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ON SPECTRAL DECOMPOSITION OF CLOSED
OPERATORS ON BANACH SPACES

BY
WANG SHENGWANG AND 1. ERDELYI

This paper is concerned with presenting some necessary and sufficient
conditions for a closed operator to have the spectral decomposition property.
We refer to [2] for notations and terminology, but for convenience we repeat
some definitions.

Throughout this paper, T is a closed operator with domain D, and range in
a Banach space over the complex field C. Let N denote the set of natural
numbers and let Z* = N U {0}. If S is a set then S is the closure, S°¢ is the
complement, Int S is the interior and we denote by cov.S the collection of all
finite open covers of S. Without loss of generality, we assume that for S C C,
every {G;}I., € covS has, at most, one unbounded set G,. A set S C C is
said to be a neighborhood of oo, in symbols S € V,, if S° is compact in C.
Given T, o(T) is the spectrum, o,(T) is the approximate point spectrum,
p(T) is the resolvent set and R(-; T) is the resolvent operator. If 4 is a
bounded operator then p,(A4) denotes the unbounded component of p(A4). If
T has the single valued extension property (SVEP), then o,(x), pr(x) and
x(-) denote the local spectrum, the local resolvent set and the local resolvent
function, respectively, at x € X.

For § c C, we shall make an extensive use of the spectral manifold

(1) X(T,S) = {x€ X: op(x) C S}.

We write Inv T for the lattice of the subspaces of X which are invariant
under 7. For Y € InvT,T|Y is the restriction of T to Y and T=T/Y
denotes the coinduced operator by T on the quotient space X/Y. The coset
£=x+7Y is a vector in X/Y and % € Dy iff anTaE . If fis an
X-valued function then the function / has the range in X/Y.

1. Introduction

In this section, certain basic notions pertaining to the spectral theory will be
touched upon and some preliminary results will be established to be used in
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SPECTRAL DECOMPOSITION OF CLOSED OPERATORS 677

the subsequent theory. First, we re-examine the single valued extension
property in the spirit of an earlier work by Finch [3].

1.1. THEOREM. Given T, for every x € X and A, € C, the following asser-
tions are equivalent:

(i) There is a neighborhood § of A, and an analytic function f: 8 — Dy such
that

(1.1) A=T)f(A\) =xoné.

(ii) There are numbers M > 0, R > 0 and a sequence {a,}3., C Dy, with
the following properties:

(@) (Ag— T)ag=x; (b) (Ao — T)a,,, = a,;
(c) lla,l < MR",n€ Z".

(1.2)

Proof. (i) = (ii). We may assume that
d={A€C: A=Ay <r}
for some r > 0. Let

(13) fAN) = ¥ a(he-2)", Aes

n=0

be the power series expansion of f. By decreasing r, we may assume that (1.3)
holds on 8 and r < 1. Then, for A € 96,

fla,llr® =0 asn— oo.
Hence, there is M > 0 such that
(1.4) la,lr"<M, neZ*.

For R = r~1, (1.4) implies (1.2)(c). By taking A = A, in (1.1) and (1.3), one
obtains (1.2)(a). Furthermore, it follows from (1.3) that

an=—2—1—.f -—L(—)‘-)Li\;l-, neZzZ*.
T Jas (Mg — )

In view of (1.1), one can write

Ao =T)f(A) = Ao =N f(A) + A= T)f(A) = (Ag = A)f(A) + x.
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T being closed, one obtains a, € Dy (n € Z*) and

Ao—T)f(N)dx
(Ao—T)a,,, = o '/;8( _ )\)n+2

o NI W
27” /‘;s(x n+1 2ai ‘/‘;S(AO _ }\)n+2 = a,.

This proves (1.2)(b).
@il) = (i). In view of (1.2)(c), the power series (1.3) defines a function f,
analytic on

1
s={xec; |A—)\0|<i}.

