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PRODUCTS OF TOEPLITZ OPERATORS ON THE
BERGMAN SPACE

PATRICK AHERN AND ZELJKO CUCKOVIC

ABSTRACT. We consider the problem of determining when the product
of two Bergman space Toeplitz operators is a Toeplitz operator. In
particular, in the case of the zero product TyT, = 0, we give some
conditions that guarantee only the trivial solution.

0. Introduction

In this paper D will denote the unit disc in the complex plane, L? the
Lebesgue space with respect to the normalized Lebesgue measure dA = %dmdy
on D, and B the subspace of L? consisting of the holomorphic functions on
D. For a bounded function v on D we have the Toeplitz operator T;, : B — B
given by T, f = P(uf), where P : L> — B is the orthogonal projection. The
function wu is called the symbol of T,. It is easy to see that if T,, = 0 then
u = 0 almost everywhere (see Property 1 below). However, it is not known
whether T, T,, = 0 implies u = 0 or v = 0. In fact, it is not known for which
bounded functions u and v there exists a bounded w with T, T, = T,.

In this paper we will restrict ourselves to the case in which the symbols are
bounded harmonic functions in D. Actually, we assume slightly more, namely
that they are of the form f; + f, for some bounded holomorphic functions f;
and fy in D. This is assumed just for convenience; without this assumption
the conclusion of Proposition 2 would be slightly weaker.

Assume as above that f = f; + fo, g = g1 + o and h = hy + hy with f;,
g; and h; bounded and holomorphic. There are some obvious cases in which
TyTy, =Ty: If f and g are both holomorphic or both conjugate holomorphic,
then TyT, = Ty4. Also, if f or g is constant, then TyT, = T,. If any of
these four cases holds, we say that T7T, = T}, in a trivial way. Otherwise we
say that TtT, = T} holds in a non-trivial way. We know of no example of
such harmonic symbols f, g and h such that TyT, = T}, in a non-trivial way.
Our results are the following. In Proposition 1 we give a function-theoretic
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identity involving f, g and h that is equivalent to TyT; = T},. Next, using the
basic identity of Proposition 1, we give four necessary conditions on f, g and
h in order that 17T, = T}, in a non-trivial way. The first two conditions say
that the symbols must be somewhat smooth and the last two conditions say
that they cannot be too smooth. In Proposition 2 we show that if 7T, = T,
in a non-trivial way, then f; and g5 lie in the Zygmund class A,. Using this
result, we then show that the function ¢ = fg — h has a continuous extension
to the closed disc and vanishes identically on the boundary. This implies,
trivially, that the Toeplitz operator Ty is compact, but much more is true. In
Proposition 3 we show that T lies in the Schatten class S, for all r > %

Next we turn to results that go somewhat in the other direction. In Propo-
sition 4 we show that if TyT, = T}, in a non-trivial way, then f, and g, cannot
both be C! up to the boundary. (In fact, we prove a slightly more general
result.) Finally, in Proposition 5 we show that if T¢7, = 0 in a non-trivial
way then all of the functions f;, g; are cyclic vectors for the backward shift
in the Hardy space H2. This can be interpreted as saying that the functions
fi and g; cannot be too smooth, because it rules out polynomials and even
rational functions, which are known to be non-cyclic.

Notice that if TyT, = T}, in a trivial way, then fg = h; in particular, fg
is harmonic. In Lemma 4.2 of [3] there is a characterization of all harmonic
functions f and g such that fg is harmonic. This characterization includes
the cases when f and g are holomorphic and when f and g are conjugate
holomorphic, and the case when at least one of f and g is constant, but there
are other cases as well, such as f = f1 + f, and g = f; — fo, where f; and fo
are any bounded holomorphic functions. It is natural to try to find symbols
f, g and h of this type such that T¢Ty = T} in a non-trivial way. In the
corollary to Proposition 2 we show that this approach will not work. In fact,
we show that if T;T, = T}, in a non-trivial way, then fg is not harmonic. Our
proof of this result uses the main result of [1]. It would be interesting to have
a more elementary proof of the corollary of Proposition 2.

Another operator that arises in the study of Toeplitz operators is the
Berezin transform, defined for any integrable function f on D by the formula

B = - | L

We also have the kernel functions k,, for each w € D defined by k,(z) =
1/(1 - 2w)?.

We will also make use of the Hankel operator H, : B — B defined by
H,(v) = (I — P)(uv).

We now list some simple and well known properties of Toeplitz operators.

