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METRIC PROPERTIES OF MANIFOLDS
BIMEROMORPHIC TO COMPACT
KAHLER SPACES

LUCIA ALESSANDRINI & GIOVANNI BASSANELLI

Introduction

A goal of this paper is to prove that: “Every compact complex manifold
M bimeromorphic to a compact Kihler manifold M’ is balanced; that
is, M has a hermitian metric with Kdhler form  such that do™ ! =
0, N = dimM ” (Corollary 4.5). Of course, every Kédhler manifold is
balanced; the interest of the above result stems from the fact that we find
out a metric property which transfers from M’ to M, while it is well
known that the Kdhler property is not stable under bimeromorphic maps.

This introduction is mainly devoted to outline the background.

Let M and M be compact complex manifolds and f: M- Mbea
modification. It is well known that:

(1 If f is a blow-up of M with smooth center and M is
Kibhler, then M is Kihler too [4],

however

(2) in general, if f is a modification and M is Kihler, M
fails to be Kéhler.
A counterexample is given in [12, p. 505] by a compact non-Kihler three-
fold X and a modification f: X — P;. In order to illustrate Chow’s
lemma, Hironaka builds up also a projective threefold Y and a commu-
tative diagram
Yy £ X

N

P
3
where g and /& are obtained as a finite sequence of blow-ups with smooth
centers.
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Let us consider for a moment the threefold X . Since a compact Kahler
manifold cannot contain any complex curve homologous to zero, but X
contains such a curve (see [17, Chapter VIIL,3.3.] or [9, p. 444]), it is
not Kihler. On the other hand, a compact balanced manifold contains no
hypersurfaces homologous to zero and neither does X by construction:
so X could be balanced. This property of compact balanced manifolds
has a weak converse, if you look at hypersurfaces as positive currents of
degree (1,1). Indeed Michelson proved that a compact complex manifold
is balanced if and only if it carries no positive currents of degree (1, 1)
which are components of a boundary [16, Proposition 4.5]. This result
suggested that X is balanced, as we proved in [1]; yet it is only a particular
case of the following general statement:

(3) If M is Kahler, then M is balanced [2].

Balanced manifolds have been studied from a differential point of view in
[6]; other results and examples can be found of course in [16]. (3) shows
how balanced manifolds can be “produced” in a very natural way by using
modifications. Besides, we can also “pull back™ the property of having a
balanced metric (not the balanced metric itself, in general!) as is shown
in [3]:

(3" If M is balanced, M is balanced too.

(3') proves that going from M to M via f no new hypersurface (and
also positive current) which is the component of a boundary can appear
(on the contrary, new curves may appear as f: X — P; shows).

Thus the following question arises naturally: Is the class of compact
balanced manifolds invariant by modifications? In other words, can state-
ment (3') be reversed: If M is balanced, is M balanced too? The prob-
lem looks interesting even in the simplest case because, as the modification
g:Y — X shows,

(4) even if f is a blow-up of M with smooth center and M
is Kidhler, in general M fails to be Kéihler.

In this paper we prove that for a generic modification f: MM
(5)  if M is Kihler, then M is balanced.

The proof of (5) depends heavily on the quoted result of [16] and on our
Theorem 3.9: “Suppose M and M are complex manifolds (not necessar-
ily compact) and f: M — M is a proper modification. If T is a positive
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dd-closed current on M of degree (1, 1), then there exists a positive 99-
closed current 7 on M of degree (1, 1) such that f*f‘ = T . Moreover
if M is compact, such a current is unique.”

Since locally d8-closed currents are components of a boundary, it is
convenient to translate the condition in [16] in terms of Aeppli cohomol-
ogy groups (see (1.3)). To generalize (5), we shall introduce a cohomo-
logical condition, called (B), which holds in particular for compact Kéhler
mamfolds In Theorem 3.9, if M satisfies (B), the cohomology class [T]
of T is exactly f*[T] (see Proposition 3.10). So we get the following
converse of (3):

(Main Theorem 4.2) If Mis balanced and satisfies (B),

’
&) then M is balanced and satisfies (B) too.

Now Corollary 4.5 announced at the beginning is simply a consequence of
(5) and of a theorem of Varouchas [22].

As one can see in the literature, the most interesting case is that of com-
pact complex manifolds which are bimeromorphic to projective varieties,
that is, Moishezon manifolc}g. Namely, let M be a Moishezon manifold:
If M is projective and f: M — M is a modification, it is difficult to find
smooth objects on M coming from M. For instance, if @ 1s a Kihler
form on M then f @ is not smooth: its coefficients are in LloC More-
over, if L is a positive line bundle on M , although f L is a holomorphic
line bundle on the whole of M [18], it is not, in general, positive (for a
survey see [23]).

Therefore our techniques based on positive, d9-closed currents seem to
be more appropriate and allow us to assert that every Moishezon manifold
carries a balanced metric.

Finally notice that Michelson’s characterization theorem is not construc-
tive, therefore if M and M are balanced, the results (3') and (5') do not
give any information about the link between balanced metrics on M and
on M . Nevertheless, we shall prove that: “For every balanced metnc h
on M with Kihler form w there ex1sts a balanced metric # on M with
Kihler form & such that o™ ™' - ﬁ ~! isa d-exact current.” This is
a corollary of Theorem 4.8: “Let M and M be p-Kihler manifolds, let
K M — M be a proper modification and call Y the degeneracy set, with
p>dimY. For every p-Kihler form Q on M, there exists a p-Kihler
form Q on M such that Q — £, Q is a 9d-exact current.”
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1. Preliminaries and notation

(1.1) Throughout the paper, whether explicitly stated or not, M and
M are assumed to be complex N-dimensional manifolds. A proper modi-
fication f: M — M is a proper holomorphic map such that, for a suitable
analyticset Y in M, E = f _I(Y) (the exceptional set of the modifi-
cation) is a hypersurface and M-EL M-Y isa biholomorphism.
Moreover, Y has codimension > 2 or f is a biholomorphism.

