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ON THE RINGS OF FRICKE CHARACTERS
OF FREE ABELIAN GROUPS

ERI HATAKENAKA AND TAKAO SATOH

ABSTRACT. In this paper, we determine the structure of
the rings Xq(H) of Fricke characters over Q of free abelian
groups H of rank n > 1. In particular, we consider the ideal
J in Xq(H), generated by trz — 2 for any € H and give a
Q-basis of each of the graded quotients grf(J) := J*/Jk+1
for £ > 1. Then we introduce a weight for each element of
XqQ(H). By using the concept of this weight we show that
Xq(H) is an integral domain.

1. Introduction. Let G be a group generated by x1,...,z,. We de-
note by R(G) the set Hom (G, SL (2, C)) of all SL (2, C)-representations
of G. Let F(R(G), C) be the set {x : R(G) — C} of all complex-valued
functions on R(G). Then we can regard F(R(G), C) to be a C-algebra
in a natural way. (See subsection 3.1 for details.) For an element 2 € G,
trz € F(R(G),C) is defined to satisfy the equation

(tra)(p) = tr pla)

for any p € R(G). Here “tr” in the right hand side means the trace
of 2 x 2 matrix p(z) € SL(2,C). The element trz in F(R(G),C) is
called the Fricke character of x. Let Xq(G) be the Q-vector subspace
in F(R(G), C), which is generated by all trz for z € G. Then Xq(G)
has a ring structure with the multiplication of F(R(G),C). We call
Xq(G) the ring of Fricke characters of G over Q.

Classically, the study of Fricke characters was begun by Fricke for
a free group F, generated by zi,...,z, in connection with certain
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problems in the theory of Riemann surfaces. (See [3].) In the 1970s,
Horowitz investigated algebraic properties of X(G) by using the com-
binatorial group theory in [6, 7]. In particular, he showed in [6] that,
for any « € G, the Fricke character tra can be written as a rational
polynomial in n+ (Z) + (g) characters trz;, x;, - - - x;, for 1 <1 < 3 and
1 <4 <9 <--- <1 <n. Hence, when we put B to be a polynomial
ring
Q[tilmil'lSlSS; 1§i1<i2<~--<il§n},

then there exists a surjective homomorphism 7¢ : P — XqQ(G) defined
by tiy..q; — tr @, T4, - - x4, The study of the ring structure of Xq(G)
is inextricably associated with to that of the ideal Ker (7). In general,
however, it is quite a difficult problem to find a generating set of
Ker (7¢) even in the case that G is a free group. (See also subsection
3.1.)

In the case that G is an abelian group, it is easy to see that any
Fricke character of G is written as a rational polynomial in n + (g)
characters trz; for 1 <i <n and tra;,x;, for 1 <i; <iy < n. Hence,
when we put P as a polynomial ring

Qlti, tiyi, | 1 <i<n, 1<i; <iz <nl,

then there exists the surjective homomorphism 7g : P — Xq(G)
defined by t; — trz; and t;,,, — trx;, x;,. We denote by I the kernel
of Tq.

In the present paper, we consider the case where G is a free abelian
group H := H;(F,,Z) of rank n. First, we introduce a descending
filtration in Xq(H). Set tgl,,,il = ti,..;, — 2 € P. We also denote by
t;y--iz its coset class in P/I = Xq(H) by abuse of language. Consider
the ideal Jy in P generated by all t;'1~~ils' That is,

Jo=(t;, t;;, | 1<i<n, 1<iy <iz<n)CP.
Set J := Ty (Jy). Then, we have a descending filtration
JOJEo P

of ideals in P/I. (See subsection 3.1 for details.) Set gr*(J) := J*/JF+1
for k > 1. Each gr¥(J) is a Q-vector space of finite dimension on which
Aut H naturally acts. In general, to determine the structures of the
graded quotients gr¥(.J) plays an important role on various studies of
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the ring P/I. The first purpose of this paper is to give a basis of gr¥(J)
for any k£ > 1. More precisely, we show the following theorem.

Theorem 1.1 (equivalent to Theorems 4.2 and 4.5).

(i) For each k> 1 and 0 <1<k, set
— / ! !
{tpﬂh tpl(IltZH»l “tik € Jo
[1<pi<q < <p<qg<n, 1<iq; < <1 <n}

Then N
Sy = U WH(TZ)
=0

forms a basis of gr*(J).

