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VECTOR-VALUED INVARIANT MEANS ON SPACES OF
BOUNDED OPERATORS ASSOCIATED TO A LOCALLY
COMPACT GROUP

CHING CHOU AND ANTHONY TO-MING LAU

ABSTRACT. The purpose of this paper is to introduce and study the
notion of a vector-valued m-invariant mean associated to a unitary rep-
resentation 7 of a locally compact group G on S, a self-adjoint linear sub-
space containing I of B(H,). We obtain, among other results, an exten-
sion theorem for m-invariant completely positive maps and w-invariant
means which characterizes amenability of G. We also study vector-
valued means on S of 7-(weakly) almost periodic operators on Hr.

0. Introduction

Let G be a locally compact group, and let = be a continuous unitary repre-
sentation of G on a Hilbert space H. Let B(H) be the space of bounded linear
operators from H into H. Then =« is called amenable if there is a state m on the
C*-algebra B(H) such that m(m(z)Tw(z~1)) = m(T) for all T € B(H) and
z € G. The notion of amenable representation was first introduced and stud-
ied by M. Bekka [2]. This notion beautifully unifies the notions of amenable
homogeneous spaces and of inner-amenable groups. In fact, a locally com-
pact group G is amenable if and only if all their unitary representations are
amenable.

The purpose of this paper is to introduce and study the notion of a vector-
valued invariant mean ® associated to a unitary representation w of G on S,
a self-adjoint linear subspace containing I in B(H;).

Let VN, (G) be the von Neumann algebra generated by {w(z) : z € G}
and VN, (G)’ the commutant of VN (G). A bounded linear operator ® : S —
B(H,) is called a mean if

®(T) € o {n(x)Tn(xz ") : z € G}
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for each T € S, where for a set E C B(H,), €6°(E) denotes the closed
convex hull of E with respect to the ultraweak topology o. Any such mean
on S is completely positive (see Proposition 2.3). If S is invariant, i.e., if
m(z)Tw(z~ ') € S whenever T' € S and z € G, then a mean ® is said to be
m-invariant if for T € S and z € G, ®(T) € VN(G)' and ® (7 (2)Tw(z™1)) =
®(T). If B(H) has a m-invariant mean, then 7 is said to be strongly amenable
or simply s-amenable. When S is invariant, a state m on S (i.e., m € S* and
[m|| = m(I) = 1) is called a 7-invariant state if m (7 (z)Tr(z™")) = m(T),
forT € Sand x € G.

Let G be a finite group and (w, H,) a unitary representation of G. For
T € B(H,), let ®(T) be the average of the operators {m(z)Tr(z~1): = € G},
ie., ®(T) =1 3 w(z)Tw(z~"'), where n denotes the order of G. Then ® is

zeG

the unique w-invariant mean on B(H ) (see Remark 4.3 (2)) and {ao® : aisa
state on VN (G)'} is the set of m-invariant states on B(H). If 7 is irreducible,
then ®(T') = 4 tx(T)I, where d = dim H, and I denotes the identity operator
on H.

Let A\ be the left regular representation of a locally compact group G on
L*(G) and let M = {M, : ¢ € L*>(G)}, where M, is the multiplication
by ¢ operator on L?(G). Then M is an abelian von Neumann algebra and
M N VNAG) only contains constant multiples of the identity operator I
on L?(G). For a scalar-valued mean m on L*(G), let m be the state on M
defined by m(M,) = m(p), and ®,, the bounded operator on M defined by
®,,(M,) = m(p)I. Then m is a A-invariant state on M if and only if m is
a left invariant mean on L°°(G) and ®,, is a A-invariant mean on M if and
only if m is a two-sided invariant mean on L*°(G) (see Section 2).

In Theorem 2.5 we show that if G is amenable then all unitary representa-
tions of G are s-amenable (strongly amenable). In Theorem 2.11 we obtain an
extension theorem for 7-invariant completely positive maps and m-invariant
means which characterizes the amenability of G. This extension property is
then applied in Proposition 3.2 to show that if G is a non-compact amenable
group, then B(L2(G)) has many invariant means with respect to the left reg-
ular representation.

It is easy to see that if 7 is s-amenable then 7 is amenable (in Bekka's
sense), but the converse is not true. For example, if v is the conjugation
representation of Fb, the free group on two letters, then ~ is amenable, but
not s-amenable. In general, if a representation 7 has an amenable subrepre-
sentation, then 7 is amenable [2, Theorem 2.3]; on the other hand, if 7 is
s-amenable, then so are all its subrepresentations.

For a continuous unitary representation © of G on H,, T € B(H,) is
said to be m-weakly almost periodic (w-w.a.p., or just w.a.p.) if O (T) =
{m(9)Tw(g7") : g € G} is relatively compact in the o (B(Hy), B(Hx)*)-topo-
logy. T is said to be m-almost periodic (m-a.p.) if O, (T) is relatively compact
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in the norm topology. Let WAP(G) (resp. AP(G)) be the space of all
w.a.p. operators (resp. a.p. operators) in B(H,).

Let UC,(G) = {T € B(H,) : ® — n(z)Tw(z~') is norm continuous}.
Then AP, (G) C WAP,(G) C UC,(G), and if G is compact then UC,(G) =
AP~ (G). Note that for ¢ € L>(G), M, € UCA(G) (M, € WAP\(Q))
[M, € AP(G)] if and only if ¢ is a right uniformly continuous (weakly almost
periodic) [almost periodic] function on G. The space WAP(G) was defined
and investigated by Q. Xu in his thesis [38], where he studied its m-invariant
states. It is known that W AP (G) always has a unique m-invariant mean. We
show that WAP,(G) has a unique m-invariant state if and only if 7 is irre-
ducible (Theorem 4.6). Our study of vector-valued means on WAP,(G) and
AP, (G) is motivated by the work of K. DeLeeuw ([11], [12]) and U.B. Tewari
and S. Somasundaram [32] (see also [31]) for locally compact abelian groups.

DeLeeuw [11] proved that AP (T) (= UCA(T)) is the norm closed linear
span of {M,U : n € Z, U € VN(T)'}. Here T denotes the circle group, M,
the multiplication operator, defined by (M, f)(w) = w"f(w) for f € L?(T)
and w € T, and U can be identified with a bounded function on Z. Tewari
and Somasundaram [32] extended this approximation theorem to AP\ (G)
if G is a locally compact abelian group. We show in this paper that, for
a general locally compact group G, operators of the form ) ¢;M,,T; are

i=1

norm dense in AP, (G), where ; are matrix coefficients of irreducible finite
dimensional unitary representations of G, T; € VN, (G)’ and ¢; € €. In fact,
this approximation theorem holds more generally for some induced unitary
representations of G (see Theorem 4.9). For example, it is well-known that if =
is an infinite dimensional irreducible representation of M (2), the motion group
of the Euclidean plane, then 7 can be realized as an induced representation
on L?(T); our approximation theorem implies that AP, (M(2)) = {M), : h €
C(T)}, where M, denotes the multiplication by h operator on L?(T).

