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ULRICH IDEALS OF GORENSTEIN
NUMERICAL SEMIGROUP RINGS
WITH EMBEDDING DIMENSION 3

TAKAHIRO NUMATA

ABSTRACT. The notion of Ulrich ideals was introduced
by Goto et al. [3]. They developed an interesting theory on
Ulrich ideals. In particular, they gave a characterization of
Ulrich ideals of Gorenstein numerical semigroup rings that
are generated by monomials. Using this result, in this paper,
we investigate Ulrich ideals of Gorenstein numerical semi-
group rings with embedding dimension 3 that are generated
by monomials. In particular, we completely determine when
such Ulrich ideals are existent in those rings.

1. Introduction. Throughout this paper, let N and Z denote the
set of nonnegative integers and integers, respectively. A numerical
semigroup is a subset of N which is closed under addition, contains the
zero element and whose complement in N is finite. Every numerical
semigroup H is finitely generated and has the unique minimal system
of generators ay,...,a, € N, that is,

H:<a’17"'7a7‘> ::{)\1Q1+"'+)\Ta7">\17"'7>\7‘€N}7

where ged(aq,...,a,) = 1. The Frobenius number of H, denoted by
F(H), is the maximal integer which does not belong to H. A numerical
semigroup H is symmetric if, for any integers x € 7Z, either x € H or
F(H)—x € H. Let k be a field and ¢ be an indeterminate over k. The
ring

R[[H]] := E[[t*, ... t*]] C K[[t]]

is called the semigroup ring associated to H = {aq,...,a,). A semi-
group ring k[[H]] is a one-dimensional Cohen-Macaulay local ring with

2010 AMS Mathematics subject classification. Primary 13H10, 20M14, 20M25.

Keywords and phrases. Ulrich ideal, numerical semigroup, Gorenstein, symmet-
ric, complete intersection, gluing.

Received by the editors on June 23, 2014, and in revised form on November 14,
2014.

DOI:10.1216/JCA-2017-9-1-143 Copyright ©2017 Rocky Mountain Mathematics Consortium

143



144 TAKAHIRO NUMATA

the maximal ideal m = (¢*,...,t%). It is well known that k[[H]] is
Gorenstein if and only if H is symmetric.

Our purpose in this paper is to investigate Ulrich ideals of Gorenstein
numerical semigroup rings that are generated by monomials. The
notion of Ulrich ideals was introduced recently by Goto, et al. [3].

Definition 1.1 ([3]). Let (R, m) be a Cohen-Macaulay local ring with
d =dim R > 0 and I an m-primary ideal of R. Suppose that I contains
a parameter ideal @ = (ay, ..., aq) of R as a minimal reduction. Then I
is called an Ulrich ideal of R if the following two conditions are satisfied:

(1) I? =QI, and
(2) R/I-module I/I? is free.

By definition, any parameter ideal of R is Ulrich. For convenience,
in this paper, we except parameter ideals whenever we refer to Ulrich
ideals. We put R = k[[H]], and let x% denote the set of Ulrich ideals
of R which are generated by monomials in ¢t. Then it is shown that
X%, is finite in [3] (but, the number of Ulrich ideals not generated by
monomials depends on the field k).

When H is a numerical semigroup generated by 2-elements, the set
X%, is completely described in [3]. Therefore, in Section 3, we consider
the case where H is symmetric and generated by 3-elements, and then
we completely determine when x% is empty or not. We state the main
theorem by using the next lemma.

Lemma 1.2 ([4, 8]). Let H = {(a,b,c) be a numerical semigroup
generated by 3-elements. Then following assertions are equivalent.

(1) H is symmetric.
(2) Changing the order of a, b and ¢, if necessary, we can write a = a’d
and b =1b'd, where ged(a,b) =d > 1 and ¢ € {a', V'), c # ', V.

In this case, we denote H = (d {a’,V') ,c).
The main result of this paper is the following.

Theorem 1.3 (Theorem 3.11). Let H = (a,b,c) be a symmetric
numerical semigroup and assume that H = (d{a’,V'),c). We put
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R = k[[H]], Hi = {(d,V) and Ry = k[[H1]]. Then the following
assertions hold true.

(1) If d and c are odd, then
X% = {(t%,t%) | a, B € Hy such that (t*,17) € X%, }-

In particular, #x% = #x%,- Hence, xj =0 if a,b and ¢ are odd.
(2) If !,V and d are odd and c is even, then

(a) X% #0 if and only if H + (c/2) is symmetric.

