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ADDITIVE PROCESSES AND STOCHASTIC INTEGRALS
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To the memory of J. L. Doob

ABSTRACT. Stochastic integrals of nonrandom (I x d)-matrix-valued func-
tions or nonrandom real-valued functions with respect to an additive
process X on R? are studied. Here an additive process means a sto-
chastic process with independent increments, stochastically continuous,
starting at the origin, and having cadlag paths. A necessary and suf-
ficient condition for local integrability of matrix-valued functions is
given in terms of the Lévy—Khintchine triplets of a factoring of X.
For real-valued functions explicit expressions of the condition are pre-
sented for all semistable Lévy processes on R% and some selfsimilar ad-
ditive processes. In the last part of the paper, existence conditions
for improper stochastic integrals f0°°7 f(s)dXs and their extensions are
given; the cases where f(s) =< s%e~" and where f(s) is such that
5= (s u~2e~%du are analyzed.

1. Introduction

By an additive process X = {X;: ¢t > 0} on R? we mean an R%valued sto-
chastic process with independent increments, stochastically continuous, start-
ing at the origin, and having cadlag paths. A Lévy process is an additive
process with stationary increments. Stochastic integrals of nonrandom func-
tions with respect to additive processes on R and the class of locally integrable
functions were studied by Urbanik and Woyezytiski [21], Rajput and Rosinski
[11], and Kwapien and Woyczyniski [7]. Rosiriski [13] extended some results to
the Banach space setting. Continuing the paper [17], we study, for additive
processes X on R?, stochastic integrals [ F(s)dX, of nonrandom (I x d)-
matrix-valued functions F(s) and improper stochastic integrals fooo7 f(s)dXs
of nonrandom real-valued function f(s). Using the Lévy—Khintchine triplets
of a factoring of X, we give a description of the class L;x4(X) of locally X-
integrable (Ix d)-matrix-valued functions F for the integral [}, F'(s)dX, which
generalizes the results of [21], [11], [7] in the case [ = d = 1 and the results
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of [13] that deal with the case in which the distribution ps in the factoring
does not depend on s. As a special case, a description of the class L(X) of lo-
cally X-integrable real-valued functions f for the integral f I (s)d X is given,
which extends the Musielak-Orlicz space type characterization in the papers
mentioned above. In some examples, including all stable and semistable Lévy
processes on R? and the selfsimilar additive processes associated with stable
and I'-distributions, we find explicit necessary and sufficient conditions for f
to belong to L(X). Then we analyze improper stochastic integrals, paying
special attention, with f fixed, to the class of Lévy processes X (*) for which
fooo_ f(s)dX () ig definable (the superscript z in X *) denotes the distribution
at time 1). The example of the function f(s) which is the inverse function
of s = g(r) = f:o u~2e~%du shows that it is meaningful to consider some
extensions of the notion of improper integrals: essential improper integrals
and compensated improper integrals. This example and the case where f(s)
is asymptotically close to s%e=¢" (a > 0 and f real) for large s are fully
examined.

Some related results are as follows. Applications of some improper sto-
chastic integrals to Q-semi-selfsimilar additive processes and semi-stationary
Ornstein—Uhlenbeck type processes are given in [10]. Distributions of some
improper stochastic integrals related to Thorin and Goldie-Steutel-Bondesson
classes are studied in [1]. Applications of the results in this paper to infinitely
divisible Wald couples introduced by Roynette and Yor [14] will be given in
another paper. In the case of a special type of random integrands, the im-
proper integrals with respect to Lévy processes are studied by Erickson and
Maller [3].

In Section 2 we recall the results on factorings and stochastic integrals for
natural additive processes. Section 3 deals with conditions for the member-
ship of Ljx4(X), while Section 4 considers L(X) and examples. In Section 5
improper stochastic integrals are studied. (Added in revision: The material
in Section 5 is further developed in the papers [18] and [19].)

2. Preliminaries on factorings and stochastic integrals

The factoring structure of additive processes and stochastic integrals of
nonrandom functions with respect to them were studied by Rajput and Rosin-
ski [11], Kwapient and Woyczyniski [7], and Sato [17]. We review those results
in the formulation given in [17].

We define an additive process in law by dropping the assumption of cadlag
paths in the definition of an additive process, as in [16]. A Lévy process in
law is similarly defined. All definitions and results in this paper remain true
if we replace an additive (or Lévy) process by an additive (or Lévy) process
in law. That is, our discussion is not related to cadlag property. On the other
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hand, any additive (or Lévy) process in law has an additive (or Lévy) process
modification.

The characteristic function of a distribution p on R? is denoted by fi(z),
z € R% ID(RY) is the class of infinitely divisible distributions on R¢; By(R?)
is the class of Borel sets B in R? satisfying inf,cp |z| > 0; BFQOO) is the class
of bounded Borel sets in [0,00); d, is the distribution concentrated at point
a; L£(X) is the distribution of a random element X; p-lim stands for limit in
probability; S;l" is the class of d x d symmetric nonnegative-definite matrices;
tr A is the trace of A € S;; M, «q is the class of [ x d real matrices; Ijxq is
the d x d identity matrix; R? is the d-dimensional Euclidean space with the
canonical norm |z| and the canonical inner product (z,y). An element of R? is
understood to be a column d-vector. For U € M4, U’ denotes the transpose
of U; thus (z,Ux) = (U'z,x) for x € R? and 2z € R\, The norm of U € M4
is |U]| = max, <1 [Uz|. If p € ID(R?), then the unique continuous function
¥(z) on R% with 1(0) = 0 such that ji(z) = e¥®® is called the cumulant
function of p and written as C,(z). If p = L(X), we write Cx(z) = C.(2).
We use the Lévy—Khintchine triplet (A4, v,v) of u € ID(R?) in the sense that

1 .
(21) Cuz) = —5(ssd2) + [ o () 0,3,
(2.2) g(z,x) = e=®) — 1 fiﬁ?‘z’

where A is in S;, called the Gaussian covariance matrix of yu, v is a measure
on R? satisfying v({0}) = 0 and [g.(|z]|* A 1)r(dz) < oo, called the Lévy
measure of y, and ~ is an element of R?, called the location parameter of .
Given an additive process X = {X;: ¢t > 0} on R? we let u; = £(X;) and
write (A¢, v4,y:) for the Lévy—Khintchine triplet of p.

DEFINITION 2.1.  An additive process X on R? is said to be natural if ~;
is locally of bounded variation in ¢ on [0, c0).

The location parameter ; depends on our choice of the integrand in the
expression (2.1), but we can prove that the definition of naturalness does not
depend on the choice.

PROPOSITION 2.2. Let X be an additive process on R%. Then, for every
Be B?O )7 there are a unique Ap € Sji' and a unique measure vg on R such
that Ap and vg(D) for any D € By(R?) are countably additive with respect
to B € B?Om) and satisfy Ajgy) = A¢ and vy = vi. If, moreover, {X;} is
natural, then there is a unique Y € R% such that yp is countably additive
with respect to B € BFOQO) and Yjo,5) = V- For any natural additive process
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c°(B) =trAp + /Rd(|x|2 A1) vg(dz) + (vary)p for B € BFO,OO),

using the measure (var~y)p induced by the variation function (var+y); of vi;
then o° is an atomless locally finite measure on [0, 00).

