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SOME WEAK TYPE ESTIMATES FOR CONE MULTIPLIERS

SUNGGEUM HONG

ABSTRACT. We consider operators T associated with a localized height of cone multipliers. It is shown
that T is of weak type (p, p) for the functions of the form f(x, t) g(Ixl, t) if p 2n/(n + + 2),
0< < (n- 1)/2.

1. Introduction

For 3 > 0, define convolution operators T by

Tf(’, n+l) 1/(n+l)
n+l +

where 6 C(1/2, 2) and f denotes the Fourier transform of a Schwartz function

f on n .
G. Mockenhaupt [4] proved that T is bounded on L4(3) if3 > 1/8. J. Bourgain

1 developed a technique to prove this result for certain values of 3 < 1/8. See also
Mockenhaupt, Seeger and Sogge [5] for the related results on the wave equation.

The main purpose of this paper is to prove a sharp weak type (p, p) inequality for
the functions with radial symmetry ofthe form f(x, t) g (Ix I, t). This result implies
the weak type endpoint estimate for the Bochner-Riesz means on radial functions in
LP(n) where p 2n/(n + 1 + 23) and 0 < 3 < (n 1)/2, which was proved by
Chanillo and Muckenhoupt [2] (see appendix).
We consider the actions of T on LP-functions f which are invariant under

SO(n) {I}, that is, f(x, t) g(Ixl, t) for g satisfying (ff Ig(s, z)lPs-1

ds dz) 1/p Ilfllp < c.

THEOREM 1.
inequality

Suppose p 2n/(n + + 23) and 0 < 3 < (n 1)/2. Then the

I{(x,t) Rn R" ITaf(x,t)l >c}l <C(IIfIILP(N"+))p
holdsfor all SO(n) {I} invariant LP-functions f andfor all c > O. The constant

C does not depend on ot or f.
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With respect to the notation we shall denote by C positive constants that have
different values in different lines.

2. The cone multiplier operator acting on LP functions
with spherical symmetries

Let q9 6 C(R) be supported in (1/2,2) such that -k>_l 0(2ks) 1 for
0 < s < 1. In order to show the kernel estimates, we need some properties of
Bessel functions. These may be found in [7], [8]. Ju is the Bessel function of order
/z > 1/2 defined by

l_l eittr (1 O’2)/z-1/2 dcr(2.1) J.(t) A.tt

where A. [2"1"(2/z + 1)r(1/2)]-
(2.2) IJ(t)l _< Ct" for >_ 0.

Let/z n/2 1. For a function g(x) on (0, oe), we define the Hankel transform
if(y) of order/z by

fo(2.3) ’(y) g(x)J.(yx) (yx)-" x"+1 dx,

where J. (x) is the Bessel function of order
We shall need pointwise estimates for the kernels of

Tf(x,t) (2rr)-(n+l) ffff ei<X--"’>+i(t-z)"+o (2* (1- n+l]]

x 1/t(n+l) d’ dn+l f(y, z) dy dz.
n+l +

We let Ixl r and define Tkf(x, t) Ukg(r, t). If f(x, t) g(Ixl, t), then
by (2.3),

U g(r, t) (2zr) -(n+l) Hk(r, t, s, z)g(s, Z) ds dz

where

(2.4) Hk(r, t, s, Z) sn/2r -(n-2)/2 J.__2 (prn+)Jq (pSn+l)

x o(2k(1 p2))(1 p:Z)ap p(n+l)n2+ ei(t-z).+ dpdn+l
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We denote 2k>_l Hk(r, t, s, z) by H(r, t, s, z).

LEMMA 1. Suppose 0 < r < 1, 0 < s < and t, z N. Then for each k there
is an estimate asfollows: for every N,

(2.5) [Hk(r, t,s, z)[ _< Cu sn-1 2-k(8+l) min{1, (2-lt zl)-u/.

Thus,

(2.6) IH(r, t, S, Z)I <__ C sn-1
(1 -+-It zl)a+l

Proof. We integrate by parts N times with respect to n+l for every N in (2.4).
So by (2.2), we obtain (2.5). Moreover, using (2.5) gives

2-k(+) + Cu 2-k(+l-N) It zl-U},It-zl<2t It-zl>2

and thus (2.6) is established, rl

We now consider the kernel estimates for the case r > 1. In order to estimate
(2.4), we use dyadic decompositions of Bessel functions (2.1) following the article
by Mtiller and Seeger [6].