(b) if x% # 0, then

X% = {( /DU /D) | s even with 1 < 1 < d}.

In particular, #x5 = (d—1)/2.
(3) If a/,b" and ¢ are odd, and c is even, then x% # 0. Furthermore,
the number of x4 does not depend on d.

(4) If @’ ort is even, then
X% D {(t*,t%) | a, B € Hy such that (t*,t°) € x%, } # 0.

In particular, x% # 0.

2. Preliminaries. We start this section by recalling some results
on Ulrich ideals from [3]. The next theorem is very important for
achieving our goal.

Theorem 2.1 ([3]). Suppose that R = k[[H]] is a Gorenstein nu-
merical semigroup ring (equivalently, H 1is a symmetric numerical
semigroup), and let I be an ideal of R. Then the following conditions
are equivalent:

(1) I€ X%
(2) I=(t*t%) (o, B € H,a < ) and if we put x = f—a, the following
conditions hold.
(i) x¢ H,2x € H.
(ii) The numerical semigroup S = H + (x) is symmetric, and
(i) a =min{h € H | h+ 2z € H}.

In particular, we note that x% # 0 if and only if there is an integer
x € Z which satisfies conditions (i) and (ii) above.
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Example 2.2.

(1) Let H = (4,5) = {0,4,5,8,9,10,12 —}. We can find the integers
which satisfy condition (i):

x=2,6, 7, 1.

Among these integers, 2 and 6 merely satisfy condition (ii). There-
fore, we have

Xy = {5, 1), (1)}

by condition (iii).
(2) If H = (3,5), then x§;;;; = 0 since we can check that there are no
integers which satisfy conditions (i) and (ii).

Actually, when H is generated by 2-elements, the set x% is com-
pletely described in [3]. In particular, the following assertion holds
true.

Theorem 2.3 ([3]). Let H = {(a,b) be a numerical semigroup. Then
the following conditions are equivalent.

() Xigny # 0-
(2) a orb is even.

We use the next lemma in Section 3.

Lemma 2.4 ([3]). Under the notation in Definition 1.1, we suppose
that I? = QI. Then:

(1) e(I) < (pr(I) —d + 1)lr(R/I), where e(I), pr(I) and (r(R/I)
denote the multiplicity of I, the number of minimal generators of
1, and the length of R/I, respectively.
(2) The following conditions for I are equivalent:
(i) Equality holds in (1).
(ii) I is Ulrich.
(iii) I/Q is a free R/I-module.
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The Apéry sets of a in H correspond to the k-basis of the ring
k[[H]]/(t"), where a € H.

Definition 2.5. Let H be a numerical semigroup, and take 0 # a € H.
The Apéry set of a in H is

Ap(H,a)={h€e H|h—a¢ H}.

By definition, we see that Ap(H,a) = {0 = w(0),w(1),...,w(a—1)},
where w(i) = min{h € H | h = i} for each 1 < < a — 1. For more
details, see [7].

3. The case of H = (a,b,c). In this section, we consider the case
where H = (a,b,c) is symmetric. We provide some lemmas to prove
our main theorem.

Definition 3.1 ([7]). For two numerical semigroups H; = (ay, ..., Gm)
and Hy = (b1,...,b,), we define a gluing of H; and Hs as follows:

(diHy,dyHy) := (diay, ... ,d16m, d2by, . .., daby,),

where d; € Ho\{b1,...,bn},d2 € H1\{a1,...,an} and ged(dy, d2) = 1.

By the constructions of gluings, we have the following result.

Proposition 3.2. Let H = (d1Hy,d2Hs) be a gluing of two numerical
semigroups Hy and Hy. Then the ring k[[H]] is a k[[H1]], (respectively,
k[[Hz]])-free module of rank di (respectively, ds).

Proof. By the k-algebra map ¢ : k[[H;]] — k[[H]], where t* — td1¢
for all @ € Hy, we can regard k[[H]] as a k[[H;]]-module. From [7,
Theorem 9.2], we have

Ap(I‘I7 dldg) = {dlhl + dohs | hi € Ap(Hl,dg), hy € Ap(HQ,dl)}

= U (d2ho +di Ap(Hy,dy)) (disjoint union).
h2€Ap(Hz2,d1)
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This implies that

H= U (d2hg + d1Hy) (disjoint union).
h2€Ap(Hz,d1)

Hence, we get the isomorphism k[[H]] = k[[H;]]®®% as a k[[H;]]-module.
By exactly the same argument, we see that k[[H]] = k[[H>]|®% as a
k[[Hz]]-module. O

We say that a numerical semigroup H is a complete intersection if
its semigroup ring k[[H]] is a complete intersection.