DEFINITION 2.3. Let X be an additive process on R?. A pair

({ps: s = 0},0) is called a factoring of X if the following five conditions
are satisfied:

(1) o is a locally finite atomless measure on [0, 00),

) pS € ID(R?) for all s € [0, 00),

) C,.(2) is measurable (that is, Borel measurable) in s for each 2 € R,
)

)

fo |C,.(2)] o(ds) < oo for all t € [0,00) and z € RY,
it holds that

(2
(3
(4
(5
Hi(z) = exp /t C,.(z)o(ds) for all t € [0,00) and 2 € R%.
0

PROPOSITION 2.4. Let ({ps}, o) be a factoring of an additive process X
on R?. Denote by (AP, vPs ~vP+) the triplet of ps. Then,

(1) Aps, vPs and vPs(B) for any B € Bo(RY) are measurable in s,
(2) for allt € [0,00)
> o(ds) < oo

t
/ (tr(APS)wL / (o[ A 1) (da) + |
0 R
(3) fo ApsU ds , (D) = [y vPe(D)a(ds) for all D € By(RY), and

— fo ,ng

(4) z't holds that Cut (z) = fg C,.(2) o(ds), which is continuous.

ProOPOSITION 2.5. An additive process is natural if and only if it has a
factoring.

DEFINITION 2.6. For a natural additive process X on R? the measure
0° defined in Proposition 2.2 is called the canonical measure of X. A pair

({ps},0) is called a canonical factoring of X if it is a factoring of X such that
o=o0°.

PROPOSITION 2.7. Let X be a natural additive process on R%. Then there
exists a canonical factoring of X. It is unique in the sense that, if ({pS},o°)
is a canonical factoring of X, then p; is uniquely determined for o°-a.e. s;
moreover,

esssup sup |Cpe(2)| < 00 for a € (0, 00),
s€[0,00) |z|<a
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esssup (wr() + [ (laf? w007 (o) 4 177 ) < o0
s€[0,00) R4

where the essential suprema are relative to o°.

PROPOSITION 2.8. If {ps: s > 0} and o satisfy conditions (1), (2) of
Definition 2.3 and (1), (2) of Proposition 2.4, then ({ps},0) is a factoring of
some natural additive process X on R?.

PRrROPOSITION 2.9. An additive process is natural if and only if it is a
semimartingale at the same time.

This is essentially a result found in Jacod and Shiryaev [4].

DEFINITION 2.10. A class {X(B): B € BFO ooy} Of Re-valued random vari-
ables is called an independently scattered random measure if
(1) for any sequence By, Bo, ... of disjoint sets in BFO&O) with Jo, By, €
BiY soys 2ome1 X (Bn) converges a.s. and equals X(U,_, Bx) a.s.,
(2) for any finite sequence By, ..., B, of disjoint sets in B?O,oo)’ X(By),
.., X(B,) are independent,
(3) X({a}) =0 a.s. for every a € [0, 0).

PROPOSITION 2.11.  Any independently scattered random measure {X (B):
B e BPo,oo)} induces a natural additive process in law Xy = X([0,t]). Con-
versely, any natural additive process in law is induced from a unique indepen-
dently scattered random measure. For any B € B&)m), L(X(B)) is infinitely
divisible with triplet coinciding with (Ap,ve,vB) in Proposition 2.2. For any
factoring ({ps},o) of {X:} and any B € B?Oyoo),

Cxey(2) = [ Cp(a)otas)

EXAMPLE 2.12.  Let X = {X;} be a Lévy process on R?. Then it is natural
and it has a factoring given by ps = L(X;) for all s > 0 with ¢ being the
Lebesgue measure on [0, 00).

ExXaMPLE 2.13. Let @ € M;,4 be such that all of its eigenvalues have pos-
itive real parts. A stochastic process X = {X;} on R? is called Q-selfsimilar
if, for each a > 0, {X4:} and {a®X,} have common finite-dimensional mar-
ginal distributions. Here a? =77 /(n!)~!(loga)"Q". If X is a Q-selfsimilar
additive process on R?, then it is natural.

In the rest of this section, let X = {X;} be a natural additive process on R?
and let {X(B): B € Bﬁo,oo)} be the corresponding R?-valued independently
scattered random measure. Let ({ps: s > 0},0) be a factoring of {X;} and
let 0° be the canonical measure of {X;}.
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DEFINITION 2.14.  An M, 4-valued function F on [0, 00) is called a simple
function if F(s) = 3°7_, 1p,(s)R; for some n, where By,..., B, are disjoint
Borel sets in [0,00) and Ry, ..., R, € M;x4. If F is a simple function of this
form, then we define the 1ntegral of F over B € B With respect to X as

OO

/ F(s)dX, = ZRj X(BnN By).

j=1
PROPOSITION 2.15.  Suppose that F is a measurable M q-valued function
and that there is a sequence of simple functions F,, n=1,2, ..., such that
(1) F.(s) = F(s) o°-a.e., and
(2) for every B € B[o )7 the sequence fB F,(s)dXs is convergent in prob-
ability as n — oo.

Suppose that there is another sequence of simple functions G,, n = 1,2,...

satisfying (1) and (2) with Gy, in place of F,,. Then, for every B € B[o 00)?

p-lim [ F,(s)dXs =p-lim [ G,(s)dXs, a.s.

n—oo J B n—oo J B

The proof uses the Nikodym theorem as in [2] and [21].

DEFINITION 2.16. An M;,4-valued function F on [0,00) is said to be
locally X -integrable if it is measurable and if there is a sequence of simple
functions F,, n = 1,2,..., satisfying (1) and (2) of Proposition 2.15. The
class of locally X-integrable M« 4-valued functions is denoted by Ljxq(X). If
F € Ljxq4(X), then we define

/ F(s)dX, = p-lim [ F,(s)dXs, B e Bj
n—oo J B

Note that this is R!-valued. Sometimes we write fot (s)dX for f[o g F(s)dXs.

The class of real-valued functionb f such that flixa € Lgxq(X) is denoted
by L(X) and we write [, f(s)dX, for [, f(s)IaxadXs.

It can be proved from Proposition 2.15 and Deﬁnition 2.16 that the classeb
L;x4(X) and L(X) are linear spaces and that [, F(s)dX, and [, f(s)dX,
are linear in F' and f, respectively.

