X of curvature > k assuming an additional condition (that X satisfies
Perel’'man’s conjecture described later in this section).

Regularity Theorem (cf. Theorem 6, Theorem 9). Let X be a com-
pact Alexandrov space satisfying Perel’man’s conjecture. A Dirichlet
solution u : D — X is Hélder continuous in the interior of D and con-
tinuous up to OD.

We note that this is the optimal regularity result. A two-dimensional
cone C' with vertex angle < 7 is positively curved and a harmonic map
from a disk into C is Holder continuous, but not Lipschitz, at a point
in the pre-image of the vertex.

Using the theorem above, we solve the Plateau Problem by using the
Dirichlet solution as a means to obtain an area minimizing disk. One
fundamental point we need to clarify is the notion of area associated
to a map into an Alexandrov space. Note that the area given by (1)
for maps into Euclidean space is obtained by integrating the area ele-
ment associated with the pull-back metric. The notion of the pull-back
metric for maps into non-positively curved metric spaces was given in
[KS1] and for metric spaces of general upper curvature bound in [Me2].
We prove that this notion also makes sense for maps into Alexandrov
spaces (cf. Theorem 11). Using the pull-back metric, we define the area
functional for maps into X and formulate the Plateau Problem analo-
gously to the statement of the Plateau problem in Euclidean space. The
proof of the existence of the solution of the Plateau Problem parallels
a well-known argument for the Euclidean case [L]. Combined with the
regularity theorem for the Dirichlet problem, this gives us:

Theorem (cf. Theorem 13 and Theorem 17). Let X be a compact
Alexandrov space satisfying Perel’'man’s conjecture and I' C X be a Jor-
dan curve. Suppose there exists a continuous map ug : D — X of
finite energy whose restriction to 0D monotonically parameterizes T'.
Then there exists a continuous map v : D — X which minimizes area
amongst all other continuous maps whose restriction of 0D monotoni-
cally parameterizes I'. Furthermore, u is conformal, energy minimizing
and Hélder continuous in the interior of D.

We now discuss the space X in the theorems above in more detail.
Recall that an Alexandrov space with curvature bounded below by
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is one in which geodesic triangles are thicker than comparison trian-
gles in the two-dimensional simply connected surface of constant curva-
ture k. This notion of curvature was developed by a Russian school of
mathematicians led by A.D. Alexandrov starting in the 1940’s. More
recently, Alexandrov spaces re-emerged into prominence as they are
the limiting spaces of a sequence of certain Riemannian manifolds un-
der the Gromov-Hausdorff convergence. Perel’'man’s Stability Theorem
[P] states that if two Alexandrov spaces of the same dimension are
sufficiently close in the Gromov-Hausdorff distance, they are actually
homeomorphic. In fact, Pere’'man asserts something more: the homeo-
morphism between the two spaces can be chosen to be bi-Lipschitz. The
proof of Perel’'man’s claim in its full generality is not yet available to our
knowledge. For a good discussion on the Stability Theorem and related
issues, we refer to Kapovitch [Ka]. We note the following two properties
of an Alexandrov space: First, the tangent cone TpX at a point of an
n-dimensional Alexandrov space X is a cone C(Ilp) over the space of
directions IIp at P which is itself an (n — 1) Alexandrov space. Sec-
ond, the Hausdorff-Gromov distance between a neighborhood around
P in X and a neighborhood around the vertex of C(Ilp) at this point
can be made arbitrarily small by taking the neighborhoods sufficiently
small. Thus, Perel’'man’s claim implies that if X is an n-dimensional
Alexandrov space, then X satisfies the property that X is locally bi-
Lipschitz equivalent to a cone over a (n — 1)-dimensional Alexandrov
space. Furthermore, this (n—1)-dimensional Alexandrov space is locally
bi-Lipschitz equivalent to a cone over an (n—2)-dimensional Alexandrov
space and so forth. This motivates us to say that an Alexandrov space
X satisfies the Perel’'man conjecture if it has this property.

The outline of this paper is as follows. In section 2, we give definitions
of Alexandrov spaces and other related concepts. We also recall Kore-
vaar and Schoen’s Sobolev space theory into metric spaces. Section 3
contains the two dimensional harmonic map theory. In particular, we
discuss the existence of the solution to the Dirichlet problem and prove
its interior and boundary regularity. In section 4, the solution of the
Plateau Problem is shown. This section also contains the proof of the
existence of the pull-back inner product that allows us to make sense of
the area functional (subsection 4.1).

Because the interior regularity proven in subsection 3.1 is central to
this paper and because of the technical nature of its proof, we conclude
this section by illustrating the ideas behind this argument. The main
step of the proof is to establish that, for any D,(z¢) C D, we have a
good bound on the energy of a map u! Dr (0) in terms of the energy

of u! 9D (x0)" This in turn implies an energy decay estimate which, by

Morrey’s Energy Decay Lemma, implies the Holder continuity. If the
image I'g C X of the boundary map u| 0D (o) is long, then its energy
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is large and thus we restrict our attention to the case when I'g is short.
Hence, we can assume that I'g is contained in a neighborhood that is bi-
Lipschitz equivalent to a neighborhood of the vertex of the cone C(Ilp)
for some P € X. Since the ratio of the energy of a given map and the
energy of this map composed with a bi-Lipschitz map is bounded from
above and below by a constant depending on the bi-Lipschitz constant,
we can further assume for the sake of simplicity that u! D (1) P8 into

this cone. We now consider the following two cases: (1) the length of
Ty is short relative to its distance from the vertex V of the cone and
(2) the length of Ty is long relative to its distance from the vertex. In
case (1), we extend the map ulsp, (z,) to a map ¢ defined on D, (o)
by setting ¢(xg) = V and linearly mapping the radial ray from z( to
a point & € 9D, (xg) to a ray from V to u(§). By the construction,
the energy of ¢ is bounded in terms of the energy of u| 0D (0)" The

main step follows immediately since u| Do (o) is energy minimizing and

has the same boundary values as ¢. In case (2), Iy is contained in a
neighborhood U far away from the vertex and hence U is bi-Lipschitz
equivalent to product of IIp x I for some interval I C R. We construct
a map ¢ by separately considering the Dirichlet problem in IIp and in
1. Therefore, if we have a good energy bound for the Dirichlet problem
in IIp, then we are done. Since the dimension of IIp is one less than
that of X, we are able to prove the main step by an inductive argument
on the dimension of X.

2. Definitions and Background Material

2.1. Alexandrov Spaces. We begin with a discussion of Alexandrov
spaces and refer to [Sh], [BBI], [BGP], [OS] for more details.

Definition. We say a complete metric space (X,d) (or more simply
X) is an Alexzandrov space of curvature bounded from below by k if it
satisfies the following conditions:

(1) X is a length space; i.e. for any two points P,Q € X, there ex-
ists a curve ypg between P and @) with length equal to d(P, Q).

(2) Let Sk be a simply connected surface of constant curvature x. De-
note the distance function of Sy by d and the geodesic between P,(Q €
Sk by PQ. Given a triple P,Q, R € X with d(P,Q),d(Q, R),d(P,R) <

%, let A(PQR) be a geodesic triangle. Then there exists a geo-

desic triangle A(P_QE) in S, such that d(P,Q) = _QP, Qﬁ),fd(P, R) =

d(PR),d(R,Q) = d(R,Q) and if we take two points S € PQ and T €

PR with d(P,8) = d(P,8) , d(P,T) = d(P,T), then d(S,T) > d(T, 5).
-

= d(.
The triangle A(PQR) C S, will be called a comparison triangle of
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A(PQR) C X.

For simplicity, will say that X is an Alexandrov space if there exists
some k so that X is an Alexandrov space of curvature bounded from
below by k. In this paper, it is not important whether « is positive, zero
or negative; we only use the fact that there exists some lower bound on
curvature. Hence, we may as well assume « < 0.

Let a(s) : [0,a] - X and S(t) : [0,b] — X be arclength parameteri-
zations of two geodesics emanating from a point P € X and let 0(¢, s)
be the angle at P of a comparison triangle Aa(t)PS(s) in S,. In par-
ticular, if X is an Alexandrov space of curvature bounded from below

by k = —1 then 0(t, s) € [0, 7] is given by the equality

cosh d(a(t), 5(s)) = coshtcosh s — sinh tsinh s cos 0(t, s).

Condition (2) implies that ¢t — 6(t,s) and s — 6(t,s) are monotone
non-increasing. The angle between geodesics « and 3 is defined to be

Lo, B) = lim 6(t, s).
t,s—0
We will need the following geometric fact:
Lemma 1. Let X be an Alexandrov space. For any p > 0, there
exists 6 = 0(p) > 0 sufficiently small so that if
(i) PR, T € X with P # R, dpr < § and

1 1
(2) '§dPR —dpr| < 8*dpg , §dPR —dgrr| < 6%*dpr,

(i1) yrr is a geodesic from T to R and R’ € yrg with
(3) drrr = 0dpR
(iii) ypre is a geodesic from P to R with T' as its midpoint,

then
(4) dTT’ < deR.

