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p-GROUPS OF MAXIMAL CLASS AS AUTOMORPHISM
GROUPS

GIOVANNI CUTOLO, HOWARD SMITH, AND JAMES WIEGOLD

ABSTRACT. We classify the (finite) p-groups of maximal class that are
isomorphic to the full automorphism group of a (finite or infinite) group.
The only such p-groups are the nonabelian groups of order 8 and 3-groups
in a certain family, whose structure is fully described. Up to isomor-
phism there is exactly one such 3-group for each even nilpotency class
greater than 2, and none for other classes.

Of several kinds of groups it is known that they cannot be isomorphic
to the full automorphism group of any group. The easiest and best-known
example probably is that of finite nontrivial cyclic groups of odd order. Other
examples include the symmetric group of degree 6 and the alternating groups
of degree different from 1, 2 or 8. Among infinite groups the nontrivial free
groups [2], the periodic nilpotent groups of infinite exponent [13], and the finite
extensions of nontrivial periodic divisible abelian groups [1] also share this
property. By contrast, every group is isomorphic to the outer automorphism
group Out G = Aut G/Inn G of a suitable group G, as was first proved by
Matumoto [10].

In this paper we consider finite p-groups of maximal class. The smallest
such groups, those of order 8, are isomorphic to full automorphism groups
of groups. Indeed, the dihedral group Dg is isomorphic to Aut G if G ~ Dsg
or G ~ @Gy x €4 (and for no other groups), while the quaternion group Qg is
isomorphic to the automorphism group of a torsion-free abelian group (see [6],
p. 272, Example 3). We shall prove that not many other p-groups of maximal
class occur as full automorphism groups.

THEOREM. If p is a prime, a p-group A of maximal class is isomorphic
to the full automorphism group Aut G of a group G if and only if one of the
following cases occurs:

(1) p=2 and A ~ Dsg, in which case G ~ Dg or G ~ C4 X Ca.
(2) p=2 and A ~ Qs, in which case G is torsion-free abelian.
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(3) p = 3 and there exists an integer n greater than 1 such that A is
isomorphic to

X = (myt]| 2% =y =1, [e,y] =3 =",

ot =17y = ay).
In this case G is infinite of nilpotency class 3.

In each of the three cases the nilpotency class of A is even, and G has cyclic
derived subgroup.

As a consequence, this shows that—up to isomorphism—Dg is the only
p-group of mazximal class that is isomorphic to the full automorphism group
of a finite group.

For every integer n > 1 the group X,, has order 32"*! and class 2n, and
is metabelian, like every 3-group of maximal class. Hence there exists no
group G such that Aut G is a p-group of maximal class ¢ if p > 3 or ¢ is odd.
Still with reference to case (3), much more detail on the structure of G and A
is given in Theorem 2.11, whose proof takes up the whole of Section 2. One
of the features is that | Out G| = 3, regardless of the integer n. An alternative
description of the groups X,, as semidirect products is given in the comments
following the same Theorem 2.11.

Our results can be compared with those of Fournelle, [4] and [5], who
shows—among other things—which dihedral or generalized quaternion groups
are isomorphic to the full automorphism group of an infinite group. Contrast-
ing with our results, we also recall that many finite p-groups occur as the full
automorphism group of a finite p-group, as shown by U. Martin [9]—see also
the discussion on this point in [8].

1. Preliminary results

We start with a rather obvious remark:

LEMMA 1.1. Let L be an abelian nontrivial torsion-free group such that
Aut L is periodic, and let n be a positive integer. Then L/L™ has exponent n.

Proof. We argue by induction on n. If n = 1 there is nothing to prove.
Let p be a prime divisor of n and let m = n/p. Then exp(L/L™) = m by
induction. Also, L ~ L™ and L™ = (L™)P. If L™ = L™ then the mapping:
x € L™ — 2P € L™ would be an automorphism of infinite order, which
is impossible since Aut L™ ~ Aut L is periodic. Thus L™ < L™, so that
exp(L/L™) = n. O

If a group G has finite automorphism group then G/Z(G) ~ Inn G is also
finite. Hence G’ is finite and the set tor G of all periodic elements of G is a
subgroup of G (containing G’). A theorem due to Nagrebeckii ([11], also see
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[12], Theorem 3.1) states that tor G is finite—still under the hypothesis that
Aut G is finite. If Aut G is also a p-group then G is clearly nilpotent, because
G/Z(Q) is, and we are going to show that tor G is a p-group as well, if G is
infinite. We first record as a lemma a very special case of a theorem of Hallett
and Hirsch describing the possible structure of the automorphism group of an
abelian torsion-free group with finitely many automorphisms.

LEMMA 1.2 (Hallett-Hirsch; see [6], Theorem 116.1). Let L be an abelian
torsion-free group such that Aut L is finite, and let p be a prime. If I is
a p-subgroup of Aut L then either I' is an elementary abelian 3-group, or I’
embeds in a direct product of copies of Qs.