In particular, if Y is smooth and f is the blow-up of M along Y,
suitable coordinates can be chosen in M as follows. (As usual, B, (z°, r)
denotes the euclidean open ball in C* with center z° and radius r.
B, (0, r) is simply denoted by B, (r) and B, (1) is denoted by B, . Take
B, := {0}.) For every y € Y take an open neighborhood U = B, x B,
(m ;== dimY and N := m+n) such that UNY = B, x {0}. Call
U:= f_’(U): We can identify

fg: U — U with the natural projection 7: B, x En — B, xB,,

where ﬁn denotes the blow-up of B, at {0}. In the following we shall
simply say: “identify locally f with =n.”
Recall that if (¢, - ,¢,)€C" and (z,, -, z,) €C",
B,={(z,6)eB,xP"' 2§ =28, 1<), k<n}
so that the natural Kihler form on U is given by
oo b2 b 2 oo 2,
@ = 5091l + 509z” + 509 log i€ *;
therefore (see [23, p. 37])
o g2 o 2 1o 2
no= 266||t|| + 266||z|| + 2n6610g||z|| .

(1.2) As usual, gk’k(M)R (resp. .@’k’k(M)R) denotes the space of
smooth real (k, k)-forms (resp. smooth real (k, k)-forms with compact
support) on M . Their duals are spaces of real currents of bidimension
(k, k) (or of degree (N—k, N—k)), i.e., real (N—k, N—k)-forms with
distribution coefficients.

let pe & k’k(M )r - In local coordinates, we shall often write

2
ik
p= > R N A C N

2
1<a << <N, 1<B <-<B <N
A---ANdz, NdZg N---NdZg

=0, Y ¢5dz,NdZy,
|4|=|B|=k
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where Y’ denotes the sum on strictly increasing multi-indices.

A real current T on M of bidimension (k, k) is called positive (in
the sense of Lelong [15]) if, for every choice of ¢, --- , ¢, € ' ’°(M)R ,
T(o, 9, N---No, AP, A---AD,) > 0. Moreover T is said to be strictly
positive if ¢, A---Agp, #0 implies T(o, 0, A--- A9 AP A---AP,)>0.
It is well known that a positive current is of order zero. We shall denote
by ||T|| the mass of 7. A smooth form y € & N‘k’N‘k_(M )r 18 positive
(resp. strictly positive) if the associated current T, , defined as

T,0)= [onv vpe 2"y,

is a positive (resp. strictly positive) current.
If X is a p-dimensional irreducible analytic subset of A, we shall
denote by [X] the positive current defined as

[X](p) := /X 0 Vo DP(M),.

It is well known that [X] is closed; moreover, if ¥: X — R is a plurihar-
monic function, u[X] is a dd-closed current.

(1.3) As regards the statement of the Main Theorem, we recall here the
definition of balanced manifold and define condition (B).

1.1. Definition. Let M be a complex N-dimensional manifold. M is
said to be balanced (or semi-Kihler) if there exists a hermitian metric A
on A]{W ; called the balanced metric, such that its Kihler form w satisfies
do"  =0.

This class of manifolds obviously includes that of Kihler manifolds
(for N =2 they coincide) but also many important classes of non-Kéhler
manifolds, such as the complex solvmanifolds, twistor spaces of oriented
riemannian 4-manifolds, 1-dimensional families of Kidhler manifolds (see
[16]), hermitian compact manifolds which are locally flat [6], manifolds
obtained as modifications of compact Kdhler manifolds [2]. As well as
in the Kahler case (see [11]), there exists an intrinsic characterization of
compact balanced manifolds by means of positive currents.

1.2. Theorem [16, Theorem 4.5]. Suppose M is a compact complex
manifold. The following conditions are equivalent:

(i) M is balanced.

(ii) If T is a positive current on M of degree (1, 1) which is the
component of a boundary (i.e., there exists a current S such that T =
8S +08S), then T =0.

Let us say a few words on currents which are components of boundaries.
If T is a current of bidimension (N—1, N—1) which is the component of
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a boundary, or, more generally, which is a (weak) limit of currents which
are components of boundaries, then 99T = 0 and moreover T(p) = 0
for every closed ¢ € & N=1,N-1 (M)g ; that is, if we consider the operator

d- -@N_I’N_I(M)R . (QN,N_l(M)egN—l,N(M))R
and its dual
(0®09): (2

N,N-1 N-1,N N—1,N-1
M) o2 M) - (@ (M)
then (Kerd)" =Im(@ &®90).

In [16, Lemma 4.8] it is proved that, if M is compact, Im(d @ )
is a closed subspace of Keridd ; hence every current which is the limit
of currents which are components of boundaries is the component of a
boundary itself. Nevertheless, we shall work mainly in the noncompact
case.

The real (1, 1)-Aeppli groups are defined as follows:

_ Ker(i0: "' (M) - 22 (M)p)
T (08 (M) + 0810 (M),

1,1
V(Mg

and
.l N 2,1 1,2
Al,l(M)R___Ker(d.g (M)‘R_ (08’0 M)+ & (M))R).
l@(‘)%”(M)R

As usual, we shall denote by H b 1(M , R) the set of classes in H 2(M » R)
which have a (1, 1)-representative. It is well known that all these groups
can be defined also by means of real currents of degree (1, 1). Thus a
d0-closed current T is the component of a boundary if and only if its
class in Vl’l(M )r 18 zero.

A class of V'’ 1(M )r 1s said to be positive if it can be represented by
a positive current: hence Theorem 1.2 can be written as follows: “ M is
balanced if and only if every nonzero positive d9-closed current of degree
(1, 1) represents a nonzero class in 14 1(M )r -~ Finally, let us consider
the natural maps:

a: AV (M), - H (M, R),
B: H"'(M,R) — V"' (M),
and the following condition:

(B) B is injective and Im B contains all positive elements of
vhiM)g.
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1.3. Proposition. If poa: Al’l(M, R); — VI’I(M)R is an isomor-
phism, then o and B are isomorphisms. In particular, every compact
Kdhler manifold satisfies (B).

Proof. 1t is enough to notice that a is always surjective. Moreover, if
M is regular (in particular, if it is Kéhler or Moishezon or in the class &
of Fujiki), then B o a is an isomorphism (see [21] for the definition of
regular manifold and its cohomological properties).

