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ON THE NONNEGATIVITY OF
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ABSTRACT. Let (R,m) be an analytically unramified local
ring of dimension d ≥ 1, and let I, J be m-primary ideals. Let

e(i,j)(I, J) be the coefficient of (−1)d−(i+j)
(
x+i−1

i

)(
y+j−1

j

)
of the normal Hilbert polynomial of I and J . In this paper
we prove that e(i,j)(I, J) are nonnegative for i+ j ≥ d− 3 in
Cohen-Macaulay local rings. We also prove that, if i + j =
d−1, then e(i,j)(I, J) are nonnegative in unmixed local rings.

1. Introduction. Let R be a commutative ring and I an ideal of
R. We say that x ∈ R is integral over I if x satisfies

xn + a1x
n−1 + · · ·+ an = 0

for some ai ∈ Ii, i = 1, 2, . . . , n. The set I of elements that are integral
over I is an ideal, called the integral closure of I. A Noetherian local
ring (R,m) is called analytically unramified if its m-adic completion
is reduced. For an m-primary ideal I in an analytically unramified
local ring R of dimension d, there exist uniquely determined integers
e0(I), . . . , ed(I) such that, for large n,

λ(R/In+1) = e0(I)

(
n+ d

d

)
− e1(I)

(
n+ d− 1

d− 1

)
+ · · ·+ (−1)ded(I),

where λ denotes length [10, Theorem 1.4] and [11, Theorem 1.1].
Bhattacharya [1, Theorem 8] showed that, for m-primary ideals I and
J in a Noetherian local ring (R,m) of dimension d, there exist integers
e(i,j)(I, J) such that, for large r, s,

λ(R/IrJs) =
∑

i+j≤d

(−1)d−(i+j)e(i,j)(I, J)

(
r + i− 1

i

)(
s+ j − 1

j

)
.
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Rees [13] proved that there exists a polynomial P I,J(x, y) ∈ Q[x, y]
of total degree d such that P I,J (r, s) = HI,J(r, s) := λ(R/IrJs) for
r, s � 0 in an analytically unramified local ring.

We write

P I,J(x, y) =
∑

i+j≤d

(−1)d−(i+j)e(i,j)(I, J)

(
x+ i− 1

i

)(
y + j − 1

j

)

for some integers e(i,j)(I, J). The coefficients e(i,j)(I, J) such that
i+ j = d are called mixed multiplicities of I and J .

In Section 2, we prove that e(i,j)(I, J) = e(i,j)(I, J) for i + j = d,
and hence these coefficients are positive [5, Corollary 17.4.7]. Marley
proved that e1(I), e2(I) are nonnegative if R is Cohen-Macaulay [7,
Lemma 3.19 and Proposition 3.23]. Itoh proved nonnegativity of e3(I)
in Cohen-Macaulay local rings [6, Theorem 3]. D’Cruz and Guerrieri
proved that e(i,j)(I, J) are nonnegative for i + j ≥ d − 2 in Cohen-
Macaulay local rings [2, Theorem 4.2].

In Section 3, we prove nonnegativity of e(i,j)(I, J) for i+ j ≥ d− 3 in
Cohen-Macaulay local rings. Vasconcelos [14] conjectured that e1(I)
is nonnegative in any analytically unramified local ring of positive
dimension. Goto, Hong and Mandal in [3] proved nonnegativity of e1(I)
in an analytically unramified unmixed local ring of positive dimension d.

In Section 4, we prove that e(i,j)(I, J) are nonnegative for i+j = d−1
in analytically unramified unmixed local rings.

In the rest of the paper we use the following notation for various Rees
algebras and associated graded rings.

Rees ring of I and J = R(I, J) =
⊕
r,s≥0

IrJstr1t
s
2,

Extended Rees ring of I and J = R′(I, J) =
⊕
r,s∈Z

IrJstr1t
s
2,

Rees ring of I = {IrJs} = R(I, J) =
⊕
r,s≥0

IrJstr1t
s
2,

Extended Rees ring of I = {IrJs} = R′(I, J) =
⊕
r,s∈Z

IrJstr1t
s
2.
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Associated graded rings of

I, J with respect to I as R(I, J | I) =
⊕
r,s≥0

IrJs

Ir+1Js
,

I, J with respect to J as R(I, J | J) =
⊕
r,s≥0

IrJs

IrJs+1
,

I = {IrJs} with respect to I as R(I, J | I) =
⊕
r,s≥0

IrJs

Ir+1Js
,

I = {IrJs} with respect to J as R(I, J | J) =
⊕
r,s≥0

IrJs

IrJs+1
.

