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0. Introduction

This paper continues the search begun in [2] for some new techniques to use
in computing Koszul cohomology. The same notation will be used as in that
paper.

One extremely natural question is to determine the Koszul cohomology
groups X, (P", H*, H%, W), where H — P’ is the hyperplane bundle, d > 1
and W Cc HO(P’, 0p.(d)) is a base-point free linear system. The simplest case
of this is to ask when the multiplication map

0.1) W & HOP", 0(k)) » H(P", 0(k + d))

must be surjective. Indeed, the surjectivity of (0.1) comes up in a conjecture of
Carlson, Green, Griffiths & Harris [1]. Let

Sk C P(d;B)_l

be the variety of smooth surfaces in P? of degree d which contain a curve C of
degree k which is not a complete intersection. Is

(0.2) codim S, > d — 3?
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This conjecture will be answered in the affirmative in §4 as a consequence of
an analysis of the Koszul cohomology groups of projective space.

We will establish the following vanishing theorem: For W ¢ H°(P’, Op.(d))
a base-point free linear subspace, d > 1,

(0.3) X, (P", H*, H, W) =0
if

k+(q-1)d > p + codim(W, H(P", 0p.(d))),
(0.4) d+ 1 > codim(W, H°(P’, 0p.(d))).

The other main result we prove is as follows: Let X be a smooth complete
algebraic variety, E — X an analytic vector bundle and p, > 0 an integer.
Then there exists an ample line bundle L, — X so that

(0.5) X, (X,E,L)=0 forp <p,q>2,
for any analytic line bundle L — X such that L ® Lj! is ample. Two special

cases of this result were needed in [3], and it gives a partial answer to Problem
5.13 of [2].

1. Algebraic preliminaries

(a) Truncation. Consider

| 4 a vector space,
(1a.1) S(V) the symmetric algebra of V,
B= @ B, agraded S(V)-algebra.
q€Z

We define the kth truncation of B, denoted T (B), by

(1.a.2) T.(B)= & Tk(B)q,
qu
where
0, g<k,
(1.a.3) Tk(B)q = {Bq, g5 k.

We note that directly from the definition of Koszul cohomology,

‘x/,;,q(Tk(B)’V)z‘x;q(B,V)’ q>k+ 19
(1.a.4) ’

‘x/;,q(Tk(B)a V) = O, q< k.
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From the exact sequence of S(V')-modules
0 - T,,,(B) > T,(B) > B, ~ 0,
we conclude from the long exact sequence for Koszul cohomology that
(1a5) X, (T(B),V)=ker(A?V ® B, > A?"' ® B,,,).
This is particularly interesting in the case of the truncated symmetric algebra

T.(S(V)) = @ SV.

q=k
We conclude that, for k > 0,

X4, (T(5(V)), V)

1.a.6
( ) - {ker(AP ® SKV - AWV @ Sk, ¢ =k,

0, q # k.
Using the Littlewood-Richardson rule from representation theory, we conclude
that
(1.a.7) ker(APV ® SV - AP~V @ Sk+1Y) = k1)
as GL(V)-modules, where in general ¥ * ) denotes the representation of
GL(V) whose Young diagram has k, rows of A, elements each, k, rows of A,
elements each, etc. (see [4]). For our purposes, we may regard (1.a.7) as a
definition, noting that
(1.a.8) V&I =0 ifp > dimV.

We now have, for k > 0,

(k,17) =
l.a9 X, (T (S(V), V)= {V"" a=k,
( ) p,q( k( ) ) 0, q % k,

and thus T, (S(V)) has the minimal resolution

0- V& e S(V)(-r)
= s VEDRSV)(-1) > SV R S(V)—> T (V) -0,

wheredimV =r + 1.
In the context of complex manifolds, if we have

(1.a.10)

X a complex manifold,
L->X a holomorphic vector bundle,

W c H°(X,L) abase-point free linear system,
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then (1.a.10) becomes the exact sequence of bundles

(1.al1l) 0> Wk L "> ... > WkD L' SqW - Lk -0,

where dimW =r + 1. For X = P’, L = H = the hyperplane bundle and
W = H°(P’", H), (1.a.10) says that taking H° of each term of the sequence
(1.a.11) tensored by H' gives an exact sequence for all / > 0.