We will also define the Fourier transform of operators in UC,(G) if G is
compact. This definition extends the usual notion of a Fourier transform of a
continuous function ¢ on G if we identity ¢ with the multiplication operator
M,.
9DVVe thank the referee for his or her many valuable comments.

1. Preliminaries and some notations

Let E be a linear space and let ¢ be a linear functional on FE; the value
of ¢ at an element x in E will be written as ¢(z) or (¢, z). If E and F are
Banach spaces, let B(E, F') be the space of bounded linear operators £ — F.
We write B(E, F') = B(F) when FE = F.

Let (E,7) be a linear topological space, and A C E. Then co A will denote
the convex hull of A, and @™ A (or simply ¢o A) will denote the closed convex
hull of E with respect to 7.



584 CHING CHOU AND ANTHONY TO-MING LAU

If M is a von Neumann algebra, the o-topology or ultraweak topology on
M is the weak*-topology on M.

Throughout this paper, G denotes a locally compact group with a fixed left
Haar measure . Integration with respect to p will be denoted by [ ... dz. The
Banach spaces LP(G), 1 < p < oo, are defined as in [18]. Let C'(G) denote the
C*-algebra of bounded continuous complex-valued functions on G with the
supremum norm, and LUC/(G) be the C*-subalgebra of C(G) consisting of all
f € C(G) such that the mapping g — ¢,f from G into C(G) is continuous,
where (¢, f)(t) = f(gt), t € G. Then G is amenable if there is a left invariant
mean (LIM) on C(G) (or equivalently on LUC(Q)), i.e., if ¢ € C(G)*, ¢ > 0,
loll =1 and ¢p(€e f) = ¢(f) for all f € C(G), a € G. Amenable groups include
all solvable groups and all compact groups. However the free group on two
generators is not amenable. For more information on the subject, we refer the
readers to the books of Pier [25] and Paterson [23].

Let m be a (continuous) unitary representation of G on a Hilbert space
H, (or simply H). Let VN,(G) be the von Neumann algebra generated by
{m(9) : g € G} C B(H), i.e., VN.(G) = {n(g) : g € G} is the ultra-weak
closed linear span of {w(g) : g € G} by the von Neumann double commutation
theorem, where D’ denote the commutant of D C B(H).

By an operator system associated to m we shall mean a self-adjoint linear
subspace S of B(H) containing the identity operator I on H. For each positive
integer n = 1,2,3,..., let M,(S) denote the n x n matrices with entries
in §. Then M, (S) may be regarded as an operator system associated to
T = 7@ @7 (the n-fold direct sum of ) actingon H" = H®--- @ H (the
n-fold direct sum of H). We endow M,,(S) with the norm and order structure
inherited from B(H™). If B is a C*-algebra, and ¢ : S — B is a linear map,
then we define ¢, : M,(S) — M,(B) by ¢,((ai;)) = (¢(ai;)). We call ¢
completely positive if ¢,, is positive for each n.

The left regular representation of G on L?(G) will be denoted by A, i.e.,
M) f(t) = f(x=1t), for z,t € G and f € L*(Q).

2. Invariant vector-valued means

Let G be a locally compact group and let m be a unitary representation of
G on a Hilbert space H. Let S C B(H) be an operator system. A bounded
linear map ® : S — B(H) is called a vector-valued mean (or simply a mean)
on S associated to w if ®(S) € w67{g-S: g€ G} forall S € S and g € G,
where g- S = 7(g)-S-m(g~t). The set of all means on S associated to 7 will
be denoted by M (S).

REMARK 2.1. Let (> = (> (G, B(H)) denote the set of all bounded func-
tions from G — B(H). For S € S, let fg € £ be defined by fs(g) = g - S.
Then S — fg is a linear isometry from & into ¢*° (G, B(H)) preserving invo-
lution, and f;(g) = I for all g € G. Consequently S may be considered as a
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vector subspace of £°°(G, B(H)). Our notion of means on S coincides with the
notion of weak”-means on S when considered as a subspace of £*° as defined
by [40]. Such vector-valued means were studied earlier by Husain and Wong
[19].

Note that E = B(S, B(H)) is a dual Banach space. Indeed, ' = Z*, where
Z is the closed linear span of linear functionals x ® y, x € S, y € T(H), the
trace class operators on H, where (x®y,T) = (T'(z),y), T € E. The o(E, Z)
topology on E is referred to as the bounded weak topology (BW-topology)
on E. Note that a bounded net T converges to T in BW-topology if and only
if for each z € S, Th\(z) — T'(x) in the weak™-topology of B(H) (W*OT).

For each g € G, let ¢(g) denote the element in M, (S) defined by e(g)S =
m(g) - S-m(g™H).

LEMMA 2.2. For each , (Mﬂ(S),BW) 18 compact and convex. Also,
co{e(g); g € G} is dense in M, (S).

Proof. Clearly M,(S) is a BW-closed, convex subset of the unit ball of
B(S,B(H)). Hence it must be compact in the BW-topology by the Banach
Alaoglu Theorem. Since the BW-topology and W*OT agree on M, (S), the
last statement follows from [40, Theorem 3.5]. O

PROPOSITION 2.3.  FEach ® € M, (S) is completely positive.

Proof. Since the set {® : & € B(S,B(H)), ® completely positive, and
®(I) = I} is BW-compact [24, Theorem 6.4], it suffices to show (in view
of Lemma 2.2), that for each g € G, ® = £(g) is completely positive. Let
{n=1,2,...} be fixed.

aq
Suppose (S;;) € My (S) and (S;;) >0. lf o = | : | € H", then
an
(@, ((Sij) v, @) = Z (m(9)Siym(g~ ey, ai)
ij=1
n

=Y (Sym(g™ Ny, (g Heu) > 0. O

1,j=1

PROPOSITION 2.4. Let 7 be a unitary representation of G, S an operator
system in B(H), and ® : S — B(H). If ® is a mean on S with respect
to w, then for each n = 1,2,..., ®, is a mean on M,(S) with respect to
Tp =7 @ -+ B, the n-fold direct sum of w. Conversely, if ®,, is a mean on
M, (S) with respect to m, for some n, then ® is a mean on S with respect to
.
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Proof. If ® is a mean, then by Lemma 2.2, there exists a net &, =
i )\,(Ca)s(g,(ca)), where )\,(ca) >0, 2)\,(60‘) = 1, such that ®,,, — ® in the BW
k=1

topology.