2. Preliminary results. Rees [13] sketched a proof for the
existence of integers e(i,j)(I, J) such that for r, s � 0,

λ(R/IrJs) =
∑

i+j≤d

(−1)d−(i+j)e(i,j)(I, J)

(
r + i− 1

i

)(
s+ j − 1

j

)
.

For the sake of completeness we give a complete proof in this section.
We prove that e(i,j)(I, J) = e(i,j)(I, J) for i + j = d, and hence
these are positive. If (R,m) is a complete normal domain or complete
reduced Cohen-Macaulay local ring of dimension d ≥ 2, we prove
that quotients of a general extension of R by general elements are
analytically unramified.

For a numerical function f : Z2 → Z let Δe1f,Δe2f : Z2 → Z be
defined as

Δe1f(r, s) := f(r, s)−f(r−1, s) and Δe2f(r, s) := f(r, s)−f(r, s−1).

Lemma 2.1. Let f : N2 → N be a function such that there
exist polynomials p(x, y), q(x, y) ∈ Q[x, y] of total degree d such that
Δe1f(r, s) = p(r, s) and Δe2f(r, s) = q(r, s) for r, s � 0. Then there
exists a polynomial F (x, y) ∈ Q[x, y] of total degree d + 1 such that
f(r, s) = F (r, s) for r, s � 0.
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Proof. We write

p(x, y) =
∑

i+j≤d

p(i,j)

(
x+ i− 1

i

)(
y + j − 1

j

)
,

q(x, y) =
∑

i+j≤d

q(i,j)

(
x+ i− 1

i

)(
y + j − 1

j

)
.

Let Δe1f(r, s) = p(r, s) and Δe2f(r, s) = q(r, s) for r ≥ r0, s ≥ s0.
Define

P (x, y) =
∑

i+j≤d

p(i,j)

(
x+ i

i+ 1

)(
y + j − 1

j

)
.

Since P (x, y)− P (x− 1, y) = p(x, y), for r ≥ r0, s ≥ s0, we have

f(r, s) = f(r0−1, s)+

r∑
k=r0

p(k, s) = f(r0−1, s)−P (r0−1, s)+P (r, s).

Thus, f(r0, s) = f(r0 − 1, s) − P (r0 − 1, s) + P (r0, s). Since Δe2f =
q(r, s) for r ≥ r0, s ≥ s0, there exists a polynomial Q(x) ∈ Q[x] such
that, for s ≥ s0,

Δe2f(r0 − 1, s) := f(r0 − 1, s)− f(r0 − 1, s− 1) = Q(s).

Thus,

f(r0 − 1, s) = f(r0 − 1, s0 − 1) +

s∑
k=s0

Q(k).

Hence, for r ≥ r0 and s ≥ s0,

f(r, s) = f(r0 − 1, s0 − 1)− P (r0 − 1, s) +

s∑
k=s0

Q(k) + P (r, s).

A proof of the next theorem is sketched in [13]. We provide a detailed
proof.

Theorem 2.2. Let (R,m) be an analytically unramified local ring
of dimension d. Let I and J be m-primary ideals. Then there exists a
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polynomial P I,J(x, y) ∈ Q[x, y] of total degree d such that λ(R/IrJs) =
P I,J(r, s) for r, s � 0.

Proof. Since there exists an h ≥ 0 such that IrJs ⊆ Ir−hJs−h for all
r, s, by [10, Theorem 1.4], R′(I, J) ⊆ R′(I, J)th1 t

h
2 . Thus, R′(I, J) is a

finite graded R′(I, J)-module. Let R′(I, J) be generated by elements
of the form b(r,s)t

r
1t

s
2, where b(r,s) ∈ IrJs and r, s ≤ N . Then R(I, J)

is generated by homogeneous elements of degree (r, s), where r, s ≤ N ,
and hence R(I, J) is a finite R(I, J)-module. Let a be the ideal of
R(I, J) consisting of all polynomials

∑
r,s c(r,s)t

r
1t

s
2 with c(r,s) ∈ Ir+1Js,

and let b be the ideal consisting of all polynomials
∑

r,s c(r,s)t
r
1t

s
2 with

c(r,s) ∈ IrJs+1. Then R(I, J)/a is a finite R(I, J | I)-module and

R(I, J)/b is a finite R(I, J | J)-module. Now, by [4, Theorem 4.1],
there exist polynomials p(x, y), q(x, y) ∈ Q[x, y] of total degree d − 1
such that λ(IrJs/Ir+1Js) = p(r, s) and λ(IrJs/IrJs+1) = q(r, s) for
r, s � 0. Since

Δe1HI,J(r, s) = λ

(
Ir−1Js

IrJs

)
and Δe2HI,J(r, s) = λ

(
IrJs−1

IrJs

)
,

by Lemma 2.1, the result follows.

