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REPRESENTATIONS OF FINITE POSETS OVER THE
RING OF INTEGERS MODULO A PRIME POWER

DAVID ARNOLD, ADOLF MADER, OTTO MUTZBAUER
AND EBRU SOLAK

ABSTRACT. The classical category Rep(S,Z;) of repre-
sentations of a finite poset S over the field Z, is extended to
two categories, Rep(S,Zpm) and uRep(S,Zpm ), of represen-
tations of S over the ring Zpm. A list of values of S and m
for which Rep(S,Zpm ) or uRep(S, Zpm ) has infinite represen-
tation type is given for the case that S is a forest. Appli-
cations include a computation of the representation type for
certain classes of abelian groups, as the category of sincere
representations in (uRep(S,Zpm)) Rep(S, Zpm ) has the same
representation type as (homocyclic) (S, p™)-groups, a class
of almost completely decomposable groups of finite rank.
On the other hand, numerous known lists of examples of
indecomposable (.S, p™)-groups give rise to lists of indecom-
posable representations.

1. Introduction. Let (S, <) be a finite poset and p a prime. The
category Rep(S, Z,) of representations of S over the field Z,, has objects
U = (Up,Us | s € S) such that Uy = ) g Us is a finite dimensional
Zp—vector space, U, is a subspace of Uy and Us is a subspace of U, if
s <t, (called I-spaces in [23] with I = S U {0}). The representation
type of Rep(S,Z,) (finite, tame or wild) is characterized in terms of S
by the classical Kleiner-Nazarova theorems, [23].

Representations of a finite poset over a commutative ring are inves-
tigated in [19, 20]. In particular, posets S such that Repg, (S, Zym ) has
finite representation type are characterized in [20], where the objects of
Repy, (S, Zym ) are those U = (Uo, Us | s € S) such that Uy = >, g Us
is a finite Z,m»-module, U is a submodule of Uy, and Uy is a submodule
of Uy if s < t. The category Repg,(S,Zym) has the same represen-

tation type as Rep(§m, Z,) for a finite poset S, constructed from S
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and m ([10]). For most S and m, Repy, (S, Zym=) has infinite or wild
representation type.

In this paper, we consider a natural extension of Rep(S, Z,), properly
contained in Repfg(S, Zym ), that has not been investigated in depth.

Let Rep(S,Z,m) be the category of representations U = (Uy, Us |
s € S) such that

o Uy =3 ,c5Us is a finite Zym-module,
o for every s € S, Us is a free Zym-submodule of Uy,
e for every s € S, ZKS U; is a free Zym-submodule of Us.

Since the ring Z,m is self-injective (see Section 2), the free module
Us is a summand of Uy, and the free module ), _ U is a summand of
Us. Indecomposables in Rep(S, Z,m) have local endomorphism rings,
whence a representation is uniquely a direct sum of indecomposables.

The category of uniform representations is denoted by uRep(S, Zym ),
where U = (Up,Us | s € S) in Rep(S,Z,m) is uniform if Uy is a free
Zym-module. Notice that Rep(S,Z,) = uRep(S,Z,).

It is assumed herein that S is a forest, i.e., for each s € S, the
subset {t € S | t < s) is a chain, and m > 2. When S is a
forest and U = (Uy,Us) € Rep(S,Zym), then ), Uy = Uy, where
tm = max{t | t < s}, so it suffices to require that Uy is free for all s. It
is not known how much of the theory for Rep(S,Z,m) carries over to

posets that are not forests.

There is a bijection [U] — [My] from isomorphism classes of rep-
resentations U in Rep(S, Z,m) to equivalence classes of Z,m-matrices
My in Mat(S,p™) such that U is indecomposable in Rep(S,Z,m) if
and only if My is indecomposable in Mat(S,p™) and U is uniform if
and only if My is uniform (Lemma 3.1). Hence, indecomposability of
U in Rep(S, Zpm) can be determined by solving a “matrix problem” in
Mat (.S, p™), in the sense of [11, 23] for representations over a field and
[19, 20] for Rep(S, Zym ).

Given U = (Uy,Us | s € S) € Rep(S, Zpm ), define
dim(U) = 3 cstk (Us /32,0, Ut) -

Call U sincere if ), U; # Us for each s. The category Rep(S,Z,m)
is unbounded (has infinite representation type) if for each positive
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integer m, there is an indecomposable U in Rep(S, Z,m) with dim(U) >
n and Rep(S,Z,m) is bounded (has finite representation type) if it is
not unbounded.

Let S, denote an antichain with n elements, i.e., of width n. A
disjoint union of  chains of widths nq, ..., n, is denoted by (n1,...,n;.).

Theorem 1. Assume S is a forest. Then Rep(S,Zym) is unbounded

if:

(1) S;) 3, mZQ,
(i) S 2 (1,2), m > 6;
(iii) S D (1,3), m > 4;
(iv) S 2 (1,5), m > 3;
(v) S2(2,2), m>3;
(vi) $2(3,3), m>2;
(vii) S2(2,5),m>2

Theorem I is proved in subsection 4.1 by finding arbitrarily large
indecomposable matrices My . If S is a disjoint union of chains, then
the only unresolved values of (S, m) for Rep(S,Z,m) to be bounded or
unbounded are (Corollary 6.3 (a)):

There is an analogous theorem for uRep(S, Zym ), proved in subsec-
tion 4.2.

Theorem II. Assume S is a forest. Then uRep(S,Zym) is un-
bounded if:

(i) S22 84, m>1;

(ii) S 2 (1,1,2), m > 2;
(i) S 2 (1,1,1), m > 3;
(iv) S 2(1,3), m > 6;

(v) S2(2,2), m >4
(vi) S 2 (1,4), m > 4;
(vii) S D (1,6), m > 3;
(viii) S D (2,3), m > 3;
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The category Rep(S,Z,m) is related to a category of almost com-
pletely decomposable abelian groups, called (S, p™)-groups (Section 5),
[2]. An (S,p™)-group is, up to near-isomorphism, uniquely the direct
sum of indecomposable (S, p™)-groups, so that finding the indecompos-
able (S, p™)-groups amounts to a classification of these groups up to
near-isomorphism. Near-isomorphism is a weakening of isomorphism.
There is evidence that a classification up to isomorphism is not feasible
(see [16, Chapter 9]) and near-isomorphism is accepted as the proper
equivalence relation for almost completely decomposable groups.

