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A UNIVERSAL CONSTRAINT
FOR DONALDSON INVARIANTS

YONGBIN RUAN

Abstract

We prove a mod 2 universal constraint and then derive a structure the-
orem for the SU(2) Donaldson invariants of odd second Chern class on
even manifolds.

1. Introduction and the main theorem

Donaldson [5] uses Yang-Mills gauge theory to define infinitely many
invariants on smooth 4-manifolds. These invariants are extremely impor-
tant for studying differentiable structures on 4-manifolds. Because they
are difficult to calculate, they remain mysterious. An important open ques-
tion posed by Donaldson is whether there are any universal relations or
constraints on the invariants. This paper is a first step in answering this
question. All the Donaldson invariants in this paper are invariants for
SU(2).

If ¢° and y? are multilinear symmetry functions of degree p and ¢,
define their symmetric product as follows:

(¢ ° V/)p+q(x1 LI} xp+q)

= Z ¢(-xil,"' ,x,-p)‘//(xl,"' ,xil’”' ’xip’”' ,xp+q),
<<,

where the caret means to omit this term. All addition is done mod 2
in this paper. If, for example, ¢ is of degree 2, then ¢ o ¢ = 0 mod
2, since the terms cancel in pairs (for example ¢(x,, x,)¢(x;, x,) and
B(x;, x)6(x, , x,)).

Main theorem. Let X* be a simply connected spin manifold with in-
tersection form q and b; (X) > 1 odd. If the second Chern number
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k> %(1 + b; (X)) and is odd, then the Donaldson invariants ®, satisfy

qo¢k(al’... ’an)
=Y dla;, a)® (e, - , &, @, ,a,)=0 (mod 2).
i<j

As an application, we can prove a strong structure theorem for even
degree Donaldson invariants:

Structure theorem. Under the assumptions of the main theorem, for any
even degree Donaldson polynomial invariant @,

®=goH (mod?2)

for a symmetric function H of degree lower by 2.

This structure theorem implies that many cases of mod 2 Donaldson
invariants vanish. For example, under the hypotheses of the structure
theorem,

®(a,a, - ,a)=0 (mod 2)
for any 2-dimensional homology class « .
Note that for algebraic surfaces, Donaldson shows that for large &,

D (a,a,---,a)#0

for the Kihler class o. By our theorem, ®,(a, a, -+ , a) is even for k
odd and 4k— %(1 +b;r ) even. The evenness of the degree of the Donaldson
invariant depends on b, . If b, = 4m + 3, for example in the case of
the Kummer surface, then the degree of the Donaldson invariant is always
even. In §3 we will discuss other cases where the invariants vanish. It
appears that this universal constraint severely diminishes the value of mod
2 Donaldson invariants. In an upcoming paper of Fintushel and Stern, by
combining their own techniques with this universal relation, they are able
to show that a lot of mod 2 Donaldson invariants vanish [8].

This paper is based on the work of Donaldson [3] in an essential way
and may be regarded as a partial extension of it. In fact, as was pointed
out in [3], there is a gap between the situation b2+ =0, 1, 2 and the sit-
uation b;' > 3. In the first case it is possible to get constraints on the
homology of the manifold as in [3]; in the second case, however, no such
direct information seems available. But we can still extract some infor-
mation about Donaldson’s invariants. We note that Donaldson suggested
this approach in his paper [3].

The author owes a great deal of thanks to Tom Mrowka for his help
in preparing this paper. The author wants to thank Suguang Wang for
reading the draft and for many useful suggestions which improved the
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paper. He would also like to thank his advisor R. Kirby for his constant
encouragement.

2. Proof of the main theorem

Let X be a compact, connected, oriented 4-manifold, P — X a prin-
cipal SU(2)-bundle, and E and g, the vector bundles associated to P
by the fundamental representation on C? and the adjoint representation,
respectively. Let ./ be the space of connections on P, and let & be the
group of gauge transformations such that

B =A% (B(X))

is an infinite-dimensional space of gauge equivalence classes of connections
on P. Let &, be the group of gauge transformations which act as the
identity on the fiber of P over the base point x,,. Then Z acts freely on

oA . Let B =o /%, . We can form the universal bundle:
7 xg P (= P)
1

~

F x X

Denote by ji: HfX, Z) — H*(Z, 7) the slant product fi(@) = ¢,(P)/a,
where ¢, (P ) is the usual second Chern class in H* (u@ x X, Z). By choos-
ing a specific geometric representation of ji, Donaldson shows that ji(a)
descends to u(a) on B = */Z , where & is the space of irreducible
connections. There is a geometric way to describe this map which is im-
portant for us. We quickly sketch Donaldson’s construction.