(b) Change of base. Let B, V be as in (1.a.1) and let W C V be a linear
subspace. Then we may also regard B as in S(W )-module and ask:

What is the relation between the ¥, (B, W) and the X, (B, V)?

Proposition 1.b.1 (Spectral sequence for change of base). For each | € Z,
there is a spectral sequence with

(1.b.2) Epi=NPV/W)QX.,,. (B W),
(1.b.3) E29=Gr?(X,_,_, ,.,(B.V)).
Proof. Consider the Koszul complex

- > ANV eB,_, >N WeB, >N TVeB, > -

(1.b.4) I I I
Kq—l K1 Kq+l

with the filtration

(1.b.5) FP(K?) =im(A?~9W ® A"?V) ® B,.

So

(1.b.6) Gr?(K?) = A?~ W ® N?(V/W) ® B,.

For this filtered complex

(1.b.7) EP9=N?V/W) ®Jf_w+q(B, W),

(1.b.8) EL9=Gr?(X,_, ,,.,(B,V)).

Corollary 1.b.9. For any p, q, we have
(1.b.10) X, (B, V)=0 ifx, (B,W)=0foralp <p.
Proof. Takel = p + q. Then
Gr?(A, (B,V))=EL?, q<p <p+q.
On the other hand
EF-977 = NPT (V/W) ®X,_,(B,W)=0 forg<p' <p+gq.

So EZ77" = ( and we are done.
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2. Koszul cohomology of powers of the hyperplane bundle

on projective space
Consider
H — P" the hyperplane bundle,
(2.1) { V= HP", 0p-(1)).

Theorem 2.2. Fork,d € Zwithd > 1,

(2.3) X, (P ,H*, H) =0 ifk +(q—1)d > p.
Proof. Let
(2.4) B"= @ H(P", Op(m + qd)).
q€Z

From the exact sequence (1.a.11) we have the exact sequence of sheaves for any
leZ

0> VUEQOL(I-r)—> -+ > VDR OL(I-1)
(2.5) 4
> SV ®0p(l) > Op(d+1)— 0.

By the spectral sequence for hypercohomology and the Bott vanishing theorem
for H'(P’, Op-(1)), we obtain an exact sequence

(2.6) 0-VEMNgS-V 5 ... 5 p@dggi-1y
- ker(S?V ® S'V - §%V) - 0.
Let
(2.7) R= @ R,= @ ker(SV ® §¥*44~Vy - gk+day),

qeZl qeZ
We have exact sequences of S(S“V )-modules
(2.8) 0> R - S ® B*(-1) » B* > B, ,,— 0,

(29) 0- V@ @ B*7(-1) > --- —» V4D @ Bk"1(-1) » R - 0.

By the general spectral sequence (1.d.3) of [2], (2.8) gives rise to a spectral
sequence abutting to zero. For q¢ > —-[k/d], the differentials coming in to
X, (B*, SV are

d.
(210) SdV@X;;,q_l(Bk, Sa'V) _Ol)‘x/;,q(Bk, SdV),
(211) KerldiHo g a(RSV) > SV @K, 1(B SV))

d
X, (B, SV).
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Note the map (2.10) is zero by (1.b.11) of [2]. For ¢ > —[k/d], there are no
nonzero differentials emerging from ¢, (B*, S?V’). Thus, we have the impli-
cation:
(2.12)

for g > —[k/d],ifX,_, ,.,(R, SV) =0, then ¥, ,(B*, V) =0.

Now, using the spectral sequence abutting to zero which arises from (2.9)
using the general spectral sequence (1.d.3) of [2], we get that.¥,_; . (R, V)
is an E, term of this sequence. All the differentials emerging from this term
have target zero, while the d,’s coming in have sources which are quotients of
subspaces of
(2.13) K, (B 8V) e V@D, rxix1

Our hypothesis k + (¢ — 1)d > p implies ¢ > —[k/d] and also implies, for
all/ > 1,

(2.14) (k=0)+(g+1-2)d=>p—1.