If H and K are normal subgroups of the group G, and H < K, then the
group of the automorphisms of G that act trivially on both G/H and K is
isomorphic to the group of derivations Der(G/K, Cy(K))—an isomorphism
being obtained by mapping every such automorphism « to the derivation given
by zK — [z, a]. We will make frequent use of this well-known fact to produce

automorphisms of G, particularly in the special case when C'y (K) is contained
in Z(G), in which case Der(G/K,Cy(K)) = Hom(G/K,H N Z(G)).

LEMMA 1.3. Let G be an infinite group such that Aut G is a finite p-group
for some prime p. Then T := tor G is a finite p-group. Moreover:

(i) The factor TZ(G)/T has a quotient of exponent exactly n, for every
n € N.
(ii) If T # 1 then G/GP" is finite, for every n € N.
(i) Aut(G/T) is finite.
(iv) If p > 3 then Aut G acts trivially on G/T.

Proof. By [12], Corollary 5.4, Z := Z(G) also has finite automorphism
group. Let S = torZ = T N Z. Since S is finite by Nagrebeckii’s theorem,
Z = S x L for some torsion-free subgroup L. Then Aut L embeds in Aut Z,
hence it is finite as well. Now Lemma 1.1 shows that exp(L/L™) = n for
every n € N. As L ~ Z/S ~TZ/T this proves (i). Now, suppose that T" has
nontrivial g-component T, for some prime ¢ # p. Then T, < Z, since G/Z
is a p-group. From (i) and since G is nilpotent it follows that Hom(G/S, T;)
is a non-trivial g-group. But this group embeds in AutG, as T, < § < Z, a
contradiction. Therefore T is a p-group, as required.

Suppose that T'# 1. Then S = TN Z # 1. But Hom(G/S,S) embeds
in Aut G, hence it is finite and so G/G'GPS is finite. Therefore G/GP? is finite.
Part (ii) follows.

To prove (iii) we may assume that T" # 1. Let B = Aut(G/T), and let
N = Np(TZ/T). Since TZ > GP" for some n € N, it follows from (ii) that
|B : N| is finite. Also, Aut(T'Z/T) ~ Aut(Z/S) is finite, as we have shown
in proving (i), so N/Cn(TZ/T) is finite. Clearly N/Cn(G/TZ) is finite too.
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Now CN(TZ/T) N Cn(G/TZ) ~ Hom(G/TZ,TZ/T), and the latter is the
trivial group, as G/TZ is finite and T'Z/T is torsion-free. Thus B is finite, as
required. Also, we may apply Lemma 1.2 to G/T now, and we immediately
get (iv). O

It will be crucial for our proofs that the groups that we consider have many
characteristic subgroups.

LEMMA 1.4. Let G be group such that Aut G is a finite p-group for some
prime p. Let F = U/V be a characteristic section of G of order p™ for some
n € N. Then there is a composition series between U and V each term of
which is characteristic in G. Also, the nilpotency class of Aut G/Cauc(F)
1s less than n.

Proof. Let X = F x A. The first statement follows immediately from the
fact that X is a finite p-group. The series in the statement has length n and is
stabilized by Aut G, hence Aut G/Cpyus ¢ (F) has class n — 1 at most (see [7],
Satz I11.2.9). O

We will also make use of some extension theory.

LEMMA 1.5. Let G be a group and let G' < C < Z(G). If Ext((G/C),C)
= 0 then G has an automorphism that centralizes C' and acts like inversion
on G/C.

Proof. Let @ = G/C. Let A be the cohomology class of the central exten-
sion C — G — Q. If « € Aut C and § € Aut ), then there exists v € Aut G
inducing o on C and  on @Q if and only if Aa, = B*A, with reference to the
natural actions of Aut C and Aut Q on H?(Q, C) (see [16], Proposition 11.4.3);
here C is viewed as a trivial @-module. In the case that we are dealing with,
a=1and 8 = -1, so Aa, = A and we have only to check that 8* leaves A
invariant to prove our statement. The Universal Coefficients Theorem (see
[15], 11.4.18) yields a natural exact sequence Ext(Q,C) — H?*(Q,C) —»
Hom(M(Q),C), where M(Q) is the Schur multiplier of @, hence a natural
isomorphism H?(Q,C) ~ Hom(M(Q),C), since Ext(Q,C) = 0 by hypothe-
sis. Furthermore M(Q) ~ QAQ = (Q®Q)/D, where D = (z®z | x € Q) (see
[15], 11.4.16). Thus A corresponds to a homomorphism in Hom(Q ® @, C)
whose kernel contains D, or, equivalently, to a bilinear map from @ x @ to C
which maps the diagonal subgroup to the identity of C. This map is precisely
the commutator map f, defined by (zC,yC) > [z,y] for all z,y € G (see
[16], Proposition I1.5.4, or p. 109). Similarly 8*A corresponds to the map
(zC,yC) € Q@ x Q — ((xC)ﬁ, (yC’)B) = [71,y7!] € C. Since G has nilpo-
tency class 2 (at most) then [z71,y~!] = [z,y] for all 2,y € G; thus this latter
map is f and A = 8*A, as we had to prove. O
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Finally we state the following lemma for ease of reference. Its proof follows
from standard calculations and we omit it.