2. 90-closed currents and pluriharmonic functions

We study in this section the behaviour of real dd-closed currents of
degree (1, 1) and of order zero, whose support is contained in the excep-
tional set of a proper modification. If the support is “too small” (that is,
it is contained in an analytic subset of dimension < N — 1), the current
vanishes (see Theorem 2.1; if T is also positive see [2, Theorem 1.5]).
On the other hand, if the modification f: M — M is obtained as a finite
sequence of blow-ups with smooth centers, we get a characterization of the
set of currents described above: “Every real 8d-closed current T of de-
gree (1, 1) and order zero supported in the exceptional set E of f is of
the form ) u [E ], where {E_ } is the set of irreducible components of
E and u, is a pluriharmonic function on E_” (Proposition 2.5). These
results are well known for locally flat currents, but we are not in this case,
as Remark 2.4 shows.

We get moreover that if such a current is limit of currents which are
components of boundaries, then it vanishes. This holds also in a weaker
form if f is a generic proper modification (Proposition 2.7).

2.1. Theorem. Let Q be an open set in c”, and suppose T is a real
current of bidimension (p, p) and of order zero on Q such that 80T = 0.
If the support of T is contained in an analytic subset Y of Q of dimension
q<p,then T=0.

Proof. Let x € RegY ; in a neighborhood U of x choose coordinates
(zy, -+, zy) such that

YNU={zeU|z;=0forj=g+1,---, N}
Call z'=(z,,---,2,) and 2" =(z,,,,---,zy). In U,
T=oy_, ZI Tgdz,NdZ,
|4|=|BI=N—-p

where the measures ¢,z can be written as

t5(z)=rg(2)®d(z")
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because supp T C Y (see for instance [14], p. 47).

Call I={g+1,---,N}: Since g <p, A2 1 and B 2 I for all
strictly increasing (N — p)-indices A and B. Choose a € I\A, p € I\B
andlet 4'= AU{a}, B'= BU{B} (arrange indices in increasing order).
Compute 80T, and notice that, in the coefficient of dz o NdZg , the

only addendum containing 6335 is
r5(z) ®8.56(2").

As 90T =0, we get r .5 = 0. Therefore suppT C SingY, and we get
the result by induction on the dimension of Y. q.e.d.

The next result is a vanishing lemma based on the Kodaira-Nakano
Vanishing Theorem.

2.2. Lemma. Let f: M — M be the blow-up of M along a submani-
fold Y. Then H(E, QIE(NE )) =0, where NE' 7 1S the normal bundle
of the exceptional set E .

Proof. Identify f locally with the blow-up 7 as said in (1.1). Take
y € UNY = B, and identify the singular fibre z~'(y) with P,_,. Call
E, := ENU. Let us recall some easy facts about normal and conormal
bundles:

(i) The conormal bundle N~ is defined by the following exact se-
quence of vector spaces, for x € P

|M

n—l:

1%
- T,
EU,x

0— N,
Pn—lIEU,x

(ii) Since E; = B, x P
(iii) NP,._n
see, e.g., [8]).

From (i) we get

0Ny 15)®C N 5) = Q]EUIPH ®O(N,

— Tll,* — 0.

n—1,x

a1 » the conormal bundle Ny . s trivial.
n—11"7U

5 = [Pn_l]|1,"_l = [-H] (notations are the standard ones,

(2.1) )
— QP,.-I ®é’(NP”—ll i
and from (ii) and (iii) we infer that
ﬁ(NPn_llEu) ® ﬁ(NP,,-lIE,.) =& (-1).
Hence the long exact sequence of cohomology groups of (2.1) starts with
0 0 1
0—-H(P g(-1)—-H (P QEulP,,_l ®C(-1))

Q‘(_l))_,...

n—17? n—1>

—HP

n—1°2
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From the Kodaira-Nakano Vanishing Theorem (and some easy facts about
Riemann surfaces for n = 2), we get
0

H'®P, ,Q'(-1)=H'®P,_,0(-1) =
thus H'(P,_,, 2 o ®8F(-1)) =
Let h e H® (E, QE (N IU)). Since
NEU|U |P - = NP"_1|E" ’

hIP.._. is a section of Qll?u |Pn_n ® ﬁ(N" ,IB) = QIIEU|P"_1 ® (-1)

(by iii)). Thus A |P"_l= 0;i.e. h, restricted to a generic fibre n_l(y) , 1s
zero. This achieves the proof. q.e.d.

Now we are ready to prove the following result.

2.3. Theorem. Let f: M — M be the blow-up of M along a subman-
ifold Y. If T is a real 89-closed current on M of order zero and degree
(1, 1) whose support is contained in the exceptional set E , then there exists
a pluriharmonic function h: Y — R such that

= (ho f)[E].
Moreover, if T is a (weak) limit of currents which are components of bound-
aries, then T =0.
Proof. Let us fix a coordinate neighborhood (V,wv,,---,vy)
(V,(',v,)) in M such that VNE = {v, = 0}. In ¥, T has the
following expression:

;X
E aﬂ(v )dv, /\dv

a , B=1
As suppT CE,
i
taﬁ(v) =r B—('U ) ®d(vy)

where i~ is a measure and T80 = [ f

Fix a, B < N and compute i00T . The coefficient of dv, ANdvy A
dﬁﬁ A dv, , which has to vanish, is given by

2
— 1.5(v") ® Oyzd(vy) + 0,ryz(v) @ B0 (vy) + B5r 5 (v') @ Byd(vy)

2
= O gryw(v) ® 8(vy).
Hence we conclude that
ra§=0 forl1<a,Bf <N,

(2.2) r,% is holomorphic for | <a < N,
ry% is pluriharmonic.
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Let us now check what happens in another chart. Choose another coor-
dinate neighborhood (W, w,, --- , wy) = (W, w', wy) with WnV # @
and WNE = {wy, =0}. Assume

;X
T=5 ) spw)ed(wy)dw, Adw, inW,
A,u=1
by (2.2) and similar results for {s,;}, and using the fact that dvy /0w, =
owy/0v, =0 on E for a, A < N, we obtain the following relations:

ov, ow, .
aN(u)_Zsm( ‘(v )) B, Ta<N,

i=1 Wy
and
ov, ow
rNN(v )= ZS’W )611;1:[v Bv;

duy 0w, '
+Z (W’ v))a:;” ;:usm,( ")

But now it is a matter of course that, if we cover M by charts of type
v, vy), then {r,%,---,r,_ 5} is nothing but a global section of
QIE(NE |j;) on E: Indeed, the cocycles of N lﬁ are given by dv, /0w, .
By Lemma 2.2 we get 7,y = 5,5 =0, and ry5 = syx =: & is a plurihar-
monic map on M . Since the fibers of f are compact, & depends only
on the coordinates of Y .

