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A REGULARITY CONDITION IN SOBOLEV SPACES
WLP(R") WITH 1<p<n

DONATELLA BONGIORNO

ABSTRACT. Extending Maly’s geometric definition of absolutely contin-
uous functions of n variables (in a sense equivalent to that of Rado-
Reichelderfer), we define classes of p-absolutely continuous functions
(1 < p < n) and show that this weaker notion of absolute continuity
still implies differentiability almost everywhere, although it does not
imply continuity or Lusin’s condition (N).

1. Introduction

We investigate to what extent some basic properties that are shared by
absolutely continuous functions in the sense of Rado, Reichelderfer, and Maly
can be generalized to larger classes of functions. We prove that a natural
extension of Maly’s geometric definition of absolute continuity gives a sim-
ple regularity property (in the sense of differentiability almost everywhere)
of functions belonging to the Sobolev space W1P(Q) with 1 < p < n. We
show that our classes ACP, 1 < p < n, of p-absolutely continuous functions
properly contain the classes AC™ of absolutely continuous functions of Rado,
Reichelderfer and Maly. In fact, they contain even essentially discontinuous
functions. However, the ACP functions do not share all properties of the AC™
functions; in particular, Lusin’s condition (N) may fail even for continuous
ACP functions when 1 < p < n.

Let © be an open subset of R”, and let 1 < p < co. We recall that the
Sobolev space W1P(Q,R™) is defined as the set of all (equivalence classes of)
functions f € LP(Q,R™) whose distributional partial derivatives all belong to
LP(Q,R™).

L. Cesari [2] proved that if p > n, then each f € W1P(Q, R™) is continuous,
and differentiable at almost all points € Q. In the same paper Cesari also
gave an example of a function f € W1"(€,R™) which does not have these
properties.
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Regularity properties for functions belonging to W1 (Q, R™) have been
obtained by A.P. Calderon [1], T. Rado and P.V. Reichelderfer [9], E. Stein
[10], and J. Maly [6].

DEFINITION 1.1 (Maly). A function f: Q@ — R™ is said to be n-absolutely
continuous in € (briefly, f € AC™(Q,R™)) if for every € > 0 there exists § > 0
such that

an(fa BZ) <g,

for each disjoint system of balls {B; C © :i € N} with ), £"(B;) < 0. Here
w(f, B;) denotes the oscillation of f in B;.

Our extension of this notion is given by the following definition:

DEFINITION 1.2. Let 1 < p < n. We say that a function f: Q — R™ is
p-absolutely continuous in Q (briefly, f € ACP(2,R™)) if for every € > 0 there
exists § > 0 such that

pr(f, B)r"7P(B;) < &,

for each disjoint system of balls {B; C © : i € N} with >, £(B;) < 0. Here
r(B;) denotes the radius of the ball B;.

Note that for p = n Definition 1.2 coincides with Maly’s definition.
We say that f has bounded p-variation (briefly, f € BVP(Q2,R™)) if there
exist M > 0 and n > 0 such that

pr(f, B)r"P(B;) < M

for each disjoint system of balls {B;} in Q such that r(B;) < 7.

The classes BV} . and AC} _ are defined in the usual way: f € BV (2, R™)
(resp. f € ACY (Q,R™)) if f € BVP(Qy,R™) (resp. f € ACP(Qy,R™)) for
every open set )y whose closure is a compact subset of €.

As in Maly [6] it is easy to see that the p-absolute continuity follows from

a condition analogous to one introduced by Rado and Reichelderfer:

(R.R.)? There is an absolutely continuous finite measure y on R™ such that
wP(f, B)r™P(B) < u(B) for each ball B in Q
A similar remark, without the requirement that ;s be absolutely continuous,
holds for functions of bounded p-variation. In fact, by a deep result of Csérnyei
[3] the conditions (R.R.)? and AC? are locally equivalent, and an analogous
statement holds for functions of bounded p-variation.
In this note we prove the following properties of p-absolutely continuous
functions and of functions of bounded p-variation.
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ProposITION 1.3. If f € ACY (2, R™), then f € BV (Q,R™). More-
over, every function f € BVP(,R™) is locally bounded.

THEOREM 1.4. BV(,R™) C ACP(Q,R™) for 1 <p < q<n.