LEMMA 2.
kZ+,

For r, s > 0 and t, z e R there are estimates as follows: for fixed

(2.7) In(r, t, s, z)l

(s(n-l’/22-k(’+l< Cu.u, )0 + lit zl -Ir+sll)-Umin{1,(2-lr+/-sl)-u}.
\r/

Moreover,

(s)(n-1)/2 {(2.8) IH(r, t, s, z)l < C
(1 -t- Ir -t- sl)+a (1 -t- lit zl Ir -t- sll)N

-t-
(1-t-lr-sl)+1 (l/llt-zl-lr-sll)u

Proof. Let 7 6 C(N) be supported in (- 1/2, 2) and equal to in (- 1/4, 1/4).
Define m 0, 1, 2 and

[ r/(2-kv(1 0-9-))
r]mk o. 1)) I r/(2-t-mv(1 0.2)) r/(2-t-m+lv(1 o.2))/

if m=0

if m>0
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and set

jm 2)tz-1/2u.c(pv) Atz(pv)u ei(pv)a (1 r r]mk(O" 1)) da.

Let M > N + N1 + (n 1)/2 and set

mkv(O’) M
)M(’-’ [r]mk((7 l))(l O’2) (n-3)/2]

Then

if m=0

ifm >0.

(2.9) J,_.(pv) A,2_. (pv)’ ei(pv)rdpmlcv(cr) dr

by an integration by parts if m > 0.
We may decompose the kernel (2.4) as

m,d=0

where

,,m.d mn tr, t, s, z) snl2r -(n-2)/2 J.k(Prn+l)J.k(PSn+l)
e (t-z),+ dp dn+x (2(1 pZ))(1 pZ)ap(n+l)n

Fix k and set r,+ u and Sn+ v. From (2.9), we have

(2.10) "m’a(r,t,s,z) C A=sn- f_’ f_’*k mku (ffl)dkv

x (2(1 p2))(1 p2)apn-1

x ei{(t-z)+pr+ps}"+ dp dn+ dal da2.

If we integrate by parts with respect to p and n+ in (2.10), then by Fubini’s theorem
we obtain

(2.11) IHk (r, t, s, z)l < C Imku(a)l Idkv(a2)l
/2

X (l+lu+w2l)-(l+lt--z+prl+pS21)-
x e((-(-X

On+l 0(n+l)nl ddlddnl.
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Next note the size estimate

]qmku(cr)l C 2-mM (2m+ku-1)(n-3)/2.

Moreover, 4mk, vanishes unless either r 2 2m+ku -1 for m > 0, or cr 2 <
2ku -a for m 0. Hence if cr is in the support of )mku then either lu ucrl < 2m+k

or ]u 4- ucr] < 2m+k. Then from (2.12), the integrand of (2.11) is bounded by

C 2-ka Ibmku (crl)bdkv (cr2)
(1 + 2-klucrl + 1)O’2[) N1 (1 + z + prtrl + pstr2)N

< C 2k{(n-3)-} (uv) -(n-3)/2 2(m+d)((n-3)/2+N+Nl-M) -Nn+l

(1 4- 2-klU 4- Vl) N1 (1 4-lit- z[- plr 4-sl[)g

/
(1 -t- 2-lu vl) (1 -t-lit zl- tlr sll)

If we integrate over the support of p(2k(1 -/92)) () (])mku dkv lit in (2.11)
for m > 0 and d > 0, we obtain an additional factor of C 2m+d+k(rs)-1 Since
M > N1 4- N + (n 1)/2, we may sum over m and d and get (2.7). Thus using (2.7)
gives- (14-11t-zl-lr-t-sll)-N C 2-(+a)+CN, 2-(a+a-N)lr -t-sl -N’

I. Ir4-sl<2 Ir+sl>2

and (2.8) is established.

For the next lemma, we use (2.2) for J. (ps+l) in (2.4) and then apply the same
arguments used for Lemma 2.