To get the second part of the statement, by (1.3) we need only to prove
that if 4: Y — R is not identically zero, then there exists a closed form

6 € 2V 1"N"! (M), such that
T(©) = /(hof)e;eo.
E

Choose y € Y such that A(y) # 0 (suppose A(y) > 0); choose an open
neighborhood U of y, biholomorphic to B,, x B, and such that UNY =
B, x {0} and A >0 in UNY; then identify f| s\ With the blow-up
n . Take real functions u and v as follows:

ueg (B,), u#0, u(t)>0,
vE %W(Bn) ,  v(z) = 1 near the origin.
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Then assume
w(2) = 5-08((1 - v(z)) log "),

0 = (oo Ioellel’ - n*v/)"_l Au(t) (165||t||2)m .
2z 2

It is straightforward to verify that © satisfies what is required. In par-
ticular, if i: E — f~'(U) is the inclusion, i'® = (5289 log||€")"™" A

u(2)(£03|1¢)|)™ ; hence
(ho NE)(®) = /E (ho foi)i'®)=c /B o) (463147)" > 0.

2.4. Remark. An example of a dd-closed current T of order zero
which is not locally flat is given here. Let us use the same notation of the
previous theorem, and define

T = 5cd(vy)(dv, ATy +dvy AdT),  cE€R

T is a real 99-closed current of degree (1, 1) and order zero, and
supp T C {v, = 0}. By the Support Theorem (see [10, Theorem 1.7]), if
T were locally flat, there would exist a pluriharmonic function 4: E — R
such that 7" = A[E], but this is not the case, if ¢ #0.

2.5. Proposition. Let f: M — M be a proper modification which is
obtained as a finite sequence of blow-ups with smooth centers. Call {E_}
the set of the irreducible components of the exceptional set E . Then:

(i) Every real d9-closed current T of order zero and degree (1, 1) on
M supported in E is of the form 3y u [E ], where u_ is a pluriharmonic
JSunction on E.

(ii) Moreover, T is a (weak) limit of currents which are components of
boundaries if and only if every u_ vanishes.

Proof. By our assumption there is a finite sequence

fiiVin =Y,

o 0<j<r,

of blow-ups with smooth centers Y, C Vi and exceptional sets E;. a SV
such that V, = M, Vr=ﬂ, f=/fyo---of_,. By Theorem 2.3 we get
(fyo-of_ )T =(u, ofo)[E;] with %, : ¥, — R pluriharmonic.

Let E; be the strict transform of E| under f,; (u, °f0°f1)[E;] is 99-
closed. Therefore we can apply Theorem 2.3 again to obtain

(2.3) (fyo 0 fii ) T = (U0 fyo f)E = (uyo f,)[E,]
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with u,: Y, — R pluriharmonic. Eventually we get
r
T=Y (u;0f,_jo-of_IE]
j=1

where E; is the strict transform of E;. via f,  o---0 1<j<r,

E =E, and u;: Y, | — R is pluriharmonic.
(ii) Suppose T is a limit of components of boundaries. Then

(fio o fo_) T = (u; 0 f)E|]

is limit of components of boundaries too so that by Theorem 2.3 u, =0.
From (2.3) and Theorem 2.3 we infer u, =0, and so on. g.e.d.

Let us consider now a generic proper modification f: M — M. The
following lemma is essentially contained in [13] to which we refer step by
step.

2.6. Lemma. Let f: M — M be a proper modification; for every x €
M there exist an open neighborhood V of x in M, a complex manifold
Z and holomorphic maps g: Z — M, h:Z >V suchthat h=fog.
Moreover g: Z — f~'(V) is a blow-up, and h: Z — V is obtained as a
finite sequence of blow-ups with smooth centers.

Proof. Locally, f is dominated by a blow-up; that is, [13, Lemma 8,
p- 321] for every x € M there exist an open neighborhood V' of x in
M and a complex subspace (D, o, ) of V' such that, if WV -V is
the blow-up with center (D, &’Z,) , then there exists a holomorphic map
g:V' - M with k' = fog'. Let # be the coherent ideal sheaf in &,
which defines the complex space (D, éD); by applying Lemma 7 [13, p.
320]to ¥V and ¥ we get a suitable finite sequence

hj:I/;.H—»Vj, 0<j<r,

r—12

of blow-ups with smooth centers such that Z := V, is smooth, and if
h:=hyo---oh _,, h'l(.] ) is invertible (see the remark after Lemma
7 in [13]). Shrinking V' we can also suppose };, = V. Therefore, by
means of the universal property of blow-ups [13, Definition 1 p. 315],
we get a holomorphlc map g”:Z — V' suchthat h=h'og". If g:=
gog'iZ - M,then h=fog and g: Z — [ }(V) becomesablow—
up since h: Z — V is obtained as a finite sequence of blow-ups and
ff _'(V) — V is a proper modification (see Corollary 1, p. 320 and
Lemma 4, p. 318 of [13]). q.e.d.
We can prove now the last result of this section.
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2.7. Proposition. Let f: M —> M bea proper modification and let
{E,} be the set of irreducible components of the exceptional set E. If T =
2 ClE,], ¢, € R, and for every x € M there exists an open neighborhood
V of x such that

(2.4) T | ;-1 is a (weak) limit of currents which are compo-
nents of boundaries,

then ¢, = 0 Va.
Proof. Fix o° and choose x € f (E,o). For a suitable open neigh-
borhood V of x in M we get holomorphic maps g: Z — f~ (V) and

h:Z — V as in the previous lemma. Now T | = N ]ca[E ]
where {E ;1 1s the set of connected components of E, N [ (V) Let

{F } be the set of irreducible components of the exceptlonal setof g: Z —
f (V) , and denote the strict transform of Ea’ j
{F B}U {E; _j} is the set of irreducible components of the exceptlonal set of
h: Z — V, and therefore the total transform T of ) J ca[E ;1 under
g is of the form T = Ea,j ca[E;’j] + Zﬁ c;g[Fﬁ] . By Proposmon 2.5 we
need only to prove that T | W) satisfies (2.4).