LEMMA 1.6. Let G be a nilpotent group of class 3, and let p be an odd
prime. Suppose that G’ is a finite p-group and that v3(G) has exponent p. Let
q = exp(G'/v3(G)). Then, for allz, y € G:

(1) [2",y] = [2,y]*”, for all k € Z.
(ii) (wy)P? = axPiyPd.

2. Necessity

The aim of this section is to prove that the only p-groups of maximal class
that can occur as full automorphism groups of groups are those listed in the
Theorem in the introduction—that they actually occur will be shown in the
next section.

If the automorphism group of a group G is non-abelian of order 8 then
it is easy to check that G must be as required in cases (1) and (2) of the
Theorem—for instance this follows from [3], [4] and [5]. Thus we shall not
need to consider this case any further.

For the sake of brevity, we fix some notation and hypotheses that will be
in effect throughout the whole section.

Thus we let G be a group and p be a prime, and assume that A := Aut G
is a p-group of maximal class c. We shall further assume that |A| > 8. Then
we shall prove that p = 3 and A is isomorphic to one of the groups X,, defined
in the introduction, for some integer n > 1, hence ¢ = 2n. We shall also
gain information on the structure of G. Coming back to notation, we set
Z:=Z(G), T =torG and S = tor Z = Z N T, which is consistent with the
usage in Lemma 1.3.

To start with, observe that Lemma 1.2 shows that G cannot be torsion-free
abelian, for otherwise A ~ Qg. Hence T' # 1 and so S # 1. Next, we see
that if G is finite then we may always assume that G is p-group (as usual, G
denotes the m-component of G):

LEMMA 2.1. If G is finite then |G| < 2 and A ~ Aut G).

Proof. Let ¢ be a prime divisor of |G| different from p. Then Aut G, is
isomorphic to a direct factor of A. Hence it is a p-group. It follows easily that
either p # 2 and |G4| =2 or p = 2 and |G| = ¢. In this latter case Aut G, is
abelian and nontrivial. On the other hand, A has no nontrivial abelian direct
factor, since it has maximal class. The lemma follows. O

We shall often use the fact that the normal structure of groups of maximal
class is very restricted to obtain information on characteristic subgroups of G.
A first instance is the next lemma.
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LEMMA 2.2.  There are two subgroups N and M of G such that:

(i) M is the only characteristic subgroup of index p in G.
(ii) N is the only characteristic subgroup of order p in G.
(iii) Z(A) = Ca(M)NC4(G/N).
For every n € N the quotient G/[G, AJGP" is cyclic.

Proof. Lemma 1.4 and the fact that S # 1 ensure the existence of a char-
acteristic subgroup NN of order p in G; the existence of M is proved similarly,
because G/GP is finite and non-trivial (by Lemma 1.3 if G is infinite, and
by Lemma 2.1 if G is finite). If N ﬁ M then G = N x M, which is impos-
sible since M is characteristic in G and Hom(M, N) # 0. Hence N < M.
Now, I' :== Ca(M)NCa(G/N) < A, and I' ~ Hom(G/M,N) ~ C,, because
N < Z(G). Hence I' = Z(A). Thus Z(A) centralizes every characteristic
subgroup of index p in G. If there were another such subgroup, say M*,
then Z(A) would centralize MM* = G, which is impossible. This proves
the uniqueness of M. Similarly, [G, Z(A)] is contained in every characteristic
subgroup of order p of G, and this proves the uniqueness of N. Parts (i)—(iii)
are proved.

Finally, all subgroups of G containing [G, A] are characteristic, so only
one of them (namely M) has index p. From this we deduce the remaining
claim. O

From now on, by N and M we will always mean the subgroups introduced
in the previous lemma.

LEMMA 2.3. @G is not abelian.

Proof. If G is abelian then the inverting automorphism ¢ — ¢! belongs
to Z(A) and so centralizes M and G/N. Therefore exp M = exp(G/N) = 2.
Hence either G ~ €4 x F or G ~ E, where F is elementary abelian. Since
Aut E embeds in A then Aut E is a p-group, hence |F| < 2. Thus G ~ €4 x Cy
and A ~ Dg, a contradiction. O

LEMMA 2.4. InnG < A. Moreover:

(i) The characteristic subgroups H of G containing Z form a chain and
a composition series between Z and G.
(i) M = Z|[G, A].

Proof. We have |Inn G| > p? by Lemma 2.3. If InnG = A then the group
Aut, G = C4(Inn G) of all central automorphisms of G would be Z(A), which
has order p. However, Hom(G/Z, S) can be embedded in Aut. G, and since
S # 1 we also have | Aut. G| > p?. Thus Inn G < A. Now, let ¢ be the natural
isomorphism from G/Z to InnG. If H is a subgroup of G containing Z, then
H is characteristic in G if and only if (H/Z)¥ < A. The subgroups of Inn G
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that are normal in A form a chain, because A has maximal class. This and
Lemma 1.4 prove (i). Two characteristic subgroups lying between Z and G
are K = Z[G,A] and F = ZG'GP. Since G/Z is not cyclic by Lemma 2.3
the factor G/F is also not cyclic, while G/K is cyclic by Lemma 2.2. Thus
K £ F and so F' < K, which implies that K has index p, because G/F has
exponent p. Lemma 2.2 (i) yields K = M, that is (ii). O

LEMMA 2.5. Assume that the class ¢ of A is greater than 2. Then
Ca (ZQ(A)) s a mazimal subgroup of A. Moreover:
(i) Both InnG and Aut.G contain Zs(A) and are contained in
Ca(Z2(A)).
(ii) If A has an abelian mazimal subgroup B then B = Cx(Z2(A)) and G
has nilpotency class 2.