In order to prove e(i,j)(I, J) = e(i,j)(I, J) for i, j ∈ {0, 1, . . . , d} so
that i+ j = d, we need the following lemma.

Lemma 2.3. Let

p(x, y) =
∑

i+j≤d

(−1)d−(i+j)p(i,j)

(
x+ i− 1

i

)(
y + j − 1

j

)

and

q(x, y) =
∑

i+j≤d

(−1)d−(i+j)q(i,j)

(
x+ i− 1

i

)(
y + j − 1

j

)

be polynomials of total degree d in Q[x, y]. If there exist integers g, h
such that

(2.4) p(r − g, s− g) ≤ q(r, s) ≤ p(r − h, s− h) for r, s � 0,
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then p(i,j) = q(i,j) for all i, j ∈ {0, 1, . . . , d} such that i+ j = d.

Proof. By equation (2.4), we get

lim
r→∞

1

rd
p(r − g, s− g) ≤ lim

r→∞
1

rd
q(r, s)

≤ lim
r→∞

1

rd
p(r − h, s− h).

Hence, p(d,0) = q(d,0). By symmetry, p(0,d) = q(0,d). Therefore, for
r, s � 0, we get

p(r − g, s− g)− p(d,0)r
d ≤ q(r, s) − q(d,0)r

d

≤ p(r − h, s− h)− p(d,0)r
d.

By taking r = nd and s = nd−1, we get

lim
n→∞

1

nd2−1
[p(nd − g, nd−1 − g)− p(d,0)n

d2

]

≤ lim
n→∞

1

nd2−1
[q(nd, nd−1)− q(d,0)n

d2

]

≤ lim
n→∞

1

nd2−1
[p(nd − h, nd−1 − h)− p(d,0)n

d2

].

Hence, p(d−1,1) = q(d−1,1). Continuing, we get p(i,j) = q(i,j) for all
i, j ∈ {0, 1, . . . , d} such that i+ j = d.

Theorem 2.5. Let (R,m) be an analytically unramified local ring
of dimension d. Let I and J be m-primary ideals in R. Then, for
i, j ∈ {0, 1, . . . , d} such that i+ j = d,

e(i,j)(I, J) = e(i,j)(I, J).

Proof. There exists an n ≥ 0 such that IrJs ⊆ IrJs ⊆ Ir−nJs−n for
r, s ≥ n, [10, Theorem 1.4]. Therefore,

λ(R/Ir−nJs−n) ≤ λ(R/IrJs) ≤ λ(R/IrJs).

Thus, by Lemma 2.3, e(i,j)(I, J) = e(i,j)(I, J) for i+ j = d.
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Lemma 2.6. Let (R,m) be an analytically unramified local ring of
dimension d. Then

e(0,0)(I, J) = ed(IJ).

Proof. We have

λ(R/IrJs) =
∑

i+j≤d

(−1)d−(i+j)e(i,j)(I, J)

(
r + i− 1

i

)(
s+ j − 1

j

)

for r, s � 0. Taking r = s = n � 0,

λ(R/(IJ)n) =
∑

i+j≤d

(−1)d−(i+j)e(i,j)(I, J)

(
n+ i− 1

i

)(
n+ j − 1

j

)
.

Therefore, ed(IJ) = e(0,0)(I, J).

We shall prove a few preliminary results about the behavior of normal
Hilbert functions under general extension of local rings. These will be
used to apply induction on the dimension of R. To study e(i,j)(I, J),
one can use superficial elements and use induction on d. But, in general,
I+(x)/(x) �= I + (x)/(x) in R/(x). To overcome this, one uses general
elements. Let I = (a1, . . . , ap) and J = (b1, . . . , bq). Let T = R[X,Y],
where X denotes the sequence of indeterminates {X1, . . . , Xp} and Y
denotes the sequence of indeterminates {Y1, . . . , Yq}. Let q = mT ,
R′ = Tq. First we prove that the normal Hilbert function of I, J in R
and the normal Hilbert function of IR′, JR′ in R′ are equal.

Proposition 2.7. Under the notation as above, dimR′ = dimR
and, for all integers r, s ≥ 0,

HI,J(r, s) = HIR′,JR′(r, s).