PrROPERTIES. 1. If T, =0 then u =0 almost everywhere.
2. If f is holomorphic, then T, Ty = T,s, and 5T, =Ty, for any u.
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3. Ty =1Ty.
4. If f is holomorphic and not identically zero, then Ty is one-to-one.
5. If g € B and w € D then P(gky) = g(w)ky.

A good reference for Properties 2-5 is Axler’s survey [2]. Property 1 does
not seem to have been stated explicitly in the literature, but it is very easy to
prove: If T,, = 0, then u is orthogonal to all polynomials (in z and Z); hence
u = 0 almost everywhere, since such polynomials are dense in L?2.

We conclude this section with the following simple lemma.

LEMMA 1. Suppose that T¢Ty = T}, in a non-trivial way, where f, g and h
are as above. Then g is not holomorphic and f is not conjugate holomorphic.

Proof. If g is holomorphic, then by Property 2, TyT, = T'y4 = T}, and hence
by Property 1, h = fg. If we take the Laplacian of both sides of this identity
and use the fact that h is harmonic then we see immediately that either g
is constant or f is holomorphic as well. If f is holomorphic then again by
Properties 2 and 1 we have fg = h, and this implies that either f is constant
or g is holomorphic. O

We note here that Lemma 1 says that if TyT,; = T} in a non-trivial way,
then neither of the functions f1, g can be constant. We will use this fact in
what follows.

We end this introduction by mentioning the analog of the above problem
for the Hardy space H2. Brown and Halmos [5] have shown that, in the case
of Toeplitz operators on H?2, TtT, = T}, implies that either g is holomorphic
or f is conjugate holomorphic.

1. The basic identity

In this section we prove the identity on which our other results are based.

ProOPOSITION 1.  Suppose that f, g and h are as above. Then the following
are equivalent:

(a) TsTy = Th;

(b) [1(2)91(2) + F2(2)7a(2) + f1(2)2(2) + B(f291)(2)
= hi(2) + ha(z) for z € D;

(c) J1(2)91(2) + Fo(w)ga(w) + f1(2)a (w

)
_ w)2 T2(C)91(C)
MR Arer sl
= hi(2) + ho(w) for all (z,w) € D x D.
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Proof. Clearly (c) implies (b). We will show first that (a) is equivalent
to (c), and then that (b) implies (c). We have TyT, = T}, if and only if
TtTyky = Thky for all w € D. Using Property 5 above we see that

Tgkw = P(glkw + §2kw) = g1k +§2(w)kw'
It then follows from another application of Property 5 that

TyTykw = P((f1 + f2)(91kw + Go(w)kw))
= flglkw + §2(w)flkw + gQ(w)72(w)kw + P(?QQlkw)

Since Thky = hiky + ho(w)k,, as above, we see that TyTy =Ty, if and only if

J1(2)g1(2) + fo(w)ga(w) + f1(2)Fa(w) + P(fy91kw)(z)

= ]’Ll(Z) +Eg(w),

L
kw(2)

for all (z,w) € D x D. To complete the proof that (a) is equivalent to (c) it
suffices to observe that

f2(Q)g1(¢)
ko (2) 1—20)2(1 —w()?

To show that (b) implies (¢), we consider the holomorphic function defined in
the bi-disc by the formula

F(z,w) = fi(2)g1(2) + [2(@)G(W) + f1(2)7,(W)

— w)2 f2(9)g1(¢) — hi(2) — BT
et [ IO A~ ()~ Fofm).

Assuming (b), F is identically zero on the set {(z,%) : z € D}, and hence is
identically zero in D x D. So F(z,w) = 0, which is the statement (c). O

P(Fagikn)(2) = (1 — 2m)? /D : dA(O).

Next we record a corollary to Proposition 1 that will be used in the proof
of Proposition 4.

COROLLARY. IfTyT, =T}, in a non-trivial way, then f is not holomorphic
and g is not conjugate holomorphic.

Proof. If f were holomorphic then we would have f, = C, where C is a
constant. Since the Berezin transform reproduces holomorphic functions, part
(b) of the proposition says that fg = h. As before, if we take the Laplacian
of this identity we see that either f is constant or g is holomorphic. The case
when g is conjugate holomorphic is similar. O
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2. Necessary conditions

PROPOSITION 2.  Suppose that T¢Ty = T}, in a non-trivial way. Then we
have:

(i) f1 and g2 lie in the Zygmund class A.. -
(ii) ¢ = fyg — h extends to a continuous function on D and is identically
zero on 0D.