Now clearly €(g),, are means M, (S) — B(H") for g € G, and so (®,) are
means on M, (S). Consequently, ®,, is a mean on M, (S). Conversely, if ®,, is
a mean on M, (S) for some n, and S € S, let A = (a;;) € M,(S), such that
a1; = S, and a;; = 0fori # 1, or j # 1. Now since ®,,(A) € ©67{g-4; g € G},
it follows readily then ®(S) € c67{g-S; g € G}. So ® is a mean also. O

Assume S is a 7-invariant operator system in B(H,). Then G acts on
B(S,B(Hy)) on the left and on the right by

(9®)(T) = g- (T), (@g)(T) =@(9- 1),

for ® € B(S,B(Hx)), g € Gand T € S. A mean ® on S is called left
m-invariant, or simply mwe-invariant, if g& = ® for all g € G, i.e., if ®(T) €
VN! for each T € S; @ is called right m-invariant, or simply 7,-invariant, if
bg=>forallg € G,ie,if ®(g-T)=®(T) for T € S. @ is called m-invariant
if it is both 7, and m.-invariant. If B(H,) has a m-invariant mean then  is
said to be s-amenable (strongly amenable).

ProproOSITION 2.5. For any unitary representation m of G, the set of
me-invariant means X on an operator system S C B(H) is non-empty if and
only if Ks NV N(G) # 0 for each S € S, where Ks =t0°{g-S; g € G}. In
this case, Ks NV N, (G) = {®(S); ® € X}.

Proof. This follows from Theorem 2.1 in [20]. O

Let A = Ag be the left regular representation of G on L?(G). For ¢ €
L>(G), let M, be the multiplication by ¢ operator on L?(G). Then x - M, =
Mx)MA(z™1) = Mye, where ,o(y) = o(z™'y) fory € G. Let S = My () =
{M, : ¢ € L*(G)}. Then S is a von Neumann subalgebra of B(L?*(G)). For
p € L=(G),

w0 {x-My,:zeG={My: Ve {,p: zcG}}

Note that M, € VN{ if and only if ¢ is a constant function. Therefore, by
Proposition 2.5, S has a Ag-invariant mean if and only if, for each ¢ € L*°(G),
c0%{,p : * € G} contains a constant function, i.e., L>°(G) is left stationary.
It is known that L>°(G) is left stationary if and only if G is amenable; see [37].
If ® is a Ap-invariant mean on S, write ®(M,,) = m(yp)Il. Then m is a right
invariant mean on L>°(G). It is now clear that ® is a A-invariant mean on S
if and only if the corresponding m is a two-sided invariant mean on L>*(G).

If 7 is a unitary representation of G, let UC); denote the C*-subalgebra of
B(H,) consisting of all operators T' € B(H,) such that the map g — ¢g-T
from G — B(H,) is continuous (see [2]).
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THEOREM 2.6. Let G be a locally compact group.

(a) If G is amenable, then each unitary representation ™ of G is s-ame-
nable.

(b) If M) has a Ag-invariant mean, then G is amenable.

(¢) If My () has a Ap-invariant mean, then G is amenable.

In particular, G is amenable if and only if each unitary representation of G
is s-amenable.

Proof. (a) If G is amenable, then for each S € B(H) consider the action on
G of the weak®-compact convex set Kg = €6°{g-S; g € G} in B(H), defined
by

(1) Gx Kg — Kg, (9, T)—g-T,

where g € G and T € Kg. It is easy to see that this action is affine and
separately continuous on Kg in the weak operator topology (which coincides
with the o-topology on bounded sets) on Kg. Hence by Day’s fixed point
theorem (see [9] and [10]), there exists T € Kg such that g - T = T for all
g € G. Clearly T € VN, (G)', since VN (G) is precisely the fixed point
set in Kg of the action on G defined by (1). By Proposition 2.5, there is a
me-invariant mean ® for B(H). We now show that ® may be chosen to be also
m.-invariant. To this end, we let S = UC,.

By the above argument, the set ¥ of my-invariant means on UC); is a non-
empty, weak”-compact convex subset of B(UC, B(H)). Furthermore, the ac-
tion of G on X defined by (g,®) — ®g is separately continuous when %
has the weak*-topology. Recall that (®g,S) = (®,9-S5), g € G, € X,
S € UC,. Hence, by Day’s fixed point theorem, again there is ® € ¥ such
that ®g = ® for all g € ®. Since 7 (H) is a Banach L;(G)-module, defined by
the strong integral, f-T = [ f(y)n(y)Tn(y~')dy, f € LY(G), T € T(H), and
T(H)* = B(H), B(H) is also a Banach L;(G)-module. Let fo € L1(G) be
fixed with fo > 0 and || fo||1 = 1. By the Hahn-Banach theorem, there exists a

net p, = Zﬂ /\Ea)5§f) of convex combinations of point evaluation ¢, on C(G)
i=1

such that [ h(y)dpa — [ h(y)fo(y)dy for each h € C(G). Consequently, for

each S € B(H), T € T(H),

(3 Ker(a)Sn(ae ). T) = (fo- 5.7,

for each T' € T(H). Since fy - S € UC, for each S € B(H) (see [2]), we may
define ® : B(H) — B(H) by ®(S) = ®(fo-S), S € B(H). Then the above
argument shows that ® is a mean on B(H), and that ® is my-invariant. Also
an argument similar to the one used in the proof of Theorem 3.5 of [2] shows

that ® is 7,-invariant. So ® is an invariant mean on B(H).
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(b) This was proved in the remarks prior to this theorem.

(c) If ® is a A,-invariant mean on S = M) and 7 a state on S, set
m(p) = 7(®(My)), ¢ € L°(G). Then m is a scalar-valued left invariant mean
on L*(G). So G is amenable. O

A von Neumann algebra M acting on a Hilbert space H is said to have
property P if for each T € B(H), co? {U*TU; U € M*}N M’ # 0, where M’
is the commutant of M and M™ is the group of unitary elements in M.

REMARK 2.7. If 7 is a unitary representation of G, and B(H,) has a
me-invariant mean, then VN, (G) has property P, but the converse is not
true.

Proof. Indeed, if G = SL(2,IR), and A is the left regular representation of
G, then VN, (G) has property P, but G is not amenable. Hence B(L2(G))
cannot have a Ag-invariant mean by Theorem 2.6(b). O

It is known that if G is amenable, then, for each unitary representation 7 of
G, V N, has property P; see [23, p. 78]. This fact is also a direct consequence
of Theorem 2.6 above.