PROPOSITION 2.17.  Let F € Lixq(X) and let Y (B) = [, F(s)dX,. Then
Y(B): B € B is an R'-valued independently scattered random measure,
[0,00)
and
(2.3) / IC,. ( 2)|o(ds) < oo forte (0,00), z € R,

(2.4) Cy(B)(z / C,, Jo(ds) for B € B?O,oo)’ z e RL
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PROPOSITION 2.18. Let F € L;xq(X). Then, for any Borel set E in
[0,00), 1g(8)F(s) is in Lixq(X) and

/ 1g(s)F(s)dX, = F(s)dXs for Be BFO7OO).
B BNE

Proof. Let F,(s) be the simple functions in the definition of [, F(s)dX,.
Then we can prove that 1g(s)F,(s) are simple functions and conditions (1)
and (2) in Proposition 2.15 are satisfied with 15(s)F,(s) and 1g(s)F(s) in
place of F,(s) and F(s). Thus 1g(s)F(s) belongs to L;x4(X). The equality
asserted follows from the additivity of the integral with respect to integrands
and to sets and from (2.4). O

For each s > 0 and U € M4, denote by pgj the distribution on R! with
characteristic function ps(U’z). The triplet (Apg,z/pgmpg) of p¥ is given by

(2.5) APY = U AP,
(2.6) " (D) = / 1p(Uz) vPe(dz) for D € By(R%),
Rd
1 1
9. oY _ rrAps _ Ps )
(2.7) y U~ +/ UI<1+|U£L'|2 1+x|2)u (dx)

Sometimes we write (A{pY}, v{p¥},v{pY}) for this triplet.

COROLLARY 2 19. Let F and Y(B) be as in Proposition 2.17. Let Y; =
fo $)dXs. Then'Y = {Y;} is a natural additive process in law

on Rl wzth a factormg ({pS S)}, o). We have, for any t € (0,00),

(2.8) / t(trAf’f ) o (ds) < oo,
0

(2.9) /0 (T(dS)/R (|| A 1)1/ps (dx)

(2.10) t |7pSF(S) o(ds) < o0

The triplet (AY (B) Y (B) Y (B)) of Y/(B) is given by
(2.11) AY(B) _ / APE o(ds) / F(s) AP F(s) o(ds),

(2.12) YB(D) = /B v?" (D)o (ds) = /B o(ds) /IR ) 1p(F(s)z) vPe (dzx),
= [ "V atas)

/Rd F(s)x (1 " |Fl(s)x|2 -1 +1|$|2> P (dx)) o(ds).

(2.13)

,_YY
= /B (F (s)v

s}

(B)
Ps

+




832 KEN-ITI SATO

This is a consequence of Propositions 2.4 and 2.17 combined. As this
corollary says, a natural additive process in law X on R? and a function F €
L;»q(X) give a natural additive process in law Y on R!. Up to modifications,
this is a transformation from a natural additive process to a natural additive
process.

DEFINITION 2.20. If F € Ljyx4(X) and if fo s)dX, converges in proba-
bility as ¢ — oo, then the limit is denoted by fo F(s)dXs and we say that
the improper integral fo F(s)dXs is definable.

PROPOSITION 2.21.  The definability of the improper integral fo F(s)dXs
is_equivalent to almost sure convergence of the additive process modzﬁcatwn

{Yt of Yy = fo $)dXs ast — oo. It is also equivalent to its convergence
in distribution.

3. Conditions for local integrability

Let X = {X;} be a natural additive process on R?. Let ({ps}, o) be a
factoring of X and (APs,vPs ~P<) the triplet of ps. Denote

(3.1) wo(s) =tr AP + /Rd(|x|2 A Vv (dz) + |77¢).

The property (2) of Proposition 2.4 says that

¢
(3.2) / wo(s)o(ds) < oo for 0 < t < o0.
0

As in the previous section, for U € M;4, we denote by pg the distribution
on R! with characteristic function p,(U’z) and by (Apg, V"g, 'ypg) the triplet
of p¥, which has the expression (2.5)—(2.7). Define

(3.3) o(s,U) = tr A% + / (lz|2 A )P (dz) + |77 .
R
The following theorem is a main result of this section.

THEOREM 3.1. Let F be an M,y q-valued measurable function on [0,00).
Then F € Lixq(X) if and only if

(3.4) /0 (s, F(s))o(ds) < oo for 0 <t < oo.

Before proving this theorem, we study properties of (s, U).

PROPOSITION 3.2. Let s >0 and U,V € M;xq.
(i) ¢(s,U) = ¢(s,—U) = 0 and ©(s,0) = 0.

(ii) @(s,U) is continuous in U.
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(iii) ¢(s,cU) < (3/2)(c* V 1)p(s,U) for c € R.
<EV§ (51(/87}? +V) < (7/2)[p(s,U) + ¢(s, V)]

(3.5) w(s,U) < 3/2)(IU]12 + 1)¢po(s)
and

(3.6)  @(s,U) <[[U]* tr AP +2_1|IUH2/ (Jz|* A 1)pP* (dx)
Rd

+ [ (el nnwr(an) + [ (Ual A2 2 10 o) + U] 12

Proof. The proof of (i) and (ii) is easy and omitted. Sometimes we will not
explicitly write the measure v*=(dz) in the integral.

(iii) Let ¢ > 0. We have
N / U ‘|Unc|2 — |cUx|2|
(14 |cUz[?)(1 + |Uz|?)
and |cUz|/(1+ |cUz|*) < 1/2. Thus the integral is < (|1 —c?[/2) [(|[Uz[* A1),
and

1— 2
o(s,cl) < A tr(UAPU') + <(62 V1) + L=c |) /(|Ux|2 A1) + c]y??

e

< chpg

2
< (3/2)(¢* V1)g(s,U).

(iv) We have tr 470" < 2tr 4°5 + 2tr A% and [([Uz + Va2 A1) <
2 [([Uz* A1) +2 [(JVz]?> A1). Further

P AP P /U 1 _ 1
K AVt * 1+ Ux]2 1+ |z)?

1 1
+/Vx(1+Vx|2_l+x|2>+/J’

UtV Uz Vx

1+ Uz + Va2 1+|Uz2 1+ Va2
We have |J] < 3/2, since each term has norm not exceeding 1/2. On the other
hand,

J=Ua(f([Uz + Va|) = f(IUz]) + Va(f(|Uz + Va]) = f([Vz]),
where f(r) = (1 +72)7L. Since |f(r) — f(s)] < (v/3/2)3|r — s| for all r and s,
1 < 2V3/2 U] |Val < (V3/2P (Ul + [Val).

Hence we get

where

U+Vv U \4 3 3
I S [P Ay + 5 [(vaf A,
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This completes the proof of (iv).

(v) For any A € S} and U € Mg, tr(UAU’) < ||U||* tr A. Thus tr APY <
|U||I? tr APs. We have

[ v ) < (UIP V) [ (ol A1) (a0,

Uzl? + ||
L+ [Uz?)(1 + [2?)

U
| < U] 9] + / Ual;

IUIIQ/ | / N il

< U |v*s Uz| A2

L e Bt Fe (L e P e
|U||2+1/ ||

< ||U]| |vPs .

These estimates together yield (3.5). Looking back at this proof, we see also
the estimate (3.6). O

Let us denote by L?X 4(X) the class of M, 4-valued measurable functions
F that satisfy (3.4). This class is a linear space by virtue of (iii) and (iv) of
Proposition 3.2. It contains all simple functions by virtue of (3.2) and (3.5).

