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A REMARK ON HECKE OPERATORS AND A THEOREM
OF DWORK AND KOIKE

HOLLY SWISHER

ABSTRACT. Let p > 5 be prime, &, the set of all characteristic p su-
persingular j-invariants in Fp, — {0,1728}, and 9, the set of all monic
irreducible quadratic polynomials in Fj[z] whose roots are supersingu-
lar j-invariants. A theorem of Dwork and Koike asserts that there are
integers Ap(a), Bp(g),Cp(g), and a polynomial Dy (z) € Fp[z] of degree
p — 1, for which

J(pz) = §(2)" + pDyp(j(2))

Ap(a) +p Z Bp(9)i(2) + Cp(9)

+p (mod p2).

wee, i@ —a T 9(i(2))

It is natural to seek a description of the polynomials Djy(x). Here we
provide such a description in terms of certain Hecke polynomials.

1. Introduction

Throughout this paper let ¢ := €2 and let j(z) be the usual elliptic
modular function on SLy(Z):

§(2) = ¢~ + 744 + 196884q + 21493760¢> + - - -

Losing the constant term, we define J(z) to be the usual Hauptmodul
J(2):=j(z) =44 = > c(n)g" = q " + 196884q + 21493760¢° + - - - .
n=—1
We recall an infinite class of monic polynomials j,, € Z[j(z)] of degree m.
The j,, can be described in two ways. Let jo(z) = 1, and for each positive
integer m, let j,,(z) be given by

Jm(2) = J(2) | To(m),
where Ty(m) is the normalized mth Hecke operator of weight zero. Notice
that for each m, j,,(z) is the unique modular function that is holomorphic on
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the upper half plane H and has Fourier expansion of the form

- —m+2cm ma" € —72lld)

Each j,(z) is a monic degree m polynomial in Z[j(z)]. The first few j,(2)
are:

1
d(z) =J(2) = j(z) — 744
ja(2) = j(2)? — 14883 (2) + 159768.

For a second description of the j,, and more about their importance see
[Br-K-O].

Here we show that the j,(z) are also important for studying the p-adic
properties of modular forms. For primes p > 5, let &, be the set of all char-
acteristic p supersingular j-invariants in F, — {0,1728}, and 9, the set of
all monic irreducible quadratic polynomials in I, whose roots are supersin-
gular j-invariants. As a special case of the work of Deligne and Dwork [D] on
the p-adic rigidity of the map j(z) — j(pz), Koike [K] described the Fourier
expansion of j(pz) (mod p?). Refining the simple fact that j(pz) = j(2)?
(mod p), Koike proved (see [K], [D]) that for primes p > 5 there exist integers
Ap(a), Bp(g), Cp(g) € Z and a polynomial D,(x) € Fp[z] of degree p— 1 such
that

i(pz) = j(2)* +pD(())
+p Z P Y Bp(g)J(é)+0p(9) (mod p?).

aceG, g(z)em,

Here we provide an explicit description of the polynomials D, (z) in terms
of the j,. If p > 5 is prime, then in F,[j] we show that

. 1 . .
Dy(j) = Z;(Jp —jP +744).
In particular, we prove the following theorem.

THEOREM 1.1. Ifp > 5 is prime, then there exist Ay(av), Bp(g), Cp(g) € Z
such that

1p Z (2 +Cp(g) (mod p?).

g(z)em,

3(p2) = jp(2)+744+p Z
ac,

)
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ExaMPLE. Consider the case where p = 43. Here we have S43 = {—2}
and My3 = {22 + 192 + 16}. In Koike’s theorem we get that

7(432) = 7(2)* 4 43(305(2)*? + 365 (2)* +125(2)** + - + 14j(2) + 9)
L 860 43(115(z) + 40)
J(z)+2  j(2)?2+195(z) + 16
which shows Dy3(z) = 3022 + 362 +122%0 + - - - + 3422 + 14z + 9 in Fy3[z].
Now consider
Jaz — 7% + 744 = —319925*% + 4913769965%! — 4825080706976540 + - - -
—12399248705181082915942231265687082412350539159839332472360
92398578343596233461571648749130166186015992.

(mod 43?),

Dividing by 43 gives

Jas ) TS 743 i — 7445 + 114273725 — 1122111792325%° + - - .

— 2883546210507228585102844480392344747058264920892
8680168281218571589385958917710968575561166655488744,

which in Fy3 is equal to

3oj42 + 36j41 + 12j40 4+ o+ 34.]2 + 145 + 9.

2. Proof of Theorem 1.1

We begin with a preliminary lemma.

LEMMA 2.1.  Suppose f, g € Z[z] are polynomials with g monic, and deg g =
m > degf = n. Then the Fourier expansion of % is of the form

> e a(k)g®, where a(k) € Z (i.e., there are only positive powers of q).

Proof. By the hypotheses ¢"f(j(z)) is in the ring of formal power series
Z[[q]], and ¢"™g(j(2)) is a unit in Z[[g]]. Thus

1G) _ "I GE) ¢ mengn =

9(j(2)) qmg(j(2))

Proof of Theorem 1.1. Define the polynomial F,(x) € Z[z] by F,(j(z)) =
Jp(2) — j(2)P 4+ 744. Then Koike’s result implies that

Jp(2) = §(p2) + 744 = F, (5 (2)) — pDp(i(2))
—p Z jé};(i“)a —p Z By(9)i(2) + Cplg) (mod p?).

acB, g(x)em,
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Now looking at the g-expansions of j,(z) and j(pz) we see that the left hand
side has only positive powers of ¢q. In particular,

LHS = Z a(n)q"™ (mod p?) = RHS = Z a(n)g™ (mod p?),
n>1 n>1

where a(n) € Z. Thus by Lemma 2.1 we deduce that F,(j(z)) and pD,(j(2))
have the same coefficients of ¢ for n < 0 modulo p?. As polynomials in Z[z]
the coefficients of x are determined solely by these g-coefficients for nonpos-
itive powers of q. So we have F,(z) = pD,(z) (mod p?), and thus in F,[z],
LF,(z) = Dy(a). O
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