COROLLARY 2.8. If w is a unitary representation of G such that the
von Neumann algebra VN (G) is finite, and B(H,) has a wg-invariant mean,
then the representation 7 is amenable.

Proof. This follows from Corollary 2.7 and Proposition 1 in [33]. (]

PROPOSITION 2.9. Let 7 be a unitary representation of G.
(a) If B(H;) has a m.-invariant mean (in particular, if w is s-amenable),
then 7 is amenable.
(b) If Hy is finite-dimensional, then 7 is s-amenable.
(c) Let T be a subrepresentation of m. If B(H,) has a me-invariant (mw,-
invariant) mean, then B(H;) has a Tg-invariant (t,-invariant) mean.
In particular, if ™ is s-amenable then so is T.

Proof. (a) Let ® be a m-invariant mean on B(H,) and 7 a state on B(H).
Then 7o ® is a w-invariant state B(H).

(b) See Remark 4.3(2).

(¢) This follows directly from the definition of s-amenability. U

It is known that if a subrepresentation 7; of a representation is amenable
then so is 7; see [2, Theorem 1.3]. So if 71 is an amenable representation and
o is a non-amenable representation of G then m = w1 @ 7y is amenable, but
not s-amenable. For example, let G be a non-amenable discrete group and
let m = 1g ® Ag, where 1¢ is the trivial one-dimensional representation of
G. Then 7 is amenable but not s-amenable, since its subrepresentation A\g is
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not s-amenable. In fact, since V.N5(G) does not have property P (see [27]),
V N, (G) does not have a m-invariant mean.

Bekka [2] showed that G is amenable if and only if each irreducible repre-
sentation of G is amenable. This fact together with Theorem 2.6 and Propo-
sition 2.9(a) imply the following result:

COROLLARY 2.10. A locally compact group G is amenable if and only if
all irreducible unitary representations of G are s-amenable.

Let « be the conjugation representation of a locally compact group G. It
is known that G is inner amenable if and only if v is amenable; see [2, The-
orem 2.4]. But the inner amenability of G does not imply the s-amenability
of v, as the following example shows.

ExaMPLE 2.11. Let G = F3, the free group on two letters a,b. Consider
the von Neumann subalgebra M= () of B(¢*(G)). Note that for z € G, and
0 €L°(G), x- My, = y(z7 ) Myy(x) = My=, where ¢ (y) = o(x tyz), y € G.
We claim that My () does not have a +y,-invariant mean (and hence v is not
s-amenable).

To prove the claim, we will identify My (g) with £>°(G). Assume £>°(G)
has a v,-invariant mean @, i.e., ® € B((*(G)), () € 0’ {¢" : & € G} for
all p € £°(G) and P(p”) = ®(p) for all p € £>°(G) and z € G. Let A be the
subset of F, formed by all reduced words ending with a®, k& # 0. Then

(1) Fy = AUaAa" ' U{e},
(2) A, bAb™' and b 'Ab are mutually disjoint.

Then ®(x¢) = xa < 2®(xa) + P(xqey), by (1). Note that ®(x(e}) = X{e}
and, by (2), 3®(xa) < xa. So ®(xa) < xqey and xg < 3xqe}. We have
reached a contradiction.

Bekka [2] proved that v has a subrepresentation 7 which is not amenable.
This fact also implies that ~ is not s-amenable.

A discrete group G is strongly inner amenable if the space of bounded
functions on G has a non-trivial inner invariant mean; see [2]. If G is the
direct product of the free group with two generators and a discrete amenable
group H with at least two members then G is strongly inner amenable (see
[16]), but, by following the proof of Example 2.11, we see that the conjugation
representation of G is not s-amenable.

ExAMPLE 2.12. Let H be an infinite dimensional Hilbert space and G
the discrete group of all unitary operators on H. Let 7w be the identity repre-
sentation of G on H. Then VN, = B(H) and the unitary group of VN is G.
Since B(H) has property P (see [23, p. 77]), B(H) has a m-invariant mean.
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However B(H) does not have a 7,-invariant mean, since B(H) is not a finite
von Neumann algebra.

3. Extensions of invariant completely positive maps and means

As mentioned earlier (see Proposition 2.3), if ® is a mean on an operator
system S associated with a unitary representation m of a locally compact
group G, then ® is a completely positive map. In this section, we study the
extensions of m,.-invariant completely positive maps and 7-invariant means on

S.

THEOREM 3.1. Let G be a locally compact group. The following are equiv-
alent:

(a) G is amenable.

(b) Whenever {m,H} is a representation of G, A C UC,(G) is a C*-
algebra with unit, S C A is a w-invariant operator system, and ® :
S — B(H) is a completely positive map [mean] such that ®(g-S) =
®(S) for each g € G, S € S, then there exists a completely positive
map [mean] ¥ : A — B(H) such that U extends ® and ¥(g-S) = ¥(S5)
for each g € G, S € S. Furthermore, if ® is an invariant mean on S,
then W may also be chosen to be an invariant mean on A.

Proof. (a) = (b): Without loss of generality we may assume that ||®| = 1.
Let K = {¥ : U : A+ B(H), ¥is completely positive and extends ®}.
Note that each ¥ € K has norm one (since, by the complete positivity of @,
|2]| = |2(1)]] = 1,s0each ¥ € K, U(1) = &(1), and so | ¥|| = 1), K is convex,
and closed in the BW-topology. So K must be compact in the BW-topology
of B(A,B(H)). Consider the right action of G on K defined by

(9,¥) — Vg, (Fg)(S) =¥(g-9).

This action is separately continuous when K has the BW-topology, and ¥g €
K for V€ K and g € G.

(i) If go — g, and ¥ € K, then for S € A C UCL(G), go-S — g- S
in norm. So (Vg )(S) = ¥(go - S) — ¥(g-S) = (¥g)(S) in norm
and in the w*-topology of B(H). Consequently, ¥g, — Wg in the
BW-topology.

(ii) If ¥, — ¥ in the BW topology, then for each g € S, (¥,g)(S) =
Uo(g-S) — ¥(g-S) in the weak™-topology of B(H). So, by the
boundedness of {¥g; ¥ € K}, ¥,9 — Pg in the BW-topology.

(iii) If g € G, ¥ € I, then for all S € S, (Vg)(S) =TV(g-5)=P(g-S5) =
®(5). Hence ¥g € K.

