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A VANISHING THEOREM
FOR SEMIPOSITIVE LINE BUNDLES

OVER NON-KAHLER MANIFOLDS

YUM-TONG SIU

We prove in this paper the following vanishing theorem. If M is a compact
complex manifold and L is a Hermitian holomorphic line bundle whose
curvature form is everywhere semipositive and is strictly positive outside a set
of measure zero, then Hq(M, LKM) vanishes for q > 1, where KM is the
canonical line bundle of M. In view of the results of Grauert-Riemenschneider
[4] this is equivalent to the statement that any compact complex manifold M
which admits such a line bundle L must be Moisezon (in the sense that the
transcendence degree of the meromorphic function field of M must equal the
complex dimension of M). This vanishing theorem is motivated by the
conjecture of Grauert-Riemenschneider [4, p. 277]. [11, Conjecture I] which is
still an open problem. The difficulty with the conjecture is how to prove the
following special case.

Conjecture of Grauert-Riemenschneider. Let M be a compact complex
manifold which admits a Hermitian holomorphic line bundle L whose curva-
ture form is positive definite on a dense subset G of M. Then M is Moisezon.

The conjecture of Grauert-Riemenschneider was originally introduced for
the purpose of characterizing Moisezon spaces by quasipositive torsion-free
sheaves. Since then a number of other characterizations of Moisezon spaces
have been obtained [11], [17], [16], [2], [10] which circumvent the difficulty of
proving the Grauert-Riemenschneider conjecture by stating the characteriza-
tions in such a way that a proof can be obtained by using blow-ups, Kodaira's
vanishing and embedding theorems, or L2 estimates of 3 for complete Kahler
manifolds.

Our vanishing theorem is equivalent to the confirmation of the conjecture of
Grauert-Riemenschneider for the special case where M - G is of measure zero
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in M. As a consequence it gives a characterization of Moisezon spaces in the
spirit of Kodaira [7] and Grauert [3].

Some special cases of our vanishing theorem were proved earlier.
Riemenschneider [12] proved it under the assumption that M is Kahler and the
curvature form of L is positive at some point. It was also proved when the set
of points where the curvature form of L is not positive definite is contained in
a complex-analytic subvariety of dimension zero [11] or one [14]. A special case
with additional assumptions on the eigenvalues of the curvature form of L was
proved in [15].

As a way of proving the Grauert-Riemenschneider conjecture, Peternell is
trying to develop, in the case of degenerate Kahler metrics, a theory to
represent cohomology classes with coefficients in line bundles by bundle-
valued harmonic forms and has obtained some partial results [8].

We sketch below our method of proof. By the theorem of Hirzebruch-
Riemann-Roch (which for the case of a general compact complex manifold is a
consequence of the index theorem of Atiyah-Singer [1]),

n

Σ (-l)qdim Hq(M, Lk) > ckn

q = 0

for some positive constant c when k is sufficiently large. To prove that M is
Moisezon, it suffices to show that dimΓ(M, Lk) > ckn/2 for k sufficiently
large. For that purpose it suffices to show that for any given positive number ε
and for q > 1 one has dim Hq(M, Lk) < εkn for k sufficiently large. This one
obtains by using the ideas of Poincare [9] and Siegel [13] in the following way.
Give M a Hermitian metric and represent elements of Hq(M, Lk) by harmonic
forms. By using the L2 estimates of 3, one obtains a linear map from the space
of harmonic forms to the space of cocycles. Take a lattice of points with
distances k~ι/2 apart in a small neighborhood Wof M - G. Then one uses the
Schwarz lemma to show that any cocycle coming from a harmonic form via the
linear map and vanishing at all the lattice points must vanish identically,
otherwise its norm is so small that the 3-closed form constructed from it by
using a partition of unity would have a norm smaller than that of the harmonic
form in its cohomology class. It follows that dim Hq(M, Lk) is dominated by
the number of lattice points (which is comparable to the volume of W times
A:"), otherwise there is a nonzero linear combination of cocycles coming from a
basis of harmonic forms via the linear map and vanishing at all the lattice
points. The reason why such a lattice of points is chosen is that the pointwise
square norm of a local holomorphic section of Lk is of the form \f \2e~kφ,
where / is a holomorphic function and φ is a plurisubharmonic function
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corresponding to the Hermitian metric of L. The factor e~kψ is an obstacle to
applying the Schwarz lemma. To overcome the obstacle, one chooses a local
trivialization of L so that φ as well as dφ vanishes at a point. Then on the ball
of radius k~ι/2 centered at that point, e~kφ is bounded below from zero and
from above by constants independent of k.

This method of proof gives us a way of producing holomorphic sections,
over a compact complex Hermitian manifold, of a Hermitian holomorphic line
bundle which is not semipositive. All that is required is the assumption that,
outside a set whose measure is small compared to some constants constructed
from the manifold, the curvature form of the line bundle has a positive lower
bound which is large compared to its upper bound on the set of small measure
and to the torsion tensor of the manifold.

One can consider a stronger version of the Grauert-Riemenschneider conjec-
ture which assumes only that the curvature form of L is positive semidefinite
everywhere and positive definite at some point. This stronger form can be
proved if one can prove the following conjecture concerning eigenvalues.

The eigenvalue conjecture. Let M be a compact complex manifold and L a
Hermitian holomorphic line bundle over M whose curvature form is positive
semidefinite everywhere and positive definite at some point. Then
infA:>0 λ(M, Lk) > 0, where λ(M, Lk) is the smallest positive eigenvalue of the
Laplacian 3*θ on the Hubert space of all global L2 sections of Lk over M.

