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CONVEXITY IN GRAPHS

FRANK HARARY & JUHANI NIEMINEN

The convex hull of a set S of points of a graph G is the smallest set T
containing S such that all the points in a geodesic joining two points of T lie
in T. The convex hull T can also be formed by taking all geodesies joining
two points of S, and iterating that operation. The number of times this is
done to S to get T is gin(S), the geodetic iteration number of S. Then gin(G)
is defined as the maximum of gin(S') over all sets S of points of G. The
smallest number of points in a graph G such that gin(G) = n is determined
and the extremal graphs are constructed.

Let G be a graph with point set V = V(G) and let S c F . A n S-geodesic is
a shortest path in G joining two points of S. We denote by (S) = ιS the set of
all points on some S-geodesic. Iterating, let 2S = (\S) = ((£)) and i+ιS =
(*S). The geodetic iteration number of S, written ginίS), is the minimum n
such that n+ιS =nS. Then the convex hull of S, denoted by [S]9 is the point
set nS. Thus the convex hull of S is the smallest T D S such that the points of
every Γ-geodesic are in T.

Trivially [V] = V, [υ] = v for all v E F, and for each line uv of G,
[u,v] = {w, t>}. For other graphical terminology and notation, we follow the
book [1]; in particularp(G) is the number of points in G. However, we use E
for the set of lines of G. We define the geodetic iteration number of a graph G

by gin(G) = maxfginίS): S c V). Our object is to determine the minimum
number p of points in a graph G such that gin(G) has a given value n. Also,
the structure of such extremal graphs is specified.

A graph G is smaller than graph H if it has fewer points.
Theorem 1. Let Hn be any smallest graph with geodetic iteration number n.

Then the number of points of Hn is given by p(H0) = 1, />(#i) = 3> a n d w h e n

n > 2,p(Hn) = n + 3.

Proof The case n = 0 is trivial and the unique Ho is the trivial graph Kx.

By inspection one sees at once that the extremal graphs Hι and H2 are the

graphs of Fig. 1 and are unique. We take 5 = {u, v) in both Hx and H2 and

find that in Hl9 (S) = V so that p{Hx) = 3, and in H2, \(S)\ = 4 and 2S = V

so we have p{H^) — 5 = n + 3.
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FIG. 1

Now we consider n > 3. By definition there is a nested sequence of
point-sets S =°S <zιS C2S c <ZnS =n+ιS c V such that i+ιS contains
'S properly when 0 < i < n — 1. Thus a graph G with gin(G) = n has the
minimum number of points if / + 15' - *S contains only one point for i =
1, , n - 1, and if S =°S and ιS are of minimum size. If S contains only
one point, then as mentioned above [S] = S and thus S must contain at least
two points. By the same reasoning ιS — S contains at least two points. On the
other hand, the graph G of Fig. 2 has gin(G) = n, S = {t/0, w0*}, ιS — S =
{«„ t/, } and I + 1S' - *S = {w/+i} for / = 1, , n - 1. Thus there exists a
graph satisfying all the minimum constraints found above, whence/? = n + 3
in a smallest graph with gpι(G) = n when n > 2.
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Theorem 2. Let G be a graph with gin(G) = n > 2, with a minimum

number of points and with point labels S =°S = {u0, u0*}, ιS — S = {ux, ux*}

and i+1S - *S = {ui+x} for i = 1, , n - 1. Then the lines of G satisfy the

following requirements'.

(1) uoux, uoux., u^uχy uo*ux., uxu2, ux.u2 G E.

(2) ui+ιui9 uiΛ.xuk G E for each i > 2 and for at least one value of k among

fc = 0 , 0 * , l , 1*, 2 , 3 , 4 , , i - 2 .

(3) If ui+ιUj G E where i > 3 and j < / - 2, then UjUj+s G E or ui+ιuj+s £

E, s = 2, 3, , / -j - 1. Further, ifj = 0, 1, thenj Φ 0*, 1*.

Proof. The existence of the lines given in (1) follows from the hypothesis
that gin(G) > 2.

Because ui+ι G l + 1 5 — ιS, there is a geodesic between w|. and another point

of ιS in G containing wI + 1, and as w/+1 is the only point in l + ιS — 'S, ui+ι is

joined by a line to two points of ιS. If ui+xut £ E, then utui+x, ui+ιur G is,

where t, r < i and thus w,, wr G ι~ιS. When up ur G i~ιS, ui+x G '5 which is a

contradiction, so every two points of ιS adjacent to ui+x in G are joined by a

line and thus ui+x & ι+ιS which is also a contradiction. Hence (2) is valid.

As / > 3, M I + 1 G ιS if j = 0, 0*, and M I + 1 G 2 5 if 7 = 1, 1*. Thus the latter

statement of (3) holds. By the hypothesis of (3), ui+xUj, ui+xuJ+s G E, so any

geodesic between Uj and uJ+s is at most of length two. If it has length two,

then M / + 1 GJ+s+ιS c'S which is a contradiction. Thus the length must be

one, whence UjUJ+s G E, proving the first part of (3). q.e.d.

In the two next theorems we describe the graphs with gin(G) = 0, 1.

Theorem 3. A connected graph G has gin(G) = 0 if and only if G is a

complete graph.

Proof. Let gin(G) = 0, whence 5 = [S] for each S c V. In particular,

S = [S] when S contains two points only, and in this case, as G is connected,

S = [S] only if the points are adjacent. Hence any two points of G are joined

by a line and G is complete. The converse is obvious.

Theorem 4. Let G be a connected graph. Ifgμcι(G) < 1, then there is a cycle

basis B = {Zx, , Zk} of G such that Z, and Zj have at most one common

line for each pair i andj, i ¥=j and ij = 1, , k.