Theorem 3.3 ([2, 7]). The following assertions hold true.

(1) Let H = {(d1Hy,d2Hs) be a gluing of two numerical semigroups
Hy and Hy. Then H is symmetric (respectively, a complete
intersection) if and only if Hy and Hy are symmetric (respectively,
complete intersections).

(2) A numerical semigroup other than N is a complete intersection if
and only if it is a gluing of two complete intersection numerical
SEMIGroups.

Remark 3.4. When a numerical semigroup H is generated by 3-
elements, H is symmetric if and only if H is a complete intersection,
see [4]. Therefore, Lemma 1.2 is a special case of Theorem 3.3 (2) since
H = {(a,b,c) = (d{d,V"),c) is a gluing of (a’,b') and (1) = N.

The following is one of the key lemmas in this section. We remark
that, if k[[H]] is not Gorenstein, then Ulrich ideals of k[[H]] need not
be 2-generated, see [3]. Hence, we can state (1) in the next lemma as
follows since we do not assume Gorensteiness of R or R; in the proof.

Lemma 3.5. Let H = (diHy,d2Hs) be a gluing of two numerical
semigroups Hy = {(a1,...,am) and Hy = (by,...,b,). We put R =
k[[H]] and R; = k[[H;]] fori=1,2. The following assertions hold true
fori=1,2.

(1) If (t%0, 122, . t97) € Xy, then (1% pdioz  gdior) € X%,
(2) Suppose that Hy and Hs is symmetric (equivalently, H is sym-
metric by Theorem 3.3). Then if (t7,t°) € x% and d; divides
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x = § —v > 0, then there exists two integers a, 8 € H; with
x/d; = B —a >0 such that (t*,t°) € x%, .
(3) #xE, < #x5h-

Proof.

(1) We note that R = R?dl by Proposition 3.2. Therefore, by
Lemma 2.4, if [ = (t1,t%2,...,t%") € x%,, then

e(IR) = dye(I) = dypr,(I)lr, (R1/T) = pr(IR)(R(R/IR),

where IR = (tdier gdivz  ¢dier) Hence IR € x% by Lemma 2.4.
(2) It suffices to prove that x/dy ¢ Hi,2x/dy € Hy and Hy + (z/d;)
is symmetric by Theorem 2.1. It is clear that z/d; ¢ H; and
2x/d; € Hy since x ¢ H and 2 € H by Theorem 2.1. We
use Theorem 3.3 to see that H; + (x/di) is symmetric: since
H+(x) = (d1(H1 + (z/d1)), daH3) is symmetric, so is Hy + (x/dy).
(3) This is clear by (1). O

By Theorem 2.3 and Lemma 3.5, when H = (d{(da’,b'),c), we see
that XZ[[H]] # () whenever a’ or b’ is even.

Example 3.6.
(1) Let Hy = (4,5) and Hy = N. We know that
Ky = 059, (1,1}
and x%, = 0 (sce Example 2.2). Let H = (3H;,13Hy) =
(12,13,15) be a gluing of H; and Hy. By Theorem 2.1, we can
check that
X = {24 10), (12, 1°)),

In that case, there is a one-to-one correspondence between the sets
X%, and x%. In other words, all Ulrich ideals of R are extensions
from those of R; (this example illustrates Theorem 3.11 (1) since
3 and 13 are odd).

(2) Let Hy and Hs be as above, and let H = (3H;,16H,) = (12,15, 16)
be a gluing of H; and Hs. Then we see that
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In that case, the ideals (#'¢,#24) and (#1¢,#3°) are not extensions
from those of R;.

Now, let H = (a1, a2, as,as) be a numerical semigroup. We define
the positive integer ay > 0 as follows:

a1 =min{n > 0| na; € (az, as,a4)}.

We also define as, ag, ay in the same way. Then Bresinsky completely
characterized the defining ideal p of k[[H]|] = k[[X1, X2, X3, X4]]/p
when H is symmetric but not a complete intersection.