(i)
7" = {o}.

k>1

The main purpose of this paper is to give an application to our
previous work for the Fricke characters of free groups. Let us explain
it. Needless to say, by an argument similar to the above, we can define
the ideal Jp, in the ring Xq(F,) of Fricke characters of the free group
F,, generated by all t“_“” =t —2for 1 <1 <3and1<14; <ig <

- < i < n. Then we have a descending filtration Jp, D J D ---
in Xq(F,) and the graded quotients gr¥(Jp,) = Jllfﬂn/JIlf{_j'1 for each
k > 1. Such graded quotients were originally studied by Magnus [13]
to investigate the behavior of the action of Aut F3 on gr¥(Jg,). In
[5], we gave bases of the graded quotients gr*(Jg,) = Jllgn/Jf,:l for
k =1 and 2. In general, however, it seems that no basis of gr*(Jp,) is
obtained for k > 4. From Theorem 1.1, we can give a lower bound on
a dimension of gr®(.Jg,) since the natural projection F,, — H induces
the surjective homomorphism gr¥(Jg, ) — gr¥(J). More precisely, we
have

Corollary 1.2. For anyn > 2,

k
. n+k—-1-1
dimg(gr®(Jr,)) > dimg(gr*(J)) = E (2[)( k1 )
1=
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For any k > 1, let &g, (k) be the subgroup of Aut F,,, consisting
of automorphisms which act on Jg, /J 11;:—1 trivially. Then we have a
descending filtration {Ep, (k) }x>1 of Aut F,. This filtration is a Fricke
character analogue of the Andreadakis-Johnson filtration {Ag, (k) }x>1
of Aut F,,. The Andreadakis-Johnson filtration was originally intro-
duced by Andreadakis [2] in the 1960’s. The name “Johnson” comes
from Dennis Johnson who studied this type of filtration for the mapping
class group of a surface in the 1980’s. It is called the Johnson filtra-
tion of the mapping class group. The Johnson homomorphisms were
originally introduced by Johnson in order to investigate the graded
quotients of the Johnson filtration in a series of his pioneering works
[8, 9, 10, 11]. In [14], Morita began to study the Johnson homo-
morphisms of the mapping class groups and Aut F,, systematically.
Today, together with the theory of the Johnson homomorphisms, the
Andreadakis-Johnson filtration is one of the powerful tools to study the
group structure of the automorphism group of a group. (For basic mate-
rial for the Andreadakis-Johnson filtration and the Johnson homomor-
phisms of Aut F,,, see [15, 16], for example.) In our previous paper [5],
we also studied the graded quotients gr*(£x, ) == EF, (k) /Er, (k+1), by
introducing and using a Johnson homomorphism-like homomorphism

e : g (Er,) — Homq(gr' (Jr, ), gr* " (Jr,))

for each £ > 1. In general, to determine the image of 7 is quite a
difficult problem. Since 7 vanishes through the homomorphism

Homgq(gr' (JF, ), gt "' (JF,)) — Homq(gr' (Jr,), g™ (J))

induced from the homomorphism gr**1(Jp, ) — gr**1(J) obtained
from the natural projection F,, — H, we can obtain information about
the cokernel of n; by Theorem 1.1.

Corollary 1.3. For anyn >3 and k > 2,

amacantnn = (v (3) +(3) 2 () 2120)

In [5], we also showed that Ap, (2k) C Ep, (k) for each k > 1. Hence,
the natural inclusion map and 7 define the homomorphism

A, (2k)/ Ap, 2k +2) — gr*(Ep,) 2 Homq(gr' (J£, ), gr* " (Jr,))
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for each k > 1. At the present stage, we do not know whether the above
homomorphism is injective or not. To the best of our knowledge, other
than this, it seems quite difficult to develop the connection of the ring
of Fricke characters to the Lie algebra arising from the Andreadakis-
Johnson filtration.

Now, by using Theorem 1.1, we can obtain the following.

Theorem 1.4 (equivalent to Theorem 4.3). The ideal I is generated
by
tintys — tisth, — {tit, + it — it — titl}
+ {tith + titis + trtis + tath, — ity — tithe — tths — titi, }
1
+ 5 {tjtetis + titit, — tityty, — tititic}

for any 1 <1i,4,r,s <n. Here we remark that, in the above notation,
ti; should be read

th; if i > 7,
(t)2 + 4t ifi=j.

In particular, I is finitely generated.

Furthermore, from Theorem 1.1, we see that the ideal I is generated
by polynomials of degree greater than one. This fact enables us to
define the concept of a weight for each element of P/I = Xq(H).
Using this, we show

Theorem 1.5 (equivalent to Theorem 5.2). The ring Xq(H) of Fricke
characters is an integral domain. That is, the ideal I is a prime ideal

in P.