Proof. Since g is not constant, there is a k > 1 such that gék)(O) # 0. Now,
differentiating the identity of part (c¢) of Proposition 1 k times with respect
to w, and letting w = 0, we obtain

(k) S(z,¢) _
AETR ) + 0+ [ TR0 =0
where
k — 2w
5(:0) = g (1= humo

To evaluate S(z, (), we note that
|- 2%
(=) = == Yok + ()"

Multiplying out and collecting terms we get

oo

P =14+(C—2)) [k(C—2)+C+ 2" %"
k=1

1—zw
1-—Cw

(

From this we see that S(z,() is ( — z times a polynomial in ¢ and z, and we

conclude that
P(z, —2)f
D (1-2Q)
where P is a polynomial. If we differentiate this expression twice we obtain
the estimate

¢ — 2| / 1
1! < B L e - - .
el <ol a0 [ A
Here the constant C' incorporates a bound for the sup norms of f; and ¢;.
If we use the fact that [ — 2| < |1 — z(| then standard estimates show that
|f1'(z)] < C/(1—]z|), and this in turn is equivalent to the statement that
f1 € A, (see, for example, Theorem 5.3 of [6]). The proof that g, € A, is very
similar. This completes the proof of (i).

For the proof of (ii) we start with part (b) of Proposition 1:

f191 + [2Gs + f192 + B(fo91) = b1 + ho.
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Since the Berezin transform reproduces harmonic functions, we can rewrite
this as
B(f291 + fig1 + [2G2 — b1 — h2) = — 175,

or B(u) = —f19,, where u denotes the function in the argument of the opera-
tor B. By part (i) of the proposition, the right hand side is continuous on D.
Since w is clearly in the algebra generated by the bounded harmonic functions
it follows that u itself has a continuous extension to D (see Corollary 3.11
of [3]). But fg — h = u + figs, so fg — h has a continuous extension to D.
To see that fg — h = 0 on 0D we note that, since u is continuous on D, it
follows that B(u) = won 0D. But B(u)+ f1g, = 0 in D, and so by continuity
fg—h=u+ fig, =0 on 0D. This completes the proof. O

COROLLARY. IfTyTy =T}, in a non-trivial way, then fg is not harmonic.

Proof. Suppose that fg is harmonic. By Proposition 2 we have fg = h
almost everywhere on dD. Hence fg = h in D, since fg and h are harmonic.
A slight rewriting of part (b) of Proposition 1 gives

f9+ B(fa91) — fo91 = h.

Since fg = h we obtain B(f,91) = f91. The main result of [1] then implies
that f,g; is harmonic, from which it easily follows that either fo or g; is
constant. That is, either f is holomorphic or g is conjugate holomorphic.
Applying the corollary to Proposition 1 completes the proof. O

ProrosiTioN 3. If TyT, =1}, in a non-trivial way and ¢ = fg—h, then
we have:
(i) Ty is in the Schatten class S, for all r > 1.
(ii) Z(ﬁ ka |p[2dA)" < oo for all v > L, where {Ry} is a partition
of D into hyperbolically equal-sized Carleson half-squares and |Ryg|
denotes the area measure of Ry.

Proof. We will use the well known formula Ty, — 77T, = H%Hg, valid for
any bounded symbols f and g. In our case, H, = Hy, and Hy = H71 so that,
under the assumptions of Proposition 3, Trq—pn = H} Hg,. In [4] it was shown
that if F' is holomorphic and 1 < p < oo then H% € S, if and only if

/ F(2)P(1 — [2])P~2dA(2) < 0.
D

We have seen in the proof of Proposition 2 that if F' = f; or F' = gy then
|F"(z)] < C/(1 —|z|). This implies in a standard way that

/ F/(2)[P(1— =) 2dA(2) < oo
D
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for all 1 < p < oo. This means that H?l and Hy, are in S}, for all 1 < p < oo.
Hence the product H} Hg, is in S, for all r > %
1

In [8] there is a characterization of the non-negative symbols whose Toeplitz
operators lie in the Schatten classes. The main theorem of [8] says that if
1 >0, then Ty, € S, if and only if

S [ wddy < oo,

|Ri| J g,

where {Ry} is partition of D into hyperbolically equal-sized Carleson half-
squares. Our symbol ¢ = fg — h is not necessarily non-negative, but we can
apply the theorem in the following way. Suppose u = Y| @;[3;, where the «;
and the §; are bounded holomorphic functions. Then we have

Tou=» TaTyT,.

So Ty € Sy for all 7 > % for any such u. But we can take u = ¢ and conclude
that

S [ I6PdAy < o,

|Re| J R,

for all r > % O
COROLLARY. We have [}, %d/l(z) < oo, for allr > 1.