Remark. The idea behind Lemma 1 is as follows. One of the distin-
guishing features of a space X with a lower curvature bound is the non-
uniqueness of geodesics between two given points. Related to this non-
uniqueness statement is the following fact: given two points P, R € X,
any point 7" whose distances to P and to R are both approximately
half of dpg as in (i) may be far away from the midpoint of a geodesic
vpr. For example, let P be the north pole and R be the south pole on
the standard 2-sphere and T be a point on the equator. There exists
a geodesic ypgr from P and R whose midpoint is the antipodal point
of T. In a smooth Riemannian manifold, the point T" satisfying (i) is
close to the midpoint of vpgr if P and R are contained in a sufficiently
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small neighborhood, but in an Alexandrov space, such a neighborhood
does not generally exist. On the other hand, Lemma 1 says that we can
choose a point R’ close to R as in (i) so that T is close to a midpoint
T’ of a geodesic Ypp:.

Proof. We assume that X is an Alexandrov space of curvature
bounded from below by —1. (Given an Alexandrov space of curvature

bounded from below by k < 0, we can rescale the distance function by

a factor of ﬁ to construct an Alexandrov space of curvature bounded

from below by —1. Since the assumption and the conclusion of the
lemma is scale invariant, the assumption that the curvature is bounded
from below by —1 is without a loss of generality.) Fix ¢ > 0 and let
P,R,T,vrgr, R',vpr,T' satisfy (i), (i7) and (iii) above. Since

1
drr =drr—drr, dpr = §dPR’a dpr—dgrr < dpr < dpr+dgrr,

(2) and (3) imply

(5) drr,drr = (% + 0(5)> dpR.
Define « by setting
cosh dppr = cosh dr g cosh dpr g — sinh dy g/ sinh dp g/ cos .
Using Taylor expansion, we obtain
dipr = dip + dpip — 2drredyg cos a+ O(dpp)
= (drp —drg)?* + 2drrdrr (1 — cosa) + O(dbg).
Furthermore, apply (5) to obtain

2
A2 = O(6%)db g + 2 (% - 0(5)> (1 —cosa)dpbp + O(dbp).

Thus, if we can show that « can be made arbitrarily small by tak-
ing § (and therefore dpp) sufficiently small, then we obtain O(5%) +

2(%+ 0(5))2 (1 —cosa) < % for sufficiently small § and hence

2
p
dippr < ?d%R +O0(dpg) < pPdpg

for ¢ sufficiently small. Thus, we are left to show that « is small if ¢ is
chosen to be small. To see this, we let vyrrr C g be a geodesic from T
to R' and vgrr C yrRr be a geodesic from R to R’. Next, let ag be the
angle between ypgr and ypgr and 5y the angle between vpr: and yrp!.
Lastly, let 8 be the angle defined by

coshdpr = coshdpp coshdrp — sinhdpg sinh dgp cos 3.
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By construction, ag + B9 = m, and by the monotonicity property of
angles in Alexandrov space, ag > « and Sy > 3. Hence

coshdpr < coshdpg coshdgrp — sinhdppg sinh dggr cos By
= coshdpp coshdgp + sinhdpg sinh dgp cos ag
< coshdpp coshdrp + sinhdpg sinh drpr cos a.

Expanding by Taylor series, we obtain
dpp < dpp +dhp + 2dprdrr cos a + O(dpp)
< (dpp +drr)* + 2dpridpp (cosa — 1) + O(dbg).
By the triangle inequality along with (2), we have
dpr < dpr +drr

= dpr+drr — dgr
dpr +26%dpR — dpp-

N

Furthermore, the triangle inequality and (3) gives
dpr > dpr — dgprr = (1 — 0)dpr.
Combining the last three inequalities, we obtain
dbp < dhR(1+0(6%)? 4+ dbR(6 — 62)(cosa — 1) + O(dbR).
Dividing by d% r and 6 and rearranging terms, we get
(1 —6)(1 —cosa) < 46+ 46* + O(dpg).
Hence, we see that « is small if § is sufficiently small. g.e.d.

Definition. The space of directions ¥p at P € X is the closure of
the set of equivalence classes of geodesics emanating from P endowed
with the distance function dy., ([, [8]) = Z(«, B). Here, « is said to be
equivalent to 3 if and only if Z(«, ) = 0. (Since X is assumed to be an
Alexandrov space, for arclength parameterized geodesics « : [0,a] — X
and f:[0,b] — X with 0 < a < b, we have that a and 8 are equivalent
if and only if a(s) = B(s) for all s € [0,q].)

Definition. The tangent cone Tp at P € X is a cone over the space of
directions X p. More precisely, Tp is defined to be the set
Yp x[0,00)/ ~

where ~ identifies all element of the form ([a],0) along with a distance
function dr,, defined by

dt,, (I, 5), ([0],8)) = s* + 17 — 2st cos ds,. ([7], [0]).

The equivalence class of ([a],0) will be called the vertex of Tp.



THE PLATEAU PROBLEM IN ALEXANDROV SPACES 323

Finally, we define the notion of an Alexandrov spaces satisfying the
Perel’'man conjecture given by the following inductive definition.

Definition. Let X be a compact Alexandrov space. Then the Hausdorff
dimension of X is an integer (cf. [BGP]). We say that a 1-dimensional
compact Alexandrov space is said to satisfy the Perel’man conjecture if
and only if it is a finite interval of length < 7 or a circle of length < 27.
Assuming that we have given the definition of an (n — 1)-dimensional
compact Alexandrov space X satifying the Perel’'man conjecture, we say
that an n-dimensional compact Alexandrov space satisfies the Perel’man
conjecture if every point P € X has a neighborhood Up (hereafter re-
ferred to as a conic neighborhood) which is bi-Lipschitz homeomorphic
to a neighborhood of the vertex of a cone over an (n — 1)-dimensional
compact Alexandrov space of diameter < 7 which satisfies the Perel’man
conjecture.

Let X be a n-dimensional compact Alexandrov space satisfying the
Perel’'man conjecture. For each P € X, let Up be a conic neighborhood
of P. Because of the assumption that X is compact, there exists a finite
set of point F' C X so that {Up}per is a covering of X. We will refer to
{Up} as a finite cover of X by conic neighborhoods. A number A > 0 is
a Lebesgue number of a finite cover {Up}pecp if A C Up for some P € F
whenever the diameter of 4 is < \.

Perel’'man’s Stability Theorem is the following:

Theorem (cf. [P], [Ka]). Let X be a compact n-dimensional Alexan-
drov space of curvature bounded from below by k. There exists ¢ =
€(X) > 0 so that if Y is an n-dimensional Alexandrov space of curvature
bounded from below by k with the Hausdorff-Gromov distance between X
andY less than €, then there exists a homeomorphism between X andY .

Perel’'man asserts that there actually exists a bi-Lipschitz homeomor-
phism between X and Y above. A consequence of Perel’'man’s claim
is that the condition that an n-dimensional Alexandrov space satisfies
Perel’'man’s conjecture is actually redundant. This follows immediately
from the fact that, for any point P in a n-dimensional Alexandrov space
X, the pointed Hausdorff limit of the scaling (AX; P) of X is isometric
to (Tp(X); V). In other words, a small neighborhood around P is close
in Hausdorff-Gromov distance to a small neighborhood around V in Tp
which is a cone over a (n — 1)-dimensional space of directions.

2.2. Sobolev Space W12(Q, X). We summarize Korevaar and Schoen’s
Sobolev space theory of [KS1] Chapter 1. Let 2 be a compact Riemann-
ian domain and (X,d) a complete metric space. A Borel measurable
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map u : Q — X is said to be in L?(€, X) if for P € X,

/ d?(u(z), P)dp < cc.
Q

This condition is independent of P € X by the triangle inequality. For
e >0, set Q¢ := {x € Q: dist(z,00) > €} and let S(x,€) denote the
sphere of radius e centered at x in 2. Construct the e-approximate
energy function e.(x) : Q. — R by

e(z) = 1 & (u(z),u(y)) do
() /S .

Wn

where wy, is the volume of the unit sphere in R™. (This differs from the
e-approximate energy function given in [KS1] (1.2ii) by a factor of wy,.)

The e-approximate energy function e, is a L'-function; more specifically
(cf. [KS1] (1.2iii)),

(6) /Q ec(x)dpu < Ce?.

Let v be any Borel measure on the interval (0,2) satisfying

2
(7) v>0, v((0,2) =1, / A"2dv()) < oc.
0
Consider an averaged approximate energy density function defined by
2
8) Jed(z) = /0 exc(z)dv(X)  for x € Qo
0 for x € Q — Q.

By (6) and (7), we see that ,e. € L*(Q). Thus, we can define a functional
EY : C.(Q) — R by setting

B (f) = /Q F(@)ved()dp

We will say that u is a finite energy map or u € W12(Q, X) if

E* = sup limsup EZ(f) < oo.
FEC(Q)0<F<T €0

By [KS1] Theorem 1.5.1, the above definition of finite energy map
is independent of the choice of v satisfying (7); in other words, if u €
L?(£2, X) has finite energy with respect to some measure vy satisfying
(7), then it has finite energy with respect to all such v. Furthermore,
the same theorem says that if u € W12(Q, X), then the measures ,e.du
converge weakly to the same measure; in other words, there exists a
measure de such that

vee(x)dy — de, Vv satisfying (7).