LEMMA 3.

fixed k Z+,
For r > 1, 0 < s <_ and t, z IR there are estimates asfollows: for

Ink(r, t, s, z)l <_ C S
n-I 2-t(a+) r-(n-l) (1 + lit zl rl)-N min{ 1, (2-kr)-N }.

Moreover,

IH(r, t, s, z)l <C sn- (l+r)-("++)/2 /
/(1 4- It z 4- rl) (l+lt-z-rl)N

3. Weak type (p, p) estimates

In this section we shall show that the multiplier operator T is of weak type
(p, p) acting on LP(]n x N) with f(., t) spherically symmetric for all in lt where
p 2n/(n + + 23), 0 < < (n 1)/2 and prove Theorem 1.
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Now since Ug -k>l Ug, by summing over k in (2.4), we see that

Ug(r, t) (2zr) -(n+ll H(r, t, s, z)g(s, z) ds dz

where

H(r,t,s,z)= sn/2r-(n-2)/2fifo1 p(1 p2)6 j,... (prn+l)J,._2 (pSn+l)

ei(t-z)"+l dp dn+l

We will refer the following elementary estimates in the proof of Propositions
and 2.

LEMMA 4. Suppose r, s > 0 and t, z N. Suppose that

IUag(r, t)[ < C
(1 -+- Ir-+-sl)a+l

[g(s, z)[ X.D(r,t)ds dz

where D(r, t) {(s, z): Ird:sl > 1, It- zl > 1, lit- z[- [rd:sll < 1}. Then the
right-hand side of the inequality above is bounded by the sum of the two terms

(3.1) foC
It zl a+l

Ig(s, z)l X{Ir4-sl<l,lt-zl>l} ds dz

and

(3.2) C
ir_t_sla+l

Ig(s, z)l X/It-zl<_l.lra:st>l ds dz.

Proof It suffices to show that

(3.3) C 7 (1 -+- Ir sl)TM
Ig(s, Z)lXD(r.t)ds dz

is bounded by (3.1) where Dl(r, t) {(s, z): Ir sl > 1, It zl > 1, I(r s)
(t z)l < 1 }. By the transformation described by u (r s) (t z) and v z,
(3.3) is bounded by

(3.4) C fflul<l.lvl>l r u 1))
(n-l)/2

r lu + vlTM
Ig(r u v, v)l du dr.

Then since lul and I1 > and by substituting r’ r v, the integral (3.4) is
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bounded by

ff, (r’-u) (n-l’/21
C u, v)l du dr.

ul<l,lol>l r’+ v ivl/
Ig(r’

Moreover, since r’-ur-rl for some constant C, we obtain

C v) du dv
,1,1> Iv[+

Ig(r’ u,

For the case ]r sl > 1, It zl > and I(r s) + (t z)l 1, we replace v z
with v r s and apply similar arguments to get (3.2).

PROPOSITION 1.
p 2n/(n + + 2), O < < (n -1)/2 and n > 2. Then

(3.5) I{(x, t) 6 IRn I’lTf(x, t)l XO<lxl_<l > oe/2}l _< C ot-Pllfllpp

for all ot > O. The constant C does not depend on ot or f

Proof Recall that if f(x, t) g(Ixl, t) and Taf(x, t) Uag(r, t),

Ug(r, t) (2n’)-(n+l H(r, t, s, z)g(s, z) ds dz.

We now consider the case p > 1, that is, 0 < < (n 1)/2.
We write

IUg(r, t)l < C +

C(I+H).

For the integral I, by Lemma when 0 < r _< and 0 < s _< 1,

IH(r, t, s, z)l < C S
n-1

(1 -t-It zl)a/l"

We thus have

(f, fo’I < C Ig(s, z)ls"-1 Xtlt-zl_<ldsdz

/ Ig(s,z)ls"-lt zl-a+)XIit_zl>ldsdz

C (la "k-

Suppose f(x, t) g(lxl, t) and f LP(IRn x IR). Suppose

]H(r, t, s, z)llg(s, z)l ds dz)
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We now consider the integral I and let q be the conjugate component, 1/p+ 1/q 1.
For the integral la, since r, s < and It zl < 1, we have