PROPOSITION 3.3. Let F € LE_,(X) and let F,,, n = 1,2,..., be Mjxq-
valued measurable functions. Suppose that there are E,, € B?O,oo) and e, >0
such that E,, 1 [0,00), en, | 0, Fy(s) =0 for s € ES, and ||F,(s) — F(s)|| < en
for s € E,. Then F, € L?Xd(X), n=12,..., and

t
(3.7) / o(s, Fn(s) — F(s))o(ds) = 0 for0 <t < oc.
0

Proof. Using Proposition 3.2 (iv) and (3.5), we get F), € L?Xd(X). Further,

¢

| et Pute) = Flspata

— [ B - FOolds) + [ (s Fe)alds) = Lt I

[0,t]NE,, [0,¢4)NEY;

We see Iy — 0 since ES | ) and fot (s, F(s))o(ds) < co. From (3.6) we see
L< / {53 fr AP 4 912 /(m2 A) 4+ /((5n|x|)2 AT)
[0,t]NEy,
+/((€n|w\) A27N)(J2* A1) +€n|7’“|} a(ds).

Since €, | 0, we get I; — 0, using the dominated convergence theorem. [
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Proof of Theorem 8.1. The theorem claims that L;y4(X) = L?xd(X)‘ We
know Ly q4(X) C L?xd(X) from Corollary 2.19. To show the converse inclu-
sion, assume that F € Lgxd(X). Let E, = [0,n] N {s: ||F(s)] < n} and let
gn 1 0. Choose My 4-valued simple functions F,(s) such that F,(s) = 0 for
s € E¢ and the (j, k)-components satisfy |F},(s);x — F(s)x| < en(ld)~1/? for
s € E,. Then F, € Llﬁxd(X) and || F,(s) — F(s)|| < ey, for s € E,. Applying
Proposition 3.3, we get (3.7). Hence, by Proposition 3.2 (iv),

/o o8, Fr(s) — Fn(s))o(ds) — 0, n,m — oo.

Recalling (3.3) and using (2.11)—(2.13), we get

c </B(Fn(s) _ Fm(s))dXS> b mm — .

This means that f 5 Fn(s)dX, is convergent in probability as n — oo. Hence
F € Ljxq4(X). The proof is complete. O

The following two propositions are consequences of Theorem 3.1, Proposi-
tion 3.2, and Proposition 2.7.

PROPOSITION 3.4.  Suppose that F' is an My q-valued measurable function
satisfying one of the following two conditions:

(3.8) |1E(s)|| is locally bounded on [0, 00),
¢

(3.9) / | F(s)||?o(ds) < oo for 0 <t < oo and ({ps},0) is canonical.
0

Then F € led(X).

PROPOSITION 3.5. Let F,,, n=1,2,..., be M« q-valued measurable func-
tions such that g(s) = sup,, ||Fn(s)|| satisfies one of the following two condi-
tions:

(3.10) g(8) s locally bounded on [0, 00),
t

(3.11) / g(s)?a(ds) < oo for 0 < t < oo and ({ps},0) is canonical.
0

Suppose that F,(s) — F(s), o-a.e., for some F(s). Then F,,F € Ljyx4(X)
and the convergence (3.7) holds.

REMARK 3.6. The condition (3.9) is the best possible in the following
sense. Let {B;} be Brownian motion on R%. Given a locally finite atomless
measure o on [0,00), define X; = B, (jo4)/a- Then X = {X;} is a natural
additive process with canonical measure o and L;.4(X) is the totality of F'
such that [ |F(s)|0(ds) < oo for 0 < t < oo.
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The two kinds of convergence in L;x4(X) are related as follows.

PROPOSITION 3.7. Let Fp,, n = 1,2,..., and F be in Ljxq(X). If (3.7)
holds, then

(3.12) / s)dXs — / s)dX, in probability for all B € B[o )

If (3.12) holds and F,(s) — F(s), o-a.e., then (3.7) holds.

Proof. 1f (3.7) holds, then £ ([ (F,.(s) — F(s))dX,) — & and (3.12) holds.
To see the converse, assume (3.12) and F,(s) — F(s), o-a.e. Then,

[ tr A{p“s TN o(ds), [polds) fpllzl* A Dr{pd T ) (de), and
I {pk n(®)=F( s)}a(ds) tend to 0 for any B € B . Since F,,—F € L;xq(X),
we have fo Iy {pk™ (2)=F(s )}|a(ds) < o0. Usmg the Vitali-Hahn-Saks theo-
rem (p. 158 of [2]), we see that {7{p (&)= F( S)} s €0, t]} is uniformly inte-

grable with respect to o. Since ’y{pf"'(s) F(S)} — 0, o-a.s., it follows that
f[o " |'y{p§"(s)_F(s)}|a(ds) — 0. Therefore (3.7) is true. O

Let us consider iteration of the transformation of additive processes by
stochastic integrals.

THEOREM 3.8. Let F € Ljyq(X) cmd let Y = {Y;} be the additive pro-
cess (in law) on R! defined by Y; = fo 8)dXs. Let G be an M, «;-valued
measurable function. Then G € Ly« (Y ) zf and only if GF € Ly, «q(X). If
G € L, «1(Y), then

(3.13) /B G(s)dY, = /B G(s)F(s)dXs for B € B ).

Proof. Denote n, = pf(s). Then ({ns},0) is a factoring of Y (Corollary

2.19). Define, for V- € My, i,

o s V) =A™ o [ (A1 (o) + 7

Since 7;;7(2) = 15(V'z), we see that nY = pyF( ). and hence 0¥ (s,V) =

(s, VF(s)). Now Theorem 3.1 for X and Y shows that G € L,,»;(Y") if and
only if GF € Ly,xq(X). If G is a simple function, then (3.13) is proved by
Proposition 2.18. For a general G in L,,»;(Y), let E, = [0,n]N{s: ||F(s)] <

|G(s)]| < n}, choose simple functions G, (s) such that G, (s) = 0 for
s € B¢ and |G, (s) — G(s)|| < n~2 for s € E,, and use Proposition 3.3. [

Let us introduce a partial order in M;4 4 to give another characterization.



ADDITIVE PROCESSES AND STOCHASTIC INTEGRALS 837

DEFINITION 3.9. Let U, V € M,x4. We say that V < U if |[Vz| < |Uz|
for all z € R, (Hence, V < U if and only if there exists C' € M;y; with
IC|| <1 such that V = CU.)

We define

(3.14) 3(s,U) = tr AP +/ (]2 A v (dz) + sup |77 |.
R! VU

Then we can prove the following four propositions. The proofs are omitted.

ProrosiTioN 3.10.
(i) If V < U, then ¢(s,V) < @
(ii) We have ¢(s,U) < ¢(s,U)

(s,U).
< 3e(s,U).

PropPOSITION 3.11. Let F be an M;xq-valued measurable function on
[0,00). Then F € Lixq(X) if and only if
t
(3.15) / ?(s, F(s))o(ds) < oo for 0 <t < oo.
0

PROPOSITION 3.12.  If F € Lijx4(X) and if G(s) is an My q4-valued mea-
surable function satisfying G(s) < F(s) for o-a.e. s, then G € Ljxq(X).