Theorem 3.7 ([1]). Let H = (a1, as, a3, aq4) be a numerical semigroup
and p its defining ideal. Then H is symmetric, which is not a complete
intersection if and only if after changing order of a1, as, az and a4, if
necessary,

p= (fl — qu _ XgngfM,fg — X2a2 _ X10621XZ¥24’
f3 — Xgls _ X?31X§32,f4 — Xéi“ _ X§X42X§¥43’
f5 _ X§43Xf421 _ X20432X2414),

where each f; is unique up to isomorphism for each i and 0 < a;; < o
for each i, 7.

The following is important for our goal.

Theorem 3.8. Let H = (a,b,c) be a symmetric numerical semigroup.
If H + (z) is symmetric for an integer © € Z such that x ¢ H and
2x € H, then H + (x) is a complete intersection.

Proof. When S = H + (z) is generated by at most 3-elements, S is
a complete intersection if and only if it is symmetric. Thus, we may
assume that S is generated by 4-elements.

We assume that H+(x) is symmetric but not a complete intersection.
By Lemma 1.2, we may assume that H = (d(a’,V’) ,¢). In Theorem 3.7,
we may also assume that z = a4 without loss of generality. Then
a4 = 2, ayq = agg = 1 and agy = 0 by our assumption and
Theorem 3.7.
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Next, we show that we may put ¢ = a3. Otherwise, we may put
a = a1, b = a3 and ¢ = a2 (note the situation is symmetric in the
order of a and b). Then, since a1a = a13b + x, we see that d divides x.
Therefore, we can write S = (d (a/, ¥, 2') , ¢), where x = 2'd. Since S is
symmetric which is not a complete intersection, so is Hy = {(a’,b’,2’)
by Theorem 3.3, which is a contradiction since H; is generated by 3-
elements. Thus, we put ¢ = a1, b = a2 and ¢ = a3. But then, we again
see that d divides x since we have asb = asia + x, a contradiction.
This completes the proof. O

Remark 3.9. In Theorem 3.8, the condition, 2z € H, is essential. For
example, let H = (13,16, 20), which is symmetric, and let = 22. Then
x,2x ¢ H, but 3z € H. We can check that H + (z) = (13,16, 20, 22) is

symmetric but not a complete intersection.

Using Theorem 3.8, we can prove the next lemma.

Lemma 3.10. Let H = {(a,b,c) = (d(da’,b'),c) be a symmetric
numerical semigroup. Suppose that S = H + (x) is symmetric for
an integer © € 7 such that ©x ¢ H and 2x € H. We write 2z =
Ara + Xob + Agc, where A\, Ao, A3 > 0. It follows that if A3 > 0, and

A1 >0 or Ay > 0, then a or b is even, and c is even.

Proof. We consider each case individually. First we consider the case
where S is generated by 3-elements.

(i) Assume that ¢ € (a,b,z). Then we can write ¢ = pya+ pob+ usx,
where pi,p0 > 0, pug > 0. Therefore, we can write 2z =
(M 4+ Asp)a + (A2 + Asp2)b + Aspusz. In this equality, we know
that Aspus = 1 or 2 since A3 > 0 and pg > 0. If Asus = 1, then
x € H, which is a contradiction. Thus, we get Asusz = 2, but this
is impossible, since A\; > 0 or A2 > 0. Hence, this case does not
occur.

(ii) Assume that a € (b,c,z) or b € (a,c,z). Since a and b are
interchangeable, it suffices to consider a € (b,c,x). Then, we
can put a = p1b+ pec+ psx, where py, o > 0, ug > 0. Thus, we
have 2z = (Ap1 + A2)b + (A pe + A3)e + Apsx. Since Az > 0,
we see that A\yus = 0 or 1. If A\yug = 1, then « € H, which is
a contradiction, and hence, A\ypu3 = 0. Then, since puz > 0 and
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A1 = 0, we have Ay > 0 by our assumption. By Lemma 1.2, we
have S = (2(b",c"), x), where b = 20", ¢ = 2¢”. This yields that
b and c are even.

Next, we consider the case where S = (a,b,c,x) is generated by
4-elements. Then by Lemma 3.8, we know that S is a complete
intersection. Thus, S is a gluing of two complete intersection numerical
semigroups H; and Hy by Theorem 3.3. In our situation, we can
determine Hy and Hj (see [2] or [7, Chapter 8]). In particular, if 22 =
Ara + Azc with Aq, A3 > 0, then we can take Hy = (a/dy,c/dy,x/dy),
where di = ged(a, e, z) > 1, and if 22 = Aja + Aab with A, Ay > 0,
then Hy = (a/dy,b/dy1,x/d1), where d; = ged(a, b, z) > 1.