This conjecture is very plausible, because the smallest positive eigenvalue
should increase when the line bundle is more positive. The larger k is, the more
positive Lk is. In the case of a strictly positive line bundle over a compact
Kahler manifold, the square of the smallest positive eigenvalue is no less than
the lower bound of the quadratic form which is the sum of the curvature form
of the bundle and the Ricci curvature form of the manifold. Unfortunately, no
one has yet found a way to estimate from below the smallest positive
eigenvalue in the case of a semipositive line bundle. The only known lower
eigenvalue estimates are for the Laplace-Beltrami operator for square integra-
ble real-valued functions on compact Riemann manifolds. Even for the space
of forms on a compact Riemannian manifold such estimates are unknown,
because all the methods used so far for such estimates involve some kind of
maximum principle for real-valued functions. In the last part of this paper we
show how one derives the stronger form of the Grauert-Riemenschneider
conjecture from the eigenvalue conjecture. We hope that this relationship
between the two conjectures will provide some motivation and incentive to
investigate the lower bound of the first eigenvalue for square integrable
sections of a holomorphic line bundle.
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1. Schwarz's lemma

In this section we prove a Schwarz lemma for L2 norms of sections of the

kth power of a line bundle. It is formulated in such a way as to avoid

dependence on k.

(1.1) Let M be a compact complex manifold of complex dimension n and L

be a Hermitian holomorphic line bundle over M. We cover M by a finite

number of coordinate charts Ul9—-9Um with the following property. There

exist positive numbers R0,C0 and open subsets Uj <ε Lf (1 <y < m) with

(J^Uj = Msuch that

(i) for every point x of Uj the open ball with center x and radius Ro with

respect to the coordinate patch Uj is relatively compact in UJ9

(ii) for every point x of Uj there exists a trivialization of L\Uj so that the

Hermitian metric of L\Uj9 when put in the form e~φ with respect to this

trivialization, satisfies the condition that dφ vanishes at x and all the second-

order derivatives of φ with respect to the coordinate chart JJj are bounded by

Co on all of Uj.

For x e. Uj and 0 < r < Ro we denote by Bj(x9 r) the ball with center x and

radius r with respect to the coordinate patch Uj. Let Cι = exp(4«2C0). For a

section s of Lk over an open subset G of M we denote by \\s\\ the nonnegative-

valued function on G which is the pointwise norm of s.

(1.2) Lemma (Schwarz's lemma for L2 sections). For any integer k9 any

numbers 0 < r < Ro and 0 < λ < 1/2 with 1 ^ k < 1/r2, if s is a holomorphic

section of Lk over the ball Bj(0> r) with 0 e Uj and if s vanishes at 0 of order /,

then for P e By(0, λr)

ί \\s\\2 ^ ( 2 λ ) 2 / + 2 " C 1 / | | , | | 2 ,

where the integration is with respect to the Euclidean volume form of the

coordinates of Uj.
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Proof. According to the choice of Ul9 , Um we can find a trivialization of
L\Uj so that the Hermitian metric of L\UJ9 when put in the form e~φ with
respect to this trivialization, satisfies the conditions that dφ vanishes at 0 and
all the second-order derivatives of φ with respect to the coordinate chart Uj are
bounded by Co on all of Uj. Let xl9 -9x2n be the real coordinates of the
coordinate chart Uj. Since dφ vanishes at 0, by Taylor expansion we have for
P e 5,(0, r)

where P' is a point on the line-segment joining P to 0 with respect to the
coordinates of Uj. Thus for P, Q e 5,(0, r)

where Qf is a point on the line joining Q to 0 with respect to the coordinates of
Uj. It follows that for P , β G 5,(0, r)

With respect to the trivialization of L|l£ the section j becomes a holomoφhic
function on 5,(0, r) which we denote by /. By the usual Schwarz lemma
applied to the holomoφhic function/we have

sup

for P e 5,(0, λr). By the subharmonicity of |/|2, we have for ρ e 5,(0, r/2)

(π(r/2)2) JBj(Q.r/2)

where the integration is with respect to the Euclidean volume form of the
coordinates of Uj. Hence for P e 5,(0, λr),

^ i/i2.
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Since ||s| |2 = \f\2e~kψ, it follows that for P e 5,(0, λr),

I/I2

Bj(O, r)

kφ-kψ(P)

ζ, (0, r)

because /c < 1/r. The results follow from integrating ||^ (/>)||2 over B (0, λr).

2. Leray isomorphism with L2 estimates

The Leray isomorphism establishes a correspondence between line-bundle-
valued harmonic forms and cocycles with coefficients in the bundle. In this
section we use the 3 estimates to keep track of the L2 estimates in the
correspondence and also study the dependence of the L2 estimates on the size
of the covering.

(2.1) Take 0 < d < R0/3n and 1 <y < m. We consider the set of all
v = (?!,- -,v2n) G Z2" such that the ball with center {vλd,- ,v2nd) and
radius 3nd with respect to the real coordinates of the coordinate patch Uj is
relatively compact in Uj. For such a multi-index v let ajv be the point whose
real coordinates are (vλd,- -,vlnd) with respect to the coordinate patch Uj.
Let Bjv = Bj(aJp9 2nd), B'jv = Bj(ajv, nd) and B}'¥ = Bj(aJp9 3nd/2).

Let τ(λ) be a nonnegative-valued function on 0 < λ < 1 so that the support
of T is contained in [0,3/4) and r ^ l o n [0,1/2]. Let ojv be the function on B"v

with compact support defined by σjv(x) = τ{rjv(x)/2nd), where rjv(x) is the
distance from x to ajv measured respect to the coordinates of Uj. We can
consider ojv as a function on M. ojv = 1 on B-v.