If (S, <) is an inverted forest of p-locally free types, i.e., for each
s € S, the subset {t € S |t > s) is a chain, then the opposite poset
S°P = (5,>) is a forest. In this case, there is a bijection from near-
isomorphism classes of (S, p™)-groups [G] to isomorphism classes [Dg]|
of sincere representations in Rep(S°P,Z,m) called anti-representations,
such that G is homocyclic (Section 5) if and only if D is uniform, and
G is indecomposable if and only if D¢ is indecomposable (Theorem 5.1).
Other applications of representations of finite posets to abelian groups
include [9, 21].

Corollary III. Assume S is a disjoint union of chains.

(a) (S,p™)-groups are unbounded if S and m satisfy one of the
conditions of Theorem 1.

(b) Homocyclic (S, p™)-groups are unbounded if S and m satisfy one
of the conditions of Theorem II.

Corollary III is an application of Theorems I and II, since if S C T
are disjoint unions of chains, then sincere (uniform) indecomposables in
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Rep(S,Z,m ) can be extended to sincere (uniform) indecomposables in
Rep(T, Zym) (Theorem 5.2). The applications of Theorem I to groups
(Corollary IIT) are new except for (i)—(iii) and (v) that were settled in
[2], the applications of Theorem IT are new except for (i), (iii) published
in [6].

Resolution of the unresolved cases following Theorems I and II await
criteria for bounded other than a finite complete list of indecompos-
ables. For instance, the list of Theorem I would be complete if the
following conjecture were true, where (S, m — 1) is the disjoint union
of S and a chain of length m — 1.

Conjecture. If Rep((S,m — 1),Z,) is bounded, then Rep(S,Zym)
is bounded.

2. Preliminaries. It is well-known that the ring Z,~ is self-injective,
i.e., if X is a free Zym-submodule of a finite Z,»-module Y, then X is
a summand of Y. This is a consequence of the classical fact that an
element of maximal order in a finite p-group generates a summand.

The following terminology is standard. A homomorphism in Rep
(S, Zpm) from U = (Up,Us | s € S) to W = Wy, W5 | s € 5)isa
Zym-homomorphism f : Uy — Wy with f(Us) C W, for each s € S.
A homomorphism f : U — W is an isomorphism in Rep(S, Z,m) if
f~1: W — U exists, equivalently, if f : U — W is an isomorphism and,
for all s € S, f(Us) = U.. An endomorphism of U is a homomorphism
f:U — U. The ring of endomorphisms of U is denoted by End(U).
The direct sum of U and W in Rep(S,Z,m) is

UaW = Uy® Wo,Us & Ws | s €5).

It can be shown that idempotents split in Rep(S,Z,m), i.e., each
idempotent e of End(U) determines a decomposition U = e(U) &
(1 — e)(U). Hence, U is indecomposable if and only if 0 and 1
are the only idempotents of End(U). If U is indecomposable, then
End(U) C End(Up) is finite, hence left artinian. In this case, End(U)
is semi-perfect, [1, page 303], and so End(U) is a local ring, [9,
Proposition 2.1.3]. As a consequence of the categorical version of the
Krull, Schmidt and Azumaya theorem ([1] for the module version or
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[8, Theorem 7.4]), a U in Rep(S,Z,m) is uniquely a direct sum of
indecomposable representations.

The following crucial lemma contains properties of representations
in Rep(S, Z,m) for a forest S. Part (a) is known to be false if S is not
a forest.

Lemma 2.1. Assume S is a forest.

(a) U = (Uy,Us | s € S) is in Rep(S,Zym) if and only if, for each
s € S, there is a finite free Zym-module Vi with Uy = > . o Vs and
Us = D, Vi-

(b) If U = (Uo,Us | s € S) is in Rep(S, Zym) with Uy = ) g Vs,
Us = ®t§s Vi a free module, and U, the kernel of the epimorphism
70 D,eg Vs — Uo defined by mo(©vs) = Y vs, then U. NP, Vi =0
for every s. B

() U = (Uy,Us | s € S) in Rep(S, Zym) is in uRep(S, Zym ) if and
only if Uy is a free Zym-module.

seS

Proof.

(a) Let U = (Uo,Us | s € S) be in Rep(S, Zpm), i.e., Uy =D g Us
is a finite Zym-module, Uy is a free submodule of Uy, and EKS U; is a
free submodule, hence a summand, of Us. Choose a free Z,=-module

V, with
U, = <ZUt) ® V..

t<s
Since {t € S | t < s} is a chain, it follows by induction that
U, = @tSSV}. Moreover, Uy = > g Us = > .cgVs. The converse
is clear as Uy is finite and U, = EBtgs V; is a free module.

(b) Since U = @tgsvt C D,cs Vs, the map mg [p,: Us — Us is
one-to-one. Then U, NU; = 0 because U, = ker(m).

(c) If U is in uRep(S,Z,m), then Uy is a free Zym-module. Since
7o+ P,eg Vs — Uo is onto, U, = ker(mp) is a summand of the free
module @, ¢ Vs, hence free.

Conversely, if U, = ker(m) is free, then, since P, g Vs is finite, U,
is a summand of @, g Vi. Hence, Uy = image(mo) is a summand of
the free module @Ses Vs, and so Uy is free. O
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Following Lemma 2.1, define cdRep(S,Z,=) to be the category of
representations U = (Up, Us, U, | s € S) such that

o for each s, there is a finite free Z,~-module V, with Uy =

@sES ‘/3 and U3 = @tﬁs W’
e U, a submodule of Uy with U, N U, = 0.

Notice that cdRep(S, Z,m ) is a proper subcategory of Rep (5™, Zpm ),
where S* = S U {x} is a poset with * incomparable to any element of

S.

The subcategory of cdRep(S, Z,m ) with representations U = (Up, Us,
U | s € S) such that U, is a free module is denoted by hedRep(S, Z,m ),
[5]-

We state an observation that will be used later.

Lemma 2.2. Let U = (Uy, Uy, U, | s € S) € cdRep(S, Zym). Suppose
that Ug = W, @Ztgs U for each s € S. Then Uy = @,.q W5 and, for
each s € S, Uy = @tgs Wy.

ses

Proof. By definition of cdRep(S, Z,m), there exist free modules V;

such that Uy = @, .4 Vs and U, = @tgs V; for each s € S. Hence,

_Us
Zt<s Ut

It follows by induction that Uy = Zse g Ws. This sum must be direct
because of cardinalities:

U.
Uyl = —_ | = Wil.
‘ 0| ;’Zt<sUt ;‘ |

Similarly, Us = ®t§s Wr. O

V, & =~ W,.