Proof. Let a = (x1, . . . , xd) be a system of parameters in R. As R′

is a flat extension of R and mR′ is the maximal ideal of R′, we have

λR′(R′/aR′) = λR(R/a) < ∞.
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Hence, dimR′ ≤ d. Let ℘0 � ℘1 � · · · � ℘d = m be a maximal chain
of prime ideals in R. Then

℘0R
′ � ℘1R

′ � · · · � ℘dR
′ = mR′.

Hence, dimR′ ≥ d. Thus, dimR = dimR′. To prove the second
assertion first we show that, for any ideal a in R, aT = aT . It is
enough to prove it for T = R[z]. Clearly, aT ⊆ aT . Let α ∈ aT . Since
aT is a homogeneous ideal in T , aT is a homogeneous ideal in T by
[7, Lemma A.1.5]. Let α = azn, where a ∈ R. Then α satisfies an
equation

αm + r1α
m−1 + · · ·+ rm = 0,

where ri ∈ aiT for i = 1, . . . ,m. Comparing the coefficient of znm, we
get an equation of the form

am + s1a
m−1 + · · ·+ sm = 0,

where si ∈ ai. Therefore, a ∈ a and α ∈ aT . Hence, aT = aT .

Therefore, IrJsR′ = IrJsR′ for all integers r, s ≥ 0. Hence,

λR(R/IrJs) = λR′(R′/IrJsR′)

for all r, s. Thus, HI,J(r, s) = HIR′,JR′(r, s) for all integers r, s ≥ 0.

Let x = a1X1+· · ·+apXp and y = b1Y1+· · ·+bqYq. Let D
′ = R′/xR′

and E′ = R′/yR′. Next, we prove that, if (R,m) is a complete
analytically unramified Cohen-Macaulay local ring of dimension d ≥ 2,
then D′, E′ are analytically unramified. We also prove D′, E′ are
analytically unramified if (R,m) is a complete normal local domain
of dimension d ≥ 2. In order to prove this we recall some definitions
and results about Nagata rings. Let R be an integral domain with
quotient field K. We say that R is N -2 if, for any finite field extension
L of K, the integral closure of R in L is a finite R-module. We say a
ring R is a Nagata ring if it is Noetherian and R/P is N -2 for every
P ∈ SpecR.

Proposition 2.8. (1) [8, Theorem 69]. A Noetherian complete local
ring is a Nagata ring.
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(2) [8, Theorem 72]. An affine algebra over a Nagata ring is Nagata.

(3) [8, Theorem 70]. A Noetherian semi-local Nagata domain is
analytically unramified.

(4) [5, Proposition 9.1.3]. Let (R,m) be a reduced local ring. If R/P
is analytically unramified for each minimal prime P of R, then R is
analytically unramified.

Proposition 2.9. Let (R,m) be a local ring satisfying any one of
the following conditions:

(1) (R,m) is a complete Cohen-Macaulay analytically unramified local
ring of dimension d ≥ 2,

(2) (R,m) is a complete normal local domain of dimension d ≥ 2.

Then D′ and E′ are analytically unramified.

Proof. Since R is complete, by Proposition 2.8 (1), R is a Nagata
ring. Since localization of a Nagata ring is Nagata, by Proposition
2.8 (2), D′ is a Nagata ring. Hence D′/P is a Nagata domain for every
minimal prime P of D′. In order to proveD′ is analytically unramified,
by Proposition 2.8 (3), (4), it is enough to prove D′ is reduced. We
show D = T/xT is reduced.

(1) First we prove that x is a nonzerodivisor in R′. It is enough to
prove that x is a nonzerodivisor in T . Let degXi = (1, 0) and deg Yi =
(0, 1). Then T is an N2-graded ring. Since x is a bihomogeneous
element of T , Annx is a bihomogeneous ideal. Suppose bXαYβx = 0,
where α = (α1, . . . , αp), β = (β1, . . . , βq) and Xα = Xα1

1 · · ·Xαp
p ,

Yβ = Y β1

1 · · ·Y βq
q . Then bai = 0 for all i. Hence, bI = 0. Since R is

analytically unramified and I is m-primary, grade (I, R) = depthR. As
R is reduced and dimR ≥ 2, depthR ≥ 1. Hence, b = 0.