Finally, in Section 6, we will give some remarks on the natural action
of Aut H on J/J**! for k > 1. Let Ex(k) be the kernel of a natural
homomorphism Aut H — Aut(J/J**!) induced from the action of
AutG. Let ¢ € Aut H be an automorphism of H defined by

v . —1 .
=z, , 1<i<n

Then we show the following.
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Proposition 1.6 (equivalent to Proposition 6.1 and Corollary 6.2).
For any k > 1, the group Eg (k) is the cyclic group of order 2, generated
by .

2. Notation and conventions. Throughout the paper, we use the
following notation and conventions. Let F, be the free group of rank n
with a basis z1, ..., z,, and let H be its abelianization H; (F},, Z). Then
H is a free abelian group of rank n, and the coset classes of z1,...,z,
form a basis of H as a free abelian group. We also use the following
notation.

e Let G be a group. The automorphism group Aut G of G acts
on G from the right. For any ¢ € Aut G and = € G, the action
of ¢ on x is denoted by x.
e Let NV be a normal subgroup of a group G. For an element
g € G, we also denote the coset class of g by g € G/N if there
is no confusion. Similarly, for a ring R, an element f € R and
an ideal I of R, we also denote by f the coset class of f in R/I
if there is no confusion.
e For elements = and y in G, the commutator bracket [z, y] of
and y is defined to be zyz 'y~ !.
For pairs (i1, 42, ...,ik) and (j1,Ja, ..., jk) of natural numbers i,, j; €
N, we denote the lexicographic order among them by (i1,42,...,1x) <
(J1,J2, -, jx). Namely, this means i; < ji, i1 = j1 and iy < ja, or and
SO on.

3. A filtration on the ring of Fricke characters of H. In this
section, we briefly review the ring of Fricke characters of a finitely
generated group G.

3.1. Thering Xq(G) of Fricke characters of a finitely generated
group G. Let G be a group generated by x1,...,z,. We denote by
R(G) the set Hom (G, SL(2, C)) of all SL (2, C)-representations of G.
Let F(R(G),C) be the set {x : R(G) — C} of all complex-valued
functions on R(G). Then F(R(G),C) has a C-algebra structure by
the operations defined by

(x+x)(p) =
(xx)(p) :
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(M) (p) = Ax(p),
for any x, x' € F(R(G),C), A € C and p € R(G).
The automorphism group Aut G of G naturally acts on R(G) and
F(R(G), C) from the right by

—1

p7(x) == p(z ), pE€R(G) and z€qG
and
X)) =x(""),  x€F(R(G),0) and peR(G),
for any o € AutG.
For any = € G, we define an element trx of F(R(G), C) to be

(tra)(p) := trp(z),

for any p € R(G). Here, “tr” in the right hand side means the trace
of the 2 x 2 matrix p(x). The element tr z in F(R(G), C) is called the
Fricke character of € G. The action of an element ¢ € Aut G on trz
is given by trz?. We have the following well-known formulae:
(3.1)
trz=! =tr T,
(3.2)
trxy = tryw,
(3.3)
tray + tray ! = (tra)(tr),
(3.4)
troyz + tryzz = (trz)(tryz) + (try)(trzz)
+ (tr2)(trzy) — (trz)(try)(tr 2),
(3.5)
trz,y] = (tra)? + (try)? + (tray)? — (tra) (try)(troy) — 2,
(3.6)
2tr xyzw = (trx) (tryzw) + (try) (tr zwz) + (tr 2) (tr wry)
+ (trw)(trzyz) + (tray)(tr zw) — (traz) (tryw) + (tr zw)(tryz)
— (trz)(try)(tr zw) — (try)(tr z) (tr zw) — (tr ) (tr w) (tryz)
— (tr2)(trw)(trxy) + (trz)(try)(tr 2) (tr w),
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for any z,y,z,w € G. The equations (3.4) and (3.6) are due to Vogt
[17]. (For details, see [12, subsection 3.4], for example.)