Proof. Since ¢ > 2 and A has maximal class, | Z3(A)| = p? and Ca (Z2(A)) <
A. (Here, as elsewhere, the symbol ‘<’ means ‘is a maximal subgroup of’.)
As in the proof for Lemma 2.4 both Inn G and Aut. G have order at least p?,
hence Z3(A) < InnG and Z3(A) < Aut.G. Also, [InnG,Aut.G] = 1, so
InnGNAut. G < Z(Inn G) N Z(Aut. G) and (i) holds. If B is as in (ii) then
Z5(A) < B because B < A. Since B is abelian, B = C4(Z3(A)). Thus
Inn G < B by (i), so that G/Z is abelian (but G is not by Lemma 2.3). O

LEMMA 2.6. p > 2.

Proof. Assume that p = 2. As |A| > 8 we have ¢ > 2. Every 2-group
of maximal class has a cyclic maximal subgroup ([7], Satz III.11.9), hence
Lemma 2.5 shows that Inn G is cyclic. This is impossible by Lemma 2.3. O

An obvious consequence is that no automorphism of G induces the inverting
automorphism on any section of G of exponent greater than 2.

LEMMA 2.7. If G is infinite, then TCo(T) < M < G. In particular,
Z<TZ <.

Proof. Suppose that T'< Z. As G’ < T we may apply Lemma 1.5 to pro-
duce an automorphism of G inducing the inversion on G/T, a contradiction.
Hence T' ¢ Z and C¢(T) < G. Lemma 2.4 (i) yields Ce(T) < M. Parts (i)
and (ii) of Lemma 1.3 show that T is contained in a proper characteristic
subgroup K of G such that G/K is a finite p-group. Thus T' < K < M by
Lemmas 1.4 and 2.2 (i). Hence TCq(T) < M. O

LEMMA 2.8.  Let L be an abelian normal subgroup with a complement in G.
Then |L| < 2.

Proof. We have G = L x K for some K < G. Then G has an automor-
phism « that centralizes K and induces the inversion on L. As p > 2, we
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have a = 1, so that expL < 2. But p > 2, hence |L| < 2 by Lemmas 1.3
and 2.1. 0

LEMMA 2.9. |G/Z| > p? and ¢ > 2.

Proof. Suppose that |G/Z} = p?. Then G has class 2. If G is finite we
may assume that it is a p-group by Lemma 2.1. Then the mapping « given
by  + 2Pt is an automorphism of G lying in Z(A), so that [M,a] = 1 by
Lemma 2.2. Hence Z has exponent p. A theorem by Faudree [3] shows that
|G| < |A] = p°*!; hence |G| = p°™! by Lemma 1.4. Therefore |Z| = p°~!
and |Hom(G/Z, Z)| = p*~Y. Now, Hom(G/Z, Z) embeds in Aut. G, thus
2(c—1) < cand ¢ < 2. So |G| = p?, whence G has a complemented normal
subgroup of order p?, contradicting Lemma 2.8. If G is infinite Lemma 2.7
shows that G/Z = (TZ/Z) x (V/Z) for some V < G, and Z is maximal
in both TZ and V. Hence T and V are abelian. Since S = tor V is finite,
V =5x K and so G =T x K for a suitable K < V, but this is excluded
by Lemma 2.8 again. Thus |G/Z} > p?. Finally, if ¢ = 2 then |A| = p? and
Lemma 2.4 yields ‘G/Z’ < p?, a contradiction. O

LEMMA 2.10.

(i) Z(A) = Ca(M).

(ii) Z(M) = Cq(M) and |Z(M)/Z| =
(iil) M is not abelmn neither is [G, A]
(iv) |G/Z‘ > p3.

Proof. We know from Lemma 2.2 that Z(A) = C4(M) N C4(G/N). Since
A has maximal class, if a normal subgroup of A different from A’ is the inter-
section of two normal subgroups of A then it must be one of the two. We have
Z(A) # A’ because ¢ > 2, hence Z(A) is one of C4(M) and C4(G/N). Now,
I':=Cux(Z)NC4(G/N) < A, and I ~ Hom(G/Z, N). This group has order
greater than p, as G/Z is not cyclic; hence Z(A) < I' < C4(G/N). There-
fore Z(A) = Cu(M), i.e., (i) holds. Since Z(A) < InnG we also have that
Z(A) = Cianag(M) ~ Cq(M)/Z. On the other hand, Cz(M) is characteristic
in G, hence Lemma 2.4 (i) shows that Cq(M) < M, so Cqa(M) = Z(M).
Thus (ii) is also proved. Next, if M were abelian then |G/Z| = p? by (ii), in
contradiction to Lemma 2.9. As M = Z[G, A] by Lemma 2.4, neither is G, A]
abelian, and we have (iii). Finally, |G/Z| = |G/M||M/Z(M)||Z(M
pr’p =p'.