For a € H,(X, Z) choose a surface X representing a. There is a
restriction map ry: ﬁ(X ) — 33(2). Now X carries a spin structure, so
we have a twisted Dirac operator d; Over X which has numerical index
0, and the class -

ind(d;) € K(%(%)).
Any complex virtual bundle defines a complex line bundle, the determinant
line bundle,

dim V dim W

det([V] - [W]) = (A w)".
Thus for every surface X in X we get a complex line bundle Ly =
(detind 6,:)_l over % (Z). Then it can be proved that ji(a) = c,(Ly).

Note that Z" = & " /%y — & is a principal SO(3)-bundle. Donald-
son showed that we can push Ly down to F*(X). An index theorem

V) ®c (A
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argument shows that Ly can be extended over the zero divisor. In other
words, Ly is defined on %Z-{nonzero reductions}. The restriction of an
irreducible connection may not be irreducible, but this can be taken care
of by working on a tubular neighborhood N of X instead of X itself
[5]. Then we can suppose ry, maps the moduli space .# of irreducible
anti-self-dual connections to irreducible connections, i.e.,
ry(#) C B (N) forl<k.

Now we are in a position to give the definition of Donaldson’s polynomial
invariant. For any k, the moduli space .#, for the bundle with ¢, = k
is a finite-dimensional manifold; dim.#, = 8k — 3(1 + b; ). For b2+ odd,
dim.# = 2b for b =4k — 3(1 +b;). Forany o, -, a, € Hy(X, Z),
choose X, , --- , X, in general position representing «, , --- , a; . Further-
more, we can choose the small tubular neighborhood N; of Z, in general
position, i.e., N;N Nj N N, = @ for distinct i, j, k, and N, N Nj is
exactly a tubular neighborhood of points £, N X;. Then we have complex
line bundles Ly over &%, -{nonzero reductlons} Choose sections Ss, of
L}: such that the d1v1sors Vs are transverse to each other and to .4
for I < < k. In particular, the tr1v1a1 connection 6 is a zero reduction,
so we can suppose Sy ([0]) # 0. Consider the zero-dimensional manifold
vin---nv,n4#, . By Uhlenbeck’s compactness theorem, there is a natural
compactification of .#Z, as

A, CHU---UM,_ xSX)U---USX).
From our choice of section Sy > if there is a sequence [4,] € V; weakly
convergent to ([4], x,, --- , x,), then either some X; € N, or [A4] €
V . A dimension counting argument shows that if k > ( + b+) , then

V n---Nnk 5 N.#, is compact, hence finite. Counting these points, using
the orientation on .#, , we define the Donaldson polynomial invariant

D, (o), - ,ab)=#(V;:lr‘l---ﬂV}_bﬂ/[k).

Donaldson shows that Phi, is independent of the choice of metric, and
hence is an invariant of the smooth structure of X .

From now on assume k > 3(1+5,), and b, > 1 is odd. Then the
Donaldson invariant is well defined. Consider the moduli space %, |
has dimension

dim.#,,, = 8k — 3(1 + b)) +8.

Let b = 4k — —( +b+)+2 For any «a, -, a, € Hy(X, Z), choose
representing surfaces X,, --- , X, in general position and such that their
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tubular neighborhoods N,,--- , N, are in general position as well. As
above, consider

N=Vy N0V Nk,

Then dim N = 4, and a dimension counting argument shows that N C
M), can only touch the first intermediate stratum .#, x X at ([4], x)
for

()  xeNnNN;, [deVn--nFn-n¥n-n¥.

i J b

Note that
[MleVyn--nPpn--n¥n--n¥ N,

and its dimension is zero. Since we will only consider the mod 2 invariants,
we will ignore the orientation in the rest of the argument. Therefore,

#(Vzln...n[/;:in...anjn...anbn%)

=q)k(al,... ’d\i"“ ’67’... ’ab)'

On the other hand, N,N N f is just a small neighborhood of the points of
XNX ;- Its number of components is measures by g(a;, j). Hence the
number of ends of the moduli space is

Zq(ai, aj)d)k(al’ e, 5[;, e a)=qo®(a,  , @p).

i<j

For the readers familiar with Donaldson’s work [3], our case is exactly
the case causing the trouble in [3]. For the case of b; =1, 2, Donaldson
cut the moduli space in a way to avoid all the intermediate strata. Then the
intersection with the bottom stratum will give a constraint on the homology
of the base manifold. If b;’ > 3, the submanifold sliced out by divisors
in [3] must meet the first intermediate stratum.