PROPOSITION 3.13. Let G € Ljxgq(X). Let F,, n = 1,2,..., be M;xq-
valued measurable functions such that F,(s) < G(s), o-a.e. Suppose that
F.(s) — F(s), o-a.e., for some F(s). Then F,,F € L;xq(X) and (3.7)
holds.

A description of Ljy4(X) directly in terms of the cumulant function of p
is of some interest.

THEOREM 3.14.  An My 4-valued measurable function F(s) is in Ljyq(X)
if and only if, for any 0 <t < oo, there is 0 < a; < oo such that

(3.16) /0 sup |C,,(F(s)'z)|o(ds) < oo.

[z|<a:

Proof. Assume that F' € Ljxq(X). Since any p € ID(R?) with triplet
(A, v,~) satisfies

Cula)| < 5o el 301+ 4F) [ (o ADulde) + ol e,

we get (3.16) for arbitrary a; from Theorem 3.1.
Conversely, assume the existence of a; satisfying (3.16). We have

(3.17) /0 sup (—ReC,, (F(s)'2))o(ds) < oo.

|z|<aq
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Hence

t
/ sup <Z,Apf(b)z>a(ds) < o0
0

[z|<ay

It follows that fot tr(A/’f(s))a(ds) < 0o0. We have

/o Lzsllgt /Rl(l — cos(z,x>)up< (dx)] o(ds) < o0

from (3.17). Thus, for |z| < at, we have

/Otcr(ds)/oldv /Rl(lfcos<vz,x>)1/pf(s)(d:l:) < o0,
/Ota(ds) /R (1 o > i (da) <

Since 1 — |(sin ) /0] > (37)71(6% A1) for all 6, we have fo o(ds) [ (I(z, )2 A

that is,

1)vPs ) (dz) < oo and hence fo o(ds) [a(|z* A Dres ™ (dz) < 0o. We have
¢
(3.18) / |ImC,,, (F(s)'2)|o(ds) < oo for all z with |z| < a;
0

from (3.16), that is,

/O ' 50 )+ /R l (sin(z,x)— (z 2) ) 7 (dz)

14 |z?
It follows that fot 1(v= ) 2)| o(ds) < oo and hence fg Iv?= | (ds) < co. Now
we have (3.4). Hence F' € L;x4(X) from Theorem 3.1. O

o(ds) < o0

REMARK 3.15. The proof of Theorem 3.14 shows that an M,y 4-valued
measurable function F(s) belongs to Ly 4(X) if and only if, for any 0 < t < oo,
there is 0 < a; < oo such that (3.17) and (3.18) hold.

REMARK 3.16. Let X = {X;} be a natural additive process on R? with
d > 2 and let F(s) = (Fji(s)) be an My 4-valued function. Then, for each £,
the kth component X* = {XF} of X is a natural additive process on R. If
Fji € Lix1(X*) for all j and k, then F € Ljyx4(X) and

d
(3.19) /BF(s)dXS = (Z/Bij(s)de> for B € Bﬁ)m).
k=1

1<
To see this, it is enough to choose for each j and k a sequence of simple
functions Fj i, and to consider M, g-valued simple functions F,, = (Fjx..) as
in the proof of Theorem 3.1. However, even if F' € Ljxq(X), the components
Fjx do not necessarily belong to Lix1(X"). Thus we cannot always write
(3.19). For a simple example, let I = d = 2, let X be a Lévy process on
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0 1
measurable function. Then it follows from Definition 2.16 that F' € Loyxo(X)

and f(f F(s)dXs = ()?3) while f is not necessarily in Ly (X1).

R? satisfying X! = X7, and let F(s) = (f(s) —fs) , with f being a

4. Examples of locally integrable functions

Let X = {X;} be a natural additive process on R? with a factoring ({ps}, )
as in the preceding section. We denote by L(X) the class of real-valued
functions f such that fljxq € Lgxq(X) as in Definition 2.16. We write
[ f(8)dX, for [ f(s)IaxadXs. The structure of the class L(X) is simpler
than that of Ly q(X).

When u is a real number, we write (s, u) for o(s, ulyxq) and p¥ for pgl‘“d.
Thus

o(s,u) = tr A%F ¢ / (2 A 1) (da) + |17
Rd

= u?tr AP + / (Juz* A 1)vP=(dx)
R4

1 1
Ps _ psd .
vy +“/W””<1+|um|2 1+|:c2>” (dz)

PROPOSITION 4.1. Let f € L(X). Then fot (s, f(s))o(ds) = 0 for all
0 <t < oo if and only if f(s) =0, 0°-a. e., where ° is the canonical measure
of X.

+

We omit the proof. The latter condition is equivalent to saying that f(s) =
0, o-a.e. on T = {s € [0,00): p(s) > 0}, because, for any Borel set B,

d=t /B wo(s)o(ds) < 0°(B) < d/? / ©o(s)o(ds).

B

PROPOSITION 4.2. If f, e L(X), n=1,2,..., satisfy

¢
(4.1) / o(8, fr(8) — fm(s))o(ds) — 0 as n,m — oo for 0 < t < oo,
0
then there is f € L(X) such that
¢
(4.2) / o(8, fn(s) — f(s))o(ds) = 0 as n — oo for 0 <t < o0,
0

and that, for some subsequence {fn'} of {fn}, fn(s) — f(s) 0°-a.e. s.

This proposition can be proved by standard techniques. The following fact
is straightforward.
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PROPOSITION 4.3. Define
(4.3) B(s,u) = u® tr AP* —|—/ (juz|® A )P (dz) +  sup  |y°5]
R4 vER, |v]<]ul
fors =20 andu € R. Then, as a function of u, p(s,u) is continuous and even,

vanishes at 0, and increases on [0,00). A real-valued measurable function f
belongs to L(X) if and only if

(4.4) /0 o(s, f(8))o(ds) < oo for 0 <t < oo.

We note that, for each ¢, the class of f for which fot o(s, f(s))o(ds) is finite
is a Musielak—Orlicz space (cf. [7]). In the case d = 1, this fact is due to
Rajput and Rosinski [11] and Kwapied and Woyczynski [7].

Let us give an explicit description of L(X) for some typical processes.

EXAMPLE 4.4. Let X be a compound Poisson process on R%. Then L(X)
is the class of all measurable functions on [0, 00).

ExaMPLE 4.5. Let X be a strictly a-stable Lévy process or a strictly
a-semistable Lévy process on R with 0 < a < 2. Let f be a measurable
function on [0,00). Then f € L(X) if and only if

¢
/ |f(s)|%ds < o0 for 0 < t < 0.
0

(Use the descriptions of the characteristic functions of semistable Lévy pro-
cesses in [16], Theorems 14.3, 14.7, and Proposition 14.9.)

EXAMPLE 4.6. Stable (resp. semistable) processes which are not strictly
stable (resp. semistable) are called second-class stable (resp. semistable) as
in [20]. Let X be a second-class a-stable Lévy process or a second-class a-
semistable Lévy process on R with 0 < o« < 2. Let f be a measurable
function on [0, co).