Let p € & 1’1( f 'I(V))R be a representative of the fundamental class
of ¥, ;6lE, 1in H(fT'(V),R);ie, 9 =¥, ;c,lE, 1+dQ for
a suitable current Q in f -1 ( V). Then g*¢ represents the fundamental
class of the total transform T ; i.e.,

(2.5) go=T+dQ

for a suitable current Q' in Z .
The hypothesis (2.4) provides a sequence {Rﬂ} of (1, 0)-currents in

f _l(V) such that

under g by E . Thus

Z c,IE, ;1= 11,91(511” +0R,) (weakly).
a’]
By smoothing R# and Q we get
9= lilrln(B p,+0p,) (weakly)
where p, are smooth (1, 0)-forms in f_l(V) .

Let S be a closed current of degree (N—1, N—1) with compact support
in f7'(V) and let w € @V VNN (7N (V) such that S = v + i99u
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for a suitable current # with compact support in f _‘(V) . Now,
S(p) = /(o Ay +i00u(p) = li‘x‘n/(gpﬂ +0P,) Ay +idu(d9) = 0.
Finally, consider the operator
©0d): "'oMY =& T (V)
and its dual
d: &N - E ST )& T '

we have just proved that ¢ € (Kerd)" = Im(d ® ). Thus ¢ is limit
of components of boundaries in the strong sense, and the same holds for
g% 9 ; so, by (2.5), the same holds for 7 in a weak sense.

3. Positive 99-closed currents have a pullback to M

In this section we start with the following data: f: M — M is a proper
modification and T is a positive 99-closed current on MNof degree
(1, 1), and we try to find a “nice pullback,” say T,of T to M. If E is
the exceptional set of f and Y := f(E), then M-E L M-Y isabiholo-
morphism. Therefore such a pullback must extend ((f |;;_ E)'l)* (T |pr—y)
from M — E to the vahole 9£ M . What we are looking for is a positive
d0-closed extension T on M , which also satisfies

3.1 Vx € M, there exists an open neighborhood W of x
such that T | \w) is a (weak) limit of currents which are
components of boundaries.

But ((f |4_ E)‘l)*(T |»—y) has an extension of order zero to M if and
only if it has locally finite mass across E (see [15, p. 10]); i.e,, Vx € E,
there is a neighborhood ¥V of x in M such that

(32) | g Tl ne" <o,

where 0 is a smooth strictly positive (1, 1)-form on M.

Since (3.2) is a local statement, we shall carry on the computations in
coordinates, starting with the case of a blow-up with smooth center. After
having proved that (f |;_ E)_[)*(T |p—y) admits extensions of order

zero, we construct an extension T which satisfies the previous dem~ands
(see Theorem 3.9) and such that, if condition (B) holds, its class [77] in
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the Aeppli group V'''(M )g coincides with f*([T]) (Proposition 3.10).
These properties are not enjoyed, in general, by the simple extension T°,
as an example shows.

To prove the following result, we shall follow [19] (page 129 and ff. for
the case k = 1) ; nevertheless, since Siu works with d-closed currents, we
shall give here a sufficiently detailed proof in order to check that his argu-
ments also work in the 99-closed case and for the sake of completeness.

3.1. Proposition. Let n be the blow-up of U := B,, x B, with center
Y = B, x {0}, and let & be the Kdhler form for B, x §n defined in
(1.1). Suppose {T,} is a family of 80-closed smooth positive (1, 1)-forms
on U, such that there is a current T on U, T =1lim, T, (weakly). Then
Vt° € B,,, there exists a neighborhood V of (¢°,0) in U such that

(3.3) sup/ T T,AG" " < .
e Ja=l(v)
Proof. Choose a unitary linear coordinates system w = w(t, z) =
(wy, -+ ,wy) of C" such that (wy, z) := (wil, LW 2y, z,)
form a coordinates system of c” for every I = (iy,---,1i,) with 1 <

i, <---<i_ < N.Lookatthe (1, 1)-form (89 log|z|?). Its matrix is
positive semidefinite; more precisely, at z # 0, it has 0 as simple eigen-
value, with eigendirection z, and 1/ nllzl|2 as eigenvalue of multiplicity
(n — 1), with eigenspace (z)*. Hence (ﬁaglogllz”z)h =0if h>n;
this implies that there exists a constant ¢ > 0 such that

m+n—1

. m+n—1—k
moy ™ <e s (M) T (modteeal’)
1

k=m
S N S SN
A (z091207) A (508001°)
Let #* € B, and let p,: C' — C" be defined by p,(t,z) = w,(t, z).

There exist an open ball 4, with center w,(f°,0) in C” and r, > 0
such that

m

X, = p; ' (4,)N(C™ x B,(r,)) € U.
Thus, if we take V := (), X;, to check (3.3) we have only to prove that
VI, Vk, m<k<m+n-1,

i ) m+n—1-k i — 5 k—m
sgp i T, A E@alogllz” A 568"2”
34 !
34 . 2\"
A 566||w,|| < 0.
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The form which is integrated in (3.4) is smaller than or equal to

m

1 i 2\ (i = 2
————T A (—86 z ) A 500w, ) ,

ey 270 2
which is in_Llloc(U ); this impliis that in (3.4) we can ignore the singu-
larity of 6610g||z||2. Since 99T, = 0, there exist (1, 0)-forms S, on
U =B, x B, such that T, =95, + 8S,. Thus denoting the (topological)
boundary of X, by bX,

i - 2 m+n—1-k i ) k—m i , m
/X, T (5331%"2” ) A (566||zn ) A (Eaallw,)l )
= [ se5)n (Gomgiart)”
bx, °© ° 2n
I = 2 k=m iI,.= 2 m
A (Eaallzll ) A (588|Iw1|| )
L[ sasya(Zoaar)” A (Loshw )"
N bX,( : +S.) A 399llzll A\ 590wl

1 i~ A\t P N
= (anZ)m+n—l—k //;,1 Ts A (‘2‘86”2” ) A (568”“]1“ ) 5

where the reason for the second equality is the following:
—1 -
bX, :=[p; ' (b4,)0(C" x B,(r)1U[p; ' (4,)N(C" x bB,(r,))] = Y,UY,;

integration on Y, gives no contribution because (%85“10,[!2)'" isa 2m-
form on the manifold b4, of real dimension 2m —1. On the other hand,
on Y, we have

I = 2 I =02

Now we need the following result [19, p. 66].