Let σ = Σ 7 > σ7>. Since Uj c U 7 > ^ and M = UyLi £ '̂, it follows that σ>l
on M. Let pjv = cr7>/a. yί/ Λ: G L̂ r α// derivatives of ρjv of order < / w/YΛ respect

to the coordinate patch Ut are bounded by Cfd~l, where Cι is a constant
depending only on / and independent of j9 v and d, because clearly we have
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such a conclusion when ρJV is replaced by ojv and, moreover, at any given point
of M no more than {An + l)2nm of the functions ojv can be nonzero.

We recall the following theorem of Hormander [6, p. 107]. (The forms here
and also in similar situations later are implicitly assumed to be locally square
integrable.)

(2.2) Let Ω be a bounded pseudoconvex domain in C", δ be the diameter of
Ω, ψ a plurisubharmonic function on Ω, and g a 3-closed (0, g)-form on Ω
(q > 0). Then there exists a (0, q — l)-form u on Ω such that du = g and

where the integration and the pointwise norm for forms are with respect to the
Euclidean metric of Cn. In particular, the Kohn solution u of 3w = g which is
perpendicular to all 3-closed, (0, q - l)-forms with respect to the weight
function e~* satisfies the inequality above.

(2.3) We now assume that the curvature form of the Hermitian metric of L
is semipositive everywhere on M. Let @ denote the Stein cover {BJV} of M.
Take a 3-closed ZAvalued (0, g)-form ω on M. We construct an element / of
Zq{38, Lk) corresponding to ω in the following way.

Let s/ι(Lk) be the sheaf of germs of //-valued (0, /)-forms on M. For
notational simplicity we use the single index μ to replace the double index
(j,v). For 0 < / < ή f - l construct V = {ημo...μ/} e (&9 s/q~l(Lk)) with
Vμo...μ/ e T(Bμo Π -. n Bμι^

q~ι{Lk)) such that '

(ii) (δVW ,/+1 = 3C-. μ / + l onBμQ Π Π Bμι+ι (0 < / < q - 2),

where
(a) δ means the coboundary operator and (δη/)μ0..μ/+1 is the value of δr/ at

/ n jy \
I Jj * * * ^J 1

(b) in solving the 3 equations in (i) and (ii) the Kohn solution with estimates
given by Hόrmander's theorem (2.2) is used and Bμo or Bμo Π Π Bμι+ι is
regarded as a subdomain of the coordinate patch Uj with the smallest j which
contains it.

L e t / = δη^" 1 G Zq{SS, Lk). Then the mapω ->/is C-linear. Moreover, we

have the following estimate

(2-3.1) / |/M0... J Γ < C*d^ sup / ||ω
JBμoC\ ••• ΠB O^i^q Bμ.

ι2
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where C* is independent of d, k, and μ0, ,μq. Here || || means the pointwise

norm with respect to the Hermitian metric of Lk and, in the case of ω, also

with respect to the Euclidean metric of Uj with the smallest j which contains

BμQ. The integration is with respect to the Euclidean volume form of JJj with the

smallesty which contains Bμo Π (Ί Bμ and, respectively, Bμ. The factor d2q

on the right-hand side comes from applying (2.2) to solve the 3 equation q

times.

(2.4) Now we want to reverse the process. Given / = { / μ o . . . μ } e

Zq{36, Lk\ we want to produce a 3-closed ZΛvalued (0, #)-form ω on M. In

general, these two processes are not the inverses of each other, but, of course,

at the cohomology level they give the two directions of the Leray isomorphism

between the Dolbeault and the Cech cohomology groups. For 0 < / <

q - 1 construct ξ> = {ξ'μo...^,J e C"-'-\Sl, s/'(Lk)) with ^o...M i_ |_ i e

Γ(β μ o n ---n Bμqiι, st\Lk)) such that

(i) / ^ - ( β ί 0 ) * - * onBμon .. n ^ f ,

(ϋ) 3C , ^ - = W+1)»~ ,,-ι-.
onBμoΠ ••• n i f ) _ , _ l ( 0 < / < ? - 1 ) ,

where the δ-equations are solved by using the partition of unity {pμ} con-

structed in (2.1). More precisely

S/io /1,-1 ~~ i-/P\J\μ0- μ,-i'
Λ

Finally, we set ω = θ ^ " 1 on ^ o . The m a p / -» ω is C-linear and the following

estimate holds:

(2.4.1) / Ml2 < C*d~^ sup / ll/ll2,

where C # is independent of d, k, and μ0. The norm || || and the integration

carry the same meaning as in the estimate of (2.2). On the right-hand side we

have integration over B" n Π B'' instead of BIL Π Π BH because the
r*Ό H'q A*Ό Γ q

support of pμ is contained in Bμ. The factor d~2q on the right-hand side comes

from applying the 3 operator q times and from the fact that the factor d~ι

occurs in the estimate of the derivatives of pμ of order < /.
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3. Bochner-Kodaira formula for non-Kahler manifolds

We now use the Bochner-Kodaira formula for non-Kahler manifolds to
show that for large k a harmonic form of unit L2 norm with values in the A:th
power of a semipositive line bundle has small L2 norm on the set where the
curvature form of the line bundle is strictly positive.