Both cdRep(S, Zpm ) and hedRep(S, Zym ) are subcategories of Repy,
(S U {*},Zpm). The category cdRep(S,Z,m) is not a subcategory of
Rep(S U {*},Z,m) because, in the latter, the U, must be free and it
is easy to make examples of (Uy,Us,U,) € cdRep(S,Zym) where U,
is not free. However, hcdRep(S,Z,~) evidently is a subcategory of
Rep(S U {x},Z,m).
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Recall that, for a forest S, the object U = (Up,Us | s € S) is in
Rep(S, Zym) if and only if Uy = > .4 U, and, for every s € S, Us is a
finite free Z,m-submodule of Uj.

We are now in a position to show that the categories cdRep(.S, Zym )
and Rep(S, Zym) are equivalent (see [22, Theorem 5.3]).

Lemma 2.3. Assume S is a forest.

(1) There is an equivalence
D : cdRep(S, Zym ) — Rep(S, Zpm).
(2) U € hedRep(S, Zym) if and only if D(U) € uRep(S, Zym).

Consequently, the functor D induces a bijection [U] — [D(U)]
between isomorphism classes [U] of indecomposable representations
U in cdRep(S,Z,m) and isomorphism classes [D] of indecomposable
representations D in Rep(S,Z,m) such that U is in hedRep(S, Z,m) if
and only if Dy is in uRep(S, Z,m ).

Proof.

(1) (a) Let U = (U, Us, Uy | s € S) and (UL, UL, U, | s € S) be objects
of Repg, (S U {*},Zym). Define
s € S>

and, for f : (Up,Us,Usx | s € S) — (ULULU. | s €
S) € Repg(S U {*},Zym), let D(f) be the induced map
Uy /U, — Uj/U. that obviously maps Ds = U, + U, /U, into
D, = U, +U,/U,. Then, clearly, D is a covariant additive
functor.

(b) Suppose U € cdRep(S,Zym). Then D(U) is in Rep(S,Zym)
because Dy = > g Ds and D, = (Us + U,) /U, =2 U, /(Us N
Us) = Us is free.

(¢) To show that D is dense, let D = (Dy,D;s | s € S) be in
Rep(S,Zym). By Lemma 2.1 (a), there are finite free Z,m-

modules E with Dy = @tgs Eyand Do =) g Es.

D) = (Do = 0. =
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Define

Up = (UO@ES,US@Et,U*|s€S>

ses t<s

where, as in Lemma 2.1 (b), U, is the kernel of the epimorphism
7o : @, Es — Do defined by m(®es) = D> es. Then Up is
in cdRep(S, Zpm) since Uy = @, g Fs, Us = P, Er and
U. N Us = ker(mo) N (P, Fr) = 0. It is straightforward to
check that D,y = D.

We show next that D is faithful. Suppose f : U = (Uy, Us, Uy) —
U' = (U},U.,U}) and D(f) = 0. Then f(Uy) C U;, and hence,
J(Us) CU;NU, =0. Hence, f(Up) =0as Uy = 5 Us.
Finally, we show that D is full. Let U = (Up,Us,U,) and
U = (U§,ULUL) be objects in cdRep(S, Z,m), and let g :
D(U) — D(U’) be a representation homomorphism, i.e., g :
Up/U. — UJ/UL is a module homomorphism with g((Us +
U.)/U.) C (U, + U,)/U.. There exist free modules V; such
that Uy = P, Vs and Uy = @, Vi. Let {vs;} be a basis
of Vs. Then g(vs; + Us) = us; + U! for a unique element
us; € UL, uniqueness following from U, N U, = 0. The
specification f(vs;) = us,; determines a well-defined module
homomorphism f : Uy — U} with f(Us) C U.. Furthermore,
G(00i+U2) = g i+ UL = f(00)+ U showing that f(U.) C U7,
that f is a representation homomorphism, and that D(f) = g.
So D is full.

(2) In view of Lemma 2.1 (c), U is in hedRep(S, Z,=) if and only if

D(U) is in uRep(S, Zym ). O

3. Mat(S,Zy"). By Lemma 2.3, indecomposables in Rep(S,Z,m)

correspond to indecomposables in cdRep(S,Zpm). Recall that U =
(Uo,Us, Uy | s € S) is in cdRep(S, Z,m) if there are finite free Z,m-
modules Vi with Uy = @, Vs, Us = @, ., Vi and U, is a submodule
of Uy such that U, N U; = 0 for each s. Moreover, U is isomorphic to
U’ if and only if there is an isomorphism f : Uy — U}, with f(Us) = U]
and f(U,) =U..

Choosing bases H = {h} of U, and V = {v} of Uy, we get

h = ZUEV MhyV,
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M = Myy := (mpy), the representing matriz of U,

and U, is isomorphic to the row space rsp(M) of M, the rows consti-
tuting a basis of the row space.
Let H' = {h'} be another basis of U,. Then b’ =3, _, anph, and

(a)y = (app) is the matrix of the automorphism « of U, given by
a(h) = K. Tt is straightforward to check that

(31) MH’V = (ah/h)Mva.

Let V' = {v'} be another basis of Uy. Then v = >, Buvh, and
(8)y = (Buw) is the matrix of the automorphism 8 of Uy given by
B(v) =v'. Again, it is straightforward to check that

(3.2) Mypyr = My (Boro)-

In order to account for the representation structure of U, the bases V
need to be chosen as follows. Let V, be a basis of V. Then V = Uses Vs
is a basis of Up that we call conforming. Let V = [J,cqVs be a
conforming basis of U and h € H. Then

(3.3) h=> "> muu,

sES vEVs
(3.4) M = My = (... Ms...) where My = (mp, | v € V).

The preceding considerations motivate the following definition of
Mat(S,Zy").

For any matrix M let dim(M) denote the number of columns of M.

Define an element M of Mat(S, Zym) to be a Z,»-matrix such that

(i) M has a column block structure M = (M, | s € S);
(ii) Regulator condition: the rows of M form a basis of the row
space rsp(M) C (Zym )N where N = dim(M);
(iii) for all s € S :rsp(M) Nrsp(M<s) = 0 where

Orxn, otherwise.

M<s=(M]|teS) and Mt':{

Given M = (M, | s € S) in Mat(S,Z,~ ) satisfying (i)—(iil) above,
the matrix M is sincere if each ny = dim(M;) # 0, and M is uniform
if rsp(M) is a free Zym-module. The collection of uniform matrices is
denoted by uMat(S, Zym ).
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The following definition reflects the choices of bases.