Since T is Cohen-Macaulay, (x) is an unmixed ideal. Hence,
heightP = 1 for all P ∈ AssTD. Let P = P ∩ R. Since T is a
flat extension of R, by the going-down theorem, heightP ≤ 1. Hence,
I � P . Without loss of generality, we may assume that ap /∈ P . Then

TP
xTP

∼=
RP [X1, . . . , Xp,Y]

(
∑p−1

i=1 (aiXi/ap) +Xp)
∼= RP [X1, . . . , Xp−1,Y].
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Since R is analytically unramified and complete, R is reduced. Thus,
DP is reduced. Hence, DP is reduced.

Let (0) = q1 ∩ · · · ∩ qs be a minimal primary decomposition of (0) in
D and Pi =

√
qi. Since DPi is reduced, AssDPi = {PiDPi} for every

1 ≤ i ≤ s. Hence, qi = Pi as qiDPi = PiDPi . Therefore,

(0) = P1 ∩ · · · ∩ Ps,

and hence D is reduced. A similar argument shows that E′ is analyti-
cally unramified.

(2) In order to prove D is reduced we show that DP = TP /xTP is
an integral domain for all P ∈ AssTD. Let P = P ∩ R. Since T is a
normal domain, xT is an unmixed ideal. Thus, heightP = 1. Hence,
heightP ≤ 1. Therefore, I � P . Without loss of generality, we may
assume that ap /∈ P . Then

TP
xTP

∼=
RP [X1, . . . , Xp,Y]

(
∑p−1

i=1 (aiXi/ap) +Xp)
∼= RP [X1, . . . , Xp−1,Y].

Since R is a domain, DP is a domain. Thus, DP is a domain. A similar
argument shows that E′ is analytically unramified.

3. The nonnegativity of e(i,j)(I, J) for i + j ≥ d− 3 in Cohen-
Macaulay local rings. Throughout this section, let (R,m) be an
analytically unramified Cohen-Macaulay local ring of dimension d.
Marley [7, Lemma 3.19, Proposition 3.23] proved that e1(I) and e2(I) ≥
0. Itoh [6, Theorem 3 (1)] proved that e3(I) ≥ 0. In this section, we
prove that e(i,j)(I, J) ≥ 0 for i + j ≥ d − 3. Itoh [6] used general
elements in order to prove nonnegativity of normal Hilbert coefficients.
More precisely,

Theorem 3.1 [6, Theorem 1]. Let (R,m) be an analytically unram-
ified Cohen-Macaulay local ring of dimension d ≥ 2, and let I be a
parameter ideal in R. Let T = (T1, . . . , Td) be d indeterminates and
R(T ) = R[T ]m[T ]. There exist generators x1, . . . , xd of I such that, if

we put C = R(T )/(
∑

i xiTi) and J = IC, then Jn = InC for large n.
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We prove an analogous result in the bigraded case using techniques
in [3, 6].

Theorem 3.2. Let (R,m) be either a complete Cohen-Macaulay
analytically unramified local ring or a normal complete local domain
of dimension d ≥ 2. Let I and J be m−primary ideals of R. Then
IrJsD′ = IrJsD′ and IrJsE′ = IrJsE′ for r, s � 0.

Proof. Let D = T/xT , A = R(IT, JT ), A = R(IT, JT ), T =
R(ID, JD) and T = R(ID, JD). The natural map T [t1, t2] → D[t1, t2]
induces an A-linear map φ : A/xt1A → T . Put N = (IJT t1t2)A. We
prove that, for all P ∈ SpecA \ V (N), φP is an isomorphism. Let
P ∈ SpecA \ V (N). Then IT t1 � P . Without loss of generality, we
may assume that apt1 /∈ P . We have the isomorphisms:

[A/xt1A]apt1
∼=

R(I, J)apt1 [X,Y]

((1/apt1)(a1X1t1 + · · ·+ apXpt1))

∼= R(I, J)apt1 [X1, . . . , Xp−1,Y],

D[t1, t2]apt1
∼=

T [t1, t2]apt1

xT [t1, t2]apt1

∼=
R[t1, t2]apt1 [X,Y]

(
∑p−1

i=1 (aiXi/ap) +Xp)
∼= R[t1, t2]apt1 [X1, . . . , Xp−1,Y].

The above isomorphisms give us the commutative diagram:

[A/xt1A]apt1

�

∼=

�

φapt1
T apt1 � D[t1, t2]apt1

�

∼=

R(I, J)apt1 [X1, . . ., Xp−1,Y] � R[t1, t2]apt1 [X1, . . ., Xp−1,Y].