(3.1) We give the compact complex manifold M a Hermitian metric gap. The
torsion tensor Tβy is given by

λ

For any smooth Lk-valued (0, #)-form

on M we have the following formula of Bochner-Kodaira type

(3φ, dφ)M + (3*φ, 3*φ)M = (ΈΦ^Φ)M + k(H> Φ)M +(Ricφ, φ)M

+ 2Re([3, Γ*]φ, φ)M-([T, Γ*]φ, φ ) M ,

where
(i) (*>' )M means the inner product for Lk~valued tensors corresponding

to the global L2 norm over M,
(ii) ^ denotes covariant differential in the (0, Indirection,
(iii) θφ = (W)Σ0£φ λ δ 2 . . . δ ^z δ l Λ '- Λ dz*< with 0^ = the curvature

tensor of L with the first index raised,
(iv) (Ricφ, φ)M is defined analogous to (θφ,φ) with 0* replaced by the

Ricci tensor R$ with the first index raised,
(v)Tφ = ( l / ( 9 - l)!)ΣΓα

λ

oαiφλδ2...δ rfz^o Λ ώ»i Λ • • _Λ ώ a s

(vi) 3* and T* are respectively the adjoint operators of 3 and Γ,
(vii) for two operators A and B, [A, B] means AB + A4.
This formula was given by Griffiths [5, p. 429, (7.14)]. In particular, when φ

is harmonic, we have

because

Hence for any harmonic Lk-valued (0, ̂ f)-form φ on M we have

k(θφ,φ)M^ - ( R i c φ , φ ) Λ / + ( [ Γ , Γ * ] φ , φ ) Λ / < C 2 ( * , * ) ^ ,

where C2 is a constant depending only on the Hermitian metric of M and is

independent of k and φ.
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As a consequence we have the following lemma.

(3.2) Lemma. Let M be a Hermitian compact complex manifold and L a

Hermitian holomorphic line bundle over M such that the curvature form of L is

semipositiυe everywhere on M and is positive definite on an open subset G of M.

Let K be a compact subset of G. Then there exists a positive constant Cκ such that

for every positive integer k and for every harmonic Lk-valued (0, q)-form φ on M

one has j κ \\φ\\2 < (l/k)CκjM | |φ | | 2 , where \\ || is the pointwise norm of φ with

respect to the Hermitian metrics of M and L, and the integration is with respect to

the volume form of the Hermitian metric of M.

4. Estimates for dimensions of cohomology groups

For q > 1 we estimate in terms of k the dimension of the qih cohomology

group with coefficients in the kth power of a semipositive line bundle whose

curvature form is strictly positive outside a set of measure zero.

(4.1) We now assume that M and L are as in (3.2) and use the notations of

§§1-3. Fix an open neighborhood Woί M - G and fix η > 0. Let K = M - W

and k0 be the smallest integer ^ Cκη~ι. Fix k ^ k0 and q > 1. Take an

Lk-valued harmonic (0, ^)-form ω on M with unit global L2 norm.

Take 0 < d < R0/3n (and other restrictions will be put on d later). From ω

we can construct by (2.3) an element / of Zq(38, Lk). Let γ be a number

greater than all the ratios (and their reciprocals) of the volume forms of the

Hermitian metric of M and the Euclidean metrics of the coordinates of Uj

( K M m)- L e t C = (8n)2nq(4n + l ) 2 w m γ 2 C * . Since fM \\ω\\2 = 1, it follows

from (3.2) that j κ | |ω | | 2 ^ η. Since no point of M can belong to more than

{An + l ) 2 w m of the sets Bμ and since no Bλ can intersect more than {%n)2n of

the sets Bμ, from the estimate (2.3.1) we have

the summation Σ' being over Bμo, ,Bμ disjoint from W, and

B,, n

the summation Σ " being over Bμo, ,Bμ not all disjoint from W.

(4.2) Let γ* be a positive number such that for any 1 < j \ k < m the

Euclidean metric of the coordinates of ί̂  is < γ* times the Euclidean metric of

the coordinates of Uk at every point of Uj Π U'k.
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Choose 0 < δ < d/Sy*. Consider B = BμQΓ\ n Bμq such that Bμo n

" • Π ^ is not disjoint from W. Lety be the smallest integer such that B is

contained in UJ. For σ = (σ1? ,σ2 π) e Z 2 " let 6σ be the point in 2? whose

coordinates with respect to Uj are (σ^,- ,σ2 l lδ) if bσ is of distance > βnδ

from Uj - B with respect to the Euclidean metric of the coordinates of Uj. For

each bσ let Z)σ = Bj(bσi6nδ) and 2); = Bj(bσ,2nδ). Each £>σ is contained in B

and the union of all D'o contains the subset of all points of B whose distance

with respect to the Euclidean metric of the coordinates of Uj is > Anδ from

Uj - B. Since δ < ί//8γ*, it follows that the union of all DQ contains Bμ n

...n*;.
Let Ωδ be the set of all ba as B ranges over all possible choices. Let Nδ be the

number of all elements in Q8. Let W be the union of W and all such 2Γs. Let

Vol( ) be the volume function with respect to the Hermitian metric of M. Let

γ ' = {%n)2nq(4n + l)2nmy. Since no point of M can belong to more than

(An + \)2nm of the sets Bμ and since no Bλ can intersect more than (8n)2n

of the sets Bμ, it follows that no point of M can belong to more than

(Sn)2nq(4n + l)2nm such B's. Hence \imδ_+0Nδδ
2n < γ'Vol(H^). Since W is

contained in the set of all points of M whose distance from W with respect to

the Hermitian metric of M is < 2«ί/γ*, it follows that, after Wis chosen, for d

sufficiently small one has Yol(W) < 2Yo\(W). After W and d are so succes-

sively chosen, for δ sufficiently small one has 7Vδ < 4γ r Vol( W)δ~2".

(4.3) Let A = h(q, k) be the dimension of Hq(M, Lk) over C. Let ωv- ,ωΛ

be a basis over C of the space of all ZΛvalued harmonic (0, #)-forms on M.