3.2. Lemma. Suppose G, € G, € U are relatively compact open sub-
sets of CV, @ is a product of (N — k) smooth positive (1, 1)-forms and
{T,} is a sequence of positive currents on U of degree (k, k) converging
(weakly) to a current T on U. Then

limsup/ Te/\(og/ TANop and /TAwgliminf/ T Agp.
€ G, G, G, € G,
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If we choose G such that X, € G € U, by virtue of (3.5) and Lemma
3.2 we get

l' _ 2 m+n—1-—k
lims T AN|=—001o
i Eup/Xl A <2n gzl )

ST N N
A <§aa||z|| ) A (566||w1|| )

- 1 7 (L5315 =l o5t 12)
_W . A 3 Izl A 3 O lw, |l < 0.

Thus also

i — 2 m+n—1-k i — ) k—m
sgp/Xl T, A (Ef)alognzn ) A (568”2” )

- 2\"
/\(568|Iw1||> < oo. q.ed.

m

We would like to mention the following easy consequence of the above
lemma, which is used in what follows:

(3.6) If {T,} and ¢ are as in Lemma 3.2, and L is a Borel set,
L € U, then

1im/:/;/\¢=/TA¢if||T||(bL)=o.
e JL L

3.3. Proposition. Let f: M — M be the blow-up of M along a sub-
manifold Y . If T is a positive d-closed current on M of degree (1, 1),
then the current ((f |5;_ E)"l)*(T lar—y) has locally finite mass across E ,
and hence extends to a current of order zero.

Proof. 1dentify f locally with the blow-up n andlet y = (t°,0) € Y.
By smoothing 7 by convolutions in a suitable open neighborhood U of
y in M, we get a family {7,} as in Proposition 3.1. Choose r > 0
and a sequence {r;} of positive real numbers such that ri 10, V=
B, (t°,r)x B,(ry) € U and, for every j >0,

(3.7 IT||(bV;) =0, where V,:=B, (1", r) x B,(r)).
Since

li]r_nxﬂ_,%_yj) = X' ,-1)>
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where, as usual, x, is the characteristic function of L, we infer that
. - . N-1

hm/ (= ) (T ly_y) A@

I 2\ ,-v) U-E u-rY

J

-1 . N—1
Loy ) T o)
where U := f_l(U);but
[ @l Tl ne™ = [ TAma™
2~ (=¥ YoV,
By (3.7) and (3.6), we have
N N-1

/ T A7, “=1im/ T, Am,@"
%, e -,

L N—1
ssup/Te/\n*w < o0.
e JK

Thus

(@ l5_p) DT ly_p) AO" ' < 0.
2~ (%-Y) -

Remark. One of the possible extensions of order zero is the “simple

extension” [15], which is defined as follows:
T°(p) = /~ Fle ) AT ) A
@)= [ (S ap) DT lyy) Ao

for every ¢ € 9 N-t.N "(]T] )R - T° is called also “extension by zero”
since ||i' °I(E) = 0. Nevertheless we are interested in an extension T
which is also 89-closed and satisfies (3.1), therefore we go on otherwise.
First we recall a lemma [19, p. 69].
3.4. Lemma. Suppose Q is an open subset of c” and 6 a strictly
positive (1, 1)-form on Q. Suppose {T,} is a sequence of smooth positive
(k, k)-forms on Q which satisfy

sup/ TA/\GN_k<oo
i Jk

Jor every compact K of Q. Then there exists a subsequence {T, } of {T,}
U

which converges (weakly) on Q.
Using this result, we are able to complete Proposition 3.1 as follows.
3.5. Corollary. In the hypotheses of Proposition 3.1, there exists a
sequence {a#}, e, — 0, such that n* Tsﬂ converges (weakly) on U to a
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current TU . This current does depend not on the sequence ¢ u but only on
T

Proof. We can take coordinates open sets €; such that U= U;:l Q;.
By Proposition 3.1, Q B 7:'Tlz IQ, ,and 0 = @ 'nj satisfy the hypothesis of
Lemma 3.4. Therefore, if we consider subsequently Q,, --- , Q, , we find
a sequence {¢,} such that n*T, converges on each Q ;> hence on U to

~ »
a current T, . Let {Ts' } be another sequence, with the same properties
3
of {T, }, such that
u

. * ol ot
limz"7, = Ty,

Since U = B, xB,, T; and 7, are components of boundaries; therefore
] "

we can get 7}, = T, by applying Theorem 2.3 to Ty, — T}, .

3.6. Remark. Another proof of the second part of the previous corol-
lary is given here, to emphasize the link between ||7},||(E) and a kind of
“Lelong number of T along Y ”.

Proof. Let {T;,,} be another sequence, with the same properties of

{Tsﬂ} , such that

€

. ad )
limz*T = TU.
u u

Take an open ball 4 € B,, and B,(r) € B, such that
(3.8) T ll(bn~" (4 x B,(r)) = ITyll(bn~"' (4 x B,(r))) = 0.
Since on bB,(r)

l

- 2 I =y 02
dolog|lz||” = —=0a9|z|",
>m gllzll 222 Izl

we get as in the proof of Proposition 3.1
* I = 2 n-l i .2\
/,, ™ T (Eaa log €] ) A <§66||t|| )
i = AN i 2\
(3.9) - /A oy T (Eaa log |z ) A <§aa||z|| )
-1

N S / T A (iaﬁuzuz)" A (bﬁunﬁ)m
(mr)" "V Jaxp, i  \2 2 .

Notice that (3.8) implies ||T]|(b(4 x B,(r))) = 0; by letting x4 — oo in
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(3.9) we conclude that

~ i -
T, A (—c‘)alog 4 ) ( It )
Loioen o T (201081 B
1 m
= — =00z ( 00|t > ,
R C e R C

and the same holds for f’é, .
By applying Theorem 2.3 to the current T, — T;, we get

n—1 . m
o= [ F-Tyn(movmoekl’) A (z0000°)
n='(4xB,(r))
[ #(303102)"
[ n(l ,
4 \2

and since A is arbitrary, h =0;ie., T, =T;,. qe.d.

We would like also to compare the previous proof with the analogous
situation occurring in [19, p. 129]. The author has a closed current 7, ;
hence he gets

XE =c[Ey]

by deep results based on Bombieri-Héormander estimates (see [19, Chapter
5]). Next,

XE —C [EU]a

for another 7~"£, implies T - f‘ =(c-c )[EU] But the class of [EU]
does not vanish in the cohomology ring of U, while the class of T - T£/
is zero, because T and T are limits of sequences of boundarles, this
implies ¢ =¢’.