(f, yoIa <_ C Ig(s, z)l ps"-xlt_zl<_ll ds dz

(fNfo ]qx s[(n-l)- X{lt_zl<l} ds dz

(f.yo )i,.<_ C Ig(s,z)lPsn-lX{it_zl<_lldsdz

Since r < 1,

la < C r-(n+1+2’)/2 Ig(s, z)lPsn-lxllt-zl<_ll ds dz

For the integral Ib, since It Z[ > 1, we have

(f.lIt, _< C Ig(s, z)l pSn-1 ds dz

x + +
1_<1/21tl Itl<lzl<21tl 1>_21tl

<_ C r-(n+1+2)/2 (1 + Itl)-(’} +a) Ilfllp.

st(n-)-lq It zl -(a+)q ds dz)1/q
Consequently for r < 1,

(3.6) I <_ C r -(n+1+2)/2 (1 -t- It[) -(-+a) Ilfllp

(/./od- C r-(n+ l+zS)/2 Ig(s, z) pSn-I X{It-z[_<l} ds dz

For the integral H, since 0 < r < and s > 1, by Lemma 2,

s)(n-1)/2[H(r, t,s, z)l _< C 7 (1 + Ir:k:sl)a+ (1 + lit- zl "-Ir4-sll)v"

Let E {(s,z): Ir-4-s[ > 1, lt-zl _< 1, llt-zl-[r-t-sll > 1}, Ez
{(s, z)" Ir:t:sl > 1, It zl > 1, lit zl- Ir-t-sll > 1}, and E3 {(s, z)" Ir-t-sl >
1, It zl > 1, lit zl- Ir+sll _< }. Then

II < c (ffe + ffe + ffe Ig(s,z)llH(r,t,s,z)ldsdz)
C (Ha + Ht, + Hc).
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Now consider H and let q be the conjugate exponent, 1/p + 1/q = 1. For the integral
Ha, since Ir+sl , s and lit zl Ir+’sl[ s, we have

Since r < 1,

Ha <_ C r -(n+1+2‘)/2 Ig(s, z)lP:- X{it_zl_<l} ds dz)
/p

For the integral Hb, since lit z] Ir+sl[ > and It z[ > and Jr--l-s[ , s, we
have

u sc s-(+l)lt zl -: Ig(s, z)lXtlt-zl>l] ds dz

<_ C r-(n-l) Ig(s, z)l pSn-1 ds dz

1<1/21tl Itl<lzl<21tl

S [’n’’’’2)-(l+l)-L2]q It Zl -Nq ds dz)l/q
< C r-(n-l) (1 + Itl)-(’+u-) Ilfllp.

Since r < 1,
--+/- N 1)nb <_ C r -(n+1+2)/2 (1 if-Itl) (p+ Ilfllp.

Finally, for the integral Hc we apply Lemma 4. So

(3.7) Hc < C
It zl+1

Ig(s, z)lX{Ir+sl<_l.lt-zl>l} ds dz

ir+sl+]
Ig(s, z)lxtlt-zl<_l.lr+sl>! ds dz.
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The first expression in (3.7) is bounded by

C Ig(s, z)lPX{Ir4-sl<_l} ds dz

/
.l_<1/21tl Itl<lzl<21tl 1>_21tl

X{Ir+sl<_l}lt Zl -(8/l)q ds dz)
1/q

< C (1 + Itl)-(+) Ig(s, z)l pXtlr4-sl<l} ds dz

For the second integral in (3.7), since Ir-4-sl -, s and It zl <- 1, by the similar
computations used for the integral Ha, it is bounded by

C r-(n+1+28)/2 Ig(s, z)[Psn-1X{It-zl<l} ds dz

Hence

(3.8) H < C r-(n+1+28)/2 (1 + Itl)-(- +N-l) Ilfllp

+ C r-(n+1+2)/2 Ig(s, z)l es- X{It-zl_<l} ds dz

(f io+ C (1 + Itl)-(-+) Ig(s, z)l pX{Ir4-sl<l} ds dz

Collecting (3.6) and (3.8), it follows that for p > 1,

IUag(r, t)lx{o<r<_l} < C r-(n+1+2’)/2 (1 + Itl)-(+N-) Ilfllp

-1- C r-(n+1+2’)/2 (1 -t-Itl)-(’+) Ilfllp

(f /o-+- C r-(n+1+2)/2 Ig(s, z)I pSn-1X{it-zl_<l ds dz

(l Jo/ C (1 / Itl)-(+ Ig(s, z)l pXIIr+sl<_ll ds dz

We now consider the case p 1, that is (n 1)/2. The only expressions we
treat differently for this case are the integral Ha and Hb. Thus,