THE PLATEAU PROBLEM IN ALEXANDROV SPACES 325

One of the remarkable results in [KS1] is that the notion of the energy
density function |du|? defined in the classical case for maps between
Riemannian manifolds has an analogue in the singular setting. More
precisely, by [KS1] Theorem 1.10, the measure de is absolutely con-
tinuous with respect to the Lebesgue measure and thus there exists an
L'-function |Vu|?, called the energy density, so that

de = |Vu|?dp.

Moreover, |Vu|? coincides (up to a constant multiple) with the norm
squared of the gradient when X = R.

There is also a corresponding generalization for the directional energy
density function. Let I'(TQ) be the set of Lipschitz tangent vector fields
on Q and V € T(TQ). For simplicity, we denote = + €V to be the flow
along V at time e with initial point z. Define the e-approximate energy
density function
d?(u(z),u(z + €V))

Vﬁé(x) = B

€
and an averaged approximate directional energy density function e, (z)
in the same way as (8). By [KS1] Theorems 1.8.1 and 1.9.6, if u €
Wh2(Q, X), then meaures Ve dy and Y e.du converge weakly to a mea-
sure which is absolutely continuous with respect to the Lebesgue mea-
sure. Thus, there exists a function |u.(V)|?, called the directional energy
density, so that

(9) Veedp, ) ecdp = u.(V)[*dp.

The following equality is contained in Theorem 1.11 of [KS1]; for any
h € C%(Q), we have

(10) uc(BV)2 = [hfus (V)]

If © is a Lipschitz domain and u € W12(Q, X), the restriction of u to
the boundary 02 makes sense; more precisely, there exists a well-defined
notion of a trace of u, denoted Tr(u), which is an element of L?(9Q, X).
Two maps u,v € WH2(2, X) have the same trace (i.e. Tr(u) = Tr(v))
if and only if d(u(z),v(x)) € Wol’z(Q) (cf. Theorem 1.12.2 of [KS1]).

Many standard statements in elementary calculus can be translated

for the metric space setting using the above notions. First, consider a
map 7 : [a,b] C R — X € W2([a,b], X). From [KS1] Lemma 1.9.5,

we have
9
T\ ot

We set the notation

v ()] 0=

(= 1y 20010+

, for a.e. t € [a,b].

- (3)

2

(t)-
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Thus,

(11) o <%>

Furthermore, (1.9xvi) of [KS1] says that

’

for arbitrary partitions

(&) — 1im 10O+ 0)

e—0 €

, for a.e. t € la,b].

Yo <%>‘(t)dt: lim k_ld(v(tm)w(ti))

P
I1P]=0

Pia=tg<t1 <---<tp=0
of [a,b]. This in turn implies, by the triangle inequality and the Cauchy-

Schwartz inequality, that
1/2
9\ |2
Vx <a> dt) |t1—t2|1/2.

(@)l ([

to

(e a(e2)) < [
1

Now with D a unit disk, let (z,y) and (r,6) be its Cartesian and polar

coordinates respectively. By Lemma 1.9.5 of [KS1], we have for a.e.

z € (—1,1) and ae. y € (—1,1),

2(u(z u(xr +e 2
and
2(u(z u(x € 2

For a point (r,0) € D with r # 0, let R = (r1,7r2) X (61,602) C D\{0} be
its neighborhood. By Theorem 1.11 of [KS1], if u € W2(D, X) (with
respect to the usual Euclidean metric on D), then v € W12(R, X)
(with respect to the usual Euclidean metric on the product (rq1,r2) X
(01,62)). Furthermore, inequality (1.11iii) in the same theorem implies
that u|IT € WH3(I,, X) and u|la € WL2(Iy, X) for a.e. r € (r1,72) and
a.e. 0 € (01,02). Here, I, and Iy are the vertical and horizontal lines of
(r1,m2) x (61, 02) respectively. Therefore, we can apply Lemma 1.9.5 to
conclude that for a.e. (r,6) € D, we have

2(u(r,8),u(r + € 2
5) EutrOutr+e8) |, (23
and

2(u(r, 0), u(r € 2
1) 0000 +9) |, <%> o)

We now assume that X is an Alexandrov space (with or without
the assumption that it satisfies Perel’'man’s Conjecture). For purposes
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of expositional clarity, we record the statements (17) and (18) below
which can be justified using Theorem 11 in Section 4.1. Let (z,y) be
the standard Cartesian coordinates on the disk. Then using the fact
that the inverse of the standard Euclidean metric on D is given by
9" = g¥¥ =1 and ¢™¥ = 0 in Cartesian coordinates (z,y) and ¢"" =1,

" = %2 and g™ = ¢ = 0 in polar coordinates (r,6), we can write
9\ |? 9\ |?
2 _ < il
i) = Ju (o) 00+ o (2)] @)
9\ 1 9\
(17) = U <E> (r,0) + 3 |l <%> (r,0),

for almost every point in D. The validity of (17) follows immediately
from an application of equality (49) in Theorem 11 below combined with
the fact that in polar coordinates ¢'" = 1, g% = T% and ¢"% = ¢%" = 0.
Furthermore,

(18) E" = E"¥ ¥ conformal reparameterization 1 : D — D.

The statement (18) follows by a well-known computation in the smooth
setting which can be adapted to this setting by the change of variables
formula (48) of Theorem 49.

We will now prove some lemmas that we will need later. For nota-
tional simplicity, we set

D(ZW) = du(x + €Z),u(x + eW))’ ZW € D(T7).
€
Lemma 2. Let V € T(TQ) and f € C.(), f > 0. Then D.(0,V)
converges to |u.(V)| pointwise almost everywhere, in L? and in L>-
norm, i.e.

(19) D2(0,V) = |us(V)* a.e. 2 €Q,
(20) / (D0, V) — [un(V)])? = 0
Q

and

2 Us 2‘
(21) /Q fD2(0,V) = /Q flu(V)|

Proof. As
d(u(z),u(x + €V))

DE(O,V) = >

[0

~—

the convergence of (21) follows from (9). To see the convergence of
(19), first observe that (1.9 xix) of [KS1] implies that |u.(V)| = 0
almost everywhere on {x : V(z) = 0}. Since D.(0,V) = 0 on this
set, we only need to verify the convergence on {z : V(x) # 0}. After
applying a C1! change of coordinates from the initial coordinate chart,
we can assume that V' is a coordinate direction. Thus Lemma 1.9.5 of
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[KS1] implies that D2(0,V) — |u.(V)|? almost everywhere. Now that
we have verified (21) and (19), we will show that (20) follows from those
two convergence statements. First, we write

F(D(0,V) = [un(V)])? < 2f DZ(0,V) + 2f|u.(V)|*.
Since
/(2fD2(0 V) + 2f |lu (V —>/4f|u*
Q

by (21) and f(Dc(0,V) — |u«(V)|?) = 0 a.e. by (19), we can apply the
Dominated Convergence Theorem to conclude (20). q.e.d.

Lemma 3. Let V,U € T'(TQ) and f € C.(Q), f > 0. Then ase — 0,
we have

(22) / F(D0,V) = DU, U + V)2 = 0,
Q
2 2
(23) /Q FDULU + V)dp — /Q Flue (V) P
and
(24) DX(U,U+V) = Ju.(V)]* a.e.

Proof. For this proof, we set
D.=D.0,V),D = |u, (V)| and T.p(x) = p(z+ €U)

for any function ¢ : Q — R. To see why (22) is true, first note that
T.D. = D.(U,U 4+ V) and

VfT.D. = T.T-\/f)T.D.
= TE(\/? - (\/? - T—E\/?))TeDe
TE(\/?DE) - (TE\/? - \/?)TEDE'

Thus, denoting the L? norm by || - ||2, we obtain

”\/?TEDG - \/?De”2 < ”TE(\/?DG) - \/?DEH2 + H(TE\/?_ \/?)TeDe”?

Furthermore, several application of the triangle inequality yields

H\/_TD VD2
ITe(VFDe) = VFDll2 + IV FD = VFDell
+H TE\/i_ f TED6H2

< TV fDe) = T(\/FD)l2 + ITe(\/F D) = /fDll2
+H\/?D - \/?DEH2 + H(TE\/E - \/?)TED€||2
< ||TE(\/?D) - \/?DH2 + 2||\/?D - \/?DEHZ

+H(TE\/? - \/?)TED6H2-
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As ¢ — 0, the first term on the right hand side converges to 0 since
VD € L?*(Q), the second term by Lemma 2 and the third term since
Te/f — +/f uniformly. Thus, we have established (22).

To see why (23) is true, one can use the change of coordinates method
outlined in the proof of Lemma 2.3.1 of [KS1]. The convergence of (24)
follows immediately from (22) and (23). q.e.d.

Lemma 4. Let V,U € T'(TQ) and f € Ce(Q), f = 0. Then for all
1 > 0 there exists €y, > 0 such that for all Q@ C Q with u(Q) < 6 and
€ < €y, we have

(25) /Qf(az)D?(O, V)dz < n and /Qf(aj)D?(U, U+ V)dx <n.

Proof. We use the notation in the proof of Lemma 3. Since fD? is
a non-negative integrable function on 2, there exists 6 > 0 such that if

1(Q) < & then
2 / D2 <
19 2
By Lemma 2, there exists €y > 0 such that if € < ¢, then

2/(\/fDE /D)2 < 2/(\/fDe —/fD)? < g
Q Q

Thus, the first inequality of (25) follows by observing that
|2 = [ i+ -py <2 [ 10742 [ (ViD - VDY,
Q Q Q Q

The second inequality follows from

/QfDETEDE
_ /prng/QfDE(TeDE—DE)

< /Q D2+ ( /Q fD?)l/z < /Q f<TeDe—DE>2)1/2

and the observation that the second term converges to 0 as ¢ — 0 by
Lemma 3. q.e.d.