THEOREM 1.5. Let 1 < p < n and let f € BVP(QQ,R™). Then f is a.e.
differentiable in ).

THEOREM 1.6. For 1 < p < n we have

BVP

loc

(Q,R™) C W P(Q,R™);

ocC

for p =1 we have

BVY(Q,R™) c BV(Q,R™).

THEOREM 1.7. For 1 < p < q < n there is a continuous function f €
ACP(B(0,1),R) such that f ¢ WH(Q, R).

In the following theorem we denote by H" P the (n — p)-dimensional
Hausdorff measure; for n > 0 we also denote by H;~? the corresponding
n-approximating measure (see [7, Chapter 4]).

THEOREM 1.8. Let 1 < p < n. Then each function f € ACP(Q,R™)
is continuous H" P almost everywhere. Moreover, for each function f €
BVP(Q,R™) the set of the points of discontinuity has o-finite H" P measure.

Note that if p = n, Theorem 1.8 says that f is continuous in Q. This is,
of course, easy to observe directly. In fact, by Definition 1.1 it follows that
for any g such that Qy C © and for any € > 0 there is 6 > 0 such that
If(z) — f(y)||™ < € for all z,y € Qo with ||z — y|| < 4.

Note also that general functions from W1P(Q, R") satisfy only a weaker
condition than that of Theorem 1.8: they are only approximately continuous
except on a set of Hausdorff dimension n — p (see [11, Remark 3.3.5] and [11,
Theorem 3.3.3] for a stronger result), but they may be unbounded in every
non-empty open subset of  (see [11, Exercise 3.3]).

THEOREM 1.9. For 1 < p < n there is a function f belonging to
ACP(B(0,1),R) such that for any continuous function g we have

L£"({x € B(0,1) : g(x) # f(x)}) > 0.

THEOREM 1.10.  There is a homeomorphism f: [0,1]™ — [0, 1]™ not satis-
fying Lusin’s condition (N) which belongs to ACP(Q,R™), for 1 <p < n.
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2. Proof of Proposition 1.3

It suffices to consider the case when Q is bounded and f € ACP(Q,R™).
Then there is § > 0 such that

(2.1) Zw”(f, Bi)r"?(B;) <1,

for each disjoint system of balls {B; C © : i € N} with >, £L"(B;) < 6.

Let ) s Un
"3 (W) ’

and let {B;} be an arbitrary disjoint system of balls in Q such that r(B;) <7
for each i. Then there exist finitely many balls, say @1, ..., Qk, of radius 7,
such that Q) C U?:l Q;. For j =1,... k, let Qj be the ball with the same
center as (); and of radius 37. Thus, if a ball B of radius less than 7 intersects
Q; for some j, then B C Qj. Hence

> LB < LM(Q;) =0
i: BNQ;#0
Thus, by (2.1), we have

pr(f,B,-)r"*p(B,-):Z > WP(f,B) " P(Bi) < k.

J=14i: BNQ,;#0

This completes the proof that f € BVP(Q,R™).

Let now f € BVP(Q,R™). By Definition 1.1 it follows that there are
numbers M > 0 and ¢ > 0 such that w?(f, B) r" ?(B) < M whenever B C
and r(B) < §. If f is not locally bounded, then there is 2y € Q such that f
is unbounded on every open set containing xy. Hence

WP (f, B(x0,6/2)) r" " (B(20,6/2)) = oo,

which it is a contradiction. O

3. Proof of Theorem 1.4

Let f € BV4(Q,R™). By definition there are numbers M > 0 and 5 > 0
such that

S wI(f. BBy < M,

for each disjoint system {B;} of balls in  such that »(B;) < 7.
Given € > 0, let

(TP LN(B(0,1)
0= mln( p/a—p) .t L (B(O,l)))
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and let {B;} be a disjoint system of balls in € such that ), L"(B;) < .
Then, by Holder’s inequality, we have

Zw”(ﬁ Bi)r""(B)

— pr(f, Bi)r(n*q)p/q(Bi) .rn(qu)/q(Bi)
Z P/q (¢—p)/p
(s se) ()
Z (¢—p)/a %
< MP/4 <Z r"(Bi)>

MP/a . (¢=p)/q
~ (£7(B(0, 1)))(a—n)/a (ZE (Bi)) <e.