If we do an induction on p, (2.14) implies that the groups in (2.13) all vanish,
and hence

‘1/1‘1—1,11+1(R’ SdV) =0

which we have seen implies
k Qdy) =
Jt’p’q(B ,8V)=0
or equivalently
r k dy —

.x’p,q(P,H ,HY) =0,
as desired. To complete our induction, it remains to check the case p = 0. We
must check that
(2.15) SV ® Sktda-Dy — gk+day

is surjective if k + d(q — 1) > 0; however, this is an elementary property of
polynomials.
Remark. Since GL(V') acts equivariantly on the Koszul complex

coo > APTY(SUY) @ SYT VTR o AP(SUV) ® SYtRY
- Ap—l(st) ® Sd(q+1)+kV—> ..
one ought eventually to have a formula

N
r dy — i
24, (P 5 B = @ v,
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where ¥V = H%(P’, 0p.(1)) and the p, are representations of GL(V). The p; will
depend on p, g, k and d; however, they are independent of r (except that
certain representations will have dimension zero if r is small). It would be
interesting to have these formulas, of which Theorem 2.2 would be a special
case.

In applications, it is important to be able to compute the ¥, ;’s when we use
‘a linear subsystem of S9V.

Theorem 2.16. Let W € H%(P’, 0.(d)) be a base-point free linear system.
Then

(217) X, (P, H* H' W) =0 ifk+(q—1)d>p+ dim(S‘V/W),

provided dlm(SdV/W) <d+ 1

Proof. By the Duality Theorem (2.c.6) of [2], for any fixed W, d and k, the
theorem is true for all p when gq is sufficiently large. For a fixed k, d, W, say
(2.17) fails for p = p,, ¢ = q,, but is true for every p for all higher ¢q. By
Proposition 1.b.1, there is a spectral sequence with (taking / = p, + g, +
dim(S4V/W))

(2.18) E@P = Arotao+dmSV/Wi—a(gdy /W) @ A, ., ,(P", H*, H, W),
(219)  EZ® = Gr( X, 4o saimis'vwy—a—b.ass(P's HE HY)).

So

(2.20) Efotdorro = AImSV/W)(S4y /W) @ (P", H*, HY,W).

Po 40
Further,
(2.21) Ef®=0 fora<p,+ q,

as the exterior power on the right-hand side of (2.18) vanishes. Another
consequence of (2.18) is that for any m € Z,

EPotdotm+l-po—m
(2.22)
= Adim(st/W)—m—l(SdV/W) ®‘x/1;o+m,q0+l(P” H*, H, w).
By hypothesis,
k+(qy—1)d > p, + dim(SV/W)
from which it follows that
(2.23) k + q,d > dim(SV/W) + p, + m,

whenever m < d. Thus using our reverse induction on ¢, the Koszul group on
the right-hand side of (2.22) vanishes for m < d, while the exterior product on
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the right-hand side of (2.22) vanishes for m > dim(S“V/W). Under the

hypothesis dim(S?V/W) < d + 1, this exhausts all possible m. So

(2.24) Efotdotmtlopo—m = ( forallm > 0.

This implies that all differentials emerging from Efo* 90?0 are zero, while

(2.21) implies that all differentials with target Ef°* %70 are zero. Thus
E{’o‘*qu'Po ~ Eol;o‘*'%v‘l’o

(225) ~ Grp0+qo(X;zo+dim(SdV/W),qo(Pr’ Hk, Hd))

By Theorem 2.2 this vanishes. Comparing this with (2.20), we conclude that

A, (P HY HOW) =0

completing our reverse induction.

3. Koszul cohomology of sufficiently ample bundles
Definition 3.1. We will say that a property holds for sufficiently ample line
bundles on a variety X if there exists an analytic line bundle L, — X such that
the property holds for all analytic line bundles L — X satisfying L > L, i.e.
L ® Lg!is an ample line bundle. We will denote this by L > 0.
Theorem 3.2. Let X be a smooth complete algebraic variety. For any p, € Z
and any analytic vector bundle E — X,

(3.3) X, (X,E,L)=0 forallp<p, q>2
for L sufficiently ample.
Proof. Let

Xi=XXXX - XX,
i times

A= {(x1,-ox) € X'|x; = x, ],

X > X, Tyt X > x? be the canonical projections,
Ac x? be the diagonal,

M, - X? be the associated line bundle,
My =m%(My), V=H'X,L)

=T
0 _ 0 _ Y
(3.4) B= @8- ®H(XE8 L),
B'= @ Bj= @ H(X"' MG eM;'® ---® M7},
(3.5) g .
@m*(E® L) ®n(L)® --- ® 7*,(L)).
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We regard the B’ as graded S(V') modules. From the restriction sequence
(3.6) 0> M > Opai >0, —0
we have a long exact sequence
0-B,_,>B~j®V->B!
(3.7 S>H(X*U MG e -9 ML, @7 (E® L) @ (L)
® --- @,,-iﬁl(L))_,

If g > 2 and L > 0, then H' above is zero. Using the truncation notation of
§1(a), we obtain an exact sequence of graded S(¥ )-modules

(38) 0 T(B)(-1) > T(B)(-1) ® ¥ > T,(B") ~ B{™* — 0.