Hence, φapt1 is injective. As R(I, J) is integrally closed in R[t1, t2],

R(I, J)apt1 [X1, . . . , Xp−1,Y] is integrally closed in R[t1, t2]apt1 [X1, . . .,

Xp−1,Y]. Hence, [A/xt1A]apt1 is integrally closed in D[t1, t2]apt1 . But

Tapt1 ⊆ imageφapt1 ⊆ T apt1 implies that [A/xt1A]apt1
∼= imageφapt1 ⊆

T apt1 is an integral extension. Thus, imageφapt1 = T apt1 . Therefore,
φP is an isomorphism.
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Therefore, supp (cokerφq) ⊆ V (NAq). Since D′ is analytically
unramified, T q = R(ID′, JD′) is a finite Tq = R(ID′, JD′)-module.
Thus, T q is a finite [A/xt1A]q-module. Since [A/xt1A]q is a finite
Aq-module, T q is a finite Aq-module, and hence cokerφq is a finite
Aq-module. Thus, (NAq)

k(cokerφq) = 0 for some k. Let cokerφq be
generated by u1, . . . , ug, where degui = (ri, si) and ri, si ≤ n0, say.
Then [cokerφq](r,s) = 0 for r, s ≥ n0 + k. But

[cokerφq](r,s) =
IrJsD′

IrJsR′ + (x)/(x)
=

IrJsD′

IrJsD′ .

Therefore, for large r, s, we have IrJsD′ = IrJsD′. A similar argument
gives IrJsE′ = IrJsE′ for large r, s.

Now we relate P IR′,JR′ and P ID′,JD′ .

Rees [12, Lemma 2.4] proved that the general elements x and y
satisfy:

(xR′) ∩ IrJsR′ = xIr−1JsR′ for all r � 0 and s ≥ 0,

(yR′) ∩ IrJsR′ = yIrJs−1R′ for all r ≥ 0 and s � 0.

The same proof shows the following.

Theorem 3.3. Let (R,m) be a Noetherian local ring. Then

(xR′) ∩ IrJsR′ = xIr−1JsR′ for all r � 0 and s ≥ 0,

(yR′) ∩ IrJsR′ = yIrJs−1R′ for all r ≥ 0 and s � 0.

Proposition 3.4. Let (R,m) be an analytically unramified local ring.
Then, for all integers r, s,

P ID′,JD′(r, s) = Δe1P IR′,JR′(r, s)

and

P IE′,JE′(r, s) = Δe2P IR′,JR′(r, s).
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Proof. Since x is a nonzerodivisor for large r, s, we have

λ(D′/IrJsD′) = λ(D′/IrJsD′)
= λ(R′/IrJsR′ + xR′)
= λ(R′/IrJsR′)− λ(IrJsR′ + xR′/IrJsR′)
= λ(R′/IrJsR′)− λ(xR′/xR′ ∩ IrJsR′)

= λ(R′/IrJsR′)− λ(xR′/xIr−1JsR′)

= λ(R′/IrJsR′)− λ(R′/Ir−1JsR′).

Therefore, for all integers r, s, P ID′,JD′(r, s) = Δe1P IR′,JR′(r, s). By a
similar argument, one can show P IE′,JE′(r, s) = Δe2P IR′,JR′(r, s).

Theorem 3.5. Let (R,m) be an analytically unramified Cohen-
Macaulay local ring of dimension d ≥ 1. Let I and J be m-primary
ideals. Then

(1) e(i,j)(I, J) ≥ 0 for i+ j = d− 1 if d ≥ 1.

(2) e(i,j)(I, J) ≥ 0 for i+ j = d− 2 if d ≥ 2.

(3) e(i,j)(I, J) ≥ 0 for i+ j = d− 3 if d ≥ 3.

Proof. (1) Let R̂ be the m−adic completion of R. Since IR̂ = IR̂

for every m-primary ideal in R, e(i,j)(I, J) = e(i,j)(IR̂, JR̂). Hence, we
may assume that R is complete.

Induct on d. For d = 1, e(0,0) = e1(IJ) ≥ 0 by [7, Lemma
3.19]. Let d ≥ 2. Let I = (a1, . . . , ap) and J = (b1, . . . , bq). Let
T = R[X,Y], where X denotes the sequence {X1, . . . , Xp} and Y
denotes the sequence {Y1, . . . , Yq}. Let q = mT , R′ = Tq. Let
x = a1X1 + · · · + apXp and y = b1Y1 + · · · + bqYq. Let D′ = R′/xR′

and E′ = R′/yR′. Then by Propositions 2.9 and 3.4, D′ is a Cohen-
Macaulay analytically unramified local ring and

e(i,j)(I, J) = e(i,j)(IR
′, JR′) = e(i−1,j)(ID

′, JD′).