This completes the proof that f € ACP(Q2,R™).

4. Proof of Theorem 1.5

We need the following lemma.

LEMMA 4.1. For each n > 0 and each k € N there exists a disjoint system
B(xi, ;)52 of balls in Q, such that r; <n fori=1,2,..., and
=1

(4.1) L2 Q) < CEP Y wP(f, Blai, i) 1777,

where C' = L"(B(0,1)) and

Quy = {x € Q: for each o > 0 there exists y € R"
with |ly — || <o and ||f(y) — f(2)|| > klly — ]| }-

Proof. The family {B(x,r)} of all balls such that B(z,r) C Q, x € Q,
r < n and w(B(z,r)) > kr is a Vitali covering of Q). Thus there exist
r; € Quy and r; > 0,4 = 1,2,..., with r; < 7, such that B(x;,r;) C Q,
w(B(zi,7;)) > kr;, the balls {B(z;,7;)} are disjoint, and

Lo <Q(k) \UB(:Q,Q)) =0.



562 DONATELLA BONGIORNO

Therefore

L) < LT (Q(k) \UB(%‘,H)> + L7 (U B(%‘Ji))

%

=C Zrz” <Ck? pr(B(xi,ri)) ri P O

We now return to the proof of the Theorem 1.5. By Stepanoff’s theorem,
it is enough to prove that f is pointwise Lipschitz a.e. in Q. Let M,n > 0 be
such that

pr(f, B)r"P(B;) < M

for each disjoint system {B;} of balls in Q such that r(B;) < n. Now it is
easy to see that the set S of points at which f is not pointwise Lipschitz is
contained in each set {)(xy. Thus Lemma 4.1 implies

PP < kTP M,

7

LM(S) < LY Q) < CE™ Y wP(f, B(xi,i)) v

and letting k — oo we conclude that £*(S) = 0. O

5. Proof of Theorem 1.6

Suppose that f € BVE (Q,R™). As in [6] we may assume that f is sup-
ported on a compact subset of €2 and hence, by Proposition 1.3 and Theorem
1.5, that it is a bounded measurable function with compact support in R™.
Let M,n > 0 be such that

SO WP(f B (By) < M,

for each disjoint system {B;} of balls in R with r(B;) < 7.

Fix a function 7 in Coo (R™,R) such that ¢, has its support in B(0,1/6),
Y1 >0, and [, 1 =1, and set ¢ () = k"1 (kx), k = 1,2,.... Define Z;
as the set of all points € R™ such that kz has integer coordinates. Then the
family {B(x+y,1/(3k)) : © € Zj} is a system of disjoint balls in R", for each
y € B(0,2n/k). Thus, for each k > (2n)/n we have

(5.1) > wI(f, Bz +y,1/(3k) r"U(B(x +y,1/(3k))) < M.
rEZy,
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Let 9y * f denote the convolution of ¢, and f and set C = sup ||V1)1]|. Noting
that fB(O 1/6k) Vi (t) dt = 0, we infer

/ IV * £)IP(s) ds
B(z+y,1/6k)

_ / / Vu(t) f(s — 1) dt
B(z+y,1/6k) ||/ B(0,1/6k)

- / / Vn(t)(f(s — 1) — f(s)) dt
B(a+y,1/6k) ||/ B(0,1/6k)

- / / KT (k) (F(s — £) — £(5)
B(z+y,1/6k) ||/ B(0,1/6k)

p
cov | (w / ||<f(s—t)—f(s)>||dt> ds
B(z+y,1/6k) B(0,1/6k)

<% L"(B(0, 1))>p ds

p
ds

p
ds

p

ds

< CTr(f. Blo +y,1/38) [
B(z+y,1/6k)

k-P
n B 1 p+1

s (£1(BO,1))

< Cy WP (f, Bla +y,1/3k) (i)rb_p

= Oy WP(f, Bz +y,1/3k)) r"P(B(z + y, 1/3k)),

< CPwP(f, B(x 4 y,1/3k))

where

o (CLYBOD)Y £(B0.1)
b 6" gpon
Hence, by (5.1), we have

/Q IV DIP()ds < 3 /B IV PPy ds

r€Zy

<cr Y | / IV (% £)IP(s) ds | dy
B(z,2n/k) B(z+y,1/6k)

reZy

< Coh" / 3 < / ||V<wk*f>||p<s>ds> dy
B(z,2n/k) yez, \/B(z+y,1/6k)