From the spectral sequence (1.d.3) of [2] associated to this, using the remark
(1.a.4) on Koszul cohomology of truncations,

. 0 . .
(39) %, (B V)@ VS X, (BLV) >y, (BV) > -,
where the first map is zero by (1.b.11) of [2]. There is thus a sequence of
injective maps for g > 2: ‘
xfp,q(BO,V) H.%’];_l,q(Bl’V) o ...

(3.10) 9%"](311’[/) “’xf_Lq(BpH,V)

[
0

The one thing we must be careful of is to use the hypothesis L > 0 only a
finite number of times; this is all right if we restrict p < p,. We conclude
x;),q(Bo’ V) =0 forp ng’q> 2’
or equivalently
X, (X,E,L)=0 forp<pg q=2.

4. An improvement of the Noether-Lefschetz Theorem
for surfaces in P*

Let U, € P“;)~1 be the open set of nonsingular surfaces of degree d in P,
and let U, , € U, be those surfaces which contain a curve of degree k which is
not a complete intersection. (By a complete intersection C of a nonsingular
surface S in P? we mean that C is not in the linear system cut out on S by
surfaces in P of any degree.) We answer a question raised in [1] by showing
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Theorem 4.1.
(4.2) codimU, , > d — 3.

Note. The classical Noether-Lefschetz Theorem states that codim U, , > 0.

Remark. What we show is actually somewhat stronger than (4.2). Let
So € Uy;and vy € H;;}m(SO, Z). Let V be a small open neighborhood of S, in
U,, chosen so that for S € V, there is a natural isomorphism

(4.3) H*(S,Z) f» H*(S,,Z).

Let

(4.4) Uy(v) = {S € V]a5'(y) has type (1,1) }.
Then we will show that

(4.5) codim Ty, 5, (U,(v)) > d - 3,
which implies (4.2).

It remains an open question whether, if equality holds in (4.2) for some
‘component of U, x> this component consists of surfaces having a line, i.e. the
curves of degree k on a generic S in this component of U, , are residual to a
multiple of a line under a power of the hyperplane series.

Proof of Theorem (4.1). Let S € U, and y € H;,(S,Z). As in the discus-
sion of [1], if

V=H'P? 0p:(1)) and Fe S, S=divF,

and
=8
is the Jacobi ideal of F, then
(4.6) HO(S, Kg) =S4V,
(4.7) HYn(S, Q%) = 827V /0,
(4.8) H*(S,0) = S***V/I,,_,.
Furthermore, T ,, (U,(v)) is the left annihilator of y under the map
(4.9) SV SM W/l 4— S W)Ly,

Using the duality of Macauley’s Theorem, if W = T, (U,(y)) C SV, then
the image of

(4.10) W® SS9V - SM-4y /L, .
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is orthogonal to y. Thus, a fortiori, the map
(4.11) W® S - §2d-4p

is not surjective, i.e., X;;(P*,(d — 4 H, dH,W) # 0. Since J,C W and F is
nonsingular, we know that W is base-point free. We can now invoke Theorem
2.16 to conclude that, if codim Win SV is < d — 4, then

Xy, (P?,(d— 4)H,dH, W) = 0.

This would be a contradiction, so W has codimension > d — 3. This proves
(4.5) and hence Theorem 4.1.

Remark. If one does not stop to prove the vanishing of other Koszul
groups, there exist much simpler ways to see that if (4.11) is not surjective and
W is base-point free, then W has codimension > d — 3 in S?V.

Added in proof. By a variant of the argument given, using an induction on
dim(S?V/W), the hypothesis dim(S?V/W) < d + 1 of Theorem 2.16 and
therefore (0.4) can be dropped.
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