Ha <_ Cr-(n-1)/zfI s--lV Xtlt-zl<_llg(s, z)l ds dz

< C r-n Ig(s, z)lsn-1 Xtlt_zl_<l} ds dz.
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Similarly,

II, < C r-(n-1)/2 s- It zl- Ig(s, z)lxllt-zl>! ds dz

<_ Cr-"(l+ltl)-Nf Ig(s, z)lsn-1 ds dz

< C r-n (1 + Itl)-N Ilfll.

We may now proceed as in the case p > 1. This completes the proof of Proposi-
tion 1.

PROPOSITION 2. Suppose f(x, t) g(lx[, t) and f
_
LP(n ). Suppose

p 2n/(n + + 28), O < i < (n -1)/2 and n > 2. Then

p(3.9) I{(x, t) Rn N" ITaf(x,t)l X{lxl>l} >" oe/2}l _< C oe-Pllfllp

for all ot > O. The constant C does not depend on ot or f

Proof We first consider the case p > 1, that is 0 < 3 < (n 1)/2.
We now write

IUag(r, t)l <_ C -t-

C (111 + 11/)

Ig(s, z)llH(r, t, s, z)l ds dz)
and claim that

(3.10) ]Uag(r,

< C r-(n+l+2)/2(1 + ]tl)-(’}+N-1)llfllp

+ C r-(n+l+2a)/2 Ig(s, z)IPsn-1 X{It-zl<l} ds dz

/ C (l / ltl)-(+,) (f fo Ig(s, z)l pZr, ds dz

) (s, z)l p ds dz

+ C Ig(s, z)l t-.-z./<<2} ds dz

Next we split the range of the integration as follows: Let G {(s, z)" Irsl
1, It- zl 1, lit- zl- Irsll > 1}, G2 {(s,z)" Irsl > 1, It- zl > 1,



SOME WEAK TYPE ESTIMATES FOR CONE MULTIPLIERS 507

lit zl Ir-4-sll > }, G3 {(s, z)" Ir-4-sl > 1, It zl > 1, lit zl Ir+/-sll _< },
G4 {(s, Z): Ir sl < 1, It zl > 1, lit zl- Ir sll > 1}, and G5
{(s,z)" Ir-sl_<l, lt-zl<l, llt-zl-lr-sll<l,r/2<s<2r}.

Consider III and let q be the conjugate exponent, 1/p + 1/q 1. By Lemma 3
whenr > land0<s < 1,

IH(r, t, s, z)l < C r-(n+1+2)/2 sn-1 ’(1 + II" z’l r’l’)"
III <_ c(ff + ff + ff Ig(s,z)llH(r,t,s,z)ldsdz)

:= c (n, +mb + nc).

For the integral Ilia, since lit zl rl , r, we have

Ilia < C r-(n+1+2)/2 r-N Ig(s, Z)ISn-1)llt-zl_<l} ds dz

(f, fo< C r-(n+1+2)/2 Ig(s, z)lPsn-lXlt-zl<_l ds dz

)< S
[(n-1)- np)]q X{It_zl<_l} ds dz

(f fo< C r-(n+l+2a)/2 Ig(s, z)lpsn-IxIIt-zl<_ Ids dz

Now consider lllb. Since lit zl- rl > and It zl > 1,

IIIb < C r-(’++/ It zl- Ig(s, z)ls’-1 XIl-zl>l ds dz

(f.fo< C r-(n++2)/2 Ig(s, z)l psn- ds dz

(lz f Iz+
l_.<1/2 Itl Itl<lzl<21tl 1>_21tl

< C r -(n+l+za)/2 (1 + Itl)-(- +N-l) Ilfllp.

Finally, consider the integral Illc. By Lemma 4,

(3.11) Illc < C It’ zla+ Ig(s, z)lX{Ir+/-sl<_,lt-zl>l} ds dz

-+- C "-(n+1+2)/2 Ig(s, Z)ISn-1 ){It-zl<l,lr+/-sl>l} ds dz.

