ILLINOIS JOURNAL OF MATHEMATICS
Volume 30, Number 4, Winter 1986

ON REALIZING NAKAOKA’S COINCIDENCE POINT
TRANSFER AS AN S-MAP

BY
DaNIEL H. GOTTLIEB!

1. Introduction

In [6] the existence was asserted of a transfer for fibre bundles whose fibers
were compact manifolds. This transfer is a homomorphism in singular ho-
mology or cohomology. In [1] this transfer was shown to be induced by an
S-map, at least for fibre bundles with compact Lie groups as structure groups
and finite complexes as base spaces. When a transfer is induced by an S-map
then it exists in every cohomology and homology theory. In the case of the
transfer in [1] the S-map led immediately to a simple topological proof of the
Adams Conjecture.

The transfer map for finite covering spaces was known to be induced by an
S-map. This fact was crucial in the proof of the celebrated Kahn-Priddy
theorem [8].

At present there are several different transfers defined in various cir-
cumstances. Many are defined only for singular homology groups. Sometimes
these are not realized by S-maps. For example the transfer for ramified
coverings [10] does not commute with the Steenrod algebra [7] (also attributed
to Dold). Hence it cannot be realized by an S-map. Recently, Ralph Cohen [4]
has shown that the ramified covering transfer can be realized if the ramified
covering is localized at certain primes. This was also known to Larry Smith.

In [9], Nakaoka obtained a transfer in the following situation: Let

E, 5B and E,5B

be fibre bundles with closed oriented m-dimensional manifolds M, and M, as
fibres. Suppose that m(B) acts trivially on both H™(M,; Z) and H™(M,;Z).
Let f and g: E, — E, be fibre preserving maps covering the identity 1: B — B.
Then there is a homomorphism

7. ¢ H*(E;Z) > H*(B;Z)

such that 1; , o pY is multiplication by A( f, &) where f and g are the restrictions
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of fand g to a fibre and A( f, &) is the Lefschetz trace of f*3', that is
A(f, &) = Z(—Ditr(f*3"), where g' is the Umkehr map.
We shall show the following theorem.

THEOREM. 1,  is induced by an S-map 1: B — E, if B (and hence E, and
E,) is a closed orzented manifold, both fibre bundles p, and D, are smooth, and g
is a normal map.

We require manifolds because we want to use Umkehr maps to define the
transfer. We use smoothness to obtain bundles of tangents along the fibre
easily.

Nakaoka’s construction was a variation of the constructions in [6] and [2].
Our method here uses the techniques in [3]. The strategy is to define the
transfer for singular cohomology as a composition of induced homomorphisms
and Umkehr maps, in fact p}F *G' where F and G will be defined later. These
maps are induced by maps of Thom spaces and then the condition that g is a
normal map will yield a Thom space of a trivial bundle, which is a suspension.
In order to express the transfer as p} F *G' we must give a somewhat different
definition of the coincidence number transfer than Nakaoka’s.

2. An S-map

Consider the following diagram of spaces and maps:

1) o XMz\
PR S
/ AN

Here \b/

E, 5B

is a fibre bundle with M, the fibre over a fixed b and

M, S E,.
Similarly

M, 53658
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is a fibre bundle. Let D be the subspace of E; X E, given by

D = {(e;, e;) € E; X Ey|p;(e;) = p,(e,)}.

Let m,: D — E; be projection on the first factor, i.e., m(e;, e,) = e, and let
@,: D — E, be projection on the second factor, =,(e,, e,) = e,. Then =, and
@, are fibre bundles with fibres M, and M, respectively and the fibre
inclusions are j, and j, respectively. The composition p,om = p,om, =p is
itself a fibre bundle with fibre inclusion

M, X M, D.

Now if f: E, —» E, is a fibre preserving map over the identity define the
“graph” F: E, —» D by

F(ey) = (ey, f(e1))-
Similarly G is the graph of g: E; — E,. Note that

(2) moF=1p,meF=f and moG=1;,m°G=g.

We now assume that E; and E, are smooth manifolds. Then D is a smooth
manifold and all the bundles in (1) are smooth. Now let &; and a, be the
bundle of tangents along the fibre

E,3B and E, 5B
respectively. Also let 8, and B, be tangents along the fibre for
D3 E, and D3E,

respectively. Then six pullback relations are easily seen to hold:

(3) B, = mfa;, B, = mfa,,

F*8, =a;, F*B,=f*,, G*B;=qa;, G*B,=g%,.

For example, F*B, = F*(n}a,) = (m,° F)*a, = f *a, by the equations in
@. |

Now we imitate the approach of §5 of [3]. We embed E; in RY by a smooth
embedding k. Then we embed E, in B X RY by sending e — ( p;(e), k(e)).
The normal bundle of E; in B X R¥ is —a;. Let p;: BN = XVNB* — E[* be
the collapsing map from the Thom space BY of the trivial N dimensional
bundle N to the Thom space of the normal bundle of E, in B X R".