Therefore, by induction, e(i,j)(I, J) ≥ 0 for i �= 0. Similarly, for j �= 0,

e(i,j)(I, J) = e(i,j−1)(IE
′, JE′) ≥ 0.

Thus, e(i,j)(I, J) ≥ 0 for i+ j = d− 1.
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(2) Let d = 2. Then e(0,0)(I, J) = e2(IJ) ≥ 0 by [7, Proposition 3.23].
Let d > 2. Then a similar argument as above shows that e(i,j)(I, J) ≥ 0
for i+ j = d− 2.

(3) Let d = 3. Then e(0,0)(I, J) = e3(IJ) ≥ 0 by [6, Theorem 3 (1)].
Hence, the result follows by induction as above.

4. The nonnegativity of e(i,j)(I, J) for i + j = d − 1 in
unmixed local rings. In this section, we prove that e(i,j)(I, J) ≥ 0
for i + j = d − 1 in analytically unramified unmixed local rings of
positive dimension. Recall that a local ring (R,m) is called unmixed if

dim R̂/P = dim R̂ for all P ∈ Ass R̂. We say R is equidimensional if
dimR/P = dimR for every minimal prime P of R. In order to prove
D′, E′ are unmixed we recall the following result.

Lemma 4.1 [9, Corollary of Theorem 31.5]. Let (R,m) be a quotient

of a regular local ring. If R is equidimensional, then so is R̂.

Proposition 4.2. Let D′, E′ be as before. Let (R,m) be complete
normal local domain of dimension d ≥ 2. Then D′ and E′ are unmixed.

Proof. Since R is complete, by the Cohen structure theorem R is
a quotient of a regular local ring and so is D′. By [8, Proposition
17.B] R′ is a normal domain. Hence, by [8, Theorem 38], xR′ is
unmixed. Thus, heightP = 1 for all P ∈ AssR′D′. Since R′ is
catenary, dimR′/P = d − 1. Thus, dimD′/P = dimD′ for all

P ∈ AssD′D′. Therefore, D′ is equidimensional. By Lemma 4.1, D̂′ is
equidimensional. By Proposition 2.9, all associated primes of D̂′ are
minimal. Therefore, D′ is unmixed. Similarly, E′ is unmixed.

Next we prove that e(i,j)(I, J) ≥ 0 for i + j = d − 1 in analytically
unramified unmixed local rings.

Theorem 4.3. Let (R,m) be an analytically unramified unmixed
local ring of dimension d > 0. Let I and J be m-primary ideals in R.
Then, for i + j = d− 1,

e(i,j)(I, J) ≥ 0.
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Proof. Apply induction on d. Let d = 1. Then R is a Cohen-Macaulay
local ring. Since e(0,0)(I, J) = e1(IJ), by [7, Lemma 3.19], the result

follows. Let d ≥ 2. Since IR̂ = IR̂ for every m-primary ideal in R,
e(i,j)(I, J) = e(i,j)(IR̂, JR̂). Hence, we may assume that R is complete.

Let S be the integral closure of R in its total quotient ring and, for
each ℘ ∈ AssR, let S(℘) be the integral closure of R/℘ in its quotient
field. Then

S =
∏

℘∈AssR

S(℘).

Since IrJsS ∩R = IrJs for all r, s ≥ 0, the natural map

η(r,s) : R/IrJs −→ S/IrJsS

is injective. Note that S is a finite R-module by [5, Corollary 4.6.2].
Therefore,

λR(R/IrJs) ≤ λR(S/IrJsS)

=
∑

℘∈AssR

λR(S(℘)/IrJsS(℘))

=
∑

℘∈AssR

λS(℘)(S(℘)/IrJsS(℘))λR(S(℘)/mS(℘)),

where mS(℘) denotes the maximal ideal of local ring S(℘). For any
finite R-module M , there exist integers e(i,j)(I, J ;M) such that

λ(M/IrJsM)

=
∑

i+j≤dimM

(−1)dimM−(i+j)e(i,j)(I, J ;M)

(
r + i− 1

i

)(
s+ j − 1

j

)

for r, s � 0 [5, Theorem 17.4.2]. Since R is unmixed dimS(℘) = d for
all ℘ ∈ AssR. Therefore, for i+ j = d,

e(i,j)(I, J ;S) =
∑

℘∈AssR

λR(S(℘)/mS(℘))e(i,j)(IS(℘), JS(℘))