S [(n-1)-n-p]q It zl -Nq ds dz)1/q
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The first row integral on the right-hand side of (3.11) is bounded by

C (1 + Itl)-(+) Ig(s, z)IPX{Ir+sI<_I} ds dz

By the similar computations used for the integral IIIa, the second row integral of
(3.11) is bounded by

C r-(n+1+2)/2 Ig(s, z)l pSn-1X{It-zll} ds dz

Thus,

(3.12) III < C r-(n++2a)/z (1 + Itl)-(- +N-l) flip

+ C r-n+1+2/2 Ig(s, z)lPsn-lx{It-zl<_l ds dz

-t- C (1 -I- Itl)-(-+) Ig(s, z)] pX{Ir+sl_<l} ds dz

For the integral IV, since r, s > by Lemma 2,

IH(r,t,s,z)l <_ C ()-)/2 1

(1 -+-Ir-t-sl)TM (1 + lit- zl- Ir-+-sll)"
Thus,

IV C (filfl r/2

-+- + Ig(s, z)llH(r, t, s, z)l ds dz
2

:= C (IVa + IVb + IVc).

Then,

IVa -l- IVc < (ffG + ffG nt- ffG Ig(s, z)llH(r,

(79(r, t) + Q(r, t) + 7P,,(r, t)).

t, s, z)l ds dz)

For the integral 79(r, t), we first assume s < r/2ands > 1. Then since [r-+’sl r and
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Ilt-zl-lrsll r, withl/p+l/q lforp 2n/(n+l+23), 0 < 3 < (n-l)/2,

f[r/2(s)(n-l)/2r-(’+l+N)x{it_zl<l}lg(s,z)ldsdzC -/,11

<_ C r-(n+1+2)/2 Ig(s, z)]PSn-lx{It-zl<_l} ds dz

(fflOO )l/q>( s 29-- (n’--2) ]q X{it_zl<_l ds dz

< Cr-(,+l+e)/. Ig(s,z)les’-lXIit_zt_lldsdz

Ifs > 2r andr > 1,withl/p+l/q 1, thensince Ir-t-sl sandllt-zl-lr+sll
S,

S-(+l+N)xIIt-zl<_l)]g(s, Z)I ds dz

< C r-(’-1)/ Ig(s, z)IPsn-1X{It-zl_<l} ds dz

cx
S[_(8+l+N)_n._)]q ds dzX X{It-zll}

Cr-{++/ Ig(s,z)l?s-Xlt_zlsldsdz

Consequently,

(3.13) P(r, t) N C r-(n+l+l/ Ig(s, z)lPsn-lxllt-zlll ds dz

Likewise, for the integral (r, t), we also consider the cases s < r/2 and s > 2r. If
s < r/2, then with 1/p + 1/q 1 we have

fr [r/2 ()(n-l)
C r-(a+l)lt zl- Ig(s, z)lXtlt-zl>l} ds dz

dl

(fiRflOO )l,p< C r-(n+1+2’)/2 Ig(s, z)IPsn-1 ds dz

l_<1/2ltl Itl<lzl<21tl

cx )
1/q

< C r-(n+l+:z’)/2 (1 -k-Itl)-(’+zv-1)llfllp.
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If s > 2r, then with 1/p -t- 1/q 1,

C - s-(a+)lt zl-Nlg(s’ z)lxllt-zl>ll ds dz

< C r -("-l)/z Ig(s, z)lPsn-1 ds dz

(fz f z (n)]q )liex + + sta+l It z[ -Nq dsdz
Iltl Itl<lzl<21tl 121tl

C r-(++/ (1 + Itl)-(+u-llfllp.
Accordingly,

(3.14) Q(r, t) <_ C r-(n+1+2)/2 (1 + Itl)-(-+N-)llfllp.
We now pass to the integral 7(r, t) with 1/p + 1/q 1. By Lemma 4 we have

(3.15) (r, t) < C
It zl+1

[g(s, Z)D({Ir+sl<_l.lt-zl>l} ds dz

-t- C
ir+sla+l

Ig(s, Z)(tlt-zl<l,lr4-sl>l as dz.