Let Xq(G) be the Q-vector subspace of F(R(G), C) generated by
all trz for x € G. The set Xq(G) naturally has a ring structure from
(3.3). We call Xq(G) the ring of Fricke characters of G over Q. Let P
be a rational polynomial ring

Q[ti1~~-il|1§l§37 1§i1<i2<---<il§n]

of n + (Z) + (g) indeterminates. Consider a ring homomorphism

m=7g P = F(R(G),C) defined by

1
7T(].) = i(tr ].G), ’/T(til...il) = tI‘ZL’il R ¥

e

We see Im (1) C Xq(G). By a classical result due to Horowitz, we have

Theorem 3.1 (Horowitz, [6]). For any group G generated by x1, ..., Tp,
the homomorphism 7 : P — Xq(G) is surjective.

More precisely, Horowitz obtained a generating set of the ring of
Fricke characters of G over Z in [6]. Using this and (3.6), we can
obtain the above theorem. We should remark that, in general, the
structure of an ideal

Ker (rg) = {f € ¥ | f(trp(wi, ---25)) =0 forany p € R(G)}

is quite difficult. For example, its generating set is not obtained even
in the case where G is a free group F), in general. Horowitz [6] showed
that Ker (7g,) = (0) for n = 1 and 2, and that Ker (7, ) is a principal
ideal generated by a quadratic polynomial

t393 — Pras(t)t1as + Qua3(t),
where
Pape(t) := tapte + tacts + tocta — tatvte,
Qabe(t) = to + 15 + 12 4+ t2 + oo + th, — talotap
— tatelac — toletve + tabtbclac — 4.
For n > 4, Whittemore [18] showed that the ideal Ker (7, ) is not

principal. However, very little is known about Ker (7p,) for general
n > 4.
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3.2. The ring Xq(G) for an abelian group G. Now, in the follow-
ing, we always consider the case where G is abelian. In this case, we
see

(3.7

2trxyz = (tra)(tryz) + (try)(trzz) + (tr2)(traey) — (trz)(try)(tr 2),

from (3.4). This shows that, if G is abelian and is generated by
Z1,...,Tp, it turns out that Xq(G) is generated by trlg,

trz; for 1<i<n and traoyz; forl <i<j<n,
by Theorem 3.1. In other words, consider a polynomial ring
P .= Q[tivtiliz | 1< < n, 1< il < ’i2 << n],

and a ring homomorphism 7@ =7g : P — Xq(G) defined by

1
f(l) = i(tr lg), f(tilmil) =traz, --xy,.
Then 7 : P — Xq(G) is surjective. Set I := Ker (7). In this paper,
we always identify P/I with Xq(G) as a ring under the isomorphism
induced from 7 and also call each of them the ring of Fricke characters

of G over Q.
Next, set t;l__,il =1t;,....; —2 € P. We also denote by t;y--iz its coset
class in P/I by abuse of language. An element in Xq(G) corresponding
tot; .., €P/Iis
c=(trawy, ewy,) — 2
=(tra;, ---x;,) —trlg € Xq(G).

tr'w;, -y,
Consider an ideal
Jo=(t;, t;;, |1<i<n, 1<ip<iz<n)CP
generated by all t;lmil ’s in P, and
J=7(Jo) = (tj, ti,5, | 1 < i<, 1 <4y <ip<n)C P/
Then, we have a descending filtration
Jo>JPo o

of ideals of P/I. Set
grf(J) .= Jk gk
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Then each of gr®(J) is a finite dimensional Q-vector space. In the
present paper, for the case where G is a free abelian group H of rank n,
we determine the Q-vector space structures of gr¥(J) for any k > 1.
More precisely, we give a basis of each of gr¥(J) in Section 4.

3.3. Basic formulae among tr’ z. In this subsection, we summarize
basic and useful formulae among tr'z for x € G. To begin with, we
confirm the following.

(3.8) tr'z~ = tr'x,

(3.9) tr'zy = tr'yw,

(3.10) tr'ay + tr'ay ™! = 2t 4 2ty + (') (tr'y),
(3.11)

tr'zyz + tr'yrz = —2{tr'z + tr'y + tr'z}
+ 2{tr'zy + tr'yz + tr'xz}
+ (tr'z) (tr'yz) + (tr'y) (tr'xz) + (r'2) (tr'zy),
= 2{(tr'z)(tr"y) + (tr'y)(tr'2) + (tr'z) (tr'z)} — (¢r'z) (tr'y) (tr'2),
and
(3.12)
2tr' ryzw = 2(tr'x + tr'y + tr'z + tr'w)
—2(tr'wy + tr'xz + tr'zw + tr'yz + tr'yw + tr'zw)
+ 2(tr'zyz + tr' zyw + tr'zzw + tr'yzw)
+ 2{(tr'z) (tr'y) + (tr'z) (tr'w)
+ (tr'y) (tr'2) + (tr'2) (tr'w) + 2(tr'z) (tr'2) + 2(tr'y) (tr'w) }
—2{(tr'z)(tr'yz) + (tr'z)(tr'2w)
+ (tr'y) (tr'zw) + (tr'y) (' 2w)
+ (tr'2) (tr'zy) + (tr'2) (tr' 2w)
+ (tr'w) (tr'zy) + (tr'w) (tr'y2)}
+ {(tr'2) (tr'y2w) + (tr'y) (tr' x2zw)
+ (tr'2) (tr zyw) + (tr'w) (tr'zy2) } + {(tr'zy) (0 2w)
— (tr'z2) (tr'yw) + (tr'zw)(tr'yz) }
—{(tr'z) (tr'y) (tr' zw) + (tr'y) (tr'2) (tr'zw)