We are now in position to describe the structure of A and, to a large extent,
that of G.
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THEOREM 2.11. Let p be a prime and G be a group such that A = AutG
is a finite p-group of maximal class and |A| > 8. Let T = tor G and let M be
as in Lemma 2.2. Then G is a central product HL, where:

(g.i) H = ((¢)x (u)) x (v), where u and v have infinite order, ¢ has order 3"
for some integer n > 1, and the following relations hold: ¢ = [u,v]
and [c,v] = 3"
(gii) L = G3" ~ G,y is a torsion-free abelian group with finite automor-
phism group. Thus L is characteristic in G.
(giil) T =G = H' = (c) and |v3(G)| = 3, so that G has nilpotency class 3.
Also, M = Cq(G"), and G/H is 3-divisible.

Moreover, p =3 and A has the following structure: |A/ InnG’ =3 and:

(a.) InnG = (a) x (U), where @ and v, the inner automorphisms of G
induced by uw and v, respectively, both have order 3™, and [u,?] =
"

(a.il) A= (InnG){p), where ¢ is an automorphism that centralizes G' and
such that v¥ = wv and u? = u 2v=3z for some z € Z such that
2% =z, and ¢3 = [u, D], the inner automorphisms of G induced by c.

(a.il’) A= (InnG) x (¢), where yp = pU has order 3 and its action on Inn G
is defined by % = 023" 573 and o¥ = @' +3" 4.
(a.iii) A is metabelian of nilpotency class 2n.

Proof. We shall first prove first that T is cyclic. Suppose that this is false.
By Lemma 2.1 we may assume that T is a p-group if G is finite. Then, since
T x A is a p-group and p # 2, there exists an A-invariant subgroup P of T
which is isomorphic to €, x €, (see, for instance, [7], Hilfssatz II1.7.5). Since
\PZ/Z| < p =|Z(M)/Z| (see Lemma 2.10) and by Lemma 2.4 (i) we have
that P < Z(M). By Lemma 2.10 again, Z(A) = Ca(M) N Cx(G/M) ~
Der(G/M,Z(M)). Now, the (elementary) description of derivations of cyclic
groups, which is also an easy consequence of the description of the cohomology
of cyclic groups, yields Der(G/M, Z(M)) ~ K :=ker(l+a+a?+---+aP™1),
where « is the automorphism of Z(M) induced by conjugation by an element
of G\ M. It is straightforward to check that P < K, since « induces on P
an automorphism of order p at most. This is a contradiction, because |K| =
|Z(A)| = p. Hence T is cyclic, and G is therefore infinite. Also, [G,A] £ T
by Lemma 2.10 (iii), hence Lemma 1.3 (iv) and Lemma 2.6 show that p = 3.
Another consequence of the fact that T is cyclic is that A/C4(T) is cyclic, as it
embeds in Aut7. Since A has maximal class, |A/C4(T)| < 3. Now, T £ Z,
by Lemma 2.7, hence InnG £ Ca(T). We may now employ Lemma 2.4
and deduce that Inn G and Cy4(T) are different maximal subgroups of A.
Thus A’ = Inn G N Cx(T) <Inn G and hence Ci(T) < G. By Lemma 2.2 (i),
Ca(T) = M. Moreover, since |A/Ca(T)| = |G/Cq(T)| = 3 it follows that
[T, A] = [T, G] is the subgroup of T of order 3 and S =T NZ =T3.
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Our next aim is to prove that G’ = T. Lemma 2.10 (iv) gives |A| > 3.
Then we can apply Satz I11.14.17 in [7]! to show that A is metabelian and
Ca (ZQ(A)) is metacyclic. By Lemma 2.5 and Lemma 2.9 it follows that
Aut. G has rank 2. Now, G/G'G® ~ Hom(G/G?,S) embeds in Aut.G, as
S < G3. Since G/Z is not cyclic it follows that Z < G'G® and ‘G/G’G3| =09.
As TZ < M, because M is not abelian, TZ < G'G?® by Lemma 2.4 (i).
Suppose that G’ < T. Then G’ < T3. Hence G/T3 = (T/T?) x (V/T?)
for some V < G, and G® < V. But then T = TNG'G? = G'(TNG3) <
G'(TNV) < T3, a contradiction. Therefore G’ = T. Also, v3(G) = [T, G] has
order 3.