Thus, for
k
fk(A)= Zan(}\o_x)n? )\ES,kEN,
n=0
one obtains
k
(7\ - T)fk(>\) = Z (}‘ - T)an(AO - 7\)
n=0
k n k +1
= Z ()\0 - T)an(AO -A)" = E an(’\o - >‘)
n=0 n=0
k k
=x+ X a,,(A-N)"= La,(A-N)""
n=1 n=0

=x—a,(Ay—AN)*"
Since T is closed and for all A € §,
fi(A) > f(A) and a,(Ay —A) ' >0 ask - oo,
we have
f(\)eDyand (A - T)f(A) =x forall A €38. a

1.2. COROLLARY. T does not have the SVEP iff there exists A, € C and
there are numbers M > 0, R > 0 and a sequence {a,}*_, C Dy such that

(AO - T)aO = 0; (AO - T)an+l =a,; ”an” < MRn’ ne& Z+

and a, #+ 0 for n sufficiently large.
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Proof. T does not have the SVEP iff there is a neighborhood & of some
Ao € C such that

(1.5) (A=T)f(A\)=0 and f(A)# Oons.

In view of Theorem 1.1, the situation described by (1.5) occurs iff the
properties expressed by the corollary hold, for x = 0. O

Another consequence of Theorem 1.1 is [3, Theorem 2], asserting that T
does not have the SVEP if there exists A, € C such that A; — T is surjective
but not injective.

Next, we recall some definitions and related properties. The spectral maxi-
mal space concept [4] admits two distinct extensions to the case of unbounded
operators.

1.3. DEFINITION. Given T, Y € Inv T is called a spectral maximal space of
T if, for any Z € Inv T, the inclusion ¢(7|Z) C o(T|Y) implies Z C Y.

Y € Inv T with Y C Dy is said to be a T-bounded spectral maximal space
if, for any Z € Inv T, the inclusions Z C D, o(T|Z) C o(T|Y)imply Z C Y.

If T has the SVEP and if, for compact F c C, X(T, F) is closed then

(1.6) X(T, F) = E(T, F) ® X(T, ©).

Here, =(T, F) is a T-bounded spectral maximal space [2]. If T has the SVEP
and if, for closed F c C, X(T, F) is closed then X(T, F) is a spectral
maximal space of T. In this case, for disjoint closed F; and compact F, we
have [2]

(1.7) X(T,F,UF,)=X(T, F,) ® 5(T, F,)
and if both F; and F, are compact, then
(1.8) (T, F, U F) = 5(T, F,) ® &(T, F,).
Two additional types of invariant subspaces will be useful later on.

1.4 DEFINITION [7], [S]. Given T,Y € Inv T is said to be T-absorbent if,
for any y € Y and any A € ¢(7|Y), the condition (A — T)x = y implies
x €Y.

Y € InvT is called analytically invariant under T if, for every analytic
D,-valued function f defined on an open D C C, (A — T)f(A) € Y implies
f(A) € Yon D.

In particular, every spectral maximal space of T as well as each T-bounded
spectral maximal space is T-absorbent [2]. If Y is any of the subspaces
introduced by Definitions 1.3 and 1.4, then o(T|Y) C o(T).
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2. The spectral decomposition property

In this section we study some local properties of a general type of spectral
decomposition.

2.1 DerFINITION. T is said to have the spectral decomposition property
(SDP) if, for every {G,}!., € covo(T) with G, € V_, there exists {Y;}I., C
Inv T satisfying the following conditions:

) Y, c Dy, if G, is relatively compact (1 < i < n);
) o(Y)cG,0<ix<n
damn x=xr.,Y.

Remarks Without any deviation from the above defined notion, we may
consider

{G,}]-o € covC,

and replace (I) by _

ar) o(TY)cG,0<i<n.

In terms of spectral maximal and T-bounded spectral maximal spaces, the
decomposition (III) can be expressed by

(2.1) X=X(T,G) + Y. 5(T, G).

i=1

Note that (2.1) implies conditions (I), (II) and (III) above. Even a two-sum-
mand decomposition (n = 1) of T implies the SDP [6].

2.2 DEFINITION. An operator T is said to have property (x) if
(a) T has the SVEP;
(b) X(T, F) is closed for all closed F c C.

A slightly strengthened version of Bishop’s condition () [1, Definition 8],
as expressed by the following definition, will greatly enhance the study of the
spectral decomposition problem.

2.3 DEFINITION. T has property () if, for any sequence { f,: G = Dy} of
functions, analytic on an open G € C, (A — T)f,(A) = 0 (as n = 00) in the
strong topology of X and uniformly on every compact subset of G implies that
f,(A) = 0 in the strong topology of X and uniformly on every compact subset
of G.