Two elements M = (My | s € S) and M' = (M, | s € S) of
Mat (S, Zym) are equivalent if M can be transformed into M’ by a
sequence of invertible Z,n-row and column operations:

(a) Add a Zym-multiple of a row of M of order p’ to another row of
M of order p' if j < i;

(b) add a p? ’inr,rL—multiple of a row of M of order p’ to another row
of M of order p’ if j > i;

(c¢) multiply a row of M by a unit of Zym;

(d) interchange any two rows of M;

(e) add a Zpm-multiple of a column of M to a column of M, if s > ¢
in S;

(f) multiply a column of M by a unit of Z,m;

(g) interchange any two columns of Mj.

Assume that M = (Ms | s € S) and M’ = (M} | s € S) are in
Mat(S, Zpm). The direct sum of M and M’ is M & M’ = (M, & M, |

s € 5), where
My, 0
M, ® M. = ( 0 M;)'
As condition (iii) holds, M & M’ is in Mat(S, Z,m ).

In Mat(S,Z,m) we set M =01if r = N =0, i.e., if M is the empty
matrix. A matrix M in Mat(S, Z,m) is indecomposable if M equivalent
to M’ @ M" implies that M’ =0 or M" = 0.

Lemma 3.1. Let S be a forest. There is a bijection [U] — [My]
from isomorphism classes of representations U in cdRep(S,Zym) to
equivalence classes of Zym -matrices My in Mat(S, Zym) such that:

(a) U is indecomposable if and only if My is indecomposable.

(b) U is in hedRep(S, Zym ) if and only if My is in uMat(S, Zym ).

Proof. Assume U = (Uy,Us, U, | s € S) is in cdRep(S, Z,m ) with

Ub=PVv. U.=Pv,

ses t<s

U.CUy, and U,NUs;=0.
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Let B be a basis of Vi, Cy = {hq,...,h,.} a basis of U,, and define
My = (Mg | s € §) as in (3.3). Then My is in Mat(S,Z,m) with
I‘Sp(MU) = U,.

On the other hand, let M = (M, | s € S) be in Mat(S, Z,m ) of size
r X N, M having size r X ns. Then

rsp(M) € (me)N = @ (Zpm)™ .

seSs

We assume that By is the set of the canonical (unit) basis elements of
(Zym )™, so that B :=J,cq Bs is the canonical basis of (Zym )™

Define Uy = (Uy, Us, Uy | s € S) by setting

Uo = (Zym)™ = P Zymb,
beB

Us = (me)ns = @ meb,
beB;

and U, = rsp(M). Then Uy is in cdRep(S,Zpm), in particular,
U. NUs = 0 by condition (iii) on M.

We outline an argument that U is isomorphic to U’ in cdRep(S, Z,m )
if and only if My is equivalent to My in Mat(S,Z,m ). Details are left
to the reader.

Assume U is isomorphic to U’, and reduce to the case that Uy = U,
Us = U! and U, = U,. In this case, My and My represent matrices
of U with

U, =1sp(My) = rsp(My-),

B; and B. are bases of Vs and V/, respectively, and C and C’ are
ordered bases of U,. It follows from (3.2) and Appendix C that My
can be transformed into My by a series of invertible column operations
(e)—(g) corresponding to basis changes in U.

Furthermore, by (3.1) and Appendix B, My can be transformed by
a sequence of invertible row transformations (a)—(d) corresponding to
basis changes of U,. It now follows that M is transformed into My
by a sequence of row and column operations (a)—(g), whence My and
My are equivalent.

Conversely, assume My and My: are equivalent. A sequence of
invertible row and column operations (a)-(g) transforming My into
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My amounts to replacing a conforming basis (Bs : s € S) of Uy by a
conforming basis (B : s € S) of U} and a basis C of U, = rsp(My) by
another basis C’ of U, inducing an isomorphism U — U’.

It is routine to verify that M is equivalent to My, and U is
isomorphic to Uyy,,, whence [U] — [My] is a bijection.

(a) If My is indecomposable and U = (Up,Us,U, | s € S) is
isomorphic to WY = (W@ Yy, W, ®Y,, W, @Y, | s € S), then, from
the definition of My and equivalence of matrices, My is equivalent to
My ® My . Hence, My =0or My =0, W =0or Y =0, and so U is
indecomposable.

Conversely, if U is indecomposable and My = K @ L, then, as a
consequence of the definitions, U is equivalent to Ux @ Ur. Since U is
indecomposable, K =0 or L = 0, and so My is indecomposable.

(b) is clear from the fact that U, = rsp(My). O

Following is a description of an endomorphism of

U= (Uo =PV, v.=PW,U.|se s) € cdRep(S, Zym),

ses t<s

in terms of My . Recall that an endomorphism of U is a homomorphism
[ @ees Ve = Doeg Vs with f(D,<, Vi) € D,<, Vi for each s and
f(U,) C U,. In particular, f(V;) € @,, Vs = U; and, for the maximal
' < t in the forest S, f(Uy = @,_,Vs) € @,,Vs = Up. Let
ws : Uyp — Vs be the projection along @t?ﬁs Vi, and let f € End(U).
Let

fs:ﬂ's(f FVS):VS—>‘/TS
and
fis=m(f v.): Vs — V; for t > s.

Then

st oing fis Vs — @tZs Vi (f5+2t>s fts) (@) = fs(@H2 4 s frs(@)
describes f in terms of its action on Vs, and we write

f = ®SES(fs =+ Zt>5 fts)-
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If u € Zpm, then uMy = (ub; | s € S) € Uy = rsp(My ), and so

f(uMU) = @s(fs(uMs) + Zt>s fts(UMt)) = wMU S U*
for some w € Z;m.

Notice that f;s may be extended to a nilpotent endomorphism h;s of
Up with h;s(V;.) = 0 for all r # ¢.

4. Unbounded representation type.

Theorem 4.1. [12]. The category uRep(S,Z,) = Rep(S,Z,) is
unbounded if and only if:

The next lemma is used in the proof of Theorem I. Part (a) of the
lemma is well known for representations over fields as part of a more
elaborate theory involving adjoint functors ([13]). Part (b) has no
analogue for fields. We give simple direct proofs of the facts we need.
Note that both proofs substantially use that S is a forest.

Lemma 4.2. Assume (S, <) is a forest.

() If T C S and Rep(T,Z,m) is unbounded, then Rep(S,Zym) is
unbounded.
(b) If k < m and Rep(S,Zyx) is unbounded, then Rep(S,Zym) is

unbounded.

Proof.