The idea in this paper is to intersect enough divisors to cut out a 4-
dimensional submanifold. Then it meets the first intermediate stratum in
a discrete set of points. If k is large enough, it also avoids the bottom
stratum. Therefore it only meets the first intermediate stratum and this
intersection gives our constraint on the Donaldson invariants.

Next we study the behavior of N near pairs ([A4], x]) satisfying (x).
Let ([4,], x) be such a pair.” Since every component of N,NN; is a
neighborhood of x for x € £, N Zj , it is equivalent to study the behavior
near ([4y], x) for x € X, NX;. We will see that after suitable cutting of

N near the ends we get a compact 4-manifold N’ with boundary. The
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part of the boundary corresponding to each end is homologous to SO(3).
Here SO(3) is regarded as a gluing parameter of [4,] with a standard
instanton of $* at x.

By Taubes’ work [12], except for the bottom stratum, /lk , 1s a strat-
ified space with a local cone bundle structure, and the ith stratum is
My i ¥ S’ (X ). In particular, there is a neighborhood of the first stra-
tum / x X which is a local cone bundle with fibre = cone(SO(3)).
Therefore there is a neighborhood W) 41,%) of ([4,], x) diffeomorphic
to W, Rhe Q_x8SO(3)x (0, 4) and there is a well-defined cone projection
W([A] X~ W[A ] x Q. , where W[A] is a neighborhood of [4;] in ./, ,
and Q isa nelghborhood of x € X containing a component of N,A N -
Denote by W, (x 4 ]) the subset of W 14, with fixed scalar A, which is
diffeomorphic to [ Mhe Q xS0 3) x {,1} Without loss of generality,
let x € £, NZ, and [Ao] EVysN---N V N.#, . Choose Q_ such that
Q NN, = @forz>3 Thenfor1>3 "and [A] e W (x. 1) ? [A]|Ni is

close to p([4])| 5 - Hence s5 ([4]) gets arbitrarily close to sy (p([4])) for
small 4. Let 7, lbe a tubular neighborhood of ¥V in ./ arld let 7, ; be
the complement of a smaller tubular ne1ghborhood Then sz( 7)) 7é 0,
and sz‘_(p_ (u,. x Q) # 0 for A small. Then both Sy, and Sz, °P

define cohomology classes of Hz(WX (4, ]),p (1/ nw (4] X Q)), and
they are the same since those two maps are close to each other. But
clearly the class defined by s; o p is the pullback of the generator of

2
H (u/[AOJXQx (1/ nWEA])xQX).

For Sz, and sy , we quote a theorem of Donaldson. In this paragraph,
j=1,2. First of all, s, ([Ao]) # 0, where Sj = 83 , SO We can suppose

s (W4 ]) # 0. Let v; be a tubular nelghborhood ‘of X, in X and let

uj Cvy, be the complement of a smaller closed tubular neighborhood.
Without loss of generality, we can assume that N i Cy. Consider the
set TJ C A, +1 consisting of pairs (x, 4), where x € v, and 4 is a
connection satisfying the following two conditions:

(i) Away from x, A is close to an element of W] (4,1

(i) ¢,(4) = k+ 1, so that a small ball around x contributes = 8n’
to the Chern-Weil integral.

Let Tj' C TJ be the set corresponding to u]'.. Donaldson showed in
[6] that the projection p: (Tj, T;) — (Vj , u}) is a fibration and the class
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induced by S is the pullback of the generator of H? (1/ V') Obviously
we can choose small enough A so that W/ 14D © T Then s induces a

class in H* (W]c (4,])° sz 14,]) n Tj) which is the pullback of the generator
’
ofH( [A]xQ W[A]xQ nv.
It is easy to see that V; S ‘NVy np (6( 4 ]xQ )) = & . Furthermore

we can perturb s, shghtly such that V}:l N---N V is transverse to W(x (4, *

So if we cut N along sz (4, ° Ve geta compact manifold with boundary
V}:l n---nN Vz N W(x (4,) Dear (x, [4,]) . Taking the intersection of V;

corresponds to taking the cup product with the dual cohomology class

The previous argument implies that V5 N- V;: n W(x (4,]) is dual to

a cohomology class of HZb(WEx 4,])? p"l(a( [A] x € ))) which is the
pullback of the generator of H* ( (4,1 % > O(W, [ 45 Q). If we fix a

small A, the same argument shows that V' n--- z N W(x (4,]) is dual

2b 11 Lo
to the cohomology class of H (W(x (4,]) p; (6( (4,1 X Q,))) which is

the pullback of the generator of sz( 4 4,1 % Q. , oW (4] % Q. )). But
the generator of H2b( [A] xQ,, (W, xQ,)) is dual to (x, [4,]) and
hence VZI n---NV nW(x (4,7 is homologous to P~ ((x, [4,))) = SO(3)

since W()c (4, is a compact manifold with boundary p;l(a( 4] xQ)).