(i) Let 0 < o« < 1. Then f € L(X) if and only if

¢
/ |f(s)|ds < o0 for 0 <t < o0.
0
(ii) Let @« = 1. Then f € L(X) if and only if
¢
/ If(s)|log™ | f(s)|ds < oo for 0 < t < oo,
0

where log™ |u| = (log|u|) V 0.
(iii) Let 1 < a < 2. Then f € L(X) if and only if

t
/ |f(s)]|%ds < o0 for 0 < t < oc0.
0
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EXAMPLE 4.7. Let X be the I'-process on R. Then L(X) is the class of
measurable functions f satisfying

¢
/ log™ |f(s)|ds < 00 for 0 <t < oc.
0

The class of Q-selfsimilar additive processes on R? introduced in Sato [15]
is an interesting class of additive processes on R? (Example 2.13). For a
characterization of this class by Q-selfdecomposable distributions, see [15].
When @Q = higxq with h > 0, we get the usual h-selfsimilarity and the usual
selfdecomposability. See [16].

EXAMPLE 4.8. Let p be a strictly a-stable distribution on R? with 0 <
a < 2. Let h > 0 and let Z = {Z;} be the h-selfsimilar additive process on
R¢ with £(Z;) = p. Then a measurable function f is in L(Z) if and only if

¢
/ |£(s)|*s"1ds < 0o for 0 < t < oo.
0

If h # 1/, here appears a phenomenon different from the case of Lévy pro-
cesses; namely, this condition requires a special property of f(s) in a neigh-
borhood of s = 0.

EXAMPLE 4.9. Let u be a second-class a-stable distribution on R? with
0<a<2andlet h>0. Let Z = {Z;} be the h-selfsimilar additive process
on R? with £(Z;) = pu. Recall that, even in the case h = 1/a, Z is not a Lévy
process. Let f be a measurable function.

(i) Let aw # 1. Then f € L(Z) if and only if

t t
/ |£(s)|*s*"1ds < 0o and / |£(s)|s"tds < 0o for 0 <t < oo.
0 0

(ii) Let @ = 1. Then f € L(Z) if and only if

¢ ¢
/ |£(s)]s"ds < oo and / |f(s)||log|shf(s)||sh_1ds < 00
0 0
for 0 <t < o0.

EXAMPLE 4.10. Let pu be I'-distribution with arbitrary parameters and
let h > 0. Let Z = {Z;} be the h-selfsimilar additive process on R with
L(Z1) = p. A measurable function f is in L(Z) if and only if

571|f(s)|5hds—|—/ s tds < o0

/[o,ems: |£(s)lsh<1} [0,elN{s: |£(s)[s">1}

for some ¢ > 0.
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5. Definability of improper stochastic integrals

Given a natural additive process X on R¢ and a nonrandom function
f € L(X), we are interested whether the improper integral fooo_ f(s)dXs
is definable, that is, whether fooo_ f(8)IyxadX is definable in the sense of
Definition 2.20. Examples suggest that it is meaningful to extend the no-
tion of the definability of improper integrals in two ways. In the following,
X = {X;} denotes a natural additive process on R? with a factoring ({ps}, o),
X® = {X"} denotes a Lévy process on R? with £(X")) = i, and (A, v, 7)
denotes the triplet of u.

DEFINITION 5.1. Let f € L(X). We say that the essential improper in-
tegral of f with respect to X is definable if there is a nonrandom R%-valued
function ¢; on [0, c0) such that fg f(s)dXs — ¢ is convergent in probability as
t — oo.

The term essential follows Loéve [9], Section 18.2, where he used the words
essentially convergent and essentially divergent for series of independent ran-
dom variables. Earlier Lévy [8], Section 43, used the words réductible a une
série convergente and essentiellement divergente.

DEFINITION 5.2. Let f € L(X(“)). We say that the compensated im-
proper integral of f with respect to the Lévy process X" is definable if
there is a nonrandom vector ¢ € R? such that f € L(X(#*¥-4)) and that

fooo_ f(S)d(Xg“*S_q)) is definable.

We use the word compensated because, usually, ¢ is such that px d_4 has
mean 0.

REMARK 5.3. Suppose that f € L(X®) and that [} |f(s)|ds < oo for all
t € (0,00). Then, definability of the compensated improper integral of f with
respect to X (#) implies definability of the essential improper integral, since

/0 F(5)dX B0-0) = / F(8)d(X®) — sq) = / F(s)dx 0 — / £(s)ads.

LEMMA 5.4. Let Y = {Y;} be an additive process on RY with triplet

(AYe Yo AY0) and let q; be an R-valued function on [0,00).  Then
p-im(Y; — q¢) exists if and only if sup tr A¥* < oo, sup [p.(Jz[* A1) (dz) <
t—00 ¢ t

00, and tlim (v¥* — q¢) emists in R, If p-lim(Y; — q;) exists, then its distri-
—oo t—o0

bution is in ID(R?) and has triplet (A,7,5) given by A = tlim AYt T(D) =

tlim vY¢(D) for D € By(R%), and 5 = tlim (Y —qr).
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To see this lemma, use [16], Theorem 8.7, together with the argument in
the proof of Theorem 9.8. Now, recalling Corollary 2.19 for F(s) = f(s)Iixd,
we can show the following three propositions.

PROPOSITION 5.5. Let f € L(X) and YV; = fot f(s)dXs.  Then
fooo_ f(s)dXs is definable if and only if the following conditions are satisfied:

(5.1) /O F()2(tr A (ds) < oo,
(5.2) /0 o (ds) /Rd<\f(s)x| A1) (dz) < oo,
(5.3) ¥t is convergent in RY as t — oo.

If fo "~ f(s)dXs is definable, then its distribution has triplet (Z’ v,5) given by
(5.4) A= / h F()2(tr A7*)o(ds),
0
55  #(D) = / o (ds) / Lo (f(s)2)0P" (dz)  for D € Bo(RY),
0 R
(5.6) 7= lim A,

PROPOSITION 5.6. Let f € L(X). Then the essential improper integral of
f with respect to X is definable if and only if (5.1) and (5.2) hold.

PROPOSITION 5.7. Let f € L(X(”)). Then the compensated improper
integral of f with respect to X*) is definable if and only if

(5.7) /OO f(s)*(tr A)ds < oo,
0
. d 2 d
(5.8) /0 s/Rd(\f(s)ﬂ A1 (dz) < oo,
and there is ¢ € R? such that

69 [ [ro6-0+16) [ @ (1 ol jw) v(dz)
fort € (0,00)

ds < 00

and

5100 [ (s0-0+16) [ o (1o - o) i ) ds

is convergent in R? as t — .

REMARK 5.8. Let us say that the symmetrized improper integral of f with
respect to X is definable if [ f(s)d(X, — X?) is definable, where X* is an
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independent copy of X. Then, the symmetrized improper integral is defin-
able if and only if the essential improper integral is definable. The limit in
the symmetrized improper integral is the symmetrization of the limit in the
essential improper integral.