From ωz (1 < / < h) we can construct by (2.3) / ( / ) = {/μ

(

0°..̂ } e Z\SS, Lk),

1 < ί < A. Choose a positive integer /. Some additional assumption will be

imposed on / later. We now take a nonzero linear combination/ = { /μo...μ } G

Zq(9i, Lk) of/(/) (1 < / < h) so that/μ o...μ vanishes to order / at every point

bσ of Ωδ coming from Bμo Π Π ΰ μ . Since the number of terms in a

polynomial of degree < / in n variables is ("Y) and since there are no more

than 4y'Vol(W)δ~2n elements in Ωδ, it follows that we have to assume

h > 4y'Yol(W)δ~2n(ny) to conclude that there is such a nonzero linear

combination. Let us make such an assumption. Our purpose is to show that

with a suitable choice of η, /, W, d, δ, and k this assumption will lead to a

contradiction. Let ω be the linear combination of ωz (1 < / < Λ) corresponding

to the nonzero linear combination / of /• (1 < / < A). By multiplying ω by a

positive constant, we can assume without loss of generality that (ω, ω)M = 1.

(4.4) We impose the additional assumption that δ < \/6n\[k. Now apply

Lemma (1.2) to the section fμo...μ restricted to Dσ (constructed in (4.2)) with

λ = 1/3. Since the union of all D'o coming from Bμo Π - Π Bμ covers
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B^n Π B^ and since no point of Bμo n Π Bμ can belong to more

than (4n)2n such balls Dσ, it follows that

where integration is with respect to the Hermitian metric of M.

Combining it with the inequality (4.1.2), we obtain

(4A1) ΓL ...n^-J'W W*
We now use the procedure in (2.4) to construct from/an ZΛ valued 3-closed

(0, q)-foτm ω' on M. From (2.4.1), (4.1.1), and (4.4.1) it follows that

ω'f < C#max CΊ
M \

Since ω' is in the same cohomology class as ω and since a harmonic form

minimizes the L2 norm in its cohomology class, we conclude that

/

- I i 9 \2/+2/ι \

\\ω\\ < C # max C'η,l - I Cλ{4n) y2CΊ.

(4.5) We are going to derive a contradiction by successive appropriate

choices of η, /, W, d, δ, and k. Fix any ε > 0.

(i) Choose η such that C#C'τj < 1.

(ii) Choose / such that C # (2/3) 2 / + 2 w C 1 (4«) 2 w γ 2 C / < 1.

(iii) Choose W such that 4γVo\(W){nϊι) < ε{6n)~2n. After η and W are

chosen, /c0 is determined.

(iv) Choose d sufficiently small so that Vol(*F') < 2 Wo\(W) is satisfied. Let

δ0 = rf/8γ*.

Now we are free to choose w and k as long as the inequalities δ < δ0, k > k0

and δ < \/6ny[k are satisfied. Let kx be an integer greater than both k0 and

(6«δo)~2. Set δ = \/6n\[k . Then for any choice of k > kγ the inequality (4.4.2)

is contradicted. Thus for such choice of TJ, /, W, d, δ, and k we must have

h < 4 γ ' V o l ( ^ ) δ - 2 w ( " | / ) < ε(6n)~2nδ-2n = εk".

We have thus obtained a proof of the following proposition.

(4.6) Proposition. Let M be a compact complex manifold of complex dimen-

sion n and L a Hermitian holomorphic line bundle over M such that the curvature

form of L is semipositive everywhere on M and is positive definite outside a subset
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of M of measure zero. Then for every positive integer q and every positive number
ε there exists a positive integer kλ depending on ε such that dim Hq(M, Lk) < εkn

for k ^ kv

5. Characterization of Moisezon manifolds

Now we are ready to prove the following main result, which has as an
immediate consequence the characterization of Moisezon spaces by the ex-
istence of torsion-free coherent sheaves of rank 1 which are semipositive
everywhere and strictly positive outside a set of measure zero.

(5.1) Theorem. Let M be a compact complex manifold and L a Hermitian
holomorphic line bundle over M whose curvature form is everywhere semipositive
and is strictly positive outside a set of measure zero. Then M is a Moisezon
manifold.

Proof. Let n be the complex dimension of M. Since the curvature form of L
is everywhere semipositive and is strictly positive at some point of M, it follows
that the n\h power cλ{L)n of the first Chern class q(L) of L is positive. By the
theorem of Hirzebruch-Riemann-Roch (which for the case of a general com-
pact complex manifold is a consequence of the index theorem of Atiyah-Singer
[1]),

Σ(-l)qdim H«(M,Lk)

equals the value of

\ 1 - exp(-γj

at the fundamental class of M, where γ^ ,γ,2 are the Chern roots of the
tangent bundle of M. Hence for k sufficiently large,

By Proposition (4.6) for k sufficiently large

) < ^ 4
' An n\

for 4 > 1. It follows that

(5.1.1)

for k sufficiently large.
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Let Zk be the set of points in M where every global holomorphic section of
Lk over M vanishes. Let Z = Π^= 1 Zk. Then there exists k0 such that Z = Zk .
Let F = Z>. By a level set of U*= 1 Γ(Af, Fk) at a point of M - Z we mean
the intersection for 1 < k < oo of the level sets at that point of the maps ΦA:
M - Z -> P ^ defined by Γ(M, Fk). Let d be the minimum of the complex
dimensions of the branches of all the level sets of U^= 1 Γ( Af, Fk).