Next we want to show that the ends are homologically nonzero. Don-
aldson uses the spin structure of the manifolds to define certain mod 2
cohomology classes as the Steifel-Whitney classes of the index of a family
of twisted Dirac operators. We simply state the results and refer the reader
to Donaldson’s paper for details.

The index bundle for ¢, even, written as Donaldson’s notation, is
det(ind(D,)). An excision argument shows that over the gluing param-
eter SO(3), ind(D,) is my + m;n, where n is a Hopf line bundle over
SO(3). When we glue A4, together with an instanton on s*, m,=1.1In
this case det(ind(D,)) =1

Let k + 1 be even. Choose the first Steifel-Whitney class u, =
w, (det(ind(D,))) . The argument above shows that “1|s0(3) is the gen-

erator of H"(SO(3), Z,), and hence ui(SO(3)) = 1. Finally
go® (o), ,,) =u(dN)=0  (mod 2).

This finishes the proof.
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Remark. The proof breaks down for the case k even because u; = 0.
In fact, it has been shown that .Z" is simply connected for ¢, odd corre-

sponding to our case k even (see [11]). Hence for this case H ! (B*,7)=
0.

3. Structure of the mod 2 Donaldson invariant

In this section, we study the constraints imposed by the main theorem
on the structure of the Donaldson invariants. We will make use of several
basic facts from linear algebra over the field Z,. As the author could
not find them in the literature, they are included here. Throughout this
section, all operations are mod 2 unless we specify otherwise.

The key observation is the analogy between the symmetric product by
the even intersection form and wedge product by the Kihler form for
complex manifolds. It turns out that we can establish a partial theory in
analogy with the Lefschetz decomposition of the Dolbeault cohomology.
An interesting question is where the Donaldson invariants “lie” under this
decomposition.

Let us recall that for simply connected even 4-manifolds, every inter-
section form is equivalent over Z to tEg @s(? (1,) . In particular, the rank
of H,(X, Z) is even. By Poincaré duality, ¢ is a nondegenerate bilinear,
symmetric, unimodular form. It is well known that ¢ is equivalent to
n(9 ;) over Z,. In other words, there is a basis x;, y,, X, V5, =+ , X,
Y, such that

1 ifi=j,
9%, ;) = { 0 otherwise.

Letususe ¢, 0,,--- ,¢,, 6, todenote the dual basis. Over Z,, since
symmetry is equivalent to skew-symmetry, we adopt the following nota-
tion:

Definition. ¢ € Sym’(H, (X)) if qb(z1 s 2) =z, o0, z;) for
1 P
every permutation (i;,---,,) of (1,2,---,p).
¢ € N\’ (H, (X)) will be called a p-form if ¢ € Sym” and d)(z1 s Z,)

= 0 whenever z;, =z ; for some i # j. Clearly ¢;, 0, € Sym (Hz). Natu-
rally we define the operation of symmetric product as in the introduction.
Therefore, the intersection form g can be written as

n
q= Zei 00,
i=1
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One special feature of the mod 2 symmetric product is demonstrated in
the following proposition.
Proposition. For any ¢ € Sym”, o =0.
The proof follows easily from the fact that our addition is modulo 2.
It is easy to check that A" is generated by

. O+ 0 . O . *++ 0 .
ell elk 011 911,

where € > 0 j, are mutually distinct. But the symmetric product of degree
one symmetric functions does not generate all the symmetric functions, as

demonstrated by the preceding proposition. In fact they only generate the
forms. Thus we are led to make the following definition.

Definition. The power e:‘ € Symk is the element of Symk which sat-
isfies
1 ifz =---=2z, =x.
k 1 k i’

1 e. s Tty = .
M i (2 Z) { 0 otherwise.
We can define 9;‘ similarly and extend by the binomial formula. An easy
calculation shows that

1 . .
& & if ks even,
eoe, = )
0 otherwise.
Under this notation, Sym’ is generated by
nl .o nk ml Y m‘
G ool ol o0,

where e, , 0 j, are mutually distinct. When there is no confusion, we will
k

omit the o sign. Define
Lq: Sym’” — Sym” +2

tobe L(c)=go(c) =3 €00 0(c). One can observe that the L,
induce the following sequence of homomorphisms of vector spaces:

L L L L L

L L L L L
(3) Sym' =% Sym® =% Sym® =% ... 24 ... - Sym™™ ...