’\\./

— —
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+ (tr'z) (tr'w) (tr'y2) + (tr'2) (¢ w) (tr'zy) }
+ (tr'z) (tr'y) (tr'2) (tr'w)

+ 2{(tr'z) (tr'y) (tr'2) + (tr'z) (tr'y) (tr'w)
+ (tr'x) (tr'2) (tr'w) + (tr'y) (4 2) (tr'w) }.

These formulae hold for any group G and z,y, z,w € G. For details,
see our previous paper [5, Section 4].

Lemma 3.2. For any x € G and o € Z,
tr'a® = o*t’'x  (mod J?).

Proof. 1t is obvious when o = 0,1. It suffices to show a > 0. We
show this by induction on «.

Assume o > 2. Then, substituting 2~ and z to 2 and y in (3.10),
respectively, we have

tr'z® o'z = 2002 4 20’2 4 (62 ) (),
and, hence, by the inductive hypothesis, we obtain
tr'z® = 2(a — 1)*tr'z — (o — 2)%tr'z + 2tr'z, = o*tr’z  (mod J?).

This completes the proof of Lemma 3.2. O
Here, we consider additional relations among tr'zx for abelian group G.

Lemma 3.3. For an abelian group G and any x,y, z,w € G, we have
(tr'z2) (tr'yw) = (t' zw) (tr'y2)
+A{(tr'z) (t' 2) + (tr'y) (' w) — (t'y) (tr'2) — (tr'z) (¢ w)}
—{(tr'z) (' y2) + (' y) (0 zw) + (' 2) (¢ ww) + (tr' w) (' y 2)
— (tr'y)(tr' z2) — (' ) (tr yw) — (' 2) (tr' yw) — (' w) (¢ z2)}
)

/

— %{(tr'y)(tr/z)(tr/xw) + (') (' w) (tr'y2)
— (tr'x) (tr' 2) (' yw) — (t'y) (' w) (¢ z2)}
Proof. In order to obtain the equation above, it suffices to calculate

2tr'zyzw — 2tr'yxzw with equation (3.12). The calculation is straight-
forward. We leave it to the reader for an exercise. |
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As special cases of Lemma 3.3, we see the following corollaries.

Corollary 3.4. For an abelian group G and x,y,z € G, we have
(tr'xy) (' x2) = =3(tr'z) (tr'y) — 3(tr'x)(tr'2) — (tr'x)? — (tr'y)(tr' 2)
+2(tr'x) (tr'yz) + (' x) (i zy)
+ (trx)(trwz) + (¢r'y) (¢ z2) + (¢ 2) (¢ vy)
+

%(tr’x)Q(tﬂyz) — (tr'2)?(tr'y)

— (tr2)*(t'2) — (t'y)(tr'xz)
— (' z)(tr'yw) — (' 2) (' yw) — (' w) (1 z2)

(tr' )2 (tr'y) (0 2) — 2(tr' ) (¢ y) (1 2)
(tr'x) (tr' 2) (tr' xy) + %(tr’x)(tr’y)(tr’xz).

Corollary 3.5. For an abelian group G and x,y € G, we have
(t'zy)? = —(tr'z)? — (t'y)?
+2{(tr'z)(tr'y) + (tr'z)(tr' zy) + (tr'y) (tr'zy)}
+ (tr'x) (try) (tr' zy).

4. The structure of a Q-vector space gr(.J) for G = H. The
goal of this section is to give a basis of gr¥(J) for any &k > 1 as a
Q-vector space.