3. The Dirichlet Problem

We let D be a unit disk in the plane. The Dirichlet Problem for an
Alexandrov space X is formulated as follows:

The Dirichlet Problem. Let v € W2?(D, X),
Wy? = {ve W (D,X): Tr(v) = Tr(v)}
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and By = inf{E" : v € le} Find u € VVJ}’2 such that B = Ey,.

If u € WH2(D, X) has the property that E* < EV for any v € WH2(D,
X) with Tr(v) = Tr(u), then u will be referred to as a Dirichlet so-
lution (for the boundary data T'r(u)). We first establish the following
existence result:

Theorem 5. Let X be a compact Alexandrov space. Given any ¢ €
WL2(D, X), there exists a Dirichlet solution u € W;’z(D, X).

Proof. The proof is an easy application of the results of Chapter 1 in
[KS1]. We take a sequence of maps {u} C WJ}’Q(D,X) such that E“*
converges to Ey. Since X is compact, there exists C' > 0 so that

/D @ (up(x), Q)dpu(z) + E™ < C.

By the precompactness theorem (Theorem 1.13 of [KS1]), there exists
a subsequence {uy, } that converges in L?(D, X) tou € W1%(D, X). By
the lower semicontinuity of energy (Theorem 1.6.1 of [KS1]) and the
trace theory (Theorem 1.12.2 of [KS1]), E* = Ey and Tr(u) = Tr(v).

q.e.d.

The rest of this section is devoted to the regularity issues of the
Dirichlet solution.

3.1. The Interior Holder Continuity. The goal of this subsection
is to prove:

Theorem 6. Let X be a compact Alexandrov space satisfying the
Perel’man conjecture. Letu € WH2(D, X) be a Dirichlet solution. Then
for each R € (0,1), there ezists C' and o > 0 dependent only on R, E*
and X so that

d(u(z1),u(z2)) < Clz1 — 22|%, Vz1,22 € Dr(0).

Here, Dr(z9) C R? is the disk of radius R centered at zg. In par-
ticular, D1(0) = D. Before we prove Theorem 6, we will need several
preliminary lemmas. In the following, let IT be a compact Alexandrov
space with diameter < m. We define two metric spaces P(II) and C(II)
associated with II. The first is the product of II with R; more precisely,
P(II) is the set

IxR={(Pt): Pe X ,tcR}
endowed with the distance function dp defined by
dp((P,1),(Q,5)) = d*(P,Q) + (t — ).
For any ri,79 € [0,00) with r1 < r9, we define the truncated product

space as
PL,ry,re) = {(P,t) € P(I) : 1 <t <12}
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The second space is the cone over II; more precisely, C(IT) is the set
IT x [0,00)/ ~ where (P,0) ~ (Q,0)
endowed with the distance function d¢ defined by
d2((P,1),(Q,s)) = t* + s* — 2tscos d(P, Q).

The vertex of C(II) (i.e. any point of the form (P,0)) will be denoted
O. For any 71,79 € [0,00) with 71 < 79, we define the truncated cone
as
C(H,Tl,rg) = {(P,t) S C(H) rp<t< 7’2}.

Given a map u € WH2(D,P(Il)) (resp. u € WH2(D,C(II))) we will
denote energy, energy density function and directional energy function
by E%, |Vul3 and |u.(V)[% (resp. Eg, |[Vul? and |u.(V)|2) to avoid
confusion.

If 0 < ry <7y < oo, then u € WH2(D,P(Il,ry,72)) if and only if
u € WY3(D,C(I,r1,72)). Indeed, a simple computation shows that
there exists

(26) L= L(ry,r2)

so that ]
ﬁdp(p, Q) < de(P,Q) < VLdp(P,Q)

and hence
1
(27) +Bp < B¢ < LEp.
The key step in proving Theorem 6 is the following lemma.

Lemma 7. Let X be a compact Alexandrov space satisfying Perel’-
man’s conjecture, {Up}tper be a finite cover of X by conic neighbor-
hoods and X\ be its Lebesgue number. There exists k depending only
on X so that if u € WY3(D, X) is a Dirichlet solution, Tr(u) = v €
Wt2(0D, X) and

o\ |? A2
then
2

u 0
(29) E SR/EJD fy*<89> de.

Proof. We prove this by an induction on the dimension of X. We
first verify the inductive step. Assume Lemma 7 is true whenever the
dimension is n and suppose that the dimension of X is n + 1. By
the definition of conic neighborhoods, for each p € F, there exists a
bi-Lipshitz map

wp : Up = pp(Up) C C(I1,)
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where II,, is the space of directions at p of X. Let K,n be sufficiently
large so that for all p € F' and P,Q € U,

(30) \/%d(P, Q) < de(pp(P), 2p(Q)) < VEA(P,Q)
and
(31) % < i.

In view of (12), assumption (28) implies that for any 6;,60, € 0D,

9 9\ |2 1/2
—_ < — <A\
7*<80>‘d9_\/27r</al)7*<80> d0> <A

Therefore, the image of v is contained in U, for some p € F' and we can
let

A((61),7(62)) < /

oD

o =ppoy:0D — ¢p(Up) C C(ILy).

We will write ¢ = (01, 02) where 1 : 9D — II, and 02 : 0D — R are
the natural projections to the first and second factors respectively. We
consider two cases:

CASE 1. d6g € 0D such that

2
do.

O'g
“\a0)|,

Let (r,60) be the polar coordinates of D and define ¢ = (¢1,%9) : D —
C(I1I,) by setting

(32) @(0(0), 0) <1 /

oD

P(r,0) := (o1(0),r02(0)).
It is clear by construction that v € W1H2(D,C(II,)) and Tr(y) = o.
Furthermore, we have

(33) g (¥(r1,0),9(re,0)) = |r1 — rodg(a(6), O)
and
(34) dz(P(r,01),9(r, 02)) = r*dz (o (61),0(62))

by the definition of v and the definition of the distance function d¢.
Dividing (33) by |r1 — r2|? and (34) by |6; — 62|%, taking the limit as
r1 — 12 and 07 — 0 respectively and noting (11), (15) and (16), we

conclude that
0

2
(r,0)

c

2

(r,0) = 12
C

dz(0(6),0)

(35) and
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for a.e. (r,0) € D. From the triangle inequality, (32) and (12), we see
that

d3(0(0),0) < (de(o(bo),0) + de(a(6),0(60)))?
< 2(d§(0(90),0)+d22(a(9),a(906))) 2
<20, ] (o)L (L] @)L))
(36) < 9(n+27) /a e (%) id@.
Therefore (17), (35) and (36) imply
EY - /%/ ( < > +T_12¢*<%> Z)Tdrde
= /%/ <d§ )+ |0 <%> 2 (9)) rdrdf
o\ C
w s f (@)l

for some constant A dependent only on 1. Finally, by the fact that u is
energy minimizing and by (30), we see that
9
T\ o0

(9 2
Os <—> < K2A

2
E" < E® ' < KEY < KA
oD

CASE 2. V8 € 9D,

d3(0(6),0) > 1 /

oD

2

9
7\ 99|,

de.

Integrating over 8 € 9D, we obtain

1 0
— [ d? 0,0d9>77/ 0*<—> df
2T oD C( ) oD 89 c
or equivalently
1 a\ | 1
ox | = do < —.
faD (0,0)do <89> c n

If we define 6 = (61,62) : 0D — C( I1,,) by

o 1
(61(0),52(0)) = <01(9)7 I dg(a,O)d902(6)>

then we have

(38) — [ d*@5(),0)=1
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and
2
1
df < —.

5 fol @)l <

Now note that ¢ is continuous; indeed, for any 6,6’ € 9D,

0/
de(5(0),5(0")) < / Gy <%> o
0 C
PENE 1/2
< / Gy (—) do | 16— 02
S L‘H_HI‘I/Q
V1

by (39). Thus, (38) implies there exists 8’ € 9D so that dc(a(6'),0) = 1.
Furthermore, that fact that |6 — 6’| < 7 implies that

de(5(0),5(8")) < " < %
by choice of n in (31). Thus,

1= de(5(0), 0)] = |dc(5(0), 0) — de(5(0),0)] < de(5(0),5(0)) <

DO | =

which implies

1 3
— 2l < —,
5 < de(6(6),0) < 5

Let v; : D — II, be the Dirichlet solution with Tr(vi) = &1 and vy :

D — R be the Dirichlet solution with T'r(vg) = &2. Since the dimension

of II,, is n, the inductive hypothesis implies that exists constant ' so
de

that
Ell_Jll < H,/ (5—1)* <3>
4 Y5) 00 1,

where we have used the subscript to denote quantities associated to the
metric space II,,. If we let v = (v, v2) € P(Il,), then the definition of a
product space immediately implies that there exists x” > 0 such that

EY = Eﬁ;%—/ |V |2
D
5 )
@ ()

¢ [l (25)
— (W 4R /aD 5 (%)

Combined with (27), this implies that

2

2
do + k" /
1, oD

2
do.