By the proposition, Lq o Lq = 0. Hence Im Lq C Kequ. So we can
define the cohomology H” = Ker L, /Im L,. Note that our constraint
on the Donaldson invariant just says that @, € KerL, for k odd. The

purpose of this section is to calculate the H? .
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Definition. For any x € H,(X), we define the contraction i, : Sym? +
— Sym” as i a(z,, -, z,)=a(X,z, ", 2,).
Then we can define the contraction by q, I,: Sym’ 2, Sym”, as

I, = Sy ly'
Lemma.

i L, +L i =0,, i,Ly +Lyi, =3,

ij?

i Lo +Lyiy, =0, i,L, +L,i, =0.
Proof. We only prove the first equality, as the others follow similarly:
i_x‘,Lej(a)(Zl s " Zp) = Le,_(a)(xj s Zl s T Zp)

=e;(x) + e (z)alx;s 2y, s Ba o, 2)
=9 +Lejix,~(a)(zl > Zp)'

Proposition. [L,, I,1=n+p asa homomorphism Sym’ — Sym” .
Proof.

L1 _ZL Loix iy EL iy Ly iy,
= Zl L Loly +ZL01y'
= ; iy Lo, Ly + ;Loi i, + ; i L,
=LL,+n+) (L, +Lgi,).
i
Let z; = Ei(afxi+b{yi). Then
ZLeiix‘_(a)(zl,--- L 2,) =Y elz)alx;, z,, S E s 2,)
i i,j
=Za{a(xi, 2y, 2, 2,).
In the same way,
ZLeiiyi(a)(zl, L z) =)0z, 2y, s 2y Z)
i i,j

Ny :
‘_Zb,‘a(y,'9 Zysttt s Zj’ T Zp),

i,j
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and therefore

S (L iy + Ly, )0)(z,, 5 2,)

1

~

J J 5
=E (a(aixi’zl"”’zj"”’zp)+a(biyi’zl’”.’Zj’“.’zp))
i,

=Za(zj, Zys s, By Zp) =pa(z,, -, Z,,)-
J
Hence [Lq,Iq] = n+p. When n+ p is odd, [Lq,Iq] = 1. Then
LI(a) =1L/ (a)+c. If L) =0, a= L1 (a). Therefore, a €
ImL - which implies the following theorem.
Theorem. When n+p isodd, H® =0.
Structure theorem. Under the assumption of the main theorem, for even
degree Donaldson polynomial invariants @,

®=qgoH (mod?2)

for some symmetric function H of degree lower by 2.

Proof. For even manifolds, the intersection form is tE; @ s(J §). So
the rank of H,(X) = 2n = 2(4t +s). Note that b, = s. Thus when b,
is odd, n is also odd. Therefore if degree p is also even, n + p is odd.
By the theorem, H” = 0. But from the main theorem ® € Ker L 2 » Which
implies that ® € Im L, . So ® =g o H. Moreover, H = I (®).

For degree p odd, H” may be nonzero. But we still have [Lq , q] =0.
In fact we get a Z,-representation of the Lie algebra sl, . In particular, it
is easy to check that

Iq(Kequ) CKerL,, I (ImL)cCImL,.
Therefore, . induces the maps

H - H P H ™

For our case, we do not quite have the decomposition of H” as the case
of complex manifolds. Instead we have a filtration

(*) 0cKerl, cKerl, C---C H’.

Note that ® induces an element ® € H” .
On the other hand, ¢ € /\2 . In fact, L, induces a map
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Thus we obtain a subspace K” = Ker L, /Im L, C H” . Furthermore we
have a similar filtration as () for K”.

The structure theorem implies that in many cases mod 2 Donaldson
invariants vanish.

Corollary 2. Under the assumption of the structure theorem, let o, , B, ,
@y, Byt s oy, By € Hy(X) satisfy q(e;, B)) =1 if i=], and 0 oth-
erwise. Then

d(al, By, -+ Lk, B¥) =0 (mod?2),

if t;s; is even for every i. Here, aﬁ" means plugging in o; t; times.

The proof is trivial.

A special case is that ®, (o, a,--- ,a) =0 (mod 2) for even degree
Donaldson invariants ®, with K odd on even manifolds.
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