In contrast to [8, 4.16-4.18], the above definition does not require that Tf,
be analytic for each n. Property (B8) implies property (k). Clearly, it implies
the SVEP. Also, if T has property (B) then, for closed F ¢ C, X(T, F) is
closed (e.g., [8, Corollary 4.18]).
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24 LEMMA. Given T, let Y € Inv T be such that Y C Dy and T=T/Yis
closed. If T has the SVEP and o(T|Y) N o(T) is nowhere dense in C, then Y is
analytically invariant under T.

Proof. Let f: D, — Dy be analytic on an open D, C C and satisfy condi-
tion

(A=T)f(A) € Y forallA € D,.

We may assume that D, is connected. By the canonical map X — X/Y, we
have

(A=T)f(A) =0on D;.
By [6, Lemma 3.2], there is an analytlc function h: D,(C D;) — Dy such that
h(\) = f(A\) and (A — T)h(A) is analytic on D,. Likewise D;, D, can be
assumed to be a connected open set.

First, suppose that D, N p(T|Y) # @. The function g: D, N p(T|Y) - X,
defined by g(A) = (A — T)h(A), is analytic and

gA) = (A= T)a(A) = (A - T)f(x) =0
implies that g(A) € Yon D N p(T|Y). Then
(A= T)[r(N) = R(A; T|Y)g(A)] =0
and the SVEP of T implies
h(A)=R(\;T|Y)g(A\) €Y on D, N p(T|Y).
Thus, k(X)) € Y on D,, by analytic continuation. Since f(A) and A(M) agree
on D,, we have f(A) — h(A) € Y on D,. Thus, f(A) € Y on D, and hence

f(A) € Y on D, by analytic continuation.
Next, assume that D,, C o(T| Y). Since, by hypothesxs, D, N o(T) + @ it

follows from (A — TYh(\) =0 that A(A\)=0 on D, N o(T). Therefore,
f(A) =0,ie f(A) € Yon D,, by analytic continuation. O

2.5. LEMMA. Given a subspace Y of X, let H, K be open disks with KcH. If

f V — X/Y is an analytic function on a neighborhood V of H, then there exists
an analytic function h: H — X such that

max [ A(A) | < Amax | (V)]

where A is a constant.
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Proof. Let
H={XN|A=Xj] <R}, K={A|A=)\|<r}

for \ye C,A\,€H,0<r<r+ |A;— A <R and let

f) = L a,(A=Ag)" with {,) € X/Y
n=0

be the power series expansion of f. Choose p to satisfy r + Ao — Al <p <R
By the Cauchy inequality, we have ||d,|| < MR™", where M =
max, ¢ 7 lIf(A)]||. For every n, choose a, € d, such that |a,| < 2||d,| and
define

h(A) = X a,(X = Xp)"
n=0
Then 4 is analytic on H and since K € {A: |\ — Ay| < p}, we have
o0 ; o0 p n _ n
max A1 < T lla,le" <2M ¥ ()" = amacl 01,

n=0

where 4 = 2R/(R — p). a

2.6. THEOREM. Given T, suppose that for every pair of open disks G, H with
G C H, there exists Z € Inv T such that

(@ o(T\2) c G5

(b) T = T/Z is bounded in X/Z and o(T) c H.
Then T has property (B).

Proof. Let { f,} be a sequence of D, -valued analytic functions on an open
G, such that

(22) A-T),(A) =0 (n— )
in the strong topology of X and uniformly on every compact subset of G,. We
may assume that G, = {A: |A| < R} for some R > 0. Choose the numbers
Ry, R, R, such that 0 < Ry < R; < R, < R and let

K={X:|A| <R,},G={A:|]\| <R;}, H={A:|A\] <R,)}.