P
- (9
7\ o0

2

do
P

IN

2

do

Eg §L2(Hl+/€//)/
C

oD
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where L = L(3,3) as in (26). If we define

w=(unwn) = (0 (5 [ (o000 ),

then Tr(w) = o and
o (2
*\ oo

Finally, by the fact that u is energy minimizing and by (30), we see that

8 2

db.
Let x = max{K?A, K2L?(x' + £”)}. In view of inequalities (37) and
(40), we obtain (29). This finishes the proof of the inductive step.
Now assume that the dimension of X is 2. Then the space of direction
at any point of X is either an interval or a circle and we can follow
the proof of the inductive step to prove the base case of the inductive
argument. q.e.d.

2

do.

Ey < L2(/€, + /{")/
C

oD

(40) E"< B Y < KEY < K*L2(x + 1) /
oD

To summarize, we have demonstrated that if « is an energy minimiz-
ing map with Sobolev trace map - that has small energy, then we have
an estimate of the energy of u in terms of its trace. We use this fact
along with the Morrey’s Energy Decay Lemma for maps into X to prove
Holder continuity. We let Dgr(zp) denote the disk of radius R centered
at zo and E*[D,(z9)] the energy of u in the disk D, (z).

Lemma 8 (Morrey). Let u € WY2(D, X) satisfy
(41) E'[D,(2)] < C3r**0<r<1—-R

for R € (0,1) and zyp € Dr(0) C D where Cg is a constant depending
on R. Then there exists a constant K so that for every z1,z2 € Dg(0),

d(u(z1),u(z2)) < KCrlz1 — 22|

Proof. Using the Sobolev theory of maps into metric space targets
developed in Chapter 1 of [KS1], the assertion of the lemma follows
from Morrey’s argument in [Mo]. q.e.d.

Proof of Theorem 6. Fix a finite cover of X by conic neighborhood
and let A\ be its Lebesgue number. Let R € (0,1) and let zp € Dg.
By an argument similar to that for [KS1] Lemma 1.9.1, u restricted
to dD,(z) is absolutely continuous and W12 for almost every choice
of such r € (0,1 — R); in other words, u!aDT(ZO) € WhH2(0D, (), X)

for a.e. 7 € (0,1 — R). Furthermore, note that since |Vu|? € L?(D),
|Vu|? restricted to 0D, (zg) is in L?(0D,(zg)) for a.e. r € (0,1 — R) by
the Fubini’s Theorem. If s is the artlength parameter of 9D, (zp) and
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(r,0) is the polar coordinates in D, (zy) centered at zg, then we have the
equality s = rf. Therefore, by (10) and (17), we have that

(42)
()] =l Gl <l ()

for a.e. r € (0,1 — R) and s € 9D, (zp).
Let @ be the composition of « with the dilation and translation of the
plane which takes D to D,(zp). If

Lo (3)
oDv(z0) | \Os

then change of variables s = rf gives

ol (35)

by (10). Therefore, we obtain

2 2 2 2

1
= |Vul?

72

1

r2

2 2
A

ds ,
2rr

2 2
A

df < —
<27T

E'[D,(%)] = E" (conformal invariance of energy (18))

(9 > 2
< K Ug | =— do Lemma 7
Ll (o ( )
= [ ()
oDv(20) | \Os

< m’/ |Vu|?ds  (by inequality (42))
0Dy (z0)

2
ds (change of variables s = r6)

= m’iE“[Dr(zo)],

dr
for a.e. r € (0,1 — R). If
u 2
*\ 0s
then using the inclusion D,(zy) C D, we obtain

/<9Dr(zo)
EY[D,.(z)] < E*
9
e Os

< B2 /
A JaD,(z0)

r Vul?do
A2 /am(zo) Ve

2rEY d
= TT%E [DT»(Z())]

for a.e. r € (0,1 — R), Thus, for almost every r € (0,1 — R),

2 2
d>)‘

= 21’

2
do

<

EY[D,(z0)] < max {H, 27;_?“} TC%EU[DT(Z())].
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Letting Cy = max{k, 272\#}, we obtain the differential inequality,

4B ()
Cor — EU[DT(ZO)] )

Integrating this in the interval [r, 1 — R] gives us the estimate needed to
employ Lemma 8. q.e.d.

3.2. Boundary Regularity. The goal of this section is to prove:

Theorem 9. Let X be a compact Alexandrov space satisfying Perel’-
man’s conjecture. If v € C°(OD,X) is a continuous map and u €
WY2(D, X) its Dirichlet solution, then u is continuous in D.

To prove the boundary regularity, we need the following lemma which
gives a lower bound on the energy of a harmonic map if a point is
mapped sufficiently away from the boundary values. For any measurable
set AC D andve WH(D,X), welet EV[A] = [, |Vul.

Lemma 10. Let ¢, M > 0. There exists n = n(e, M) > 0 so that
for any ¢ € CY(OD, X) and its Dirichlet solution v € WH2(D, X) with
d(v(0),p(0D)) > € and E¥ < M, we have

E v (Be(v(0))] = n.

Proof. We prove this theorem by way of contradiction. Suppose that
the statement is false. Then there exists a sequence of Dirichlet solutions
v; € Wh2(D, X) with ¢; = Tr(v;) satisfying d(v;(0), ¢;(0D)) > € and

(43) E" [v; ! (Be(v:(0)))] — 0.

Since X is compact, we may assume that v;(0) — p € X by taking
a subsequence if necessary. Suppose x € D has the property that
d(vi(z),p) < §. The triangle inequality d(v;(x),v;(0)) < d(vi(x),p) +
d(v;(0),p) implies that d(v;(z),v;(0)) < € for sufficietly large 7. There-
fore, vi_l(B%(p)) C v; }(Be(vi(0))) which implies

(44) EY v {(Bs (p)] < BV [v; ' (Be(vi(0))))-

Since BV < M for all i, we can apply the precompactness theorem
and the trace theory (cf. [KS1] Theorem 1.13 and Theorem 1.12.2
respectively) to obtain a subsequence (which we denote {v;} by an abuse
of notation) so that v; — v in L?(D, X) and ¢; = Tr(v;) — ¢ = Tr(v)
in L2(0D,X). Fix § € (0,1) and let D;_s be a disk of radius 1 — &
centered at the origin. By Theorem 6, v; is Holder continuous;

£
2

‘ Dy_s
more specifically,

d(vi(z1),vi(22)) < C(X,0) | 21 — 22 |*F | Vzq, 29 € Dy_s.
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Note that the modulus of continuity depends only on the geometry of
the target and on the arbitrary constant 6. Hence, {vl| lea} form an
equicontinuous family and converge uniformly to a Holder continuous
map according to the Arzela-Ascoli Theorem. The limit map must be
the restriction of v constructed above to the smaller disk D;_s. Conse-
quently, v(0) = p and, since ¢ is arbitrary, v is continuous in D. In par-
ticular, this implies v_l(Bi (p)) is an open set. By the triangle inequal-
ity, d(vi(z),p) < d(vi(2),v(2)) + d(v(z),p), and hence if z € Dy_5 and
d(v(z),p) < § then d(vi(z),p) < § for sufficiently large i depending only
on €, X and 0 and not on the chosen z since the convergence of v; to v is
uniform in D;_s. Therefore, fu‘l(Bi (p)) N D1_s5 C fui_l(Bg (p)) N D15
for sufficiently large ¢ and

/ Vultde < [ [ Vo 2 dy
Ufl(Bg(p))ﬂlea Ufl(Bg(p))ﬂDk&
< E%[v; '(Bs(p)))-

By the lower semicontinuity of the energy functional (cf. [KS1] Theo-
rem 1.6.1), (43) and (44), we conclude that

/ | Vo |2 du = 0.
v (Bs (p)ND1—s

Therefore,
E’[v"(Bs(p)] =0

by the Lebesgue Dominated Convergence Theorem which in turn implies
that v must be constant on each connected component of v_l(Bi(p)).
In particular, it must be identically equal to p on the component K
of v_l(Bi(p)) containing 0. The continuity of v implies that v=!(p) is
closed and hence K is closed. Since K is both open and closed, K = D.
Therefore, v and hence ¢ is identically equal to p.

On the other hand, the triangle inequality says

d*(pi,p) < 2d% (i, ) + 2d% (¢, p)

and hence

2me < 2 d* (i, 0)df + 2 d?(p,p)db.
oD oD

Letting ¢ — 0, we obtain

2me < 2/ d*(p,p)df = 0,
oD

a contradiction. q.e.d.
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The proof of boundary regularity is an easy application of Lemma, 10.

Proof of Theorem 9. Suppose a Dirichlet solution v : D — X with a
continuous trace 7y : 9D — X is not continuous at some point zy € 0D.
There exists € > 0 and z; — xo with

(45) d(u(x;),v(z0)) > 2e.
By an easy modification of the Courant-Lebesgue lemma for our setting

and the continuity of v, we may choose §; — 0 such that u restricted to
0Ds,(x0) N D is continuous and the length of the curve

Iy := u(0Ds,(z0) N D) U~(Ds,(x0) NOD)
converges to 0 as ¢ — co. This combined with (45) implies that
(46) d(Ty,u(z;)) > €

for sufficiently large i. By choosing subsequence if necessary, assume
that z; € Ds,(x0) N D. By the Riemann Mapping Theorem, there exists
a conformal map 1; from Ds, (z9) N D to D which sends z; to 0. Let

vi:uoq/zi_lzD—>X and ¢; = Tr(v;).