Proposition 4.1. For any k > 1, consider a polynomial

/ / /
fe=t gt gt ot €P,

pirqi "ti+1

for 0 <1<k, (p1,q1) <+ < (pi,q) and 1 < ij4q < -+ < iy < .
Then, under the modulo I, the monomial f can be written as a sum of
monomials of type
/
tpllql o tp ‘Iintjm+1 o .tjk P,
such that

e 0<m<k,
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e 1<pi<qgi < --<ph, <ql, <n,
¢ l<jmy1 << <m,
L4 {p/lain"'ap{maQ;n} C {plaQ17"'7pl7ql}'

Proof. We prove this proposition by induction on I > 0. If { =0 or
1, it is clear. Assume [ > 2.

First, assume that some elements in {p1, q1, ..., p, ¢} are equal. For
simplicity, we consider three cases:

(i) p1 =p2 and q1 # qo,
(ii) p1 = q2 and q1 # p2,
(iii) p1 = p2 and ¢1 = qo.

For parts (i) and (ii), by using Corollary 3.4, we see that under the
modulo I, the monomial f can be written as a sum of monomials

AT A

p1g1 " prgrtiega i)

such that » < I. Hence, by applying the inductive hypothesis to each
of such monomials, we obtain the required result. We can discuss an
argument similar to the above for case (iii) by using Corollary 3.5.
Therefore, we assume that py,q1,...,p, q are distinct.

Now, by the assumption (p1,q1) < (p2,q2), we have p; < po. If

q1 < p2, then we have the inequalities:

P11 <q1 <p2 <p3<---<p

A A\ A\
qz a3 qi-
H ! . 4l ! / !
Hence, if we set f' =1} . - b bive, ~  liy € P, then we can apply

the inductive hypothesis to f’ and obtain the required result.
Next, if po < q1, we have the inequalities:
P1 <p2 <p3 < <P
A A A
ai, q2 q3 qi-

Then, by using Lemma 3.3, we can write f as a sum of monomials

/ ’ / ) /
toipatar,aatpsgs tpzqztil_H 2



558 ERI HATAKENAKA AND TAKAO SATOH

and
oo

P14q1 : Prdr i'r‘+1 i

such that » < I. If we apply the inductive hypothesis to ¢t/ ¢ .-

h ) ) o ) 0 ta1,02"pags
toqbipey ool and &, g ooty o TG oot we obtain the required

result. This completes the proof of Proposition 4.1. O

Theorem 4.2. For each k>1 and 0 <[ <k, set

O / / / /
1) = {tplfh'”tpzqztiuf”tik € ‘]0
[1<pi<qa<---<p<qg<n, 1< < <ip <n}
Then

k
Sk = J=(T)
1=0
forms a basis of gr(J).

Proof. By Proposition 4.1, we see that Sj generates gr*(.J). In order
to show the linear independence of the elements of Sy, set

k
= . . / DTS / ! DY / k
f T § : § : a’plq1»--~>pl%ﬂl+11-~»7'Llctp1q1 tplqztiHl tik € JOa

1=0 p1<q1<--<p1<qi
i1 <<

for ap,q,,...piar,irs1,..i, € Q, and assume 7(f) € JEL,
Consider the interior
D:={zeC|zz<1}

of the unit disk in C. For any s1,...,s, € D, we define a representation
p: H—SL(2,C) by

pl:) = (1 o —Os»‘l)

for any 1 < ¢ < n. If we consider the power series expansion

1
1—Si

=1+s+s7+s+-
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at the origin on D, we can write each of tr'p(z;) and tr'p(x;z;) as a
convergent power series:

2
S4
tr/p(gjz): 1_28 :8124—8?—1—834—7
%

tr'p(w,x;) = 87 + 2885 + s? + (terms of degree > 3).

Then we have

k
w(f)(p) = Z Z {aplqlwwpquail+1w-,ik (51271 +25p, 80, +5§1) T

1=0 p1<q1<---<p;<q
i1 < <ig

2 2 2 2
(Sm +25p, 8¢, + qu)siz+1 e Sk}

+ (terms of degree > 2k + 2).

Since 7(f) € J**1, if we regard 7(f)(p) as a polynomial on s;s, its
degree must be greater than or equal to 2k + 2. Hence, all coefficients
of degree 2k are zero.

To begin with, for any 1 < p; < 2 < - < px < ¢ < n, by
observing the coefficients of s, 54, - - 8p, 5S¢, We S€€ Ap,qy,... prq = 0-
For any 0 <1 < k, assume that

Ap1qr,ee s PmGmim+1,ie — 0
for any [ < m. Then, for any 1 <p; < g2 < -+ <pi—1 < q—1 < n and
1<y < <1 £n, we see

Uprqryeepro1qi—1siteensin = O-

Therefore, by the inductive argument, we verify that all coefficients
of f are equal to zero. This shows that elements in S are linearly
independent. This completes the proof of Theorem 4.2. O

By observing the proof of Theorem 4.2, we have the following.