By hypothesis, there exists Z € Inv T satisfying conditions (a) and (b) for G
and H. It follows from (2.2) that

(A=1)f(A) -0
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in the strong topology of X/Z and uniformly on H. Since dH C p(T), we
have

(2.3) f(A) -0

in the strong topology of X/Z and uniformly on JH. By the maximum
principle, the convergence (2.3) is uniform on H. Furthermore, since T is
bounded,

(24) Tf,(A\) » 0

in the strong topology of X/Z and uniformly on H.
The graph G(T) of T is closed in X ® X and G(T|Z) is closed in Z & Z.
The mapping

r[xeTx+G(T1Z2)] » (x+ 2Z) & (Tx + Z)
of G(T)/G(T|Z) into G(T) C (X/Z) ® (X/Z) is both injective and surjec-

tive. Since T is bounded, G(T) is closed and hence it follows from the
inequalities

|x® Tx + G(T|Z)|=inf{|x® Tx+z& Tz||: z€ ZN Dy}
> inf{|[(x + z) & (Tx + z,)||: 2,2, € Z}
=|(x+Z) o (Tx+ 2)|

that 7 is a topological isomorphism.
Since A — fn()\) ® Tf (M) is analytic on a neighborhood of H, so is

A= L) @ L]
Evidently, 77%( f:, & f"f:,) is a G(T)/G(T|Z)-valued function. Consequently,
one can find a G(T')-valued analytic function h, ® Th, defined on H such
that
h,(A) ® Th,(A) € 771 [£,(A) @ T, (M)].
It follows from Lemma 2.5 that one can choose 4, such that

(2.5)  max|h,(A) @ Th,(N)]| < Amax |+~ [£,(A) @ TL(M] |

for some 4 > 0. Clearly, both h, and Th, are analytic and fzn(}\) = f:,(A) on
H. Thus,

h,(A) —f,(A) € Zon H.
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In view of (2.3) and (2.4),

(2.6) L(A) @ Tf(A) 50 (n > )
uniformly on H. By (2.5) and (2.6),

(2.7) h,(A\) >0and Th,(A) >0 (n— )
uniformly on K. It follows from (2.2) and (2.7) that

(2.8) (A = T)[R,(A) = f,(M)] >0 (n—> )

uniformly on K. Since K C G and o(T|Z) C G¢, we have K C p(T|Z) and
then (2.8) implies that

h,(A) = £,(A) 20 (n > o)

uniformly on K. Thus, by (2.7), f,(A) — 0 uniformly on K. Since R, < R is
arbitrary, it follows that T has property (8). O

Remark. In Theorem 2.6, the inclusion in (b) can be replaced by o(T) Cc G.
2.7. COROLLARY. If T has the SDP then T has property (B).

Proof. Let G, H be open disks with G ¢ H. Since {(G)¢, H} € cova(T),
there exist Y, Z € Inv T such that

X=Y+2Z, oT|Y)CH, YCD,, oT|Z)c(G)°cG-

Since p(T|Y N Z) D p,(T|Y) D H*, we have o(T|Y N Z) C H. The coin-
duced operators T= T/Z and T = (T|Y)/Y N Z being similar, T is bounded
and

o(T) =o(T) co(T|Y)Ua(T|Y N Z) CH.

Thus, T satisfies the hypotheses of Theorem 2.6 and hence T has property
(B).

Next, we quote a property which will be used in characterizations of
operators with the SDP (Theorems 2.9, 2.10).

2.8. THEOREM [10]. Let T have the SDP. Then, for every Y € Inv T with
o(T|Y) # C, the coinduced operator T = T/Y is closed. In particular, if Y is a
spectral maximal space of T or a T-bounded spectral maximal space, then

o(T) =o(T) = o(T]7).
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Moreover, if Y is a spectral maximal space and o(T) — o(T|Y) is compact,
then T is bounded.

Some characterizations of closed operators with the SDP now follow.
2.9. THEOREM. Given T, the following assertions are equivalent.
() T has the SDP.
(II) (a) T has property (x); .
(b) for every compact F € V,,, T = T/X(T, F) is closed and
o(T) c (Int F)°.

(II)  For every relatively compact open G C C, there is Y € Inv T such that
29 YcCDgoe(T|Y)CG, T= T/Y is closed and o(T) c G-

Proof (I) = (II). Corollary 2.7 implies (II)(a). Let F C C be compact. If

Int F = @, then o(T) € C = (Int F)*. Suppose that Int F # @. By [9, Theo-
rem 1.6], we have

Int FNe(T)cInt FNno(T) C o[T|E(T, F)].