S 02]4}"/ 01 Mdy
B(z,2n/k)
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This implies that the sequence {1 * f} is bounded in WP(Q,R™). Also,
from standard properties of the convolution it follows that iy * f converges to
fin LP. If p > 1, then W1P(Q,R™) is reflexive, and hence a subsequence of
Yy, * f converges weakly to a function g € W1P(Q, R™); since it converges to
fin LP, we have f = g and so f € WHP(Q,R™). If p = 1, the same argument
works if we use instead of the reflexivity the compactness of the unit ball of
BV functions in the L' norm (see [11, Corollary 5.5.4]). O

6. Proof of Theorems 1.7 and 1.9

Let 0 < ¢ < 1 and let ag be a sequence such that
12@12@22"'>0.

Moreover, given 1 < p < ¢ < n, let ny > 1 be such that

(6.1) agng < agr1ng41, k=1,2,...,

and
(oo}

(6.2) Z(ak+1 npg1)? P < oo,
k=1

(6.3) > (ars1 ngn) 7D = oo
k=1

The numbers ¢ and a; and the integers nj will be specified later.
For each k € N let

Qo k = Ck+1 <oy << Op, k= Ck

be a division of [c¥t1, c¥] into ny intervals, each of length (c* — cF*+1)/ny, and
for i =1,...,ny let d; ;, be the midpoint of the interval [o;_1 k, @; x]. Define
¢: [0,1] — RT to be linear on the intervals [o;_1k,d;%] and
[di .k, 0 k], and such that ¥(a; ) = 0 and ¢(d; k) = ag, for i =1,...,n; and
k=1,2,.... We will show that the function f(z) = ¢ (||z|) is AC?(B(0,1),R)
and that f is not Wh4(B(0,1),R).

To this end define, for a Lebesgue measurable set £ C R™,

0= s) o > () e En B0,

By (6.2) we have u(B(0,1)) < +00, so p is a finite measure that is absolutely
continuous with respect to the Lebesgue measure. Therefore, to prove that
f € AC?(B(0,1),R) it is enough to verify that, for each ball B C B(0,1),

wP(f, B)r"""(B) < u(B).




REGULARITY CONDITION IN SOBOLEV SPACES 565

Let k be maximal such that B C B(0,c*). We consider two cases, B N
B(0,c**2) = ) and BN B(0,c**2) # (). In the first case, by (6.1) and since
0 < ¢ < 1, it follows

4 app1ngg
LU(f,B) S C(l*C) Ck T(B)

Thus
W ByrHB) = <C(14— C))p <ak+1c’?k+1)p r(B)
B 4 P rapiing\P LB N B(0,cF))
N (c(l c)) ( ck ) L7(B(0,1))
< u(B).

In the second case, since B N B(0, cF+2) # (), we have
k _
r(B) > el c).
2
Moreover, since B C B(0, c¥), it follows that w(f; B) < ag. Therefore
wP(f,B)r""P(B) < apr"P(B)

ar\P Poen ,ck
<(3) <c<12—c>) E(cigﬁf,ol)) ’

: <C(14—c)> Ln(Bl(o,1)) (akc:k)p L™(B N B(0,c"))
< u(B).

This completes the proof that f € AC?(B(0,1),R).
Now, since
2 ar N
va” - ok _ okl

almost everywhere in B(0,c*) \ B(0,c**1), we have

2 q
[owmr= (2) e - £B0.1) S e mern)r ko
B(0,1) —c -
= Q.

Hence f is not in W14(B(0,1),R).

It remains to specify the numbers ¢, aj, and ng. To prove Theorem 1.7, we
take a, = (1/k)Y/9 , ¢ = 279, and ny = 2*("=9_ Then the conditions (6.1),
(6.2), and (6.3) are satisfied, and f is continuous. Thus the proof of Theorem
1.7 is complete.