=
∑

℘∈AssR

λR(S(℘)/mS(℘))e(i,j)(IS(℘), JS(℘)).
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But, by the associativity formula [5, Theorem 17.4.8] for i+ j = d,

e(i,j)(I, J) =
∑
℘

λ(R℘)e(i,j)(IR/℘, JR/℘) =
∑
℘

e(i,j)(IR/℘, JR/℘),

where ℘ varies over minimal primes of R. Similarly,

e(i,j)(I, J ;S) =
∑
℘

λ(S℘)e(i,j)(IR/℘, JR/℘) =
∑
℘

e(i,j)(IR/℘, JR/℘),

where ℘ varies over minimal primes of R. Hence, e(i,j)(I, J) =
e(i,j)(I, J ;S) for i+ j = d. Hence, for i+ j = d, by Theorem 2.5,

e(i,j)(I, J) = e(i,j)(I, J) =
∑

℘∈AssR

λR(S(℘)/mS(℘))e(i,j)(IS(℘), JS(℘)).

Thus,

0 ≤ λR(S/IrJsS)− λR(R/IrJs)

=
∑

i+j=d−1

[
e(i,j)(I, J)−

∑
℘∈AssR

λR(S(℘)/m℘)e(i,j)(IS(℘), JS(℘))

]

×
(
r + i− 1

i

)(
s+ j − 1

j

)
+ terms of lower degree.

Let C(r,s) = λR(coker η(r,s)). Then

Δe1(C(r + 1, s)) = C(r+1,s) − C(r,s)

= λR

(
IrJsS

Ir+1JsS

)
− λR

(
IrJs

Ir+1Js

)
.

Note that the natural map

τ(r,s) :
IrJs

Ir+1Js
−→ IrJsS

Ir+1JsS

is injective. Let L(r,s) = coker τ(r,s), L =
⊕

r,s≥0 L(r,s). Then

0 −→ R(I, J | I) −→ R(IS, JS | IS) −→ L −→ 0,
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is an exact sequence of bigraded R(I, J | I)-modules. Since S is a
finite R-module, for every ideal K of S[X,Y], S[X,Y]/K is a finite
R[X,Y]/K∩R[X,Y]-module. Since R(IS, JS) ∼= S[X,Y]/K for some
ideal K of S[X,Y] and R(I, J) ∼= R[X,Y]/K ′ for some ideal K ′ of
R[X,Y] and K ′ ⊆ K ∩R[X,Y], R(IS, JS) is a finite R(I, J)-module.
Since R/℘ is a complete local domain, by [5, Theorem 4.3.4], S(℘)
is a complete local domain for all ℘ ∈ AssR. Hence, there exists an
integer h ≥ 0 such that IrJsS ⊆ Ir−hJs−hS for all r, s. Therefore
R(IS, JS) is a finite R(IS, JS)-module. Hence, R(IS, JS) is a finite
R(I, J)-module. Let b =

⊕
r,s≥0 I

r+1JsS. Then R(IS, JS|IS) =

R(IS, JS)/b is finite R(I, J)/b ∩ R(I, J)-module. Since Ir+1Js ⊆
Ir+1JsS ∩ IrJs, R(IS, JS | IS) is a finite R(I, J | I)-module. Thus,
L is a finitely generated bigraded module over the standard bigraded
algebra R(I, J | I). Therefore, by [4, Theorem 4.1], the coefficients of
highest degree monomials in the polynomial associated with λ(L(r,s)) =
Δe1(C(r + 1, s)) are nonnegative. Similarly, the coefficients of highest
degree monomials in the polynomial associated with Δe2(C(r + 1, s))
are nonnegative. Therefore, for i+ j = d− 1,

e(i,j)(I, J) ≥
∑

℘∈AssR

λR(S(℘)/m℘)e(i,j)(IS(℘), JS(℘)).

Hence, we may assume that R is a complete normal local domain.
Therefore, by Proposition 2.9 and Lemma 4.2, D′ is analytically
unramified and unmixed. By Theorem 3.2 and Proposition 3.4,
e(i,j)(IR

′, JR′) = e(i−1,j)(ID
′, JD′). Since e(i,j)(I, J) = e(i,j)(IR

′, JR′),
by induction, for i �= 0 and i+ j = d− 1,

e(i,j)(I, J) ≥ 0.

Now, let E′ = R′/yR′. Then e(0,d−1)(I, J) = e(0,d−2)(IE
′, JE′) ≥ 0,

by induction.
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