Also K # 0 by Arveson’s extension theorem [1] (see also [24]). Hence, by
Day’s fixed point theorem, there exists ¥ € IC such that g = ¥ for all g € G.
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(b) = (a): Consider the left regular representation A of G. Let § =
{af : @« € C} and A= {M;: f € LUC(G)}. Note that A C UC,(G). Set
®(al) = al, a € €. Clearly ® is a completely positive map [mean] on S and
®(g-T)=®(T) for T € Sand g € G. Let ¥ : A — B(L?(G)) be an extension
of ® such that U(M,f) = U(g- My) = U(My) for all f € LUC(G) and g € G
and such that ¥ is completely positive. Let 6 be a state on A.

Set m(f) = 6(¥(Mjy)). Then, for f € LUC(G) and g € G,

m(gf) =0(U(Myf)) =0(¥(g- My)) = 0(¥(My)) = m(f).

So m is left invariant, m > 0, and m(1g) = 6(¥(1)) = 6(I) = 1; i.e., mis a
left invariant mean on LUC(G) and hence G is amenable.

If ® is a mean, then by Lemma 2.2 there exists a net &, = i Ade(gd)
i=1

of convex combinations of £(g)’s such that ®, — ® in the BW topology of
B(S,B(H)). Clearly each ®, may be regarded as a mean A — B(H). Let ¥
be a cluster point of {®,} in the BW-topology of B(.A,B(H)). Then ¥ is
a mean, and ¥ extends ®. This shows that the set £ = {¥ : ¥ is a mean
in B(A,B(H)) and ¥ extends ®} is non-empty. Following the proof of the
completely positive case for the implication (a) = (b), we conclude that
contains a m.-invariant mean W.

If & is a w-invariant mean on S, let K' = {¥ : ¥ r.-invariant mean on
A extending ®}. Then K’ is a non-empty, BW-compact convex subset of
B(A,B(H)). Consider the left action of G on K’ defined by (g, %) — g¥,
where (g¥)(A) = g- ¥(A) = 7(g9)¥(A)m(g~!). Then, as is readily checked,
gV € K’ for any g € G and ¥ € K’, and the map G x K' — K’ is separately
continuous when K’ has the BW-topology. So an application of Day’s fixed
point theorem shows that there exists ¥ € K’ such that g¥ = ¥ for all g € G.
Such a function ¥ is an invariant mean on A. O

Let G be a locally compact amenable group. Let S = {M; : f € LUC(G)}
C UCA(G) C B(L*(G)). For a given scalar-valued (two-sided) invariant mean
m on LUC(G), let ®g(My) = m(f)I, for f € LUC(G). Then &y is a
A-invariant mean on S. By Theorem 3.1, ®; can be extended to an invari-
ant mean ® on UCy(G). Fix h € L'(G) with h > 0 and ||h||; = 1. Define
a mean ¥ on B(L?*(G)) by ¥(T) = ®(h-T). Then ® is a A-invariant mean
and U extends ® (and hence ®o); see [2, p. 390]. So B(L?*(G)) has at least
as many A-invariant means as (two-sided) scalar-valued invariant means on
LUC(G).

It is known that if G is a noncompact amenable group and d is the smallest
possible cardinality for a covering of G by compact sets, then LUC(G) has

22" invariant means (see [39]), so Theorem 3.1 has the following consequence.
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PROPOSITION 3.2.  Let G be a noncompact locally compact amenable group.
Then B(L*(G)) has at least 22 \-invariant means.

REMARK 3.3. If a locally compact group G is amenable when regarded
as a discrete group, then part (b) of Theorem 3.1 holds for any w-invariant
C*-algebra A C B(H,) (without having to assume A C UCr(G)).

For a compact group G the weak integral
AT) = [ (g-T)dg. T € B(H,)
G

defines a m-invariant mean on B(H,). For G =T and = = A, the mean A was
first considered by DeLeeuw (see [11] and [12]) in his study of the operators
in B(L*(T)).

Note that the restriction of A to S = {M;: f € L>(G)} is just A(M;) =
mo(f) - I, where mo(f) = [ f(y)dy. When an infinite compact group G is
amenable as a discrete group, L>° (@) has an invariant mean m different from
mo; see [26] and [17]. By Remark 3.3, there exists a A-invariant mean ® on
B(L*(G)) such that ®(My) = m(f)I, f € L>(G). Then ® # A. Thus we
have the following result.

PRrROPOSITION 3.4. Assume G is an infinite compact group which is ame-
nable as a discrete group. Then B(L2(G)) has more than one A-invariant
mean.

REMARK 3.5. Let G be a connected compact simple Lie group, e.g., G =
SU(n), n > 2. Then L*°(G) has a unique invariant mean, namely my, as
defined above; see [29], [22], [15], [7]. It would be interesting to know if A is
the only A-invariant mean on B(L*(G)).

4. Almost periodic operators

Let G be a locally compact group and {m, H} a continuous unitary rep-
resentation of G. Recall that T € B(H) is said to be w.a.p. (or m-w.a.p.) if
{9-T : g € G} isrelatively o (B(H), B(H)*) compact in B(H), and T is 7-a.p.
if {g-T: g€ G} is relatively compact in B(H).

Let AP(WAP,) be the space of m-a.p. (m-w.a.p.) operators in B(H).

PROPOSITION 4.1 ([38]).
(1) WAP, is a w-invariant operator system and WAP, C UC,.
(2) AP, is a C*-subalgebra of WAP .

It is known that W AP, has a unique w-invariant mean; see [30, p. 35]. For
completeness, we outline a proof of this result.

ProroSITION 4.2. WAP, has a unique w-invariant mean.
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Proof. For T € WAP,, let K(T') = t{g-T : g € G}. Then K(T) is
weakly compact and by the Ryll-Nardzewski fixed point theorem (see [8]),
K(T)NVN, # ¢. For a bounded linear functional § on WAP,, x — f(z) =
(8, - T) defines a continuous weakly almost periodic function on G, and
if S € K(T) N VN, then (0,S) is the unique constant function in ¢o {f; :
t € G}, where fi(z) = f(xt) for ¢, € G. So by the Hahn-Banach theorem,
K(T)NVNL is a singleton.

For T € WAP,, let ®(T) be the unique member of K(T) N VN.. By
Proposition 2.5, ® is linear and m,-invariant. Since, for T' € WAP and x € G,
K(T)=K(z-T), we have ®(x-T) = ®(T). So @ is also m,-invariant. O

REMARK 4.3. (1) The restriction of the m-invariant mean of WAP, to
AP is the unique m-invariant mean of AP .. Here is a direct construction of
the m-invariant mean of AP,: For g € G, let § € B(AP,) be the operator
which sends T to g - T. Then the strong operator closure of {g: g € G} in
B(AP,) is a compact topological group G™ and g — ¢ is strong operator
continuous. (Thus G™ is an almost periodic compactification of G.) For s €
G™ C B(AP,), we denote s(T") by s-T. So for g € G, g-T is just g-T. Let u be
the unique normalized Haar measure of the compact group G™. For T' € AP,
let ®(T) = [,.(s-T)du(s). Then @ is the m-invariant mean on AP,. Note
that ® is me-invariant since p is left invariant, and ® is 7.-invariant since p is
right invariant.