(i) If Ay > 0 and A2 > 0, then S = (2(a/2,b/2,¢/2),z). This
contradicts ged(a, b, c) = 1.
(ii) When A1 > 0 and A = 0, we see that S = (dy (a/dy,c/d1,x/d1),b).
Furthermore, (a/dy,c/dy,x/d1) = (2{a/2d1,c/2d1) ,z/d1). Hence,
a and c are even.
(ili) When Ay = 0 and A2 > 0, we see that b and ¢ are even in the
same manner as in (ii).

The proof is complete. O
Now we give the proof of our main theorem.

Theorem 3.11. Let H = {a, b, c¢) be a symmetric numerical semigroup,
and assume that H = (d{a',V'),c). We set R = k[[H]], H, = {(a',V)
and Ry = k[[H1]]. Then the following assertions hold true.

(1) If d and c are odd, then
X% = {(t"t%) | o, B € Hy such that (t*,t°) € x% }.

In particular, #x% = #x%,- Hence, xj =0 if a,b and ¢ are odd.
(2) If o/,0 and d are odd, and c is even, then
(1) x% #0 if and only if H + (c/2) is symmetric.
(i) of x% # 0, then

X% = {(# /DL /D) | 1 is even with 1 < 1 < d}.

In particular, #x% = (d —1)/2.
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(3) Ifd, V' andc are odd, and d is even, then H+(da'/2) or H+{(dl' /2)
is symmetric. In particular, x% # 0. Furthermore, the number of

X% does not depend on d.
(4) If @’ ort is even, then

X% D (" t%) | o, B € Hy such that (t*,t7) € x%, } # 0.

In particular, x% # 0.

Remark 3.12. When &’ or V' is even, and c or d is even, there are cases
where x% is lifted from X%I and also the cases where some element of
X% is not lifted (see Example 3.13 (4)).

Proof.

(1) We assume that d and ¢ are odd. Then the statement implies
that all Ulrich ideals of R are extensions from those of R;. Therefore, it
suffices to prove that, if H+ (z) is symmetric for an integer = such that
x ¢ H and 2z € H, then d divides by Theorem 2.1 and Lemma 3.5.

Since 2x € H, we put 2x = Aja + A2b + Azc, where Ay, Ao, A3 > 0.
If A3 = 0, then d divides z since a and b are divided by d, and hence
we are done. Therefore, we assume that A3 > 0. If Ay = Ao = 0, then
x = A3¢/2 € H, a contradiction. Hence, we have A\; > 0 or Ay > 0.
But then, c is even by Lemma 3.10, which contradicts our assumption.
Hence, we must have A3 = 0. The last statement of (1) follows from
Theorem 2.3 and the first statement of (1).

(2) Next we assume that a’, b’ and d are odd (equivalently, a and b
are odd), and c is even. Then we note that X%l = () by Theorem 2.3. It
is clear that, if H + (c/2) is symmetric, then x% # ) by Theorem 2.1.
Conversely, if x% # 0, then there exists an integer z such that
x ¢ H,2x € H and H+(z) is symmetric by Theorem 2.1. We claim that
the set of such integers is equal to {A¢/2 | A is odd with 1 < A < d—1}.
Then the statements of (2) follow from this.

We put 2r = )\1(1 + )\2b+ )\36, where )\1,)\2,/\3 Z 0. If Ag = O7
then d divides z, and hence, X%I # () by Lemma 3.5, a contradiction.
Therefore, we have A3 > 0 and Ay = Ay = 0 since, if \y > 0 or
Ao > 0, then a or b is even by Lemma 3.10, a contradiction. By this
discussion, we can write x = A¢/2, where A = A3 is odd. We need
to show that H + (z) is symmetric for any 1 < A < d — 1. Since



154 TAKAHIRO NUMATA

H + (z) = (a,b, ¢, \c/2) is symmetric, it is a complete intersection by
Theorem 3.8. Hence, we can write

H+ (z) = <d<a’,b’> , g (2,/\>>.

by Theorem 3.3 since we know that both (a’,?’) and (2, ) are complete
intersections. Then it is easily seen that d € (2,A) \ {2, A\} if and only
if 1 < A< d—1. This completes the proof.