Theorem 4.3. The ideal I is generated by
tinths — tisty, — {tity + tits — tit, — tits}
(4.1) + {tit), + titis + toths + tets, — titi, — tith, — ot — titi, }

1
+ 5{zt;t;t;s + titats, — tithtys — titsts, ),
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for any 1 < 1i,j,r,s <n. Here we remark that, in the above notation,
ti; should be read

t;-l- if i > 7,

()2 +4t, ifi=j.

In particular, I is finitely generated.

Proof. Let I’ be an ideal of P generated by elements (4.1). From
Lemma 3.3, we have I’ C I. For any f € I, observing the proof of
Proposition 4.1, we see that f can be written as

k
42) f= Z Z Z prgr,...prarsives,ominbpra "

k>0 1=0 p1<q1<--<pi<qi
G411 <<k

’ ! / k
tmq;tizH T tik, € JO

modulo I’. Here, in the sum of the right hand side of the equation
above, k runs over finitely many non-negative integers. Hence, by
Theorem 4.2, we see that all coefficients of f are zero and obtain f € I'.
This shows I = I'. O

Remark 4.4. We remark that, if n = 1, we have I = (0).

Theorem 4.5.

(7 ={0}.

k>1

Proof. For any f € ()., J, we can write f as (4.2). Then,
observing the coset class of f in gr'(.J), we see that ay, 4, = a;; =0 for
any 1 <p; < g1 <nand 1l <i; <n. Next, observing the coset class
of fin gr?(J), we see that all coefficients of f of degree 2 are zero. By
repeating this argument inductively, we obtain f = 0. This completes
the proof of Theorem 4.5. O

5. The primeness of the ideal I. In this section, we show that
the ideal I is a prime ideal of P; in other words, P/I is an integral
domain. In order to show this, we introduce a weight of an element
f € P/I. From Theorem 4.5, for any f € P/I\ {0}, there exists some
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integer k& > 0 such that f € J*\ J**1. Then we call k the weight of f,
and denote it by wt (f).

Proposition 5.1. For any f,g € P/I\{0}, wt (fg) = wt (f) +wt (g).

Proof. Tt is obvious if wt(f) = 0 or wt(¢g) = 0. Hence, we may
assume wt (f), wt (¢g) > 1. Set k1 := wt (f) and ko := wt (g). Since it
is clear that wt (fg) > k1 + ko, assume wt (fg) > k1 + ko.

For any integers ag,...,a, € Z, consider a group homomorphism
Plar,....an) - H = Z = (x1) defined by x; — 7" for any 1 < i < n. Then
: XQ(H) — %Q(Z)

P(ar,....a,) iInduces a ring homomorphism p,, . a.,)
defined by
tr'z — tr'play o) (@)
Namely, we have
ﬁ(ah_“’an) (tI',I'i) = tI"iEtlli, ﬁ(ah_“’an) (trlle‘j) = trll'(lxri_aj,

Now, set

k1
Pp— . . / o ..
f T E E a’plth7~~~7PZQL;ZZ+1y~~~7Zk1tplql

1=0 p1<q1<--<p1<qi
U1 < iy

L oti o--ti  + (terms of degree > ki),

Pi1qi i41 ik

k2
= Q0! o ’ A -/ t/ oee
g: E : § : (O A A (SO /AL

m=0p} <q) < <p, <ay,
y Y
znl+1£"'§zk2

t;%nqént;inﬂ = ~t§;€2 + (terms of degree > ko),

~+

and set F' 1= P(o, o (f) and G 1= P(a, . a(9). Then wt (FG) >
k1 + k2 in Xq(Z). Hence, the coefficient P(a1,...,a,) of FG of

degree ki + ko is equal to zero. Here, using Lemma 3.2, we have
P(ay,...,a,) = PP for

k1
P = a ; o (Qpy 4 agy )P
1.= P1q1s-e-s PLAL U105 iy \BP1 q1

1=0 p1<q1<---<p;<q;
i1 Seoe Sy

2 2 2
(ap, +agq,) iy ---ai,ﬂ)
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k2
_ 2
Py = ( E : Apl e Pl iy iy 15005 iy (O‘p’l + O‘q’l)
m=0p] <qf<--<p), <},
y Y
i1 S S,