Let w € M\ G'G® and v € G\ M. Set H := (u,v). Then G = HZ,
because G'G® < M < G. If ¢ = [u,v] then G’ = (c)¢ = (c), because G’
is cyclic. Next, u and v are not periodic, as G’ = T; since M = Cg(G")
(see above) then [c,u] = 1. From now on let 3" = |G’| and ¢ = 3"1, the
order of G'/v3(G). Then ~v3(G) = (c?), hence [c,v] = ¢°¢, where € € {1, —1}.
Finally, H/G’ is not cyclic, otherwise G/ZG’ would be cyclic and G/Z abelian.
Hence u and v are independent modulo G', so H = ({(¢) x (u)) % (v). We have
already proved that Z < G'G®. Since G = HZ this shows that G/H is
3-divisible. By Lemma 1.6 the mapping g — ¢ is an endomorphism of G.
Thus L := G*" ~ G/G[3"] = G/G' is torsion-free. Hence L NG’ = 1 and
L < Z. By Lemma 1.3 (iii), Aut L is finite. Also, since G/L is finite by
Lemma 1.3 (ii) and G = HG'G?, we have G = HL.

Thus far we have proved the first part of the statement—that on the struc-
ture of G—apart from the fact that we may choose u and v in such a way
that € = 1, which will be settled shortly. That p = 3, and InnG < A, so
|A/ InnG | = 3, has also been shown in the first part of the proof, as well as
the fact that A is metabelian. The previous paragraph contains a description
of InnG ~ G/Z, so (a.) is also proved modulo the choice of €. In particular,
since | Inn G| = 32" and hence |A| = 32" *! it follows that A has class 2n. This
gives (a.iii).

From now on let us write I for Inn G and, for every x € G, let  denote the
inner automorphism of G induced by z. Since Ca(G’) £ I (see above) we may
choose ¢ € C4(G')\ I. Then A = I{p). To describe the structure of A we
only need to describe the action of ¢ on G/Z (that is, on I) and work out 3,
a generator of 1N {y). By Hilfssatz I11.14.13 of [7] we have ¢* € Cy(¢) = Z(A)
(and ¢° = 1). Thus [{[g.¢] | g € G}| = |I : Z(A)| = |1|/3. Since A’ < I
we have [I,¢] < A’ and |A'| = |I|/3. Therefore A" = {[g,¢] | g € G}.
On the other hand, M := {# | # € M} has index p? in A, as |G : M| =

INote that in the statement of this theorem, in [7], the hypothesis that the group has
order more than 3* is omitted. However this hypothesis is explicitly used in the proof,
and the example of the standard wreath product of two groups of order 3 shows that it is
actually needed.



p-GROUPS OF MAXIMAL CLASS AS AUTOMORPHISM GROUPS 151

|A: I| = p, thus M = A’. Hence i € A’. Therefore there exists y € G such
that @~ = [§~1, ], which means that y¥ = uys for some s € Z. Moreover,
since |[M/G'G?| = 3 and so [M, ¢] < G'G® (and u ¢ G'G? by our choice) we
have that y ¢ M. Thus we may redefine v as y and u as us to get v¥ = v,
together with all the information already obtained (of course ¢, w and H also
have to be redefined in relation to « and v). We can also make € = 1. For,

(1) [t o = w0 = (w0

= cle,v] ! =

by setting u1 := ¢ 'u~! and v; := v~! we then have vy € G\ M and u; € M\
G'G3, and also [u1,v1] = [¢,v] [u™!,v71] = ¢*%c} 72 = ¢ and [c, v;] = [c,v] 7L
Hence, if ¢ = —1, that is [¢,v] = ¢~ %, we substitute u; and v; for u and v,
respectively, to get [¢,v] = ¢?, i.e., € = 1. Note that it remains the case that
v¥ = wv after this substitution.

Next, we shall work out u¥. We have 4% = @'%’ for some integers i and j.
Now, A’/I? has order 3 and so is centralized by . Since @ € A’ and I® =
(@3,93) then 3 divides j. Furthermore, [v7,u] = [v,u}? by Lemma 1.6 (i), and
this commutator lies in {¢*) < Z; from this and since ¢ = ¢ commutes with
u we have

c = [u?,v?] = [u'v? ,uv] = [u,v]'[v,u)! =,

Therefore i = j + 1 (mod 3") and 4¥ = @/ *197. Also, 79" = (av)¥ =
W TIan = w27 because o/ < 1P < Z(I). Since |I'| = 3 it also follows
that (a0)’t! = @/T157*! and so

.3 s i s ( . il s o
7% = (@) T2 (ap)tt = gUADEF2) i+ gt gi+t

— gUHDG+3) Gi(+3)+1

But ¢® € Z(A), as we said above, hence 7¥° = ¢ and so @)U +3) = 1. Then
3™ divides (j+1)(j+3). Since 3 divides j it follows that 3™ divides j+3. Thus
j = —3 (mod 3"). Hence 4% = @/ ™19/ = 42073, Therefore u¥ = u=2v =3z
for some z € Z, as required in (a.ii). To complete the proof for (a.ii) we still
have to compute ¢3 and check that z is fixed by .