Then, with the help of Theorem 2.8, we obtain

o(T) = o(T) = o[T1E(T, F)] € o(T) = It F 1 o(T)] < (Int F)°.

(II) = (III). This follows for Y = E(T, G)
(IIT) = (I). First, we show that T has the SVEP. Let f: D, — Dy be
analytic and such that

(2.10) (A=T)f(A\) =0 onanopen D,c C.

We may suppose that D, is connected. Choose G C C open and relatively
compact such that G C D,. By hypothesis, there exists Y € Inv T satisfying
(2.9). In view of (2.10), we have

(2.11) (A-T)f(\)=0, reD,.

Since G c p(T), (2.11) implies that f(A) = 0 on G and hence f()\) =0 on
Dy, by analytic continuation. Thus, f(A) € Y on D;. It follows from (2. 10)
and the inclusion o(T|Y) € G that f(A) = 0 on D, — G and hence f(A) =
on Dy, by analytic continuation. Therefore, T' has the SVEP.

Now, let {G,, G,;} € covo(T) with G, € V. Put G = G, N G, and note
that there is Y € Inv T satisfying the conditions in (2.9). By Lemma 2.4, Y is
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analytically invariant under T and hence o(7|Y) C o(T'). Then,
o(T) co(T) Uo(T|Y) = o(T)
and, by the last of (2.9),
o(T) c G°na(T) =[G N o(T)] U [Gsno(T)].

The spectral sets G5 N o(T), G{ N o(T') are disjoint and the former is com-
pact. By the functional calculus, there are Z,,, Z; € Inv T satisfying conditions

X/Y=2,0 2,2, c Ds,0(T\Z) c G- no(T), j+iji,j=0,1

The subspaces Z, = {x € X, x € X, X € Z} (i = 0,1) are invariant under T
and X = Z, + Z,. Furthermore, we have

o(T\Z,) c o(T|Y) Ue(T|Z) c GU[Gfna(T)| € G, j#isi,j=0,1.

Since Y € D and Z, C Dy, it follows from the definition of Z, that Z; C D.
Thus, T has the SDP. O

2.10. THEOREM. Given T, the following assertions are equivalent:
(i) T has the SDP.
(i) (a) T has property (k);
(b) for every closed F € V_, T = T/X(T, F) is bounded and

o(T) c (Int F)¢;

(iif)  For every relatively compact open G C C, there is Y € Inv T such that
(212) T = T/Y is bounded, o(T|Y) C G° and o(T) C G.

Proof. (1) = (ii). T has property (x), by Corollary 2.7. We quote [9,
Theorem 1.6] to write

(2.13) Int FNo(T)cIntFNo(T) Co[T|X(T, F)].

It follows from (2.13) that o(T) — o[ZT|X(T, F)] is compact and hence 7 is
bounded by Theorem 2.8. Furthermore, with the help of (2.13) we obtain

o(T) =o(T) = o[T|X(T, F)] co(T) = [Int F N o(T)] < (Int F)“.

(i) = (iii). This follows directly for G = F° and Y = X(T, F).
(ii)) = (i). T has property (k), by Theorem 2.6. Let {G,y,G,} € covC
with G, € V. Select an open H € V_ such that H C G, and {H,G,} €
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cov C. The open set
G= (GTO)CU (Hn G,)

is relatively compact and, by hypothesis, there exists ¥ € Inv T satisfying the
conditions in (2.12). Since

C-G,NnHNG, =49,
there are 20, Z, € Inv T producing the decomposition
X/Y =2+ 2, o(T1Z,) cHNG,, o(T|Z,)cC-G,c GE

Define the subspaces Z,={x€ X,x € %,X € Z’}} €InvT (i=0,1) and
obtain

(2.14) X=2Zy+Z;;
(2.15) o(T\2,) c o(T1Z,) U o(T|Y) € Gy;
(2.16) o(T2,) c o(T1Z,) U a(T|Y) € H° U GS.

Hence Z, € X(T, G,), by (2.15) and it follows from (2.16) and (1.7) that
Z, c X(T, H° U G§) = (T, H°) ® X(T, G{) c E(T,G,) + X(T,G,).
Thus, we infer from (2.14) that
X = X(T,G,) + (T, G,)
and hence T has the SDP. |
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