Note that v;(0) = u;(z;) and the image of ¢; is I';. Furthermore, (46)
implies that d(v;(0), ¢;(0D)) > €. Thus, Lemma 10 says there exists n >
0 such that Ev [v; ' (B(v;(0)))] > n for all i. By conformal invariance of
energy (i.e. (18)), E%[Ds, (7o) N D] > n. However, since u € W12(D, X)
(and hence |Vu|? € LY(D)), we see that E*[Ds, (z0) N D] — 0 as i — oo
and we arrive at our contradiction. q.e.d.

4. The Plateau Problem

4.1. The pull-back inner product. Before we can properly state the
Plateau Problem for an Alexandrov space, we must formulate a notion
of area. Our definition is analogous to the usual definition of the area
functional for a map from a surface into a Riemannian manifold; in other
words, it is obtained by integrating the area element of the pull-back
metric. Thus, we first need to generalize the notion of the pull-back
metric in this setting. This is accomplished by (47) and Theorem 11
below.

Let © be a Riemannian domain, X an Alexandrov space and u €
Wh2(Q,X). (Note that we do not need to assume X is finite di-
mensional or satisfies Perel’'man’s conjecture in this subsection.) For
Z,W € T(TQ) (i.e. Z,W are Lipschitz vector fields on ), we define

(47) R(ZW) = L2+ WP~ Lua(Z ~ WP

If (2, g) has local coordinates (z', 22, ...,2") and corresponding tangent
basis {01, 02, ...,0,}, we write

7T2'j = w(@i,8j).
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We show in Theorem 11 below that m generalizes the notion of the
pull-back metric. The analogous result for the case when X is a NPC
(non-positively curved) space is proven in [KS1| and the case when the
curvature of X is bounded from above is proven in [Me2].

Theorem 11. Let X be an Alezandrov space and u € WH2(Q, X).
The operator
7 :T(TQ) x I(TQ) — LY, R)

defined above (and referred to as the inner product associated with u)
18 continuous, symmetric, bilinear, mon-negative and tensorial; more
specifically

w(2,7) = |u(2)}

m(Z,W) = n(W,Z2)

w(Z,hV +W) = hn(Z,V)+7(Z,W) for any h € C%(Q).

For Z = 7'0; and W = Wi(?j, we have
T(Z, W) = m; Z'W3.

If ¢ : Q — Q is a CY' map, then writing v = w o) and m, for the
inner product associated with v, we have the formula

oYt oy
Hence in local coordinates,
(49) Vul? = g"m;;

where (g¥) is (as usual) the inverse matriz to the Riemannian metric
matric (gij).

Proof. Assuming Proposition 12 below, we can follow the proof of
Theorem 2.3.2 of [KS1] to prove Theorem 11. q.e.d.

Proposition 12. Let Q be a Riemannian domain and let X be an
Alexandrov space. If u € WH2(Q, X), then for any Z,W € T'(TSQ)) the
parallelogram identity

(50) | Z + WP + [ (Z = W)[? = 2[un(2)]* + 2Ju. (W)
holds.

Proof of Proposition 12. Recall that for any Z, W € I'(TQ), we denote
by x + €Z the flow along V with initial point x € Q at time ¢ and
DAZW) = du(x + €Z),u(x + eW))

€
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Now fix f € C.(Q),f > 0and Z,W € T'(Q). Let
Ot = {zesptf: [u2) Ju (W)
i (Z + W2, [us(Z = W)? # 0},

1
ay - {xesptfzﬁ<ru*<Z>\2,ru*<W>P,

N
a(Z + WP, Jus(Z — W2 < 5} ,

Z4+W Z
F(xz,e) = 2D? <Z, ; > + 2D? <W, J;W> + D2(0,Z + W)
—D?(0,2) — D*(Z,Z +W) — D*(W, Z + W) — D*(0,W).
We claim the following;:

Claim 1. p(Q™\Qx) — 0as N — .

Claim 2. Fix N. For any p > 0, let (p) be as in Lemma 1. Then there
exists a function G,(x,€) so that if the following three inequalities:

1
N < DE(07Z + W)vDe(Ovz)aDe(()vW)a

(51) DA(Z,W),D(Z,Z +W),D(W,Z +W) < N
(52) ‘%De(o, Z +W)— D, <o, @) ‘ < 8(p)’De(0,Z + W)
Z+W

(53) ‘%Dg(o, Z+W) - D, (Z + W, ) ‘ < 8(p)’De(0,Z + W)

are satisfied for ¢ > 0 and = € Qy, then
(54) F(z,e) > Gy(z,¢€).

Furthermore, there exists a function G,(x) so that

(5) lim | @Gyl = | F@ICo@)du+ O

Q

and

(56) lim [ f(2)|Gp(2)|dp = 0.
p—0 QOn

Claim 3. For z € Q — QF, the parallelogram identity (50) holds.

Assuming the validity of the three claims, we prove the parallelogram
identity as follows. Let f € C.(€Q) be a non-negative function and fix
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n > 0. By Lemma 4, there exists €p,6 > 0 so that for any Q with
1(Q) < d and € < €p, we have

| P>
Q
By Lemmas 2 and 3,
De(0,Z + W) = [u(Z + W), De(0,2) = |ui(Z)],
D€(07W) — |u*(W)|7DE(Zv W) — |u*(Z - W)|7
D(Z,Z +W) = [u (W)|, D(W,Z + W) = |u(Z)]

pointwise almost everywhere. By Egoroff’s Theorem, there exists set

a A so that pu(A4) < % and these convergences are uniform on 2 — A.

By Claim 1, there exists N sufficiently large so that u(QT\Qy) < g.

Hence,
/ F@)F(a.) > —n.
(QF\Qn)uA
For p > 0, the uniform convergence implies that there exists ¢g > 0

sufficiently small so that (51), (52) and (53) hold for all € < ¢y and all
x € Qn\A. Thus, by Claim 2 (54),

f@)F(z,e)dp
O+

Qn\A

-/ f@P@du+ [ [P d
Qr\ay)ua
> s St

> - [ F@)Gw0ld
Qn\A
Take ¢ — 0 and apply Lemma 2, Lemma 3 and Claim 2 (55) to obtain
/m Fluc(Z + W) + [un(Z = W2 = 20un(Z) P = 2w (W)|*)dps

> =1 = Jo F(@)|Go(2)] + O(p?).

Now by taking p — 0, applying Claim 2 (56) and noting that 7 can be
made arbitrarily small, we obtain

/ F(judZ + WP+ [us(Z = WP = 2un(Z)]? = 2|u(W)[*)dp > 0.
O+
Combined with Claim 3,

/Qf(]u*(Z W)+ [ (Z = W)|? = 2|us(Z) > = 2Jus(W)|*)dp > 0.
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Replacing Z and W by @ and £ _2W respectively in the above argu-
ment, we obtain

/Qf(2\u*(Z)\2 + 2 (W2 = [un(Z + W2 = |ua (Z — W) [2)dps > .

Finally, since the choice of f is arbitrary, we obtain the parallelogram
identity. q.e.d.

We are now left to prove the three claims.

Proof of Claim 1. If
QSv = {z € sptf: 0 < min{|u.(2)[* |[u. (W),
u(Z + WP [u(Z = W)P} < 2N) 71}
0zN = {z e sptf: max{|u.(Z)|?, [u.(W))|?,
u(Z +W)?, un(Z = W)[?} > N/2}
then QH\Qy = Q<% UQZN. Since
Q¥ € Q< and N, Q<Y =0,

we have that ,u(Q<%) — 0 as N — 0. Furthermore,
N
@M < [ (2P + ()P
2 Q>N

Hue(Z + W+ Ju(Z — W) ? < .
which implies u(22>%) — 0 as N — 0. This ends the proof of Claim 1.

Proof of Claim 2. For x € Q and e > 0, assume (51), (52) and (53)
are satisfied and let
(57)
P = u(x), Q=u(x+e€Z) R=u(z+e(Z+W)),
S =u(x+ eW), T:u(:n—l—e(@)).

The inequalities (52) and (53) imply

< (52 (p)dpR.

1
< 52(p)dPR , §dPR — dRrr

1
—dpr —d
'2 PR — apT

Let yrr be a geodesic from R to T and R’ be a point on vy so that

(58) drrr = 6(p)dpr.
Let vpr be a geodesic from P to R’ and T’ be its midpoint. By
Lemma 1, we have

drr < pdppR.
Define «y to be the curve which is the sum of geodesics from Q = u(x +
€Z) toT" and from T" to S = u(x+€eW). Let d be the distance function
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in the hyperbolic plane H? and construct points P,Q, R, S € H? with
the property that

(59) dPQ = JPQ? dQR/ = CZQR’? drig = CZng, dsp = Cigp, dpr = CZpR/

and so that geodesic triayglesiAPQﬁ’ and APSR’ intersect only along
the geodesic Jpp from P to R'. If T' is the midpoint of ¥pz,

(60) dor < dgr dpig < dgvs
by the property of an Alexandrov space. Hence
dps < dgpr + dprg < dorr + drvs.
Therefore, if
E(w,€) = dbg +dpp — dpg — dgp — dps — dps,
then
E(z,e) < L*(7) +d*(u(@), R) — d*(u(x), u(x + €2))
—d*(R u(z + eZ)) — (R, u(z + eW))
—d*(u(z),u(x + eW)).
Dividing by €2, we obtain

E(x,¢€)
2

€

< (E2-p0.2)- piow)

. (d?(u(x),R’) PR uz+ W) B[R ulz+ eZ))>

€2 €2 €2
(61) = (I)+ (11).
Hence, by the triangle inequality, we have,
L(v) = dor +drs
< dgr +drs + 2dr7
< dor +drs + 2pdpr

= d<u(az+eZ),u <x+eZ;W>>

cafute s ama (s ZE0))
+2pd(u(@), u(z + (¢Z + W)).