Now, given a function f, we are interested in the three classes of Lévy
processes in law on R? defined, in terms of the distributions at time 1, by

D[f,RY = {u € ID(RY): /O f(s)dX (" is definable},

D.[f,RY = {u € ID(RY): the compensated improper integral of f
with respect to X is definable},

Des[f,RY = { € ID(R?): the essential improper integral of f with
respect to X #) is definable}.

How these classes depend on the choice of f and what is the description of
the class of the distributions of improper integrals for given f are interesting
subjects. Here we give several typical examples.

Another direction of research emphasized by Jurek [6] is, given a class of
distributions, to seek its stochastic integral representations.

EXAMPLE 5.9. Consider the case where f(s) = e °. It is well-known that
D[f, R is identical with the class of u € ID(RY) satisfying

(5.11) / log™ |z| v(dx) < oo,
Rd

where v is the Lévy measure of p. The class of all L(f, e=*dX") with
p € De~*,RY coincides with the class of all selfdecomposable distributions
on R?. This gives also a characterization of stationary processes of Ornstein—
Uhlenbeck type. See [12], [16] for references. In this case we have

(5.12) D[f,RY = D[f, R = Des[f, RY].

EXAMPLE 5.10. Let f(s) = e~¢". Then we can prove that D[f,R% is the
class of u € ID(R?) satisfying

/ loglog |z|v(dx) < oco.
lz[>e
We also have (5.12) in this case.

Let
go(r):/ u”le "du and gl(r):/ u e du
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and, for j = 0,1, let f;(s) be the inverse function of g;(r) (that is, s = g;(r)
if and only if » = f;(s)). Thus f;(s) strictly decreases from oo to 0 for
s € (0,00).

EXAMPLE 5.11.  The function go(r) is ~ r~te™" as r — oo and ~ log(1/r)
as r | 0; the function fy(s) is ~ ce™® with some constant ¢ > 0 as s — co and
~log(1/s) as s | 0. The class D[fo,R%] is the class of u € ID(R?) satisfying
(5.11). The class of all L(f;~ fo(s)ngﬂ)) with p € D[fy, R4 coincides with
the Thorin class T(R?). The proof is given in [1]. Also in this case (5.12)
holds with f = f.

The following fact shows that each of the notions of essential improper
integral and compensated improper integral has its own significance.

THEOREM 5.12.
(i) We have u € D[f1,RY] if and only if

(5.13) / | v(da) < oo,
|z|>1
' I r2|z|? o
(5.14) hm/ e / t——s—v(dx) | dr exists in R?,
el0 Je |z|>1 1+ T2|QZ‘2
|z
(5.15) v = /Rdx1+ FE v(dz).

(ii) We have p € D.[f1,RY] if and only if (5.13) and (5.14) hold.
(iii) We have p € Des[f1,RY if and only if (5.13) holds.
(iv) We have

(5.16) D[f1,RY S De[f1,RY] G Des[f1, RY.
(v) Suppose that [, |z| log™ |z|v(dx) < oo. Then p is always in
D.[f1, RY; it is in D[f1,RY] if and only if it satisfies (5.15).
(vi) Suppose that, with 0 < 8 < 1,
> du d

where X\ is a finite measure on the unit sphere S satisfying fS EN(dE) £
0. Then we 33es[fla[Rd] but 1% ¢ 33C[fh]Rd]‘

REMARK 5.13.  Note that (5.13) is equivalent to saying that [p, || pu(dz) <
00; (5.15) is equivalent to [, x u(dx) = 0. (Added in revision: The condition
(5.14) can be replaced by the condition that

lim zlog(|z| A a) v(dzx) exists in RY.

4= Jz)>1
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See [18].)

Proof of Theorem 5.12. The function g;(r) is ~ r~2e™" as r — oo and
~r7lasr | 0; fi(s) is ~ s as s — oo and ~ log(1/s) as s | 0. It follows
that f; € L(X®) for all 1 (Proposition 3.4).

(i) The condition for u € D[f1,RY] is given by (5.7), (5.8) with f = f, and
(5.10) with ¢ = 0 for f = f1. Among them, (5.7) always holds. We have

/ ds/ (| f1(s)z* A (dx) = / T_Qe_f'dr/Rd(|r$|2Al)u(dm)
—/0 Tdr/ugl/r |z|?v(dx) + /0 rzerdr/mbl/r v(dx)

=1 + Iy, (say).

Since It = [pa |2|?(1 — e~ VI*y(dz) and I = [p, g1(1/|z|)v(dz), we see that
(5.8) holds if and only if (5.13) holds. Under condition (5.13), condition (5.10)
with ¢ = 0 is equivalent to the existence in R¢ of

1
1 1
1 li “lemr - dr) | d
eyt [ e (v o (i - ) ) @

/ot (nn+ s [+ (rrmmme - Tope) ve) @

i 1 1
—-1_-r
+ — d d
/1(t) "e <’7 /Rd ’ <1 lrz|? 1 |37|2> v :E)) "

/OC“‘TIH jof | —
: 7 d 1+ [rz2 1+ [2?

Now we see that, under (5.13), condition (5.10) with ¢ = 0 implies (5.15)
because, if (5.15) does not hold, then (5.18) does not exist, since

1 1 x|z|?
- d d 0.
/Rd‘"”(ump 1+|x2>”( m“/ﬂw T el
If (5.15) holds, then

1 1 B |rx|?
7+/Rd””” <1+ 22 1+ x|2> v(dr) = _/ T rap? v(dz)
and

1 2|3 1
/ r_le_rdr/ — 5 pv(dr) S/ re_rdr/ lz|*v(dz) < oo.
0 lzj<1 1+ 73|z 0 le|<1

Hence, under (5.13), condition (5.10) with ¢ = 0 is equivalent to (5.14) com-
bined with (5.15). This finishes the proof of (i).

and

y(dm)) dr < oo.
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(ii) Suppose that p € D[f1,RY. This means that p* d_, € D[f1,R?] for
some g € RY. Hence, by (i), this means (5.13) and (5.14) together with

(5.19) - ——/ 2z
. v—q= Rdx1+\x|2 x).

Conversely, if (5.13) and (5.14) are satisfied, then we can find ¢ satisfying
(5.19) and thus p*d_, € D[f1,RY].

(iii) In order that p € Des[f1,RY], it is necessary and sufficient that (5.7)
and (5.8) hold for f = f1. See Proposition 5.6. As is seen in the proof of (i),
(5.1) is always satisfied, and (5.2) is satisfied if and only if (5.13) is true.

(iv) Except for the strictness of inclusions, (5.16) follows from (i), (ii), and
(iii). The strictness is shown by (v) and (vi) to be proved below.

(v) The property (5.13) is evident. Notice that (5.14) also holds, as

1 2(,.13 Izl o d
/ r_le_rdr/ %V(dm) < / |x|y(dx)/ u—uQ < 00
0 lzj>1 1+ 13|z] | >1 o l+u

since lel(l +u?)"tudu ~ log |x| as |z| — oo. Now use (i) and (ii).