3.7. Remark. Let f: M — M be the blow-up of M along a sub-
manifold Y, and let T be a positive 89-closed current on M of degree
(1,1). For every x € M, there exists an open neighborhood U of x
such that, smoothing 7 by convolutions, we can apply Corollary 3.5 to
get a positive extension Ty, of ((f |5_,)™).(T ly_y) in f~'(U). By
construction, such an exten51~on is the limit of currents which _are compo-
nents of boundaries; hence 7}, is d9-closed. But in general T° # T, , as
the following example shows.
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Example. Let us take Y = {0} (thatis, m =0 and N = n), and let
us consider a sequence {7,} as in Proposition 3.1. For O0<r, <7, <1,

~N—1
/ T Anr W
ri<lizli<r,

N—-1 . h . N—-1-h
" (sro0081=1") n (307021
T Al =—00log||z ANl 00|z
> ( A Y C e R C e
N-1 . N—1
B () o (o)
h ) ()t Jizi<r, 2

N-1 ' . N—1
_ (N}: 1)—12—;,/ T, A (%85"2"2) .
s (mry)" Jizli<r,

For the second equality, see [20, p. 364, Remark 1] or also our (3.5). For
r,—0,

Nl "= (N-1\ 1 i N\ V!
T Ame" ' = ( )——/ T A (-aﬁn:n ) .
-/llzll<r2 ¢ g h ) (et Jizier, © \2

Now choose the subsequence €, of Corollary 3.5 and r, such that
IT||(6B,(r,)) =0. For p— oo

g -1 o~ ~N—
1Tl By = [ Tyna
= (llzli<ry)
=lim/ 2T, A" ' =lim T, nn," !
ko Iz zli<ry) “ k Dzll<r,
N—-1 . N—1
) No1) 1 i
— lim ( )——/ T A (—aauzu ) :
" hz:() h ) @)t Jizier, 0 \2
thus
s . -l -1
(3.10) IT,IENT) = im [Ty li(n ~(B,(r,))) = n(T, 0).
2

Hence, if the Lelong number n(7T, 0) #0, T° # T, .

It is perhaps interesting to check the difference between T° and Tu-
Take T = [H], where H = {z, = 0} ; we get easily that T° is nothing
else than t1~1e st}:ict transform of H under n. Hence T° is closed, and
therefore T — T° is 8d-closed; obviously

T-T°>0 and supp(T-T)CE=P
By Theorem 1.5 in [2], there exists a constant k > 0 such that T-T°=
k[E]. This implies

n—-1°

ITI(E) = kvol(P,_,) =k,
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but from (3.10) N
ITI(E) = n([H], 0) = 1.
Thus T = T° + [E].

This example reflects a more general situation, which is discussed in
Proposition 3.10: that is, if T is a divisor, its total transform is T and
not, in general, 7°.

Let us collect our results in the following theorem.

3.8. Theorem. Let f: M — M be the blow-up of M along a subman-
ifold Y. If T is a positive 80-closed current on M of degree (1, 1),
then ((f |3_ E)_I)*(T ly—y) can be extended to M, and there exists an

extension T which is positive and 89-closed, and satisfies the following
condition:

3.1 Vx € M, there exists an open neighborhood W of x such
that T | 7-\ow) 18 a (weak) limit of currents which are com-
ponents of boundaries.

Now we consider the general case of a proper modification.

3.9. Theorem. Let f: M— M bea proper modification and let T be
a positive 99-closed current on M of degree (1, 1). Then the following
hold:

(i) There exists a positive 89-closed current T on M of degree (1, 1)
such that f,T =T and (3.1) holds.

(ii) If M is compact, such a current T is unique.

Proof. (i) Let x € M and choose an open neighborhood V of x
and maps g: Z — f_'(V) and h: Z — V asin Lemma 2.6. Since A is
obtained as a finite sequence of blow-ups with smooth centers, by Theorem
3.8 we get a positive 9d-closed current 7 on Z such that &, 7 = T.
Shrinking V', we can suppose that it is contained in a coordinate chart
and is biholomorphic to an open ball, and that there exists a sequence
{T,} of components of boundaries, 7, — T (e.g., by smoothing T by
convolutions). By construction, T= lim, h* T, and it does not depend on
{T.,}. Define

T,=¢T= liing*h*Te = lim(f 1) Tz

Since 7~’V does not depend on {7} nor on the factorization h = fo g,
T| iy = T, defines the required current.

(ii) Let T and T’ be currents on M which satisfy (i). Let x € M
and Z, g, h be as above; using (i) for the map g, we get pos1t1ve d0-

it

closed currents 7 and 7’ on Z such that g, T=T and g, T'=T on
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S7'(V);hence h,T=h,T' =T on V. Let {E,} be the set of irreducible
components of ENf - (V),and {F ﬂ} be the set of irreducible components
of the exceptional set F of g: Z — f _I(V) , and denote by E}', the strict

transform of E, under g. Thus {F,}U {E;} is the set of irreducible
components of the exceptional set of 4: Z — V', and by Proposition 2.5

we get L 5
- T =2 wlE)+ 3 uylFy)
y B

where u, and u p are pluriharmonic functions. Thus T — T =
g (T-T) = ,W[E]] on Y (V), where u, is a well-defined p]uri-
harmonic functlon on E g(E NF), locally bounded on E Hence u
extends to E so that we get on M

-T'=) ulE,,

where {E_} is the set of irreducible components of E, and u, is pluri-
harmonic on E_ . But each E_ is compact, so each u, is constant. The
thesis follows from Proposition 2.7. q.e.d.

Let us consider now the class in V" 1(1‘7 )r of the current T given by
the previous theorem. .

3.10. Proposition. Let M, M be complex manifolds which satisfy
condition (B), and let f: M — M be a proper modification. Let T be a
positive dd-closed current on M of degree (1, 1), and T be a current on
M satisfying Theorem 3.9 (i). Let f*: Vl’l(M)R - V1’1(1\7)R be the
natural map. Then f*([T]=[T].