(2) Note that if 7 is a finite dimensional unitary representation of G, then
AP, = B(H); hence, by (1), B(H,) has a unique m-invariant mean and 7
is s-amenable. Bekka [2] proved that finite dimensional representations are
amenable.

(3) When G is abelian, Tawari and Somasundaram [32] showed that AP (G)
has a A-invariant mean.

REMARK 4.4. Let Wy = {T € WAP, : 0 is in the weak closure of
{9-T: g € G}}. DeLeeuw and Glicksberg [14] have shown that Wy ¢ is a
G-invariant closed subspace of WAP, and

WAP, = AP, ® Wy.o.

We outlined a construction of a m-invariant mean ® of AP, in Remark 4.3
(1) above. For T € WAP,, let T = T, + T be the unique decomposition of
T with T, € AP, and Ty € WAPro. Set ®(T) = &(T,). It can be shown
directly that ® is the unique m-invariant mean of WAP,..

LEMMA 4.5. If ® is the unique invariant mean of WAP, and 0 a state
on VN then 6 o is a w-invariant state on WAP,. Conversely, if m is a

m-invariant state on WAP, then there exists a state  on VN. such that
m==6o®.
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Proof. Let m be a m-invariant state of WAP,. Let § = m|V N/, and let
® be the unique mean on WAP,. Then m = 6 o ®. Indeed, for T € WAP.

n

and € > 0 there exists > ¢;(¢g;-T) € co{g-T : g € G} such that |®(T) —
i=1

2 ¢i(gi - T)|| < e. Then
i=1

m (1) = > cilgi - D) | = 9(@(T)) — m(T)] < e,

i=1
and so m(T) = 6(®(T)). O

THEOREM 4.6. WAP, has a unique w-invariant state if and only if 7 is
wrreducible.

This theorem answers a question in Q. Xu’s thesis [38].

REMARK 4.7. For a locally compact group G, let WAP(G) (AP(G)) be
the C*-algebra of weakly almost periodic (almost periodic) functions on G;
cf. [4. For f € L*(G) we have f € WAP(G) (f € AP(G)) if and only if
M, the multiplication by f operator on L?*(G), is A-w.a.p. (A-a.p.). It is well-
known that WAP(G) has a unique invariant mean m = mg, and WAP(G) =
AP(G) @ WAPy(G), where WAPy(G) = {f € WAP(G) : ma(|f]) = 0}; see
[4]. So Proposition 4.2 and Theorem 4.6 show that the unique vector-valued

mean on W AP, is the proper generalization of the scalar-valued invariant
mean on WAP(G).

LEMMA 4.8. Let F be the set of T € B(H) such that the linear span of
{g-T: g € G} is finite dimensional. Then F is dense in AP,.

Proof. This is a known result, but we outline a proof here. Let ¢ € C(G™)
(as defined in Remark 4.3 (1)) and T' € AP,. Let ¢ -T € AP, be defined by
- T =[5 (s)(s-T)du(s), where p is the Haar measure on G™.

For T € AP, and € > 0 choose a neighborhood V of e in G™ such that if
s € G™ then ||s-T — T|| < €. Choose ¢ € C(G™) such that ¢ > 0, ||¢|l1 =1
and ¢ = 0 off V. Then || - T — T|| < €. Since G™ is compact, by the Peter-
Weyl theorem, there exists a function ¢ which is a linear combination of
matrix coefficients of finite dimensional irreducible representations such that
lo—|l1 <e. Then [|[T—-T|| < e+e||T||. It is easy to check that ¢-T € F. O

Let G® be the universal almost periodic compactification of G and € the
canonical homomorphism of G into G%; see [4]. Then, for a unitary repre-
sentation 7 of G, the compact group G™ is a continuous homomorphic im-
age of G*. Let «, be the unique continuous homomorphism of G* onto G™
such that ar(e(g)) = g, for g € G. We write ar(s)-T as s - T if s € G*
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and T' € AP, (G ) Note that the unique m-invariant mean ® on AP, (G) is
also given by ®(T) = [,.(s - T)ds, where T € AP.(G) and ds denotes the
normalized Haar measure on G“ Let ¢ € AP(G). We 1dentify © with a con-
tinuous function on G*. For T' € AP (G), let ¢ - T = [, ¢(s)(s- T)ds. Then
v-T € AP (G).

Let G be the dual of G, i.e., the set of irreducible unitary representations
of GG, with its equivalent members identified. Let G r={o€ G : o is finite
dimensional}. For o € @f and z € G, we consider o(z) as a d, X d, unitary
matrix o(z) = (0j(2)), where d, is the dimension of ¢ and the numbers o;;
are the matrix coeflicients of 0. We consider each o0;; as a continuous function
on G* For T € AP(G), let T° = (0y; - T) be a member of My, (B(Hy)), the
algebra of d, X d, matrices with entries in B(H). Note that

(1) Uzg Zozk 1 ng T)

Let (6, Hp) be a unitary representation of a closed normal subgroup N of
G. Let m1 = ind%@ be the representation of G induced by 6. Then H, can
be realized as a space of Hp-valued functions f on G satisfying f(an) =
O(n)~tf(z)for x € G and n € N, and for f € H, we have 7(x)f(y) =
f(x™1y), for all z,y € G; see [36, p. 374]. For ¢ € L>°(G/N), there is a
multiplication operator M, on H,, defined by (M, f)(z) = @(zN)f(z) for
x € G. Note that

g Mgo( = W(Q)Mtpﬂ'(gil)) = My,
where (,)(zN) = p(g~1zN).
THEOREM 4.9. Let G be a locally compact group and N a closed normal
subgroup of G such that the only irreducible finite dimensional unitary repre-

sentations of G are pull-backs of representations of G/N. Assume m = ind]C\;,H,
where 0 is a unitary representation of N. Then the operators of the form
n

> My, Ui, where ¢y, are matriz coefficients of finite dimensional irreducible

unitary representations of G/N, and U, € VN (G)', are norm dense in
AP(G). If 7 is further assumed to be irreducible, then AP,(G) = {M,
v € AP(G/N)}.