2 2 2
(ap;, +ag,) A "'%22)'
Consider P(aq,...,ay) as a polynomial in Qaq,...,ay]. Since
P(ay,...,an) = 01if ay,...,a, runs over all integers, we see that
P(ay,...,a,) = 0asapolynomial in Q[ay, ..., a,]. Since Q[aq, ..., ay]
is a domain, we have P; =0 or P, = 0 in Qay, ..., ay).
Assume P; = 0. Then each coefficient of monomials in aq, ..., a,

in P is equal to zero. First, by observing the coefficient of oy, o, - - -
Qpy,, Qg , We See

Upygr ey ary, = 0-

Furthermore, by an argument similar to that in the proof of Theo-
rem 4.2, we obtain that all ap,q,,...pg i1, 8 are equal to zero.
Hence, f € J¥1+1. This contradicts wt (f) = k;. By the same ar-
gument, if P, = 0, we have g € J**T! and a contradiction. Thus, we
conclude that wt (fg) = k1 + k2. This completes the proof of Proposi-
tion 5.1. O

As a corollary, we obtain

Theorem 5.2. The quotient ring P/I is an integral domain. That is,
the ideal I is a prime ideal in P.

6. Some remarks. Finally, we give some remarks about an action
of the automorphism group Aut H of H on the ring Xq(H). In general,
for any group G, the automorphism group Aut G of G naturally acts
on Xq(G) from the right. (See our previous paper [5] for details.) In
particular, for any o € Aut G and = € G, the action of ¢ € Aut G on
tr'z € Xq(G) is given by

(tr'z)? = tr'z”.

Clearly, we see that the ideal J generated by all tr'xz for z € G is an
Aut G-invariant ideal of Xq(G). Hence, Aut G naturally acts on gr¥(.J)
for each k£ > 1.
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Let Ec(k) be the kernel of a natural homomorphism AutG —
Aut (J/J¥*1) induced from the action of Aut G. Then the groups £ (k)
define a descending filtration

Ec(1)D&q(2) DD Eq(k)D---

of Aut G. In [5], we have shown that this filtration is central. That is,
[Ea(k),Eq()] C Eq(k +1) for any k,l > 1. This is a Fricke character
analogue of the Andreadakis-Johnson filtration of AutG. (For details
on the Andreadakis-Johnson filtration, see [15, 16], for example.)

Here, we determine £ (1) and show Ex (k) = Ex(1) for any k > 1.
Let + € Aut H be an automorphism of H defined by

v —1
T =,

1 <7< n.

)

Then we have

Proposition 6.1. £ (1) = (). Namely, Eu(1) is the cyclic group of
order 2, generated by .
Proof. Clearly, we see Eg(1) D (¢). For any o € Ex(1), set

xf = xil(i)x;m) cogen® 1< <.

n

It suffices to show

o o;(i)=0if j #1,
e ci(l)="---=¢ey(n)=+£l1.

For any 1 < ¢ < n and any s; € D, consider a homomorphism
pi : H— SL(2,C), defined by

L—si 0 if j=1i
pi(x;) = 0 (I—s)7 ')’ ’
Es, if j 4.

Then, from
tr' 2y =t/ 27 =t/ 2 D22 2@ (mod J?),
by substituting p;, we see

2
Si

ei(i)?s?  (mod (s9)),



564 ERI HATAKENAKA AND TAKAO SATOH

and hence ¢;(i) = £1. On the other hand, by substituting p; for j # i,
we see

0=¢;(i)’s; (mod (s})),

and hence e;(z) = 0.

In order to show e;(1) = --- = e,(n), assume that e;(i) # e;(j) for
some i and j. This means (e;(7),e;(j)) = (£1,F1). For any s;,s; € D,
consider a homomorphism p;; : H — SL (2, C) defined by

pr(l'r)a if r=1i,7,

sz( r) E,, if otherwise.

Then, by substituting p;; for equation tr'z;z; = tr'(z;x;)7 = tr’xfi(i)

x;j(j) (mod J?), we obtain

2 2 _ 2 2 3 .2 2 3
s; +2sis5 + 55 =57 —2sis; + 55 (mod (s7, 5755, 857, 57))-

This is a contradiction. Therefore, we obtain the required result. This
completes the proof of Proposition 6.1. ]

Corollary 6.2. For any k > 2, Eg(k) = En(1).

Proof. In general, we have (k) C £r(1). On the other hand,
En (k) D Ex (1) immediately follows from Proposition 6.1. O
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