The first expression on the right-hand side of (3.15) is bounded by

C (1 -+- Itl)-(+) Ig(s, z)l pX{Ir4-sl<l} as dz

Moreover, by the similar computations used for the integral 79(r, t), the second ex-
pression in (3.15) is bounded by

C r-’+l+a/ Ig(s, z)IPs"-l-zl<_ ds dz

Thus,

(3.16) 7(r,t) < C (l + (fe fo Ig(s, z)[ p X{lr4-s[_<l} ds dz

+ C r-("++a)/ Ig(s, z)[Ps"-l Xl-zl<_)ds dz

Next, we consider the integral IVy,. If IrzEsl > I, we have the same results with

IVa and IVc. If Ir s < I, we have the following expressions for the integrals IVy:

(3.17) ffo+ffolg(s,z)llH(r,t,s,z)ldsdz.
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Since lit zl Ir sll It zl and 1/p + 1/q 1, the first expression above in
(3.17) is bounded by

(3.18) It zl -sv Ig(s, z)lX{Ir-sl<_l.lt-zl>l} ds dz

< C Ig(s, z)lPXtlr-sl<_l)as dz

,l<1/21tl ltl<lzl<21tl

o )
1/q

1>21tl I X{Ir-sl<l}lt Zl -gq ds dz

< C (1 + Itl)-(+N-l) Ig(s, z)lPX{Ir-sl<_l} as dz

Finally, with lip + 1/q the second expression in (3.17) is bounded by

(3.19) C Ig(s, z)lX{Ir-sl<_l, It-zl<l.r/2<s<2r} ds dz

(iifoo )lip<_ C Ig(s, z)[ p )(.{Ir-sl<l,lt-zl<l,r/2<s<2r} ds dz

(illx ds dz
r-sl<l,lt-zl<l}

(i io_< C I(s, z)l p%tlr-sl_<l,l-l_<,r/<s<,l ds dz

Thus, from (3.13)-(3.16) and (3.18)-(3.19),

(320)

Combining (3.12) and (3.20), we obtain (3.10) for p > 1.
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We are now left to consider the case p 1, that is, 8 (n 1)/2. The only
expressions we treat differently for this case are the integrals P(r, t) and Q(r, t). The
other parts are the same as for the case p > 1. Thus, consider the integral 7"9(r, t). If
s < r/2 and s > 1, then Ir+sl r and lit zl Ir+sll r and we see that

ffr/Z(s)-1’/C " r-(a+l+N)x{It-zl<_lllg(s, z)l ds dz

flRf
r/2

< C r -n Ig(s, z)lsn-1 Xtlt-zl_<l)ds dz.

If s > 2r and r > 1, then Ir+sl . s and lit zl Ir-t-s]l -, s and we obtain

< C r-(n-)/2 Ig(s, z)ls -(N+)X{It-zl<_l} ds dz

< C r-(n-)/2 Ig(s, Z)ISn-1 X{lt-zl<l} ds dz r-n.

Recalling that r > 1, it follows that

T)(r, t) < C r-n Ig(s, z)ls"- X{It-zl_<)ds dz.

Now consider the integral Q(r, t). If s < r/2 and s > 1, then we have

f fr/2 ()(n-l)
[-NC r-(a+l)lt z Ig(s, z)i(ll-zlll ds dz

dl

<_ C r-n It zl- Ig(s, z)ls- ds dz

< C r-n (1 + Itl)-llflll.
If s > 2r and r > 1, then the integral Q(r, t) is bounded by

C s-(a+l) It zl-Vlg(s, z)lxIIt-zl>)ds dz

)_< C r-("-1)/2 It zl -N Ig(s, z)ls-1 ds dz

< C r-(n-l) (1 + Itl)-N Ig(s, Z)ISn-1 ds dz r-n.

Thus,

Q(r, t) < C r -n (1 + Itl)- Ilfll.
We may now proceed as in the case of p > 1. This proves Proposition 2.
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Now we turn to the proof of Theorem 1.

Proof.
Propositions and 2 we have

ff, rn-ldrdt< ff(r,t): [Uag(r,t)[>ot} r,t): [Ug(r,t)[X{o<r<_ll>a/2}

+ fft(r.t): IUg(r.t)lX{r>l>a/2}

_< C -llfllpp.