Proof. Let o € @f = (G/NJy. Assume dimo = n. Then
(2) € - Mo'ij = xo'z] = Zazk ij

Let M? and M? be the members of M, (B(H,)) with their (i,7)-th entries

equal to My, and Mj,; respectively. (For a function h on G, the function h

ij
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is defined by h(z) = h(z~'), z € G.) Note that
MM = (Ma'ij)(Mé'ij> = (MZZ:1 Uikffkj> = In,

where (I,);; = d;;1, with I denoting the identity operator on H.
For A = (A;;) € M,,(B(Hx)) and z € G, let - A = (x - A;;). Note that

- (M°T?) = (z-M°)(z-T°)
= M (04(z))(03;(z~ )T (by (1) and (2))
=MT°.
Therefore, if M7T° = (S;;), then S;; € VN(G)'. So,
T = (M°M%)T® = M?(M°T?)

(3) = (En:MmSkj).
k=1

That is to say that, for each (7, j), we have 0;T = > M,,, Sk;j-
k=1
Let T € AP,(G) and € > 0. Then, as explained in the proof of Lemma 4.8,

there exists 1, a linear combination of matrix coefficients of members of G f=
(G/N7y, such that ||¢p- T —T|| < . By the argument in the above paragraph,
9 - T is a linear combination of operators of the form M,U, where ¢ is a

matrix coefficient of some o € @f and U € VNL(G)'. O

COROLLARY 4.10'.  Assume G is a locally compact group. Then the op-
erators of the form
n
S,
i=1

where 7; are matriz coefficients of finite dimensional unitary representations
of G and T; € VNJ, are dense in AP\.

REMARK 4.11. When G is abelian, the above corollary is Theorem 3.3
of Tawari and Somusundaram [32]. Let G be the dual group of G. Then
VN{(G) = VN,(G), which can be identified with L> (@): each T € VNA(G)
equals T, for some ¢ € L>=(G) where, for ¢ € L%(G), T ¢ = (¢€). (For
¢ € L*(G), ¢ denotes the Fourier-Plancherel transform of & .) So AP, is the

~

closed linear span of operators of the form M;T,, f € AP(G) and ¢ € L>(G).

We now give more examples of almost periodic operators.

13We would like to thank Professor Steven Schanuel for showing us that this result holds
for finite groups.
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EXAMPLE 4.12. Let G be a compact group and 7 a unitary representation
of G. Then UC,(G) = WAP, = AP,. For T € UC,(G),

*(7) = [ w(o)Tx(s~")dg
is the unique invariant mean of 7.

ExXAMPLE 4.13. A locally compact group G is said to be minimally almost
periodic if AP(G) only contains constant functions. For example, it is known
that SL(n,IR), n > 2, is minimally a.p.; see [35] or [28]. If G is minimally a.p.,
then AP, = VN. for any unitary representation 7 of G. If 7 is, in addition,
irreducible, then AP, = C - 1.

EXAMPLE 4.14. Let G be the “ax+b” group. More explicitly, G = {(a,b) :
a,b € TR, a > 0} with multiplication (a1,b1)(ag,b2) = (ajaz, b1 + a1bs).
Then H = {(1,b) : b € IR} is a closed normal subgroup of G and K =
{(a,0) : a > 0} is a closed subgroup of G; G is a semidirect product of H
and K and G/H ~ K. All the finite dimensional irreducible representations
of G are one-dimensional and are defined by continuous characters of K.
Furthermore, G has exactly two inequivalent irreducible infinite dimensional
unitary representations; these are induced by characters of H. Consider one
of the two irreducible representations 7, defined by

m(a,b)f(t) = e f(t +loga),

for (a,b) € G, f € L*(IR). (See [36, p. 441] for all of the above.) Let
h € L*(R) and let T = M}, be the corresponding multiplication operator
on L*(IR). Then, as can be calculated directly, (7(a,b)Mpm(a,b)™")f(t) =
h(t +loga)f(t). So {(a,b) - My, : (a,b) € G} = {Mj, : a € IR,a > 0}, where
ha(t) = h(t 4 loga). So M), belongs to UC,(AP,) | WAP, ] if and only if
h is uniformly continuous (almost periodic) [weakly almost periodic] on IR.
Denote the unique invariant mean on WAP, by ®. Then for h € WAP(IR),
®(My,) = m(h) - I, where m is the unique invariant mean on WAP(IR). By
Theorem 4.9, AP, = {M}, : h € AP(IR)}.

EXAMPLE 4.15. Let G = M(n) = SO(n) x IR™ be the Euclidean motion
group of IR™. For t € SO(n) and = € IR", let ¢(z) denote the evaluation of
t at . The multiplication in G is given by (¢,z)(t',2’) = (tt',z + t(z')). So
IR" is a closed normal subgroup of G and G/IR" ~ SO(n). It is known that
each finite dimensional irreducible unitary representation of G is lifted from
an irreducible unitary representation of the compact group SO(n); see [36,
p. 442]. Let S"~! be the (n — 1)-sphere in IR™ with the normalized Lebesgue
measure. For p > 0, let 7, be the irreducible unitary representation of G
on L?(5"1) given by m,(t, z)f(§) = €@ f(t71(€)), where f € L*(S"~1),
(t,z) € M(n), & € S"~1 and (z, &) denotes the inner product of x and £ in IR"™.
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Note that 7, is induced by a character of SO(n—1) xIR" (see [36, p. 442]). For
h € L>(8"~1), let M}, be the multiplication operator on L?(S"~!) defined by
h. Then (t,x)- My, (= 7,(t, x)Mpm,(t, x) 1) = My, where hy(€) = h(t71(€)).
Note that My, € UCr, <= M, € WAP,, <= My € AP,, <= h €
C(S™1). Denote the unique m,-invariant mean on WAP,, by ®. Then for
h € C(S™ 1), ®(My,) = (fsnfl h(s)ds) - I , since the Lebesgue measure on
S7~1is SO(n)-invariant.

If n = 2, then 7, is induced by a character of IR?. Note that IR? is normal in
M (2) and all finite dimensional irreducible representations of M (2) are lifted
from characters of M (2)/IR* ~ T. So by Theorem 4.9, AP, = {M; : h €
C(T)}. We do not know if AP, ={M,:he C(S" )} ifn>2.

Given a Hilbert space H, we denote the algebra of compact operators on H
by K(H). Tewari and Somasundaram [32] proved that, for an abelian group
G, if G is compact then K(L?(G)) C AP(G), and if G is noncompact then
K(L*(G)) N APA(G) = (0). The following two propositions generalize their
results.

PROPOSITION 4.16.  Let (7, H) be a unitary representation of G and K(H)
the space of compact operators on H. Then K(H) C WAP,.