To prove Theorem 1.9, we take ar, = 1, ¢ = 277, and ng = 28("=9)_ Then
conditions (6.1), (6.2), and (6.3) are satisfied, and f is discontinuous. To
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complete the proof of Theorem 1.9, it suffices to note that a function that is
almost everywhere equal to f cannot be continuous at the origin. O

7. Proof of Theorem 1.8
Let f € ACP(£2,R™), and set
D ={x €Q: fis not continuous at z}.
We have to show that H"~P(D) = 0. To this end, for each k € N let
Dy={z € D:w(f z)>1/k}.

We will show that £"(Dy) = 0. Taking ¢ = 1 in Definition 1.2, let § = §(1)
and let U C Q be an open set with £L"(U) < 6 and Dy N U # (. Then,
given o > 0 and a disjoint system of balls {B;} such that r(B;) < o, B; C U,
i=1,2,...,and Dy NU C |J; B;, we have

LMY DyNU) < ZT”(Bi) <P Zr”f”(Bi)
< apk:prp(f, B)r"7P(B;) < oPkP.

Letting 0 — 0 we obtain L™(D, NU) = 0, and since U is arbitrary, it follows
that ,Cn(Dk) =0.

Let ¢ > 0, and let 6 = §(g) be chosen according to Definition 1.2. Since
L"(Dy) = 0 we can find an open set G C 2 such that Dy, C G and L™(G) < 6.
Now, for n > 0 let {B; = B(x;, ;) }icsr be a system of balls such that B; C G
and 7(B;) < n/10 for each i € I, and Dy, C |J, B;. By the “5r-covering
Theorem” (see [7, Theorem 2.1]), there is a subset J C I such that the balls
{Bj};e are disjoint, and for each ¢ € I there is j € J with B; C B(z;, 5r;).
Hence Dy, C ¢y B(z;,5r;5), and 3, ; L"(B;) < L(G) < 6. Therefore

Hy (D) <Y (2r(B(xy, 5r))" P = 1077 Y r"P(By)
jed =
<10"PEP Y wP(f, By)r"P(By)
JjeJ
< 10" PkPe.

Since 7 is arbitrary, it follows that H™ P (Dy) < 10" PkPe, and since ¢ is arbi-
trary, we obtain H"P(Dy) = 0. Thus we have H" P(D) = lim, H" P (Dy,) =
0.

Assume now that f € BVP(Q,R™) and define D and Dy, as above. Since
D = |, Dk, it is enough to prove that H" ?(D;) < +oo for each k € N.
Assume that there is k € N with H" P(Dj) = oo. Then for each positive
M there is 7 > 0 such that H?P(Dy) > kP2" P M. Let 0 < n < 7 and let
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{B;} be a disjoint system of balls such that B, C Q and r(B;) < n/2 for
i=1,2,...,and Dy C |J; B;. Then

> @r(B:)"P = HpP(Dy) > kP 2" M,

(2

and hence

S WP B) B > 1 S (B > M,

in contradiction to the hypothesis f € BVP(Q2,R™). O

8. Proof of Theorem 1.10

We use an improvement of Ponomarev’s example [8] due to J. Kauhanen,
P. Koskela, and J. Maly [5]. Let @ be a closed cube with side s, and let {cx}
be a sequence of positive numbers such that ¢y < 1 for each k. Divide @
into 2™ nonoverlapping cubes P;, i = 1,...,2", such that L"(P;) = L™(Q)/2"
for each i. Inside each P; take a closed cube @; with side s(c;/2), such
that P; and @; are concentric. Then apply the above algorithm to @;, for
each 7. We thus obtain 4" new closed cubes Q; ;, 7,7 = 1,...,2", with sides
s (c1 c2/2%). Continuing this process, we obtain a system of cubes {Q,} with
a€Xy=11,2,...,2" % k£ =0,1,... (where we let 3y = {0}, Qp = Q), such
that the side of Qq is s(c1ca... cx)/2%. Let E =2, Uaes, Qa- Then E is
a nonempty closed set.