(a) Let U = (Up,U; | t € T) be in Rep(T,Zym), ie., Uy =
> ier Us, Uy is a free submodule of Uy, and ), U, is free. Define
W = Wo,Ws | s € S), where Wy = Ug, W, = U, it s € T,
Ws=>{U; |t €T,t <s}if s¢ T and thereist € T with ¢ < s, and
W, =0 if there is no t € T with ¢ < s. Then W is in Rep(S,Z,m) as

W0:U0=ZUt:ZWS

teT ses
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and

S W= {Ui|teT,t <s}

v<sES

is a free submodule of

We=>Y {Ui|teTt<s}

It can readily be verified that End(U) = End(W). Consequently,
if U is indecomposable, then W is indecomposable with dim(U) <
dim(W). This shows that, if Rep(T, Z,m) is unbounded, then Rep(S,
Zym ) is unbounded.

(b) Let U = (Up, Uy | s € S) be in Rep(S, Zpm) with Uy =), 4 Us,
U, a free submodule of Uy, and ZKS U; a free submodule of U;. The
free submodule Uy is a summand of Uy, whence p*Uy N U, = p*Us,.

Define U* = (Uy/p*Uo, (Us + pkUs)/p*Uy | s € S). Then U* is in
Rep(S, Zx ) with dim(U*) < dim(U) as

Uo/p*Uo = > (Us +"T0) /9" T,
ses
(Us + pkUy) /p*Uy) =2 U, /p*Us is a free Z,.-submodule of Uo/p* Uy,
>ies (U +1FUo) /pF Uy is a free submodule of (Us + p*Uy) /p*Up, and,
because S is a forest, >, _ Uy = Uy for some t' < s.

A routine argument shows that, if 1 is in Rep(S, Zx ), there is some
U= (Uy,Us | s €S) in Rep(S,Zym) with U* = W. Moreover, if W is
indecomposable, then U is indecomposable because if U = X @Y, then
W= (Xa®Y)" = X*oY". Consequently, if Rep(S, Z,) is unbounded,
then Rep(S,Z,m) is unbounded. O

Notice that, in the proof of (a), W need not be sincere, even if U is
sincere. By Theorem 5.2, there is a sincere extension W of a sincere U
if T C S are disjoint unions of chains.

4.1. Proof of Theorem I. In view of Lemmas 2.3, 3.1 and 4.2,
it is sufficient to find indecomposable matrices M in Mat(S, Zym) of
arbitrarily large dimension for

(i) (S,m) = (S3,2);
(11) (S’ m) = ((172)76);
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Cases (i), (ii), (iii) and (v) are proved in [2].

An the n x n Zy~-matrix A is module indecomposable, the minimal
polynomial of A(mod p) is a power of an irreducible polynomial in Z,, [x].
In this case, Zj, is an indecomposable Z,[A(mod p)]-module.

The format of the proof for each of the remaining cases is as follows,
see [2] for details of similar arguments. Given M in Mat(S, Z,m) with
a module indecomposable matrix A as a submatrix, there is a U in
cdRep(S, Zym ) with M = My by Lemma 3.1.

Let f = (@ses(fs + Doy fts)) : Uo — Up be an idempotent en-
domorphism of U and f : Uy/pUy — Uy/pUy the idempotent en-
domorphism of Uy/pUy induced by f. The difficult part of the ar-
gument in each case (details not included) is to use equations aris-
ing from the condition that f(rsp(My)) C rsp(My) to prove that
f = (a,a,...,a) + h for some nilpotent h : Uy/pUy — Uy/pUy and
idempotent a € Endg,(Z;) with aA(modp) = A(modp)a. Then
a € Ende[A(mOdp)] (Zy), and so a = 0,1 because A is module in-
decomposable.

If a = 0, then f = h = 0, being a nilpotent idempotent. Hence,
f =pf’ =0, again is a nilpotent idempotent. Similarly, if @ = 1, then
f = 1. This shows that U is an indecomposable representation, whence
M = My is an indecomposable matrix. In the following, A denotes an
n X n module indecomposable matrix.

We adopt the following notation for matrices M in Mat (.S, Z,m ) such
that S = (n1,...,ng) = C1U---UC Yy is a disjoint union of chains with
|C;| = n;. Write

M = (Mey|--- | M)

with M¢, in Mat(Ck,Z,m). If C ={1,...,n} is a chain, then write
Mo = (MnH "‘HMl)

in Mat(C, Z,m). With this convention, column operations are allowed
from left-to-right, i.e., from M; to M; if ¢ > j.
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(iv) S D (1,5),m > 3. The matrix

p’I, 0 0 0 21,
M = 0 I, 0 p°I, pln

0 ply,

0 0

ply 0

pA In

is an indecomposable in Mat((1,5), Z,s) with dimension 8n.
(vi) S 2(3,3),m > 2. The matrix

v L e 1T s)

pl, 0 I, pA I, 0

is an indecomposable in Mat((3,3), Z,2) of dimension 6n.

(vii) S D (2,5), m > 2. The matrix

I, O 0 O pl, 0 0 0
M=10 »pl, I, O pl, pl, 0 1,
0 0 0o I, pl, pA I, 0

is an indecomposable in Mat((2,5), Z,2) with dimension 9n.

oo

477

o o5

4.2. Proof of Theorem II. The proof is analogous to the proof of
Theorem I. Assume A is a module-indecomposable n x n Z,m-matrix.

(i) S 284, m > 2,

(ifi) S D S5, m = 3.

By [6], uRep(S, Z,m) is unbounded for these cases.
(ii) S D (1,1,2), m > 2. The matrix

_ I, I, 0 I,
= n ] |
is an indecomposable in uMat((1,1,2),p?) of dimension 4n.

(iv) S 2 (1,3), m > 6. The matrix

I, 0 O P21, 0 I, 0 0
M = 0 I, O I, p*A 0 p?I, I,
0o o0 I, p*I, p°I, 0 0 0

is an indecomposable in uMat((1,3),Zys)) of dimension 9n.

Soo
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(v) S 2(2,2), m > 4. The matrix

I, 0 0 0 I, O 0 0
M = pl, p*A I, 0 0 p3l, I, 0
p?l, p3IL, 0 I, 0 0 0 I,

in uMat((2,2),p?) is indecomposable of dimension 8n.
(vi) S D (1,4), m > 4. The matrix
v A TSR
0o I, p>I, p2A 0 I,
is an indecomposable in uMat((1,4),Zy4)) of dimension 6n.

(vii) S D (1,6), m > 3. The matrix

I, 0 O 0 p2I, 0 0 0 I,
M=10 I, 0 21, pl, pl, 0 I, 01,
0o o0 I, 0 pl, pA I, 0 0

is an indecomposable in uMat((1,6), p*) of dimension 9n.
(viii) S 2 (2,3), m > 3. The matrix
(o [ AT )
is indecomposable in uMat(2,3),p%) of dimension 5n.
(ix) S 2 (3,3), m > 2. The matrix
v s e 3T a s
pl, 0 I, pA I, 0
is an indecomposable in uMat((3, 3), p?) of dimension 6n.