Assume that M is not Moisezon and we want to derive a contradiction. Then
d > 0. We cover M by a finite number of open unit balls B- (1 < j < m), each
in a coordinate patch, so that

(i) F is trivial on some open neighborhood of the topological closure of each
Bj9 and

(ii) the center aj of each Bj is outside Z and is a regular point of a level set Ej
of U^= 1 Γ(M, F*) whose complex dimension at aj is d.

By replacing F by a suitable power of F, we can assume without loss of
generality that each Ej is the level set of Γ(M, F). For every positive integer k
the rank of Φi, is maximum at each α,.

Choose a positive number r < 1 such that the balls Bj with center aj and
radius r (1 <y < w) still cover M. Let || || denote the pointwise norm of a
section of Fk (computed from the Hermitian metric of L). By using the usual
Schwarz lemma, we conclude that there exists a positive number C > 1
independent of k such that for every holomorphic section s of Fk over Bj which
vanishes at cij to order /,

(5.1.2) sup \\s\\(P) < C V sup \\s\\(Q).

(The constant C is obtained from the Hermitian metric of F\Bj.)
Let hk be the dimension of Γ(M, i7*). We claim that

(5.1.3) h ^

Otherwise, if we set / equal to the greatest integer not exceeding
Hog C/log(l/r) + 1, then

and

(5.1.5) C V < 1.

Since the rank of Φ^ at each aj is equal to its maximum rank n — d over
M - Z, from (5.1.4) it follows that there is a nonzero element s of Γ(M, Fk)
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which vanishes to order / at each cij (1 <y <ί m). From (5.1.2) and (5.1.5) we
conclude that the supremum of \\s\\ over M must be strictly less than itself,
which is a contradiction. Hence (5.1.3) holds. On the other hand (5.1.3)
contradicts (5.1.1) when k is sufficiently large. It follows that M must be
Moisezon.

(5.2) Remark. The method of proof given for Theorem (5.1) gives us also a
way of producing global holomorphic sections for a Hermitian line bundle L
over a compact complex manifold M of complex dimension n without the
assumption that the curvature form θ of L is semipositive. We use the
notations of the preceding sections unless the contrary is explicitly stated. We
now use W to denote an open subset of M such that the curvature form θ as a
quadratic form is bounded fromn below by a > 0 at every point of M — W
and by -b at every point of W, where b > 0. We set k = 1. Then instead of
Lemma (3.2) the arguments of (3.1) yield

a [ IIΦII2 < C2f HΦII2 + b ί HΦII2 < ( C 2 + b) ί \\φ\\2[ IIΦII 2f HΦII HII ( 2 ) \\φ\\2

for every harmonic L-valued (0, g)-form φ on M. We use η = (C2 + b)/a. To
make the arguments of §4 work, we have to assume

and choose / such that

2 /+2n

)

We then end up with

dim H«(M, L) < 4 γ ' ( ( ) V

for q > 1. From the theorem of Hirzebruch-Riemann-Roch we obtain

dimΓ(M, F) > χ(M, L) - 2(n ( ( OΓ

where χ(M, L) equals the value of

at the fundamental class of M. Thus to conclude the existence of global
holomorphic sections of L over M we must assume that a is large relative to b
and to other constants coming from M and its Hermitian metric and also
assume that Vo\{W) is small relative to χ(M, L) and the other constants
coming from M and its Hermitian metric. Instead of working with k = 1 we
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can consider Lk for sufficiently large k and make the contribution from the
torsion tensor and the Chern roots of M negligible. Then χ(M,L) can
essentially be replaced by cx(Ly/n\ if cλ{L)n is positive. Of course in that
case we can only draw conclusions about the existence of global holomorphic
sections of Lk over M for sufficiently large k.

However, as it is, this result on the existence of global holomorphic sections
for line bundles without the semipositivity assumption is highly unsatisfactory,
because the estimates for the dimensions of the cohomology groups are too
crude. The obstacle to getting sharper results is that, in the present method, to
apply the Schwarz lemma one has to use Leray's isomorphism to convert
harmonic forms to cocycles first and then back to 3-closed forms. In this
process a lot of undesirable constants come into the picture. If there is a direct
way of applying the Schwarz lemma to harmonic forms without the inter-
mediate step of conversion to cocycles, then one can get a condition for the
existence of global holomorphic sections expressed in an invariant form in
terms of certain integral expressions of the curvature form, its sup norm, and
the volume of the set where it fails to be positive. The Schwarz lemma is a
consequence of the log subharmonicity of the absolute value of a holomorphic
function. A harmonic form does not have this kind of log subharmonicity
property. However, for harmonic forms the fact that one has a Schwarz lemma
after using the intermediate step of conversion to cocycles indicates the
possibility of formulating some Schwarz lemma type result directly in terms of
harmonic forms.

A good criterion for the existence of global holomorphic sections which does
not involve pointwise positivity assumptions clearly would have important and
far-reaching consequences in the theory of complex manifolds.

6. Relation between the Grauert-Riemenschneider
and the eigenvalue conjecture

We are going to show how the eigenvalue conjecture implies the stronger
form of the Grauert-Riemenschneider conjecture.

(6.1) Let M be a compact complex manifold and L a Hermitian holomor-
phic line bundle over M whose curvature form is semipositive everywhere and
is strictly positive at some point Po of M. We assume that the eigenvalue
conjecture is true. Then there exists a positive number λ 0 such that for every
nonnegative integer k the smallest positive eigenvalue λ(M, Lk) of the Lapla-
cian 3*3 on the Hubert space of all global L2 sections of Lk over M is greater
than or equal to λ0.
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(6.2) Lemma. Ifk^O and ω is a d-exact Lk~valued (0, l)-form on M, then
there exists a section fof Lk over M such that ω = dfand(f, f)M < (ω, ω)M/λθ9

where ( , ) M is the inner product corresponding to the global L2 norm over M.
Proof. Let / be the unique section of Lk over M which is perpendicular to

all global holomorphic sections of Lk over M and whose image under 3 is ω.
Since / is perpendicular to the kernel of 9*3 (which is precisely the set of all
global holomorphic sections of Lk over M), it follows from the definition of
λ(M, Lk) that (3*3/, f)M > λ(M, L*)(/, f)M. Hence

(6.3) Let π: L* -> M be the dual bundle of L with Hermitian metric
induced from L. For v e L* let ||ι;|| be its length with respect to the Hermitian
metric.