Proof. If such a cycle basis does not exist, we can choose two cycles Zf

and Zj of G having minimum number of lines and at least two common lines.

By the minimality, if u and v are on the cycles Zz and ZJ9 then all the lines of

at least one {w, £>}-geodesic belong to Z, and Z,. But then it is easy to choose

from the points on Zf and Z, a set S such that S cιS C2S =35 r, where the

points of 2S — ιS are among the points of the common lines of Z, and Zj.

Thus gin(G) > 2, which is a contradiction, q.e.d.
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The converse of the theorem does not hold as the graph G of Fig. 3 shows:
gin(G) = 2 although there is a cycle basis B satisfying the conditions of
Theorem 4.
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FIG. 3
Finally we look for a criterion for a connected graph G to have gin(G) =

n. Some concepts are needed first. Let nH = {G: gin(G) = n and/? = n + 3}
when n > 2.

Also let Itf consist only of the graph Hλ of Fig. 2 and let °i/ = {Kx}. The
fact that both ιH and °/7 are singletons was already mentioned above. We
shall see that nH is a singleton only for n = 0, 1, 2, 3, 4.

The graphs G with gin(G) = « will be characterized by means of graph
homomorphisms and the graphs in the families nH for n = 0, 1, 2, .

Let G = (V, E) be a graph and let C = {S1? , Sr) be a partition of V.
A graph # = (VH, EH) is a homomorphic image of G under a homomor-
phism /, denoted as /(G) = //, if there is a one-to-one correspondence
between the elements Sj in C and the points Uj in F^, and if U iij G ^
whenever there is a line in G joining S; and S), / φj. We then say that / is
generated by C. The homomorphism /: G^> H is said to be geodesic compat-
ible if and only if for each υ — w geodesic in G, v G 5, and w E Ŝ  and / ^y,
ranging over 5, = Siι9 Si2,

ranging over the points w, uiχ9 wl2,

Sj, there exists a w, — Uj geodesic in H

, u^ = Uj and vice versa.

Theorem 5. For a connected graph G, gin(G) = n if and only if (I) and (2)
both hold:

(1) There are an induced subgraph Gf of G and a geodesic compatible
homomorphism f such that f(Gf) G nH.

(2) There is no induced subgraph G' and no f as defined in (1) such that
f(G') <ΞmH,m> n.

Proof. If G satisfies (1), the geodesic compatibility of / implies that

gin(G) > n, and according to (2), g in(G) = n.
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We prove the converse by induction on n. When n = 0 or 1, the theorem is

obviously valid. We assume that the theorem holds for n < k, and let G be a

connected graph with gin(G) = k + 1.

As gin(G) = k + 1, there is a set Sf such that S' =°S" c\S" C2S'

C C*S" C*+ 1S" = [5'], and as G is connected, [S"] obviously induces a

connected subgraph of G. According to the properties of a convex hull, *S'

also induces a connected subgraph kG' of G. From * + 1 S " = [S'] and the

induction assumption it follows that by removing points from °S" and
/ + 1 S " - !S\ i = 0, 1, , k - 1, we obtain an induced subgraph kG of kG'

(and of G) such that

(i)gin(*G) = fc;

(ϋ) there is a geodesic compatible homomorphism /' with the property

f(kG) G kH;

(iii) there are in kG at least two points joined by a geodesic of G going over

the points k+1S' - kS in G. As gui(*G) = &, there is a sequence 5 =°5 C ! 5

C GkS = [S], and as the points of the geodesic of (iii) are from
k+ιS' — kS\ one of the points of [S] joined by this geodesic is from kS —
k~ιS. We denote this point by u, and let u, Wj, •• , ws, v' be a shortest

geodesic beginning with v and defined in (iii); thus v and t/ are points of kG,

and wl9 , ws G * + 1 S " - *S". On the other hand, let / ' be generated by

Cf = {S o , So-, Si> Si , S29 S3, - , S*}, where °S = So U V , »S - °S = S,

U Sj», and Sj =JS — J~ιS, j = 2, , k. A new homomorphism derived

from / ' is generated by the family C = C \J {Sk+ι}9 where Sk+ι =

{wj, , ws}. Clearly C is a partition of the points of an induced subgraph
k+ιG of G. We need only show that/ is a geodesic compatible homomor-

phism of *+1G onto a graph in k+ιH. According to the properties of/, it is

sufficient to concentrate on the set Sk+ι and its image uk+x in/(*+1G).

As v,.wl9 , w5, t/ is a shortest geodesic beginning with v and defined in

(iii), then only ws can be adjacent to two or more points of kG; in the other

case there would be a shorter geodesic beginning with v, which is a contradic-

tion. Let Ό' G SJ. If there is a line ukUj in/'(*G), then by removing suitable

points from kS - k~ιS, we obtain a new graph kG in which there are no lines

joining two points, one from kS - k~ ιS and one from JS - J~ιS. This new kG

is connected and satisfies (i) and (iii) as kS - k~ιS consists of the points of

the least iteration in kG. As / ' is a homomorphism defined in (ii), then a

fortiori f is a geodesic compatible homomorphism mapping the new kG onto

a graph in kH. If ws is joined by a line to points from other sets S, than S}, and

ukUi is a line in f(kG), then by reducing *G as above, we obtain a new

connected graph kG satisfying (i), (ii) and (iii) but in which f'(kG) does not

contain the line ukur But then the mapping/of k+ιG is geodesic compatible,
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and f(k+ιG) contains just those lines which are allowed to belong to a
minimum graph with gin(G) = k + 1 in Theorem 2.

If (2) is not valid, then by the first part of the proof, gin(G) > k + 1, which
is a contradiction.
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