Proof. Fix 1/2 < r < 1. By Holder’s inequality we have ka |p|*rdA <
(ka |¢[2dA)"|Ri|*=". This yields IR_lkl ka |p|*rdA < (ﬁ ka |p|2dA)". Now
for z € Ry, (1—|2|?)? is of the order of |Rx|. Using this fact and summing on
k, we arrive at the conclusion of the corollary. O

PRroPOSITION 4. Suppose that TyTy = T} in a non-trivial way. Then
there does not exist a subset E C 0D of positive measure such that f} and g;
have continuous extensions to each point of E.

Proof. Suppose there is a set E C 9D of positive measure such that f}
and ¢} have continuous extensions to each point of E. By condition (b) of
Proposition 1 we have

F1(2)g1(2) + F5(2)7a(2) + f1(2)F2(2) + B(f291)(2) = h(2).

Applying the invariant Laplacian to this equation and using the fact that the
invariant Laplacian commutes with the Berezin transform (see [7]), we obtain

12\ /
(= P2 A + 0 - oy [ S0 000 <o
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Dividing by (1 — |2]?)? we get
122 F /

D 11— ]t
Since we are assuming that T¢Ty = T}, in a non-trivial way, it follows from

the corollary to Proposition 1 that neither f} nor ¢gf can be identically zero.
From this it follows that there is a subset of E of positive measure on which

() =o.

neither 7/2 nor g; vanishes. (What we are using here is a very special (and
easy) case of the theorem of Privalov that says that if a meromorphic function
in the unit disc has non tangential limit zero on a set of positive measure on
0D then it is identically zero; see [9] or Theorem 1.9 of [10].) It follows that
there is a set of positive measure on which Re(fégi) (or Im(f;g’l)) is never
zero, and finally a set of positive measure on which this function is positive
(or negative) and, in fact, bounded away from zero. Let us suppose, say, that
there is a set of positive measure (which we will continue to call F) on which
U = Re?;g’l > ¢ > 0. Take a point ¢ € E. Then there is a number 7 > 0
such that if |¢ — e®| < 7 then u(¢) > e. Then we have

(1= [¢12)2F2(0)gi(C)
Re/D ‘1 - ZE|4 dA(C)

_ (1= <) u(©) ;4 (1= [¢)*u(©) ;4
/ICe“|<n 11— 2|t 0 /Ce“l>n 1 -z )

Now let z — e*. Then the second integral stays bounded, but the first integral

is greater than
1— 2\2
=
lc—eitj<n |1 = 2(]

This integral is in turn equal to

A=l (1— |
/D Q=P gag) /| L= a0,

1=z ¢—eit|>n |1 — 2]
Again, the second integral stays bounded as z — e and the first one goes
to oo like log(1/(1 —|z])) as |z| — 1. It now follows that |f](2)g5(2)| =
|f1(2)75(2)| > [Re(f{(2)74(2))| — oo as z — €. This means that the holo-
morphic function f{g5 continuously takes on the value co on a set of positive
measure on 0D. This is impossible, because then the meromorphic function
1/(f1g%) would take on the value zero on this set of positive measure and
hence be identically zero. O

Our final result deals with the “zero product” situation, i.e., the case when
TyT, = 0. For this to occur in the trivial way means that fg = 0 and hence
that either f or g is identically zero. Recall that a function f in the Hardy
space H? is said to be non-cyclic for the backward shift if there is an inner
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function ¢ such that f is orthogonal to the subspace ¢H? of H?. Otherwise f
is said to be cyclic for the backward shift. As is well known, f is orthogonal
to ¢H? if and only if there is a function F € H? such that F(0) = 0 and such
that ¢f = F almost everywhere on 9D.

ProrosiTION 5. IfT¢T, = 0 in a non-trivial way, then fi, f2,91,92 are
all cyclic vectors for the backward shift.

Proof. If TtT, = 0 then, as we have seen above, fg extends continuously to
D and vanishes on dD. Since neither f nor g is identically zero, we conclude
that there is a set E C 0D such that F has positive measure, 0D — F has
positive measure and such that f = 0 almost everywhere on F and g = 0
almost everywhere on 0D — E. If f; were non cyclic for the backward shift,
there would exist an inner function ¢ and a function F € H? such that
¢f1 = F almost everywhere on dD. Now f, = —f; almost everywhere on F
so we see that ¢f, = —¢f1 = —F almost everywhere on E. But this means
that ¢fs = —F on all of D. This in turn implies that ¢f; = —¢f, on 9D
and hence that f; = —f, on dD. This means that f = 0 on dD and hence
f = 01in D, contrary to the assumptions. The same argument shows that
f2,91 and g2 are also cyclic. O
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