Since the curvature form of L is strictly positive at Po, we can choose a Stein
open neighborhood G of Po in M, a trivialization of L*|G with fiber coordinate
w, and a holomorphic coordinate system z = (z l 5 ,zn) of G such that, when
the Hermitian metric of L* with respect to the fiber coordinate w is written in
the form eφ, the function φ is a strictly convex function of the coordinate z at
every point of G.

Let p be a smooth nonnegative function on G with compact support such
that p(P0) > 0 and φ + p is still a strictly convex function of z on G. Let
ψ = φ + p. Now change the Hermitian metric on iτ~ι{G) to get a new
Hermitian metric for L* so that, with respect to the trivialization of L\G with
fiber coordinate w, the new Hermitian metric is e*. For υ e L* let ||^||r denote
its length with respect to the new Hermitian metric. For r > 0 let Ωr (respec-
tively Ω̂ .) denote the set of all vectors υ of L* with ||ι;|| < r (respectively

IMI' < r).
Let σ(z) be the complex linear function of z such that 2 Re σ(z) is the linear

part of the Taylor series expansion of ψ at Po with respect to the coordinate z.
Since ψ is a strictly convex function of z on G, one has ψ > ψ(P0) + 2 Re σ on
G - {Po}. Let s(z) = exp(- iψ(P 0) " *(*)). τ h e n e*\s\2 > 1 on G - {Po}
and £^|s|2 = 1 at Po. Since p(P0) > 0, we have eψ\s\2 < 1 at Po. Let Fbe the
complex submanifϋld of Ή~1{G) defined by w = s(z). Then Fis disjoint from
Q[ but V Π TΓ-^Λ)) is contained in Qv Since Ωx - Q[ c TΓ-HG), F Π Ωx is a
complex submanifold of Ωx.

(6.4) Lemma. The cohomology group Hι(Ώλ, ΘL*), with the natural topology
as a quotient of a Frechet space, is Hausdorff, where &L* is the sheaf of germs of
holomorphic functions on L*.
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Proof. Let {Uj}ι^j^m be a finite Stein cover of M and let { p 7 } i ^ m be a

partition of unity subordinate to {Uj}l^J^m. Since the curvature form of L is

everywhere semipositive, it follows that the boundary of Ωx is everywhere

weakly pseudoconvex. Hence π~ι(Uj) Π Ωx is Stein for 1 =̂  j < m.

A (0, l)-form on an open subset of L* is said to be holomorphic in the fiber

coordinates if with respect to the local coordinates ζv , ξn of M and the local

fiber coordinate τ of L* it can be expressed as

£ i > τ

with fv holomorphic in T. The cohomology group Hι(Ql9 ΘL*) equals the

quotient of the group of all smooth 3-closed (0, l)-forms on Ωx holomorphic in

the fiber coordinates by the image under 3 of all smooth functions on Ωx

holomoφhic in the fiber coordinates. To show this, it suffices to verify the

following two statements.

(i) For any 3-closed smooth (0, l)-form ω on Ωx we can find a smooth

3-closed (0, l)-form ω' on Qx holomoφhic in the fiber coordinates such that

ω — ω' is 3-exact on Ωx.

(ii) If ω' is a smooth (0, l)-form on Ωx and/is a smooth function on Ωx such

that ω' = 3/, then /is holomoφhic in the fiber coordinates.

Statement (ii) is obvious, because dτ does not occur in ω'. To prove (i), we

observe that due to the Steinness of π~ι(Uj) Π Ωx we can find a smooth

function fj on ir~\Uj) Π Ωx such that ω = dfj on π-\Uj) Π Ωx. Let ω' =

-Σjπ*(dpj)fj. Then ω - ω' = d(Σj(pjo π)fj) is 3-exact on Ωx. Since ω' is

3-closed and since dτ clearly does not occur in co', it follows that ωr must be

holomoφhic in the fiber coordinates.

To prove the Hausdorff property of H1(ΏV 0L*), we take a sequence of

smooth (0, l)-forms ωv on Ωx holomoφhic in the fiber coordinates such that:

(1) each ωv is the image under 3 of some smooth function fv on Ωx

holomoφhic in the fiber coordinates,

(2) the sequence ωv approaches in the Frechet topology a smooth 3-closed

(0, l)-form ω on Ωx holomoφhic in the fiber coordinates.

We have to show that ω is 3-exact on Ωx. Take 0 < r < 1. First we show that

ω|ΩΓ is 3-exact on Ωr.

Consider the following power series expansions in the fiber coordinate τ of

every local trivialization of L*.