If we square this inequality, divide by €? and assume that p << 1, we
have
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L2 A 7Z
2oz *W> oz (w25)
7+
+2D2< >D <W, 2W>
Z+W Z4+W
+4pD(0,Z + W) <D6<Z, ; >—|—DE<W, J; >>
+4p°D?(0, Z + W)
<

2D? <Z,ZJ;W> + 2D? <W,Z+W>

2
Z4+W
+8p (Df(o, Z + W)+ D? <Z, J; >

Z+W
D2 <w, * ))
2
which immediately implies

Z A
(1) < 202 (Z, ;W)HD? (vv, ;W)_ng,z)_pz(o,m

z Z
(62) +8p<D3(o,Z+W)+D3<Z, ZW>+D€2<W, §W>>

Furthermore, assuming p << 1, we also obtain

dbp < (dpr +drr)* = (1+6(p)*dpr < (1+30(p))dpg

dyr > (dgr —dgr)* = (dor — 6(p)dpr)*

> djp —20(p)dordpr > (1 - 8(p))dgr — 6(p)dbg
dgp > (dsr —dgrr)? = (dsr — 6(p)dpr)*

> dip —26(p)dsrdpr > (1 —6(p))dsr — 0(p)dbp,

which immediately implies

d*(u(z), R
€2

P (u(z ;ez% B) (1 8(p)D2(Z, 2 + W) + 8(0) D20, Z + W)

d*(u(x +€Z),R')

- = < —(1=8(p)DZ(W, Z + W) +8(p) DZ(0,Z + W).

< (14338(p))D%(0,Z + W)

These combine to give
(II) < D*0,Z+W)—D*(Z,Z+W)—D*W,Z+W)
(63) +50(p)(D*(0,Z + W) +D*(Z,Z + W) + D*(W,Z + W)).
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Combining (61), (62) and (63), we obtain

E(z,e)
€2
< 2D? <Z, ZJ;W> +2D? (W Z;W> +D%(0,Z + W)

—DX*0,7) — D*(0,W) — DX(Z,Z + W) — DX (W, Z + W)
Z Z+W
+8p <D3(0,2+W)+D3 (Z, ;W> + D? (W, J; >>

+58(p)(D*(0,Z + W)+ D*(Z,Z + W) + D*(W, Z + W))

F(z,¢)
+8p<D2(O Z+W)+D2< +D2< Z;W»
+58(p)(D*(0,Z + W) + D?(Z, Z+W)+D2(WZ+W))

IN

Let
G1(z,¢)

Z+W Z+W
= —8p(D3(0,Z+W)+D3<Z, i >+D3<W, i >

2 2
—58(p)(D?(0,Z +W) —D*(Z,Z + W) — D*(W,Z + W))
Inequality (51) implies that
€
N < dpg,dQr,drs,dps,dpr,dgs < Ne.

By also using the fact that dgrp = d(p)dpr < pNe, we can apply
Lemma 18 of the Appendix to obtain,

'E(m, 6)

€2

< Cy (|[D2(V,V +W) - D*(0,W)| + |D(0,V) — D*(W,V + W)
+|D(V,V + W) = D(0,W)| + |De(V,V + W) — D(0, W)])
+K1p2 + Koe

for some constants Kj, Ko sufficiently large. Define Ga(z,€) to be the
right hand side of the inequality above. Thus, (54) holds if we set
Gp(x,€) = Gi(z,€) — Ga(x,€). Furthermore, set

Gola) = =8p (w2 + WO+ Gun(z - W) )

=50(p) (|us(Z + W) + [u(W)I? + [un(2)P) + O(p?).

Then (55) and (56) hold by Lemmas 2 and 3. This ends the proof of
Claim 2.
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Proof of Claim 3. Let €y denote the set of all points in €2 so that
lus(Z +W)|2 =0. If P,Q, R, T be as in (57). Then
dbr — dpq = (dor — dpg)(der + dpg) < dpr(der + dpPq)
Thus, for any f € C.(29), 0 < f <1,

/ f(D? (Z, 2+ W) ~ D2(0,
Qo

2

Z))dp

7 (o “W>< (557 - p0)
(fom (0 55%))

(252 e

We take the limit as € goes to 0 to obtain

s ( w (Z55) - \u*<2>12>
< (L)
(Lo 5
3 Qof|u*<z+w>|2)l/2

><</Qofu*<#>2

= 0.

IN

IN

1/2
+ |us (Z + W)|2>

1/2
+ |uy (Z + W)|2>

Thus we arrive at

< )2
Use
2

< |ue(Z2))? ae. z € Q.
Similarly, using

dpq — doyr = (dpg — dor)(dpg + dor) < dpr(dpg + dor),

we obtain the opposite inequality. Hence, we conclude

uZ—W2
* 2

= |u.(2)|* ae. z € Q.
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Interchanging Z and W in the argument above, we also obtain
Z-w\/|
Uy 5
(Z + WP + [un(Z = W)P?

Z -W\|?
- (557)
for a.e. = € y. Similar arguments apply when we examine points of
Q) where the other directional energy measures vanish. This ends the
proof of Claim 3.
4.2. The Plateau Problem. We can define the area functional for

ue Wh2(D, X) by

/ Vdetm dxdy = / \/ T11To9 — 7T12 dxdy.

where T = ﬂ-(am’ax) , M1 = (ax’ay) and o2 — ﬂ—(ay’ aay) The
Plateau Problem for an Alexandrov space is formulated as:

= lu,(W)|? ae. € Q.

Therefore,

=0+4 = 2[us(Z2)? + 2[u. (W)

The Plateau Problem Le X be an Alexandrov space, I' a closed Jor-
dan curve in X and
Fr={ue WD, X)nCc%D, X) :
ulap parametrizes I' monotonically}.
Find u € Fr so that A(u) = inf{A(v) : v € Fr}.

The main result of this section is that we can solve the Plateau Prob-
lem if there exists at least one continuous finite energy map whose trace
monotonically parametrizes I'.

Theorem 13. Let X be a compact Alexandrov space. If Fr # 0,
there exsits u € Fr so that A(u) = inf{A(v) : v € Fr}.

We separate the proof of Theorem 13 into two claims. Claim 1 is
that there exists a map which minimizes the energy functional in Fr.
Claim 2 is that an energy minimizing map is also an area minimizer.
These claims are proved by an extending the arguments used for the
Euclidean case (cf. [L]). In order to prove the first claim, we need the
following lemma.

Lemma 14. Fix £1,&2,83 € 0D and Py, P>, Ps € I'. If

Fr={ue Fr:u(&) =P for i=1,2,3 and E* <2 m}: E(u)},

uesr

then

—{ulpp :u € Fr, E* <2 inf E(u)}
uEFm

forms an equicontinuous family of maps.
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Proof. This follows from the same argument given in Proposition 6
of [L]. q.e.d.

We now prove the first claim:

Claim 1. There exists u € Fr so that E" = inf,c 7. E.

Proof. For any v € JFr, there exists a Mobius transformation ¢ so
that v o (&) = P; for i = 1,2,3. Furthermore, E*% = EY by (18).
Therefore,

inf E* = inf E".

ueFr ue]-‘f
which implies

inf E" = inf Ey.

uEFr qﬁefl’ﬂ

where
By =inf{E" :v e W,*(D,X)}.

Let {v,,} C F[ be a sequence so that lim,, o Ey, = infycr. EV.
By the equicontinuity of F' (i.e. Lemma 14), there exists a subsequence
{vm} so that {vyy |} converges uniformly to a continuous map ¢ :
0D — T'. By the uniform convergence, we are guaranteed to have
o(pi) = q; for i = 1,2,3. Let u,y be the solution to the Dirichlet
Problem for boundary data v,,. By Theorem 9, u,, € W%2(D,X) N
C°%D, X) and hence u,,y € Fr. From the precompactness theorem (cf.
Theorem 1.13 of [KS1]), we may choose a subsequence of u,,,, (which we
still denote u,,, by an abuse of notation) which converges in L?(D, X) to
u € WH2(D, X). By the lower semicontinuity of the energy functional
(cf. Theorem 1.6.1 of [KS1]),

(64) E* <liminf Y <liminf E'» = inf E".

m’—o0 m/—oo vEFT

Since the trace functions converge in L? distance (cf. Theorem 1.12.2 in
[KS1]), we have T'r(u) = ¢. Moreover, (64) implies that u is a Dirichlet
solution for boundary data ¢ and hence u € W2(D, X)NC°(D, X) by
Theorem 9. Therefore u € ]-"1: C JFr and this concludes the proof of the
claim. q.e.d.