(vi) We have fl |z| v(dz) < oo since B > 0. For 0 < ¢ < 1 we have

z|>1

/ e / Pl ) [ extag
r e "dr r———v(dr) = c ,
c joj>1 1+ 72|z)? s

where

> du Lop2y2
0<ec = “leTrdr < 0.
e /2 u(log u)1+P /E 14+ 22 "

However, since § < 1,

. /°° du /“ ve /" dy
ime. = = 00
cl0 - Jy wu(logu)ttP Jy 1402 ’

as fou(l + v2)"lve~?/*dv ~ logu. Thus (5.14) is not satisfied. O

REMARK 5.14. (i) Assume that v is symmetric. Then p € D[f1,R7] if
and only if (5.13) holds and v = 0. Further, u € D.[fi,R?] if and only if
1Y S 9es[f17Rd]~

(ii) Let Y; = [ f1(s)dX. If € D[f1,RY, then E|Y;| < oo and

|=[? o
EY, = ’y—|—/ r———=v(dz) r~re "dr =0.
' < re 1+ 7|2 £1(8)

But, even if 41 € D[f1,RY, it is possible that E ‘ 17 fuls)dX M| = oo; this

will be shown in another paper.
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(iii) Consider the case (vi) of Theorem 5.12 and choose ¢; such that ¥; — ¢,
is convergent in probability as t — co. Then

BE(Y — ) =7 — g + ¢ /S ENdE),

where ¢; = f;lc(t) re="dr [, (1+7*u?) " u(log u) "' "Pdu — oo as t — oo while
¥t — ¢; tends to some finite vector in RY. Thus E(Y; — ¢;) approaches the
point at infinity nearly in the direction of [ &A(d€). The modification of Y}
to Y; — ¢; is not centering.

Let us describe D[f,RY], D [f,R?], and Des[f, R in some situation in-
cluding Examples 5.9 and 5.11. For two functions f and g which are positive
for all large s we write f(s) =< g(s), s — oo, if there are positive constants ay
and ag such that a1g(s) < f(s) < azg(s) for all large s.

THEOREM 5.15.  Suppose that f is a locally square-integrable function and
that there are constants a > 0, B € R, and ¢ > 0 such that

(5.20) f(s) =< sPe=es", 5 — 00.

Then

(5.21) D[f, R = {u € ID(RY): / (log™ |z])Y*v(dz) < oo} ,
Rd

where v is the Lévy measure of u, and

(5.22) Des[f, RY = D [f,RY] = D[f,RY.

Proof. Step 1. Assume that, for some sy > 0, f(s) = as’e=" for s > 5.
We have f/(s) = f(s)s™ (B — cas®) < 0 for large s. So we assume that sg is
chosen so that f/(s) < 0 for s > sg. Let 7o = f(so). We further assume that
S0 is so big that 7o < 1. Let s = g(r), 0 < r < 1, be the inverse function of
r = f(s), sp < s < o0o. Then

. 9(r) . s
(528) M Clogryre — 8% Clog 7o)/
Let us prove (5.21). We will check (5.7)—(5.10) with ¢ = 0. Since f is locally
square-integrable, it is enough to check these conditions with the integrals
having lower limit so (see Proposition 3.4). Condition (5.9) with ¢ = 0 holds
since f € L(X®) for all . Condition (5.7) evidently holds.

Concerning (5.8),

/S:o ds /Rd(|f(s)ac|2 A1) w(dz)

:/ ds/ \f(s)x|2u(dz)+/ ds/ v(dz).
50 OIS 50 £ (s)a|>1

-1/«

=C
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Let I; and I be the first and the second term. We have Iy < oo if and only if
(5.24) / (log™ |z|)Y v (dz) < oo,
Rd

since Iy = f|w|>1/ro (9(1/|z]) — so)v(dx). We have

L :/ |1:|21/(da:)/ F(s)2ds
R g(1/|z|)Vso

(oo} (oo}
=[P [ pepdse [ JaPutd) [ fes2as
lz|>1/70 g(1/]=|) lz|<1/m0 S0
=hi1+5L2 (say).
Clearly I; o < co. If & > 1, then

hIIli /Oo f(5)2d5 = hmé — {0 (a > ]-)7
g9

110 72 J o r10 2(cas® — ) (2ca)~! (a=1),

and thus fg(ol/lrl) f(s)%ds = O(|z|72) as |z| — oo, which implies I ; < co. If
0 < a < 1, then, denoting p = (1/a) — 1, we have
1 o0
1~ - 2 — (2 py—1
lim 2 Tog 1) g(r)f(s) ds = (2cac?)
and thus I; ; < const f\z|>1/ro (log |z|)Pv(dx) < oo whenever (5.24) holds.
Condition (5.10) with ¢ = 0 is satisfied if

e 1 1
(5.25) /SO ‘f(8)7+f(8)4dx(1+f(s)x|2 - 1+|x|2>1/(dac) ds < oo.
Condition (5.25) holds true if
it 1 1
(5.26) /SO ’f(S)\/Rdx<1+|f(S)x|2 - 1+|x|2)u(dac) ds < o0,

since we have [ f(s)ds < oo. Further, (5.26) is true if

= |2°v(dz)
5.27 / f(s ds/ < 00.
20 W PO T TP+ )
We claim that (5.27) is true whenever (5.24) holds. Define h(u) as

B (R

Then the iterated integral in (5.27) equals [, ||*(1 + |#]?) " h(|2|)v(dz). If
o > 1, then, since s(cas® — 8)~! is bounded and since [;°(1+r?u?) " udr <
JoS(1+r?)~tdr < oo, we see that h(u) is bounded and (5.27) holds. Suppose
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that 0 < a < 1. Notice from (5.23) that s*~1 ~ const (—logr)~™? with
p=(1/a) — 1 and that

Y (ClogrPdr = 1/ / ~ ultyrdy

) <b [ g (- logr)dr = bllog ) o o T
with a constant b. The last integral is the sum of the integral from 1 to oo
and that from (—logrg)/(logu) to 1, each of which can be shown to tend to 0
as u — oo. It follows that h(|z|) = o((log |x|)*/®), |z| — oo, when 0 < a < 1.
Hence (5.27) is true whenever (5.24) holds.

Now the proof of (5.21) is complete. We also see (5.22) from this proof,
using Proposition 5.6 and Remark 5.3.

Step 2. Let us prove the theorem in general. We have fi(s) < f(s) < fa(s)
for s > so, where f;(s) = ajsﬁefcsn, j = 1,2, with positive constants ay, as.
Use the results in Step 1. It is evident that f satisfies (5.7). We have

/S:o ds /Rd(\f(S)xF A Dv(dx) < /S:o ds /Rd(|f2(3)m|2 A1)v(dz)

and the reverse inequality with f; in place of fo. Hence f satisfies (5.8) if and
only if (5.24) holds. We have also (5.27) if (5.24) holds, since

> f(s)u = fa(s)u _a [ fils)u
[0 1+ f(s)?u? ds < /éo 1+ f1(5)2u2d8 T so L4 fi(s)?u?

Thus the assertion (5.21) is shown. The second assertion (5.22) is proved
similarly. O

The integral in the representation of Jurek [5] for the nested subclasses
L., m = 0,1,..., can be viewed as a special case of Theorem 5.15, where
a=1/(m+1)and 8=0.
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