The embedding F: E; — D extends to a bundle map &; — B;. So F induces
amap F: E[% — DA,
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Finally G: E; = D is an embedding Note that G*B8; = a;. Also note that
the normal bundle of G(E;) in D is G*B,. Thus the normal bundle of G(E;)
in D™ is G*(—B,) ® G*(B,) = —a, + g*(ay). Thus if G denotes the
collapsing map of D~ A onto the Thom space of the normal bundle of G(E,)
in D~# then G: DA > E""1+3 (a2)

The composition

(4) GoFp: SNB* > E{® » DA Erate’@
gives rise to the required S-map

7. ZVB* > INE}
if —a; + g*(a,) is stably trivial, i.e, —a; + g*(a,) = N

Now g*(a,) is stably equivalent to «, if and only if g: E, — E, is a normal
map. This follows since

g*(-'rEz) = g*(—a, — p3(73))
= —g*(ay) — 8*p¥(75) = —8*(ay) — p1(73)

and
T, T T - pi(7g)
and since g*(—7g,) = — 75 we see that g*(a,) = ;. Thus we have shown:
LemMA 1. Ifg: E, = E, is a normal map then

= GoFop,: SVB* —» IVE} .
3. The induced homomorphism

First we shall show that : 2¥B* — SVE[" induces p}F*G' on homology.
More precisely we have the following lemma where

S: H*(X) » H*(ZVX)
denotes the suspension isomorphism.
LEMMA 2. S r*S = +p!F*G'
Proof. Since p, and p, are orientable fibrations so are m;: D — E; and

@, D - E,. Hence a;, a,, B; and B, are orientable vector bundle. Hence
their associated Thom spaces admit Thom isomorphisms, which we shall
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denote by S. Then
S~r*S = S”1pF*G*S (by Lemma 1)
=( ~1p% )(S IF*S)(S lG*S)
(iPi)(iF*)(iG') (by (8), (9), (10) of §3 in [3])
= +piF*G'

It

Now set 7, , = piF*G'. We must show that T o PY isa multlphcatlon by
A(f, &) where A(f, &) = =,(—1)'tr(f*g"),, the Lefschetz trace of f*3".

LEMMA 3. 7, o p} is multiplication by k where k = (i}*F *G'(1), [M;])
Proof.
7, gP1 1(x) = piF*G'pr(x)
= piF*G'(G*n) pt(x)
= piF*(m¥pi(x) U G'(1))
= pi(F*npi(x) U F*G'(1))
= pi(pt(x) U F*G'(1))
= x U pi(F*G'(1)).
Now
pi(F*G'(1)) e H(B,Z) = Z
and so 7, p¥ is multiplication by pj(F*G'(1)). But
pi(F*G'(1)) = i (F*G'(1)), [My]).

Fmally we must show that (i*F *G'(1),[ M;]) = A( f, &), the Lefschetz trace
of f*g' where f and g are the restrictions of f and g to the fibre M; - M,.

Let F,G: M, > M, X M, be the graphs of f and g respectively, so that F
and G are restrictions of F and G to the fibre M,. Then io F = Foi, and
ioG = Goi, as can be seen by referrmg to dlagram (1). By an argument
similar to Lemma 1 of [3] we have that G i¥ = +i*G". Thus

i*F*G'(1) = F*i*G'(1) = £ F*G'(ir(1)) = £+ F*G'(1).
Thus we have shown:
LEMMA 4. i}F*G'(1) = + F*G'(1).
Then the following lemma concludes the proof.

LemMa 5. F*G'(1) = A(f, §)IM,] € H"(M,; Z).
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Proof. We will show this for rational coefficients Q, and that will imply the
lemma. Let B be a homogeneous basis for H*(M;, Q) and let B be a dual
basis defined by b U a = Sba[Ml] where a € B. Let A: M, - M, X M, be the
diagonal map. Let p be the unique element in H™(M,; X M;; Q) defined by

p N [M X M]=AJ[M]
Then p = X, < 5(—1)"'h X b, (see p. 302, exercise 2 of [5]). Using the formula

(xxy)n(Exn) = (D" (xng) x (ynn)
we obtain

I

A M ] =pn ([M] x [M,])

Y (=D 0 [ay]) x (b0 [M])
beB

Note that G = (1 X g)° A. Hence
G_*[Ml] = (1 X g)s04[M]

- sz(_l)lb'ﬂ*m)((z; N [M]) x (&(b 0 [My]))

Hence
61(1) = D—l((—;-*[Ml])

= ¥ ()" D((b N [M,] x g(b N [M])

where D is the Poincaré Duality isomorphism. We have

G1) = T (-DM" - (=1)""1 x D5, (b 0 [M3)).

beB
Hence G'(1) = T, < 5(—=1)?lb x g'(b). Then
F*G (1) = A*(1 X )*G'(1)
-2 X (-)"bx /()

beB

So F*G'(1) = X, s(—1)%b U f*g'(b). Now f*3'(b) = T, pT'sc where Ty
€ Q. Hence

7(1) = ¥ (-1)"bu (I

beB

PG Y

beB

=/, ®)M,].
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Remark. The usual definition of the coincidences index which Nakaoka

used is based on comparing two maps,

A fxg
M, > M XM > M, XM,

and

A
M, > M, X M,.

In our proof we compare

A 1xf
M, > M XM - M XM,

with
A 1xg
M, > M, X M, > M, X M,.
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