We now claim that u obtained above not only minimizes energy in
Fr, but also minimizes the area functional. We need the following two
lemmas.

Lemma 15. If u € Jr satisfies E* = inf _ . EY, then u is weakly
I

conformal; in other words, u satisfies the conformality relation w1 = w9
and w19 = 0.
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Proof. This follows by adapting a well-known computation in the
smooth setting to the current situation. This can be justified by the
change of variables formula (48). q.e.d.

Lemma 16. For any v € Fr and 6 > 0, there exists a continuous
map Yo : D — D monotonically taking 0D to 0D such that %E”Owo <
A(v) + 6.

Proof. Let C be the complex plane and let X x C be the metric space
equipped with the distance function

d((P,2),(Q,w)) = V&(P,Q) + | — w]?

for P,QQ € X and z,w € C. For v € Fp, consider v, : D — X x C
defined by

Vo (2) = (v(2),0%).
By (19), we see that

d" (vy(2),v5 (2 + €V))

|(ve)<(V)* = lim

e—0 €2

. d*(v(2),v(z +€V)) + oz —a(z +€V)?
= lim 5

e—0 €

= |v.(V)P +o? V[

for V€ T(TD) and a.e. z € D. Hence,
2

o
— &y
4
where 7, and 7, are the pull-back inner products associated with v,
and v respectively and § = (d;;) is the standard Euclidean metric on D.
In particular, we have

(65) (o, )ij = (m0)ij +

IS
| Q
IS

g

(Tup )11 (T, )22 — (T, ) 1o = (To)11 (T0)22 — (M) + == >

16 — 1 >0

(@)

and A(vy) < A(v) + 9§ for o > 0 sufficiently small.
We now fix og such that

A(vg,) < A(v) + 0

and let m = (m;;) be the pull-back inner product associated with vg,.
Define the m-energy "EY for a Wl2-map 1 : D — D by setting

OV oI Ot Ol
[ mstwtean (5 G+ G5 dod

Also let °E¥ be the standard Dirichlet energy of v, i.e. the d-energy
defined analogously to the m-energy. Then by (65),

0,2
(66) ZO ‘EY < "EY.



THE PLATEAU PROBLEM IN ALEXANDROV SPACES 351

Let D be the class of all diffeomorphisms @ : D — D satisfying
P(&) = & for i = 1,2,3 (with & defined as in Lemma 14) and D be
the closure of D with respect to the uniform convergence. A m-energy
minimizing sequence in D has uniformly bounded d-energy by (66) and
hence is an equicontinuous family. Thus there exists a subsequence
converging uniformly to a map g : D — D. In particular, the uniform
convergence implies ¥y maps dD monotonically onto 9D and the lower
semicontinuity of the m-energy implies "EY0 = inf{"EY : 1) € D}. Let
1n: : D — D be a family of diffeomorphisms depending smoothly on ¢
with 1y = identity. The minimizing property of 1y implies that

i ™ E1/10077t

dt |t:0
since the three point condition can be achieved by a Mobius transfor-
mation without changing energy. This then implies the conformality
relations

=0

b O b O O 0y _

"9 9x "oy ay N "oz oy
almost everywhere. Thus

ot o DYl oy
T - 0Y%0 0 Y%o

- ) Ol O b O
= 2/D <7T2](1/)0(33,y)) O 8—‘%7713(7100(33,3/)) Ay a—y

SN 1)2
0 oy Y}
ol ) 2 W 0, ) aff#;) dady

= 2/ \/7‘(117‘(’22—7‘(%2 dudv
D

= 2A(vg,).

For almost every y € (—1,1) ¢0|I is in W12 0% where I, c D

is the horizontal line at y. Let X = 6 Since € — ¥o(x + €,y) is the
flow starting at 1o (z,y) along the (almost everywhere deﬁned) vector
field (100)«X at time €, the e-energy density functions of v, 01y and v,
satisfy the equality

sec(z,y) = PO ed(o(w,y)).

The same equality is true with X replaced by Y = 6 . Thus, as in the
proof of [KS1] Theorem 2.3.2 formula (2.3v), we see that

ol oy

(ﬂ—vaod}O) = Tim 81'7’ 8%-7




352 C. MESE & P.R. ZULKOWSKI

where 7, oy, is the pull-back inner product associated with v, 0. This
immediately implies Ev70°%0 = ™E%0_ Therefore, we have

Evov0 < Freo¥o — T o 2A(vgy) < 2(A(v) + 6).
q.e.d.
We now prove our second claim.

Claim 2. Ifu € Fr satisfies E" = inf,c 5. EY, then A(u) = inf{A(v) :
NS fp}

Proof. By the Cauchy-Schwarz lemma,

1
\/7T117T22 — (m12)? < /T < 5(7711 + m2)

with

1
\/7'('117'('22 — (7‘(12)2 = 5(7‘(’11 —|-7T22) < M1 = 722 and T2 = 0.

Since u satisfies the conformality equations by Lemma 15, we deduce
that A(u) = %E" Given v € Fr and ¢ > 0, let ¢ be as in Lemma 16.
Then v o Yy € Fr and

1 1
Alw) = 5E" < 5EW/’O < A(u) + 6.
Since § can be chosen arbitrarily small, we are done. q.e.d.

In establishing the above claims, we have also shown:

Theorem 17. Let X be an Alexandrov space. There exists a solu-
tion u of the Plateau Problem that is conformal and energy minimizing.
Therefore, if X is compact Alexandrov space satisfying Perel’man’s con-
jecture, then there exists a solution uw of the Plateau Problem that is
Hélder continuous in the interior of D and continuous up to OD.

5. Appendix

We establish the following fact about quadrilaterals in hyperbolic
plane. The purpose is to estimate the difference between the sum of the
lengths of the diagonals and the sum of the lengths of the sides.

Lemma 18. If P,Q,R',S € H? so that

€ — _

then

72 72 72 72 72 72

[dgs + dpr — dpg = dor — ds — dpg

< O (B — dbg| + [ dog — Byl + (ldgm — dps| + ldpg — dps)))
+0(€%)
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where Cy is a constant dependent on N and O(€*) has the property that

%;3) —0ase—0.
Proof. Let
72 72 72 72 72 72

Define A, ¢ € [0, 7] by
coshdpp = cosh JQ 7 coshd po — sinh JQ v sinhd PG COS A
cosh JQ g = cosh JQ 7 cosh dp g — sinh JQ 7 sinh d g g cos 6.
By Taylor series expansion, we obtain
d%}_%’ = C%R’ + CZ%Q — 2dQR’JPQ cos A\ + 0(63)
C%S = ‘%R’ + (]%,g —2dgprdpgcosd + O(é%).
We have then

FE = (%R,—d%s,—QJQR/JPQCOS)\—QCZQR/(L‘%@COS(;—FO(G:S)

= djp —dbg —2dpp ((dps — dpg) cos 6 + dpg(cos § + cos A))
+0(€%),
and hence

E < |‘%R’ - &%5| +2Neldgg — JQP| + 2N?€?| cos § + cos A| + O(€?)

< CN(|C%R, — d%s| + €ldpg — dopl + €?| cos § + cos A|)
(67)  +O(e).
We now estimate | cos d + cos A|. Let A be the area of AR'QP. Since
the perimeter of AR'QP is bounded by some constant times Ne, we
have A = O(e?). Define «, 8 € [0, 7] by

cosh JQ p = coshdpp coshd pgo — sinh dpp sinhd, PG COS &
(68) coshdpg = coshdpp coshdp g — sinhdp sinh dj g cos .
The interior angles of the triangle AR'QP are o, A\ and § — 3. Since
A=m—a—X—(§ — ), we see that
| cos 6+cos A| < | cos d—cos(d+(A+a—7B))| < A+|a—pB| = |a—B|+0(€?),
where we used the Mean Value Theorem in the second inequality. The
fact that the ratios of any two pairwise distances of P,Q, R’ and S are
bounded from below by % and from above by N? implies that o and

B are bounded away from 0 and 7. Thus, |« — | < L|cos a — cos 3| for
some constant dependent on IN. Therefore, we obtain

|cos & + cos A\| < L|cos a — cos 3| + O(€?)
which combined with (67) gives

(69) E < |(%R,—d_?5§|+2NE|d_R/§—(ZQp|—|—2LN262| cos a—cos B|4+0(€3).
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By (68), we also have

sinh(dp ) sinh(dg g) sinh(dpg)| cos a — cos 3]
= ‘ sinh(JpQ)(— cosh(dpg) + cosh(dpp ) cosh(dp g))
—sinh(dp 5)(— cosh(dg ) + cosh(dpp) cosh(dpg))|-

The right hand side can be estimated as

s (B + o — dop) — dpg (T + s — dog)| + O()

R/
< G ldms — dpg| + dpg (Tog — Ths) + B

CZng — Jp@‘

tdpg (T — By ) + s ldpg — dps| + O().

Furthermore,

€3

N3 < JpR/JR/gCZpQ < Sinh(d_pR/) Sinh(d_R/g) sinh( _PQ)‘

Therefore, we obtain

C _ _
|cos v — cos | < 6—37 (e|dR,§ —dpg| + (J%Q —d% ) + (d%g — ‘%R’)) .

Combining this with (69), we obtain the desired inequality. q.e.d.
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