We first apply this construction with @ = [0, 1]™ and the constant sequence
{cx = b}. We obtain a system of cubes {Q,} with a € ¥y, k =0,1,..., such
that the side of @, is (b/2)* for each k and the set E = (2, Unes, Qo is a
null set. In fact, we have

L£"(E) = lim £ ( U Qa> = lim bk =0.

aEXy

Now let {dj} be a sequence of positive numbers such that dj, < 1 for each
k,and [T, ; dr > 0. We apply the same construction with @ = [0, 1]" and the
sequence {c; = dj,}. We then obtain a system of cubes {Q,} with a € %,
k = 0,1,..., such that the side of Qqn is (dyds. .. dy)/2F for each k. Let

E= ﬂZil UaEZk Qa Then

LYE)=lim £" | |J Qo | = ﬁdh>0.
h=1

h—o0
|a|=h
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For k=1,2,... and a € ¥ let z, be the center of Q, and let
. dldg-“dk,l(l—d}c) . dids - - - dp_1 1—dj
sk = , tp= DI ,
bE=1(1 —b) 2k+1 1-0
dyds - - - dj,
bk '
It is easy to see that

V =

(D) g (e
F2\2 RT3
1/0b 1 (dids--
(8.1) Sk <§> +itp = 1 ( k1 > )
() =5 (")
¥ 2
Denote by fy the identity function on [0, 1]™ and, for k = 1,2,..., define
fk—l(x)’ 1f9€¢Uaezk s
Jr(z) = fe—1(za) + sk(z — 24) +tkﬁa ifz € Py \ Qa, a €%y,
fre—1(za) + vz — 24), ifx € Qun, a € Xy.

By (8.1) it follows that f;, is continuous and maps P, onto P, Q4 onto Qq,
the boundary of P, onto the boundary of P,, and the boundary of Q, onto
the boundary of Q..

If k> h then fix(z) = fu(2) for © & U,ex, Pa, and

didy...dj—
o) — fula)| < Dt V2 1

for z € U,ex, Pa- Therefore the sequence {fx} is uniformly convergent to a
continuous function f. It is easily seen that f is one-to-one, f([0,1]™) = [0, 1]",
and f(E) = E. Moreover, by the compactness of [0,1]"”, f maps closed sets
into closed sets. Thus f is an homeomorphism.

To complete the proof, we show that f € ACP((0,1)",R"), for 1 < p < n.
To this end define, for a measurable set £ € R™,

8\’ 1 = 1 .
HE) = (1—b> E"(B(071))kzzob(k+2)p£ <E” U Qa)'

aEXy

It is easy to see that, since b < 1,

[e%s) 1 o b kn
b k+2)p ( U Qa) = Xk: p(k+2)p 2 (5)

k=0 aEXy
1 k(n—
k
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Hence p is a finite measure that is absolutely continuous with respect to the
Lebesgue measure. Thus, in order to prove that f € AC?((0,1)",R") it is
enough to verify that, for each ball B C (0,1)",

WP(f, B) " P(B) < u(B).
If 2,y € Py \ Qo with « € g, k=1,2,..., then we have

lo—aal = 2 (2) ) etz ()
ol =53 ) » W=Tall=515) -

Since
=<l le=sal =15
= zal (b/2)* ly — zall ®/2)% |’
it follows that
T — Ty Y— To ‘
Iz —zall  lly — al

o (2) eyl
= 5 =yl

2(x —xa)  2(y — o)
(b/2)* (b/2)*
Therefore, since f = fi on P, \ Qu, we have

k
2
(52) 1) = 1)1 < s lle = ol + 200 (5) e =l
didy - - - dj,
chbidy,_y)
1
< pelle =3l

for all z,y € Py \ Qa-

Suppose now that B is a ball contained in (0, 1)”, and let k£ be maximal such
that B C Q. for some v € ;.. We consider the two cases, B N Uﬁezk+2 Qp =
() and BN U562k+2 Qp # 0. In the first case, by (8.2) applied to z,y € B we
have

Wf.B) < g 27(B)

)

B < (5

( 2 >p L™( BmUaezk Qa)
bk+2

w(B

Therefore

wP(f, B

L(B(0,1))

IN
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In the second case, since B N Uﬁ62k+z Qs # 0, and since B is not com-

pletely contained in @ with v € Y44, it follows that

r(B) > IT_I’ (g)’m.

Since B C Q. with « € X, we have

d1d2~dk<i

w(f,B)< Bl D L

Therefore

P B (B) < 5 r " (B)
8 \' 1 L'(BNU,esx, Qo)
= ((1 b>> ST 2 (B0, 1)
< u(B).

This completes the proof that f € AC?((0,1)",R™).
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