Since (¢) = I' < A and |(¢)| = 3 (or by Lemma 2.10) we have that Z(A) =
(¢). Thus 3 € (¢), so ¢> = & for some A € {—1,0,1}. (Note that the
three different values for A give rise to three non-isomorphic groups.) We
have v*° = u® uPuv and v = v[e,v] ™ = ve~ M = ¢y, thus

(2) w ufu = M.
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We shall make use of the following rule for calculating cubes in G. Since
[M,G'|=1,forallz € G and m € M,

(3) (xm)? = Bm” mtm = 2® (m[m, 2%]) (m[m, z])m
_ m?’m?’[

= 2*m?m, z]*[m, x, z].

m, z)*[m, x, ] [m, x|

As v® € G® < Z5(G) and by Lemma 1.6 (i) we have that

(,U3u2)2 — U6U4[U2,’Ug] — CG’UG’LL4.
Also, [u™!,v7!] = ¢!77 by (1). By using these equalities together with (3)
and Lemma 1.6 (i), and remembering that ¢ € Z, we obtain

u?’ = (u?) 2 (v?)22% = (v3u2)2z_2(v_1u_1)3zw
— c6v6u4’073u73[u71, ,071]3[u71 1)71, ,Ufl]chf2
= 3 [v?, uudoBu 3BT D [ T2

= 3w BultvBuT3 3 e, v] T2

= cSvduf™3 u3)em 92972 = Svduc 12972 = vducT3 71297

)

hence (2) gives

M = 9 Py = Pue 392y 2y By = [073, u]cf?’*qz“"fl =c Iz, ).
Therefore
(4) [2,¢0) = 1724,

Now recall that L < Z and G = LH, hence Z = LZ(H) = LH>" (c?,w)
L{c3,w); we also recall that w = cu~?. Since w3 € (c*)L we have z

C3tg3nwp — c3t+ug3"tu—ﬂq for some g € G and integers t € N and L e
{-1,0,1}. To compute [z, ¢] we observe first that from (3) and from |(G®)'| =
[(c”)] = ¢/3 it follows that (v3u?)? = (v9ul[u?,0]?)?/3 = v3"u??.  Also,
Lemma 1.6 (ii) yields [¢%", ¢] = [g,¢]*". Then
[Z, (p] - [QS"Uﬂuq’ <,0] = [93”’ <,0] [ufuq’ <,0] — [g’ <,0]3nu“q (u72’l}732)7“q

=g, @]3"uuqvu3”u2uq27uq =g, @]3nu“3"v“3"C*M2qgfuq3"uu2q2

= ([97@]g*uqu/ﬂruzq/sv#)S"Cf,ﬁq'
Since L = G3" is torsion-free, (4) implies that ([97gp]g—liquﬂ‘irli?tl/%u)B" -1

and c1=M9 = [z, o] = ¢4, Hence [g,go]g*“qu’”’ﬁq/sv“ € T. Now, [g,¢],
g M yrtra/3 ¢ M oand T < M, hence v € M, so u = 0. Therefore [z,0] =1
and X = 1. By definition of A we have p® = ¢. Thus (a.ii) is proved.
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Finally, we shall prove that A splits over I and obtain (a.ii’). Since I'I® <
Z(I) we have

@ = (a7 =@, 0 0t =a Pt =0t
o = (av)? = alu, 9)o = a9,
which proves (a.ii’). O

The description of the group A in (a.ii) makes it clear that A is isomorphic
to the group X,, appearing in the introduction. An alternative presentation
for A is suggested by the semidirect product decomposition in (a.ii’):

371—1

A (zyt]2® =y =t =1, [,y =2% |

qn—1 < qn—1
R T SN

€T Yy Ly =

3. Examples

In this section we shall complete the proof of the Theorem in the intro-
duction, by showing that groups isomorphic to the groups X, (that is, to
those described as A in Theorem 2.11) actually are realized as the full au-
tomorphism group of some (infinite) group, for every possible choice of the
parameter n.

Let n be an integer greater than 1. As in the previous proof, we set q :=
3"71 Let H := ({c) x (u)) x (v), where u and v have infinite order and
¢ has order 3", and the action of v on (c,u) is defined by [u,v] = ¢ and
[c,v] = ¢?. Then H' = (c) and v3(H) = (c?) has order 3. Lemma 1.6 may
be applied to check that H3", (c*) and cu™9 lie in Z(H) (as a matter of fact
they generate Z(H) ), and H/Z(H) is the semidirect product of the images
modulo Z(H) of (u) and (v), both of order 3". Thus |H/Z(H)| = 32"

For every i € N let p; be a prime congruent to 1 modulo 3™, chosen in such a
way that p; # p; if i # j. For each i € N the polynomial 2® — 1 has three roots
in Z,,, hence there exists an integer A; such that A? + \; +1 = 0 (mod p;).
Let h; := uvl=>.

Define a sequence (H;);en, of groups by letting Hy = H and, for each
i € N, by letting H; be a central product H;_1(z;) where zI'" = hi_p". This
amalgamation makes sense because h, ** € H3" < Z(H). Let G = Uien Hn,
the direct limit of the groups H;. Clearly G is a central product of H and
(z; | i € Ny < Z(G). Hence G' = H' = (¢) and v3(G) = v3(H) = (c?) <
Z(G).
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LEMMA 3.1. torG =G".