Proof. Recall that K(H)* =7 (H) and 7(H)* = B(H). For T € K(H), it
is easy to check that {¢g-T : g € G} C K(H). Therefore {g-T : g € G} is
relatively weak compact in B(H) if and only if it is relatively weak™ compact in
B(H), and {g-T : g € G} is relatively weak™ compact since it is bounded. O

PROPOSITION 4.17.  If G is noncompact then K(L*(G)) N AP = (0).

Proof. Let T € K(L*(G)) and let {go} be a net in G with g, — oo. We
claim that g, - T — 0 weakly. As explained above, it suffices to show that
go T — 0 in the o-weak topology. Since on bounded subsets of B(L2 (G)),
the o-weak topology is equal to the weak operator topology, we only have to
show g, - T — 0 in the weak operator-topology.

First assume that T is a rank one operator, i.e., there exists 1, € L?(G)
such that T'(€) = (£,1)¢, £ € L?(G). Let &, w belong to L?(G). Then

((ga - T)(§),w) = (& AMga)n) (W, A(ga)C) — 0,

since (€, A(go)n) — 0 and (w, A(ga)n) — 0. So go - T — 0 weakly. Since finite
rank operators are dense in K(L?(G)), it follows then g, - T' — 0 weakly, for
each T € K(L*(@G)). O

REMARK 4.18. Let 7, be the irreducible representation of M (2) given in
Example 4.15. Then AP, = {M;: f € C(T)}. So AP, N K(L*(T)) = (0).
On the other hand, if A = Ar is the regular representation of T then both
K(L*(T)) and {Mj : f € C(T)} are contained in AP, (T).
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Let 7 be a unitary representation of G. Let
UCro={T€UCr:gy T — 0 weakly whenever g, — oo}.

Note that if G is noncompact then UCr g C Wr 0.

REMARK 4.19. Let G be a non-compact group and ¢ € L*°(G). Then
¢ € Cy(Q) <= M, € UC) . Also IC(LQ(G)) C UC\,; see the proof of Propo-
sition 4.17. Hence UCr o may be considered as a generalization of Cy(G), in
our setting.

For a locally compact group G, let G* be the universal w.a.p. compactifi-
cation of G; see [3]. Then, for any unitary representation 7 of G, the action
of G on WAP,., which sends (9,T) to g-T = w(g)Tw(g~ ") for g € G and
T € WAP,., extends to an action of G* on WAP,,.

Recall that a noncompact locally compact group is said to be minimally
w.a.p. if WAPy(G) = Co(G); see [6]. It is known that noncompact simple
analytic groups with finite center and the motion group M (n) are minimally
w.a.p.; see [34] and [6].

ProrosiTiON 4.20. If G is a non-compact minimally weakly almost pe-
riodic group then Wy o = UCr o, and therefore WAP = AP @ UCr .

Proof. Note that, by assumption, G* = G U K(G"). Here we consider G
as a subgroup of G* and K(G™) denotes the minimal ideal of G*. As is well-
known, K(G") is a compact group. Assume T' € Wy o and T' # 0. Then there
exists a net (g,) in G such that g, - T — 0. Since T # 0, g, — co. By taking
a subnet if needed, we may assume ¢t = limg, € K(S*). Then ¢t -T = 0. So
s-T =0 for each s € £(S™). So T € UCr. O

REMARK 4.21. (1) Let G be a non-compact, simple, analytic group with
finite center, and let 7 be a unitary representation of G. Then AP, = VN.
and Wy o = UC o. In particular, if 7 is irreducible then WAP, o= C- I &
UCr ..

(2) Let 7, be the irreducible representation of M (2) as defined in Exam-
ple 4.15. Then WAP,, = Mc(r) © UCx, 0.

In the remainder of this paper we assume that G is a compact group.
For T € UC\(G) (= APA(G)) and o € G, recall that T7 = (0;; - T) €

My, (B(LQ(G))). If G is abelian then each 0 € G is one dimensional and

hence T7 € B(L?(G)). In [11], DeLeeuw called the formal series Y~ T the
oel
Fourier series of T'; see also [32]. He proved that if T'= M,, ¢ € C(G), then

(My)? = @(0)M,, where @(o) denotes the Fourier transform of ¢ at o. So the
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Fourier series of M, is > @(0)M,, or, if we identify ¢ with M, the Fourier
ag
series of ¢ is > p(0)o, the Fourier series of ¢ in the classical sense.
g

For a general compact group G, we have shown that, for T € UC\(G),
T° = M°(M°T*), where M°T? € My, (VNA(G)'). We call T(0) = MT°
the Fourier transform of T" at o.

IfT = M,, ¢ € C(G), then it is easy to check that (M, (o) = @(o), where
@(0) = [, e(x)o(x~!)da denotes the Fourier transform of ¢ at o € G see
Hewitt and Ross [18]. A study of the Fourier transform of operators will be
carried out elsewhere, but we include here two results concerning the Fourier
transform.

PROPOSITION 4.22. Let G be a compact group and T € UCK\(G). If
T(c) =0 for alloc € G then T = 0.

Proof. 1f T(¢) = 0 then T° = 0, or oi;-T = 0 for all (4, j). But, given € > 0,
the proof of Theorem 4.9 shows that there exists ¢, a linear combination of

matrix coefficients of members of G, such that lp-T—T| < €. Since ¢-T = 0,
we have ||T|| <e. So T =0. O

PROPOSITION 4.23. Let G be a compact group and T € B(L*(G)). Then
the following statements are equivalent:

(1) T € K(L*(G));

(2) T € K(L*(G)) NUCK(G);

(3) T € UCX(G) and, for each o € G, the entries of T(c) are compact
operators;

(4) T belongs to the closed linear span of operators of the form M.,r(x),
where v and x are matriz coefficients of irreducible representations of
G and r(x) denotes the convolution on the right by x on L*(G).

Proof. (1) = (2): This is just Proposition 4.16.

(2) = (3): If T € K(L*(G)) NUCA(G), then, for o € G, 0;;T, the (i)™
entry of T is compact. But f(a) = M?T7, so each entry of f(o) is also
compact.

(3) = (4): We have shown in formula (3) of the proof of Theorem 4.9

that, for each o € G,
d

0ij * T = Z Mgikskj,
k=1
where (Sg;) = T(c). By assumption, Skj € VNA(G) NK(L*(G)). Note that
VNA(G) equals VN,.(G), the von Neumann algebra generated by the right
translation operators on L?(G). It is well-known that VN, (G) N K(L*(G))
is the C*-algebra generated by the right convolution operators {r(f) : f €
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LY(G)}; see [7, Proposition 2.2]. Since T’ can be approximated in norm by a
linear combination of operators of the form o;; - T, 0 € @7 1<4,j<d,, (4
holds.

The implication (4) = (1) is trivial. O
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