(3) Assume that o/, b’ and ¢ are odd, and d is even. Since ¢ € {(a/, V'),
we put ¢ = Aa’ + Ab/, where A1, A > 0. We know that either
A1 or Ao is odd and the other is even since ¢ is even. If \; is odd
and Ao is even (respectively, A; is even and Ao is odd), then H +
(da’/2) = {d/2{da’,2V') , c) (respectively, H + (db'/2) = (d/2(2d, V'), c)
is symmetric. Hence, x% # 00 by Theorem 2.1.

We see that the number of x% does not depend on d as follows. Let
H' = (2({d,V),c) and H,, = (d{a’,V'),c), where d = 2m, m > 1. We
show that #XZ[[H']] = #Xi[[Hm]] for any m. Assume that H' + (x) is
symmetric for x € Z such that * ¢ H' and 2¢ € H'. Then it is easily
seen that mx ¢ H,,, 2mx € H,, and H + (mz) is symmetric, which
implies that #XZ[[H’]} < #XZ[[Hm]] by Theorem 2.1.

Conversely, we assume that H,, + (y) is symmetric for y € Z such
that y ¢ H, and 2y € H,,. By Lemma 3.10, we can write as
2y = A1 (2ma’) + Xa(2mb’), where A1, Ay > 0. Therefore, m divides y,
and we put = y/m. Then we see that © ¢ H', 2 € H and H' + (z)
is symmetric. This yields #Xi[[H’]] > #Xi[[Hm]} by Theorem 2.1.

(4) This follows immediately from Theorem 2.3 and Lemma 3.5. O

Example 3.13.

(1) By Theorem 3.11 (1), if all of a, b and ¢ are odd, then x¥% = 0,
but the converse is not true. For example, let H = (8,9,15) =
(3(3,5),8). Then we can check that x% = 0, which also illustrates
Theorem 3.11 (2).

(2) Let Hp, = (2m (3,7),23), where m > 1. Then, for any m,

X, = [(#20m ¢23my | (gM4m y23m) (g6m 423myy
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(3) In the case of Theorem 3.11 (3), the number of x% may not be
described by using o', b’ or ¢. For example, we let H = (6,10, ¢) =
(2(3,5),c). Then

o ifc=11, X = {(t5,¢tH)}.

o ifc =13, x% = {(tlo t13)}.
.ﬁc_15XR—{@”t“%@”J“L@QH%}
o ifc=17, XR——ﬁﬂ2t"L(ﬁ7ﬂU}

o if =19, x% = {(t'6,¢19), (¢10,¢19), (t°,¢19)}.

(4) We give examples in the case where o' or b is even. If H =
(3(3,4),10), then

Xk = {7 ¢%)}.
In that case, x% consists of the extension from X%I, and hence

the equality holds true in Theorem 3.11 (4). If H = (3(2,3),4),
however, then

X% = {(t47t6)’ (tﬁ’tg)a (t47t9)}'

Then the ideal (£°,¢9) is the only extension from x%, (see also
Example 3.6).

4. Some remarks. We conclude the paper by giving some remarks.
We say that a numerical semigroup H is generated by an arithmetic
sequence if it is in the form of

H={a,a+d,...,a+nd),

where a,d > 0,n > 2 and ged(a,d) = 1. In that case, the following
result is shown in [6].

Theorem 4.1 ([6]). Let H = {(a,a+d,...,a+nd) be a symmet-
ric numerical semigroup gemerated by an arithmetic sequence. Then

Xi[[H]] %0 if and only if n = 2.

It is known that, when H = (a,a+d,...,a + nd) is symmetric, it
is a complete intersection if and only if n = 2, see [5]. Therefore, we
may expect that if H is a symmetric numerical semigroup but not a
complete intersection, then Xi[[ ) = (). However, unfortunately, there
are counterexamples:
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Example 4.2. A numerical semigroup H = (10,12,13,14,15) is
symmetric but not a complete intersection. However, H + (5) =
(5,12,13,14) is symmetric, and hence, Xi[[H]] # (. In general, H,, =
(2m,2m +2,2m + 3,...,3m) is symmetric but not a complete inter-
section if m > 5. Then we can check that H + (m) is symmetric.
Therefore, X'Z[[Hm]] £ .
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