Proof. Clearly H/G' is torsion-free and G/H is periodic. For each ¢ € N
the factor (z;)H/H has order p; and is the p;-primary component of G/H.
Thus G/H = Drijen(z;)H/H. If tor G # G’ then z;h is periodic—of order p;
modulo G'—for some i € N and some h € H. In this case b} ""hPi = 2P hPi =
(z;h)Pi € G'. This is impossible, as h; ¢ G' HP:. O

Therefore the abelianized factor group Gy is torsion-free of rank 2. A
generating set for Gap, is given by {uwvG’,v"'G’' h;z;G' | i € N}; since
(hizi)Pi = h; = (uv)v~> for every i € N this shows that G,y is isomorphic
to the subgroup (Z @ Z) + (p; *(1,\;) | i € N) of Q @ Q. The automorphism
group of this latter group (and hence that of G,p) is cyclic of order 6 (see [1],
vol. II, p. 272, Example 2). Now we shall see that only the automorphisms
of G, of order 3 (and the identity) lift to automorphisms of G.

LEMMA 3.2.  No automorphism of G induces the inversion automorphism
on Gap.

Proof. Suppose that ¢ € Aut G and that u¥ = v~ and v¥ = v~! (mod G’).
Then, modulo v3(G) = (c?) we have ¢¥ = [u=!,v"!] =c. So ¢¥ = cc? for
some integer ¢t. This implies that c¢?¥ = ¢? on the one hand, but also that
1% = [c,v]? = [¢¥,v?] = [c,v™] = ¢79, a contradiction. O

We may apply Lemma 1.6 (i) to get that [u=2v3, uv] = [u, v]"2[v,u] 73" =

¢ 2¢3 = ¢. So H has an automorphism ¢, defined by
ur— u 2073
@Yo : UV Uuv
(c—¢)

We shall extend ¢q to an automorphism of G. To this end, first note? that
(1 — >\i))\i = /\z — )\12 = )\z + (1 +/\z) = 2)\1' +1 (mOd pi) for every i€ N, and so
hf\ﬂpo = (u72v73))‘i (uv)(lf)\i))\i
= (u %07 3) Y (uw)? T = wo' ™Y = by (mod G'HP?).

Since h; = (z;h;)?* € HY" and p; does not divide )\; it follows that hf° €
G'HP*. Thus there exist g € H; and t € N such that 2P*¢° = p{! 770 — gpict,
Let 7; := gct. By Lemma 1.6 (i), since p; = 1 (mod 3") and G*" < Z(Q),
the mapping x € G — zPi € G is an endomorphism, hence r!* = gPic'Pi =
gPict = 2P*¥°. Moreover, r; = 7" modulo G*" < Z(G), hence r; € Z(G).

2What follows explains the choice of the integers \; and the elements h;. The point is
that the h; must be eigenvectors for g modulo H’ HPi.
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Now suppose that ¢ € N and ¢;_1 is an automorphism of H;_; extend-
ing ¢p. The above discussion shows that ¢;_; can be extended to an automor-
phism ¢; of H; = H;_1(z;) by setting 2" = r;. A straightforward induction
and direct limit argument now proves the existence of an automorphism ¢
of G extending ¢g. Since ¢ does not centralize G, and | Aut G,,| = 6, by
Lemma 3.2 we have:

LEMMA 3.3. | Aut G/Cautc(Gab)| = 3.
Next we have:
LEMMA 3.4. Cauw G(Gab) =InnG.

Proof. Let I' = Caut ¢(Gap) and let A = Cpus6(G), where G = G/v3(G).
Then A < I'. Since A < Aut.G, then A centralizes G’. Thus A embeds
in Hom(Gab,'yg(G)). Since G, has rank 2 and "YJ(G)| = 3 this group has
order 9. Also, I'/A is isomorphic to a subgroup of I := Cy i a(Gab). As
with the above step, all elements of I} are central automorphisms, and as
such they centralize G’. Therefore I embeds in Hom(Gap, G’), which has
order ¢2. Thus |I'| < 9¢*> = 3*" = |InnG|. But clearly InnG < I', so the

lemma is proved. O

The two previous lemmas show that Aut G = (InnG)(p) and that ¢* €
InnG. Therefore AutG is a finite 3-group. To conclude that Aut G has
maximal class it will be enough to show that Cru, (@) has order 3 (see [7],
Satz 111.14.23). Let @ and o be the inner automorphisms of G induced by u
and v respectively. Then H/Z(H) ~ Inn G = (@) x (0), where @ and ¢ have
order 3" and [u, 9] = 4?. So (Inn @)’ is central and has order 3. Assume that
[@'07, p] = 1 for some i, j € Z. Then

T = (ﬁ*25*3)1(ﬂ5)3 — g2y Yl gm0 /2 = 1~L*2Z+J(1+q(]*1))@]*3%7

because j(j—1)/2 = j(1 — j) (mod 3). Hence j—3i = j and —2i—|—j(1—|—q(j—
1)) =i (mod 3"). It follows that 3i = 0 and j = 0 (mod 3"). This shows
that Crn () = (@9). So, this centralizer has order 3, as required. Therefore
Aut G is a 3-group of maximal class. By Theorem 2.11, then AutG ~ X,,. O

With this last result the proof of the Theorem in the introduction is com-
plete.
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