(x) S D (2,5), m > 2. The matrix

I, O 0 0 pl, 0 0 0 I,
M=10 »pl, I, O pl, pl, 0 1, 0
0 0 0 I, pl, pA I, 0 0

is an indecomposable in uMat((2, 5), p?) of dimension 9n.

5. (S,p™)-groups. Let (Sg, <) denote the finite poset of critical

types of an almost completely decomposable (acd) group G. The regula-



REPRESENTATIONS OVER THE RING Zpm 479

tor R(G) of G defined by R(G) = ({C | C a regulating subgroup of G}
is a completely decomposable subgroup of finite index in G. If Sg is
an inverted forest, then R(G) is the unique regulating subgroup. These
and other properties of almost completely decomposable groups, in-
cluding near-isomorphism, may be found in [9, 14, 15, 16].

Given a prime p and a finite poset (5, <), an acd group G is an
(S,p™)-group if S = Sg, each type in S is p-locally free, and the
exponent of G/R(G) is p™. If s € Sg, then (R(G))(s) = {z € R(G) |
type (z) > s} is a summand of R(G), G/p™G and R(G)/p™R(G) are
finite free Z,m-modules, and each ((R(G))(s) + p™G)/p™G is a finite
free Z,m-module.

An (S,p™)-group G is homocyclic if G/R(G) is a free Z,m-module
[4].

Theorem 5.1. If S is an inverted forest of p-locally free types, then S°P
is a forest and there is a bijection from near-isomorphism classes [G] of
(S, p™)-groups to isomorphism classes [D¢] of sincere representations
in Rep(S°P, Z,m) given by

6 — Do - (G WAV +70 |, g)

pmG’ pmG
such that:

(a) G is homocyclic if and only if D¢ is in uRep(S°P, Zym).
(b) G is indecomposable if and only D¢ is indecomposable.

Proof. By [2, Lemma 4], there is a bijective correspondence from
near-isomorphism classes of (.S, p™)-groups [G] to isomorphism classes
of sincere representations [Ug]| in cdRep(S°P, Z,m) defined by

R(G)  (R(G))(s) +p"R(G) p"C
pmR(G)’ PmR(G) "pmR(G)
such that G is indecomposable if and only if Ug is indecomposable
and G is homocyclic if and only if p™G/p™R(G) is a free Z,m-module.
By Lemma 2.3, there is a bijection from isomorphism classes [Ug] in
cdRep(S°P, Zym) to isomorphism classes [D¢] in Rep(S°P, Zym) given

by
R(G) (R(@))(s) +p™G op
pG’ PG ‘ s€s )’

G—)UG=<

ses)

UG—>DG:<
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observing that the natural epimorphism

RG) _ R(G)

? PrR(G) PG
has kernel
PG
P"R(G)
and

¢<(R(G))(S) +me(G)) _ (R(G))(s) +p™C
p"R(G) pmG '

Moreover, Ug is indecomposable if and only if D¢ is indecomposable
and

G/R(G) = (G/p"G)/R(G)/p™G)

is a free Zpm-module if and only if R(G)/p™G is a free module because
G/p"G is a free Zym-module. O

Theorem 5.2. Assume S C T are disjoint unions of chains and
m > 2.

(a) If sincere representations in Rep(S, Zym) are unbounded, then sin-
cere representations in Rep(T, Zym) are unbounded.

(b) If sincere representations in uRep(S,Z,m) are unbounded, then
sincere representations in uRep(T, Zym) are unbounded.

Proof.

(a) In view of Lemma 2.3 and Lemma 3.1, it is sufficient to prove
that if sincere indecomposable matrices in Mat(S,Z,m) are un-
bounded, then sincere indecomposable matrices in Mat(T, Z,m ) are
unbounded.

Assume, by way of induction on |S|, that T'= S U {t} with t ¢ S.
Write S = Cy U---UC}) as a disjoint union of chains C;.
Case 1. t is incomparable with every element of S.

(a) Let n be a natural number and M = (M | s € S) a sincere inde-
composable matrix in Mat(S, Z,m) with dim(M) > n. By Lemma 3.1,
there is a sincere indecomposable W = (Wy, W, W..) in cdRep(S, Zpm)
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with M = My and W, = rsp(M). Write
p'o Mo
M= p't My
p”Mr
where
rsp(M) 2 Zifn @ Lok, @+ LY, iy G0 =0<i1 <--- <ip.
Define

Pl - 0
NZ(MSHN,:|SES), where N; = I

0 e pinl
Then N is a sincere matrix in Mat(T, Zym) with dim(N) > dim(M)
>n.

We prove that N is indecomposable. By Lemma 3.1, there is a
sincere representation U = (Uy, W,,U;, U, | s € S) in cdRep(T, Zpm)
with My = N, Uy = Wy @ Uy, 1sp(Ny) C Uy, and U, = rsp(N).

Assume f : Uy — Uy is an idempotent endomorphism of U. Then
g = f Twy,: Wo — Wy is an idempotent endomorphism of W as ¢ is
incomparable to each s € S. Hence, g = 0 or ¢ = 1 because W is
indecomposable.

Assume g = f [w,= 0. Then f(Wy) =0, f(Up) = fWo U;) =
f(U) C U, and so f(U.) C U, NU; = 0. Now f(rsp(N¢)) = 0
since f(Wy) =0 = f(Us), N = (MHNt), and U, = rsp(N). Write
Ui =U, ®---® U, with each Uj; corresponding to the matrix block
pli I, in Ny. Then f(U;,) = 0 because the first row block of N;
is (Ij,---0) C rsp(Ny). If 1 < j, then the jth row block of Ny is
(0---p" 0y, ---0) C rsp(NNg) so that f(p“U;,) = 0 for 1 < j. Then
f is nilpotent because Uy = Wy @ Uy, f(Wy) = 0, f(U;,) = 0, and
f(pijUt].) =0 with ¢; > 0, 1 < j. As f is also idempotent, f = 0.
Similarly, if f [w=1, then f = 1.

This shows that U is indecomposable. By Lemma 3.1, N = My
is indecomposable. Hence, Mat(T, Z,~) contains indecomposables of
rank > n.
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Case 1I. For some 4, C; U {t} is a chain contained in T, n is a
natural number and M = (M; | s € S) is a sincere indecomposable in
Mat (S, Zpm ) with dim(M) > n and dim(M;) > 1 for some j € C;.