Since IUag(r, t)l IUag(r, t)lXtO<r<_l + lUng(r, t)lXtr>l, by using

rn-1 dr dt

Appendix

Let 1 < p < 2. Denote the quasi norm (sup=>ootPl{x Rk If(x)l > or}l) 1/p of

f in Lp’ by Ilfll.. Let Tmf mv
* f. We define the class of Fourier multipliers

pJ(Lrad, Lp’) to be the set of all bounded measurable functions m so that for all

f C(IRk) tq LrPad(iRk),

IITmfll:. < Cllfll Lra
The best constant C is the norm of the operator Tin, and we write Ilmll for this
quantity.
We now split IRk+l into IR IRt Let p > Denote by P PLrad(L the space of

all measurable functions f of the form f(x’, x") g(Ix’l, x") where g is defined on
(0, cx) IRt, for which

(f fo Ig(s, z)IPsk-1 ds dz

is finite.
We define the class of Fourier multipliers N’(Lra(L), Lp,) as the set of all

bounded measurable functions m so that for all f (x’, x") g(Ix’l,

llTmfllp, < D llfllL:d<Z:).
The best constant D is the quasi norm of the operator Tin, and we write Ilm IIAc for
this quantity.

LEMMA 5. Suppose f and f are measurable functions on IR:+t and f f
almost everywhere. Assume that [[f []Lp, _< M1/Pfor some M > 0 andfor all > O.
Let ot > 0 befixed. Then otPl{x 6 IRk+t If (x)[ > ot}[ _< m.

Proof. Suppose otPl{x" If(x)l > c}l > M. Then from the right continuity of
I{x" f(x)l > c}l, there exists >_or such that otPl{x" f(x)l > }1 > M. Define E
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{x: If’(x)l > 0t}. We know IEI < cx. Then by Egoroff’s theorem for every 0 > 0,
there exists F C E such that E \ F < r/and f, --+ f uniformly on F. We choose
e small so that If(x) f(x)l < (-c)/2 for x F. Moreover on F the inequality
If(x)l > implies that If,(x)l >_ If(x)l- If,(x) f(x)l > fl (fl -00/2 >

From this, {x: If(x)l > fl} fq F C {x: IL(x)l > } and otPl{x: If(x)l >
} (3 El _< cPl{x: If,(x)l > o}1. Since {x: If(x)l > } ({x: If(x)l >/} F)U
({x: If(x)l > } (E \ F)),

otPl{x" If(x)l >/}1- otP[ E \ FI <_ cPI{x: If(x)l >/} C3 FI
<_ Pl{x" IL(x)l c}l _< M,

When r/is sufficiently small, this is a contradiction. KI

The following is based on de Leeuw’s restriction theorem [3].

THEOREM 2. Let rn(’, ") be contained in the class JV’(LrPad(LP), Lp’) and be
continuous. Then m,,(’) =- m(’, ’") is contained in the class (Lrad,P Lp,oo) and
the multiplier norm ofm,, does not exceed that ofm.

Proof. Let f e C(Nk) fq LrPad(Nk) and f2. e C(Nt) with f2,’(")
et(/p-() and supp C B(O, 1) (the unit ball about the origin). So fe.(x")

6l/P(x")ei<X"’a> and [[fz[[p Define f(x’,x") (f @ fe.)(x’,x") So

f [[p (p fi [[p Since we have
rad rad

(3.21) Tm(fi (R) fz.)(x’, x")

f f, .) /p-l)(a.)ei<X’.’>+i<x".">d,d,,

Tin" (fl@l/p (x’,x")ei<x"’a>

where m (’, s’’) m(’, " + a),

(3.22)
Zp,o

< rn I1 f rad

Then for all > 0, we have oPl{(x x")" ITm,(fl @ --)(x’,x")[ > ot}l <

Ilmllllf IIa and by the Lebesgue Dominated Convergence eorem, Tm,(fl

) converges to (Z,,ofl) as 0 where ma(’) m@’ a). Then from
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Lemma 5, we have

Hence ma is contained in the class / P oo)(Lrad, Lp’ and thus

IImall _< Ilmll. E3

Even if we replace the continuity assumption of m by almost everywhere condi-
tions, Theorem 2 still holds.
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