ω= fv=Σ
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Then ω(k\ ω(

v

k) are ZΛvalued (0, l)-forms on M and//*0 is a section of Lk over

M. Moreover, dfv

(k) = ω(

v

k) on M and \ιmv^O0ω
{

v

k) = ω(k\ We also have the

estimates of power series coefficients

for some constant Ar depending on r. Being the limit of the 3-exact ZΛvalued

(0, l)-forms ω(

v

k) on M, the ZΛvalued (0, l)-form ω(k) must also be 3-exact on

M. By Lemma (6.2) for every k > 0 there exists a section f(k) of Lk over M

such that ω(k) = df(k) on M and

1
( f(k) f(k)\ ^ _J_ A r-k
\J ' J ) M ^ λ Λ r Γ

A 0

L e t / = Σ™=Qf(k)τ(k\ T h e n / i s a smooth function on Ωr holomorphic in the

fiber coordinates and 3/ = ω on Ωr.

Take an increasing sequence of real numbers rv (0 < v < oo) with 1 as limit.

The preceding argument shows that there exists a smooth function gv on Ωr

holomorphic in the fiber coordinates such that dgv = ω on ΩΓ. It follows that

gv — gv^ι is holomoφhic on Ω _ . Expand gv — gv_x as a power series in the

fiber coordinates and let hv_ι be a partial sum of the power series with

sufficient terms so that the supremum norm of gv - gv_λ - hv_x on Ωr ? is

less than 2~". Let g be the function on Ωx which is the limit of gv - Σv

μZ\ hμ as

v -> oo. Such a limit exists because

v-\ v-2

8,-1 - Σ * Sv Sv-l "v-l

is bounded by 2~v on Ωϊ/_2. Clearly, we have 3g = ω on Ωx.

(6.5) Let W = Ωx Π ir~ι(G). Then Ωx = Ω; U W and the topological

closures of Q[ - W and W - Q[ are disjoint. As part of the Mayer-Vietoris

sequence we have the exact sequence

Γ(Ω;, ΘL*) Θ r(w, ΘL*) -* τ(w n Ω;, ΘL*) -+ Hι(ςιλ, ΘL*)

Since H^is Stein, / / H ^ ^L*) vanishes. The map Γ(PF, ΘL*) -* T(W Π Ω;, ΘL*)

has dense image, because the density of the image of T(*π~ι(G\ &L*) -•

ΓίTΓ'^G) Π ΩJ, (PL*) is clear by using Taylor series expansion in fiber coordi-

nates. Since by Lemma (6.4) the cohomology group H\Ql9 &L*) is Hausdorff,

it follows from the exact sequence in (6.5.1) that the restriction map a:

H\Ql9 ΘL*) -> H\Ω[, ΰL*) is injective.

Let & be the sheaf of germs of meromorphic functions on Ωx whose poles

are at most simple ones contained in V. Let 2, be the quotient sheaf
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From the short exact sequence 0 -> 0L* -> i*"-> i? -> 0 we obtain the following
commutative diagram whose first row is exact:

Γ(Ω15 βr) Λ r(Q l f Λ) i Hι(Ql9 ΘL.)—l-+Hι(Ql9

Hι(Q'l9σL.)

(6.6) Lemma. The map η: Γ(Ωl5 &) -+ Γ(Ω1? £) is surjectiυe.
Proof. Take x G Γ(Ωl5 ^*). It suffices to show that β(x) = 0. Clearly,

yβ(x) = 0. It follows that ξaβ(x) = 0. Since Fis disjoint from ΩJ, clearly £ is
an isomoφhism. From the injectivity of a we conclude that β(x) = 0.

(6.7) We are now ready to show that there are sufficiently many global
holomorphic sections of Γ(M, Lk) to make M Moisezon. Without loss of
generality we can assume that the local coordinates z of M and the fiber
coordinate w of L\π~ι(G) are so chosen that z(P0) = 0 and s(P0) = 1. Let z0

denote the function on G which is identically 1. Since η is surjective by Lemma
(6.6), for 0 < j < n there exists a meromorphic function Fj on Ωx which on
Ωx Π π~ι(G), when expressed in terms of zl9 ,zπ, w, is of the form

(6.7.1) 3 ( z , w ) _ _ ^ _ _ + A y ( Z f W ) ,

where Λy(z, w) is holomoφhic on Ωx. Let

(6.7.2) hJ(z,W)=ΣhjΛΦk

be the power series expansion of hj(z,w) in w. By the definition of Ωx, for
fixed z the radius of convergence of the power series (6.7.2) is at least e~

φ(z)/2.
Since

φ(P0) = ψ(io) ~ P(po) = -P(^o) < °>

it follows that there exists an open neighborhood D of PQ in G and a number
R > 1 such that the radius of convergence of the power series (6.7.2) is at least
R for z G D. By replacing D by a smaller neighborhood and R by a smaller
number, we can assume without loss of generality that there exists a positive
number A such that

(6.7.3) \hjk\^AR-k onDϊork^O.
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Since s(P0) = 1, we can also assume without loss of generality (after replacing
D by a smaller neighborhood) that

(6.7.4) \s\<R onD.

We now expand the right-hand side of (6.7.1) in power series in w and obtain

Fix k and consider the map from D to Pn defined by the homogeneous
coordinates

which is the same as the map defined by the homogeneous coordinates

[z0- s(z)k+ιhOk(z),zι - s(z)k+ιhιk(z)9-',zn - s(z)k+ιhnk(z)].

Because of (6.7.3) and (6.7.4), as k -> oo this map approaches the one defined
by the homogeneous coordinates [1, zl9 -9zn]. Thus for k sufficiently large the
n + 1 elements of Γ(M, Lk) which are the λ th coefficients of Fj (0 < j ^ n) in
the power series expansion in the fiber coordinates of L* can be used as
homogeneous coordinates of some open neighborhood of D. Hence M is
Moisezon.

Added in proof. The author has succeeded in refining the method used in the
proof of Theorem (5.1) to obtain a proof of the stronger version of the
Grauert-Riemenschneider conjecture. Details will appear in a later paper.
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