Write C; = {1 < --- < j < --- < v}. Since dim(M;) > 1, M; =
M;, U Mj, is the disjoint union of non-zero column blocks Mj, , M,
with dim(M;;) > 1. Define N = (N, | r € T), where N, = M, if r # j,
N; = M,,, and N, = M;,. Then N is a sincere matrix in Mat(T, Z,m )
with dim(N) = dim(M) > n. Moreover, N is indecomposable since
allowable row and column operations decomposing N induce allowable

row and column operation decomposing M and M is indecomposable.
Case II1. S3 C S and, for some ¢, C; U {t} is a chain contained in 7T

Let n be a natural number. By [2], there is a sincere indecomposable

I 1 A
M — nrt nrT
( 0 H Plny H pI"T)
in Mat(S3,Zy2) with dim(M) = 3n > n. Repeated applications of

Cases I and II yield a sincere indecomposable N in Mat(T, Z,m ) with
dim(N) > dim(M) > n.

Case IV. S = C7 U (5 is the disjoint union of two chains and, for
some i, C; U {t} is a chain contained in T'.

Let n > |S|? be a natural number and M = (M | s € S) a sincere
indecomposable in Mat(S, Z,m) with r rows and dim(M) > n.

Assume, by way of contradiction, that dim(M;) =1 for each j € C;.
Then ), dim(M;) = |Cy] is the number of elements in the chain C;.
Given s € S, column operations on M reduce M, to a column echelon
form

* * 0

* Tk 0

* * 0 0

* * @3 0 0

M, = * * 0 0 0
x xog 0 0 0

* 0 0 0 0

z1 0 0 0 0

0 0 0 0 0
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To see this, choose a non-zero element x; of least p-height in the first
non-zero row from the bottom of M, and annihilate to the right to
obtain a matrix of the form

O 0 --- 0

Induction leads to the desired form. It now follows that dim(My) < r
because M, has no zero columns.

Moreover, r < |C| since, if r > |C}|, then row and column operations
on M lead to a zero row in (M; | j € C;), contradicting condition (iii)
on M. Consequently, dim(M) = > _odim(M) < [S|r < |S]|Ci| <
|S|? < n, a contradiction.

Hence, Case II applies to yield a sincere indecomposable N in
Mat (T, Zym) with dim(N) > n.

Induction on |S| now completes the proof.

(b) For Case III, uMat(Ss,p?) is bounded but there is an M in
uMat(S3,p®) with dim(M) = 3n, [6]. Clearly, in Cases I and II, if
M is a sincere indecomposable in uMat(S,p™), then N is a sincere
indecomposable in uMat(T, Zym ). g

Example 5.3.

(a) (Case I). Let S = (1,3) c T = (1,3,1), and let A be an n x n
module indecomposable matrix. Then

o™ 0 p*I, pl, I,
- 0 p?I, pA P21, 0

is a sincere indecomposable in Mat((1,3),Z,+) with dimension 5n and

N — I, 0 pQIn pl, 1, I, 0
B 0 p2In p3A pZIn 0 0 pzln

is a sincere indecomposable in Mat((1,3,1),Zy1) with dimension 7n.

(b) (Case II). Let S = (1,3) = (1|2 < 3 < 4) C T = (1,4) = {1]|2
<3< 5 <4} If Ais an n x n module indecomposable matrix, then

I, 0 I, I, I
o= (5 8, | %5 | 2 | %)
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is a sincere indecomposable in Mat((1,3),Z,s) with dimension 5n.
Write

pln, 0

I, 0 I,
M3 = (pgln) —(M31|M32)— °I, p02
0 p? I,

with n = ny + na. Then
N = (N ||N4|N5|N3|No) = (My|| My| Msy | M3z | Ms)

is a sincere indecomposable in Mat((1,4),Z,+) with dimension 5n.

6. Bounded representation type.

Theorem 6.1.
(a) Rep(S,Zym) is bounded in the following cases:
(i) [18]. S=(1,2),3<m <A4.
(ii) [3]. S = (1,3), m = 3.
(i) [24]. S = (2,2), m = 2.
(b) uRep(S,Zym) is bounded in the following cases:
(i) [6]. S=(1,1,1), m=2.
(ii) [9, Example 5.3.3]. S =(1,2), 2 <m.
(iii) [6]. S=(1,n),n >3, m=2.
(iv) [4]. S=(1,3),2<m <A4.
(v) [7]. SC(2,2),2<m<3.

~— =

In each case, there is a complete list, up to isomorphism, of inde-
composable sincere representations.

Proof. Each reference in (a) and (b) for the specified S and m, con-
tains a complete finite list of indecomposable (.S, p™)-groups, respec-
tively indecomposable homocyclic (S, p™)-groups. By Theorem 5.1,
indecomposable (S, p™)-groups correspond to sincere indecomposable
representations in Rep (.S, Z,m ), and homocyclic indecomposable (.S, p™)-
groups correspond to sincere indecomposable representations in uRep

(S, Zyr). O

Theorem 6.2. Up to equivalence, the indecomposables in Mat((1,n),
Zy2) are (1]|1) and (1]|p|1). Consequently, Rep((1,n), Zy2) is bounded.
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Proof. Let M = (M||M3) be a sincere indecomposable in Mat((1,7),
Zyp2) with rsp(M) =2 Z;lz @ ZL. Use row and column operations to re-

duce to
I; 0 M,
M= ! .
( 0 pl, H pN)

A row or column transformation is called restorable if the entries that
became nonzero in the process can be made zero again by transforma-
tions that do not affect the achievements of the restorable transforma-
tion.

Asin [5], restorable row and column operations on the top row block
of M can be used to show that M; has an embedded identity matrix,
a rest matrix pB that is a permutation of a matrix of the form

pl O
0 0)’
and the columns of pB U I,, are a permutation of the columns of Mj.

Then
v (I 0 pBUI
0 pl, pC UpD

where the columns of (pB pC’) Ty (I pD)t]r are permutations of the
columns of (M pN)tr.

If the bottom row block of M is empty, then M is equivalent to
(1]|1) or (1/|p|1) because M is indecomposable.