Proof. By condition (B), there exist d-closed smooth real (1, 1)-forms
(] and ¢ such that ,B([(p]) =[T] and B([§)) = T;ie, T= 9 +0S+0S
and T = @+ OR + OR for suitable currents S and R. Therefore

fo-9=03~-fLR)+3(S-LR),

but B is injective; hence f,¢ — ¢ is d-exact. Using the results on the

link between the cohomology rings of M, M , E and Y (see,e.g., [7, p.
285]) we get

9= clE]+dQ

for a suitable current Q. N
Recall that there exist open sets V' such that T’ |, is the limit
of components of boundaries; hence the same holds for ¢. Moreover
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we can choose V' such that HZ(V, R) = 0, so that ¢ |,= dy. Thus
DoaColE =0 — "9 —dQ is the limit of components of boundaries in

f~Y(v); by Proposition 2.7, ¢, =0 Va, so that

FAT) = £ B(el) = Bf (lo)) = BS (lo)) = B(19)) = T.

4. The main theorem

In this section we use the machinery developed in the previous sections
to get some metric results. We start with a lemma concerning condition
(B).

4.1. Lemma. Let f: M — M be a proper modification. If M satisfies
condition (B) (that is, B: Hl’l(M, R) — VI’I(M)R is injective and Im B
contains all positive elements of V" 1(M )r)» then M also satisfies (B).

Proof. Let us consider the following commutative diagram (see (1.3)):

H ', r) & vhlan,

Lr ) Lr
H"'M,R) L vV,
A A

H M, R) L vV,

where f o f* is the identity. Denote by [ ] the classes in all groups that
appear in the diagram. By hypothesis, # is injective; hence g is injective
too. Let T be a positive dd-closed current on M of degree (1,1),
and T bea positive dd-closed current on M of degree (1, 1) given by
Theorem 3.9. We know that there exists a d-closed form y € &' (M )R
such that B([y]) = [T]. Therefore

Bf.(wD) = £,B(w) = £, T1=[T]. qed.

Now we can state and prove the Main Theorem. Here the manifolds
are supposed to be compact, since Theorem 1.2 is needed.

4.2. Main Theorem. Let M, M be compact complex manifolds, and
f: M — M be a modification. If M is balanced and satisfies (B) (in
particular, if it is Kdhler), then M is balanced and satisfies (B) too.

Proof. (B) holds for M by Lemma 4.1.

Let T = 3S + 8S be a positive current of degree (1, 1) on M. If
we prove that 7 = 0, we get the thesis by Theorem 1.2. Let T be given
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by Theorem 3.9; then f*([T]) = [f‘] by Proposition 3.10. Hence 7 is a
positive component of a boundary on a balanced manifold. This implies
T =0. Thus suppT C Y, but the codimension of Y is greater than one;
hence by Theorem 2.1, T =0.

Remark. In the proof of the previous theorem, problems arising from
changing charts are avoided. As a matter of fact, one may hope to prove
the Main Theroem directly. Starting from a strictly positive (1, 1)-form
@ on M with do" ! = 0, try to construct an analogous form @ on
M . But obviously we cannot hope that w |,,_,= f,® |,,_ , because f,&
“blows up” near Y. So we should modify f,& on coordinate open sets
which meet Y, and then glue together these currents. This seems to be
much more complicated than our procedure, which consists basically in
extending the current 7" from M-Eto M.

Theorem 4.2 has some interesting corollaries; to state them let us recall
the definition of the class & of Fujiki [5, p. 34-35].

4.3. Definition. A reduced (compact) complex analytic space X be-
longs to % if it is a meromorphic image of a compact Kihler space.

Varouchas proved that % is nothing but the class of spaces bimeromor-
phic to some compact Kihler manifold:

4.4. Theorem [22, Theorem 3]. If X € &, then there exist a compact
Kdhler manifold K and a modification f: K — X .

So we get by Theorem 4.2 a result about “nice” hermitian metrics on
manifolds in the class % .

4.5. Corollary. Every manifold in the class € is balanced.

And in particular we have

4.6. Corollary. Moishezon manifolds are balanced.

Notice that there exist compact balanced manifolds not in the class %,
€.g., the Ivasawa manifold 7, .

In order to study metrics in connection with modifications of balanced
manifolds, let us start from a more general situation and introduce the
following definition.

4.7. Definition. A complex manifold M is called p-Kdhler if it carries
a strictly weakly positive smooth closed (p, p)-form, called a p-Kdhler
form.

For more details about this subject see [2], here we may only point out
that 1-Kihler is equivalent to Kéhler and (N — 1)-Kahler is equivalent to
balanced. "

4.8. Theorem. Let M and M be compact p-Kdhler manifolds, let
f: M — M be a proper modification, and call Y the degeneracy set,
with p > dimY. For every p-Kdhler form Q on M, there exists a
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p-Kdhler form Q on M such that Q= j:fl] in the (p, p)-Aeppli group
AP (M),

Proof. Let Q and Q' be p-Kihler forms on M and M respectively.
Since p > dim Y , arguing as in [22, pp. 251-252], we get an open neigh-
borhood U of Y in M and a real current R in U such that

£.Q = iddR.
Since f,Q' is smooth and 8d-exactin U — Y, there exists a smooth real
(r—1,p—1)-form B in U - Y such that
1.9 |y_y=i088.
M_oreover, R-B=y+8C+48C in U -7V, for a suitable smooth real
8d-closed (p—1, p—1)-form y and a current C.

Now choose an open set W such that Y ¢ W € U and a real function

g€ (U), with g =1 in W ; take

D:=g(B+7)+0(gC)+0(gC).
Since i8D is smooth in M —-Y, x := (f |ﬂ-E)*i86_D is a smooth
(p, p)-form in M — E which coincides with Q' in f _I(W)—E ; therefore
x can be extended to a real smooth (p, p)-form on the whole of M , which
is supported in f 'I(U ) and strictly weakly positive in f _I(W) . Choose
¢ > 0 such that 5

Q:=1"Q+eyx

is strictly weakly positive on M , SO we get Q — jlﬁ =ijddeD. q.e.d.

In [2] we studied a kind of modification for which the hypotheses of
Theorem 4.8 hold, so that we have now some new information about the
link between p-Kihler forms on M and M . Moreover for p=N-1
we can give a metric interpretation:

4.9. Corollary. Let M and M be compact balanced manifolds and
[+ M — M a modification. For every balanced metric h on M with
Kdhler form o there exists a balanced metric h on M with Kdhler Sform
@ such that "' - £.o"" is a 99-exact current.
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