Assume the bottom row block of M is not empty and use restorable
row operations from I in the top row block to pD in the bottom row
block of M to get

(T 0 | pBUI
M_(O pl H pEUO)'

The matrix pF has an embedded identity matrix pI with 0 as a rest
matrix. By the Regulator condition on M, (pI O) has no zero rows

so that
M — I o (pFy pFy)U T
~\0 pl (pI 0)UO

Use restorable row operations from the bottom row block to the upper
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row block of M to obtain

v=(o o | Gros)

Thus, M is equivalent to (IHpFQ}I) &) (pIHpI|O)). Since M is inde-
composable, M is equivalent to (1H1) or (1”p|1). By Lemma 2.3 and
Lemma 3.1, Rep((1,7n),Z,2) is bounded. O

Corollary 6.3. Assume S is a disjoint union of chains.

(a) The only cases for which Rep(S,Zym) is not known to be bounded
or unbounded are:
(i) S=(1,2), m=5.
(i) S = (1,4), m = 3.
(iii) S=(2,n),3<n<4, m=2.
(b) The only cases for which uRep(S, Z,m) is not known to be bounded
or unbounded are:
(i) S=(1,3), m=5.
(i) S=(1,n),4<n<5 m=3.
(iil) S=(2,n),3<n<4, m=2.

Proof.

(a) The cases of (S, m) left unresolved by Theorem I are:

S=(1,2),3<m<5;
S =(1,3), m=3;
S=(1,4), m=3;
S=(2,2),m=

S=(2,n),3<n<4, m=2.
By Lemma 4.2, Theorem 6.2 and Theorem 6.1 (a), Rep(S, Zym)
is bounded for S C (1,n), m =2; S € (1,2),3 <m <4; 5 C (1,3),
m = 3;and S C (2,2), m = 2. The only remaining unresolved cases
are those listed in (a), (1)—(iii).
(b) The cases of (S, m) left unresolved in Theorem IT are:
S=(1,1,1), m=2;

S=(1,2),2<m;
S=(1,n),n>3 m=2;
S=1(1,3),2<m<5;
S=(1,n),4<n<5 m=3;
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In view of Lemma 4.2, Theorem 6.1 (b) and Theorem 6.2, uRep
(S,Zym) is bounded for S C (1,n), m = 2; S C (1,1,1), m = 2;
SC(1,2),2<m; SC(L,n),n>3, m=2;5C(1,3),2<m<4
S C(2,2), 2 < m < 3. The only remaining unresolved cases are as
listed in (b), (1)—(iii). O

APPENDIX. We show here that a matrix representing an auto-
morphism of a finite abelian p-group or a representation is a product of
elementary matrices and therefore its action is a sequence of elementary
transformations.

(a) First, let A be a homocyclic group of exponent p™, or equiv-
alently a finite free Z,m-module. Let M = (mij) be the matrix of
a € Aut A with respect to some basis of A. Depending on conventions,
we are allowed arbitrary row transformations or arbitrary column trans-
formation. We choose row transformations, the case of column trans-
formations being analogous or settled by transposition. Since M is
invertible, det(M) = 1. There must be a unit in the first column that
we can move to the first row and turn into a 1. By adding suitable mul-
tiples of the first row to rows below, we get the matrix ((1) ]C?,) Now
det M’ = 1, and we may assume that there is an entry 1 in position

10
(2,2). With row transformation, we obtain (8 ! Jéz”). Continuing in
this fashion, we get the identity matrix which means that the original

matrix M is a product of elementary matrices corresponding to the
elementary transformations used.

(b) Next, let A=A ® As P ---® A,,, be an arbitrary finite abelian
p-group where A; = 0 or A; is homocyclic of exponent p’, 1 < i < m.
By [17, Theorem 3.2], every automorphism of A can be identified with
a matrix

H11 H21 ct Bml
H12 22t [m2

M =
fiim H2m  Hanm
where y;; € Hom (4;, A;). The action is given by M a! where a! =

(a1,...,a,)" for a; € A;. This action can be interpreted as matrix
multiplication and the composite of two endomorphism is the product
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matrix. The endomorphism M = (u;;) is an automorphism if and only
if the p;; € Hom (G;, G;) are automorphisms for all s.

Let such a matrix M be given. Then puy; is invertible and can
be transformed to the identity I; by multiplying row 1 by H1_11- By
elementary row transformations or left multiplication by elementary

matrices we get (note that maps act on the left, so that p;ppi; €
Hom (A;, Ag))

L 0 - 0 L w2 o
—pi2 I -+ 0 12 fo2  ct fm2
I 21 ce Hm1
0 H22 — H12M21 0 Bm2 — H12Mm1
Him H2m et Hmm

Repeating this process for the other rows we obtain the form

It por o
0 phy o fige
0 Hom Mo

This matrix represents again an automorphism and therefore uj, is
invertible and can be transformed to the identity matrix 5. Using
it, the remaining entries in the second column can be made 0 and,
continuing in this fashion, we get the identity matrix. It remains to
observe that by introducing bases in the summands A; the matter can
be reduced to numerical matrices.

(c) Let U = (Uy,Us,Us | s € S) € cdRep(S,Z,m), and consider
U= (Up,Us | s €8S). Here Uy = @,.g Vs is a free module. Let B,
be a basis of V. Then B = @SesBs is a basis of Uy. For z € U,
T = ZveB m,v with unique coefficients m, € Z,». Then the row
vector (z)g = (---m, ---) is the coordinate vector of x with respect to
the basis B. Let a« € AutU. Then («a)p = <(a(.{;'))5) . is the matrix

of o with respect to B. The equation (a(x))s = (z)g(a)g displays the
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connection between automorphisms and their matrices. So («)p acts
on row vectors by right multiplication. Also (a8)g = (8)s(@)s.

The group Aut U is a proper subgroup of Aut Uy and the elementary
matrices whose product is («) must themselves be the matrices of
representation automorphisms.

We will look at matrices («)p in terms of the column blocks M, and
row blocks

61) (@B =|(w)s|  =Cmeme),

vEBS

where my and m; are the intersections of the row block (a(By)) with
the column blocks M, M;, respectively. The fact that «(Us) C Us
implies that

(6.2) my=0 if s Lt
or, equivalently,

my #0  implies s < t.

Now suppose that s is minimal in S. It then follows from the
minimality of s and (6.2) that in («)p there are only zeros above
and below the block mg. Then det(ms) must be a unit and msg
can be transformed into an identity matrix Iy by allowed elementary
transformations by the special case considered above. All non-zero
entries m; in the new row block (--- I ---my---) must have ¢t > s and
therefore can be made to 0 by allowed column transformations. Thus,
for all minimal s € S, we have crosses

o
oM~ o
o

Ignoring these rows and columns, we can proceed as before with the
rest of the matrix that is indexed by S less its minimal elements. By
iteration, we arrive at an identity matrix, which means that the original
matrix (a)p is a product of elementary matrices.
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