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SOME WEAK TYPE ESTIMATES FOR CONE MULTIPLIERS

SUNGGEUM HONG

ABSTRACT. We consider operators T? associated with a localized height of cone multipliers. It is shown
that 7% is of weak type (p, p) for the functions of the form f(x, 1) = g(|x], ) if p = 2n/(n + 1 + 25),
0<d<@m-—1)/2

1. Introduction

For § > 0, define convolution operators T8 by

12 8 —
T3 f (&', 6nr1) = ¥ (Ent1) <1 - l;;’ ) fE &), (EL &) €eR" xR
n+1

+

where ¥ € C§°(1/2,2) and fdenotes the Fourier transform of a Schwartz function
fonR" xR.

G. Mockenhaupt [4] proved that T? is bounded on L*(R?) if § > 1/8. J. Bourgain
[1] developed a technique to prove this result for certain values of § < 1/8. See also
Mockenhaupt, Seeger and Sogge [5] for the related results on the wave equation.

The main purpose of this paper is to prove a sharp weak type (p, p) inequality for
the functions with radial symmetry of the form f(x, t) = g(|x|, #). Thisresultimplies
the weak type endpoint estimate for the Bochner-Riesz means on radial functions in
LP(R") where p =2n/(n + 1+ 28) and 0 < § < (n — 1)/2, which was proved by
Chanillo and Muckenhoupt [2] (see appendix).

We consider the actions of T® on LP-functions f which are invariant under
SO(n) x {I}, that is, f(x,t) = g(lx|, 1) for g satisfying (fg f5° |g(s,2)|Ps""!
dsd2)'/? = | £, < oo.

THEOREM 1. Suppose p =2n/(n+1+4+28) and0 < § < (n — 1)/2. Then the
inequality

w7
Hx, ) eR"xR: T f(x,0] >a}| < C ("f"L;(W ))

holds for all SO (n) x {1} invariant LP-functions f and for all « > 0. The constant
C does not depend on o or f.
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With respect to the notation we shall denote by C positive constants that have
different values in different lines.

2. The cone multiplier operator acting on L” functions
with spherical symmetries

Let ¢ € C3°(R) be supported in (1/2,2) such that Zkzl p2ks) = 1 for
0 < s < 1. In order to show the kernel estimates, we need some properties of
Bessel functions. These may be found in [7], [8]. J, is the Bessel function of order
u > —1/2 defined by

1
@2.1) Ju(t) = Auth / ¢' (1 — 0)F~ 1 do
-1
where A, = [2/T'(2u + DI'(H]1.

2.2) [Ju@®)] <Ct* for t=>0.

Let u = n/2 — 1. For a function g(x) on (0, oo), we define the Hankel transform
2(y) of order u by

(2.3) gy = /0 g(x)Ju(yx) (yx)~* x*+1 dx,

where J, (x) is the Bessel function of order p.
We shall need pointwise estimates for the kernels of

2

n+1

12 8
x (1 - I;‘ ) Y (Ens1) d§' dbnrr f(y,2) dydz.

n+1/ 4

We let |x| = r and define 7Y f(x,1) = Ulg(r,t). If f(x,t) = g(lx|, 1), then
by (2.3),

o0
Ulg(r, 1) = ()~ f f Hi(r, 1,5, 2)g(s. 2) ds dz
RJO
where
1
@) Hirt,5.2) = 0D [ [ ortran) e ost)
R JO

x 921 = p))(1 = p2)° p Y (Enr1)E2 1€/ 5 dp dEyyy.
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We denote Zkil Hy(r,t,s,2) by H(r,t, s, 2).

LEMMA 1. Suppose0 <r < 1,0 <s < 1andt,z € R. Then for each k there
is an estimate as follows: for every N,

(2.5) |Hi(r, t,5,2)] < Cys" ' 27%D min{1, @7*|r — z)~V).
Thus,
1
2.6 H(rt,s,2) < C—mo "1
2.6) |H( W< C o

Proof. We integrate by parts N times with respect to &, for every N in (2.4).
So by (2.2), we obtain (2.5). Moreover, using (2.5) gives

sn—l [C Z 2—k(3+l) + CN Z 2—k(8+l—N) It _ Z'_N} ,
It—z|=<2t

Jt—z|>2k

and thus (2.6) is established. O

We now consider the kernel estimates for the case r > 1. In order to estimate
(2.4), we use dyadic decompositions of Bessel functions (2.1) following the article
by Miiller and Seeger [6].

LEMMA 2. Forr,s > Qandt,z € R there are estimates as follows: for fixed
ke Z*,

@7 |Hi(r,1,5,2)|
SN2 ks -N_ —k -N
< i (3) 270+ 11 — 2] = Iraksi) ™V mingl, @7 lrats) 7.

Moreover,

28) [Hn s, < c (2" 1 1
. ,t, ’ -
( |H(r, t,s,2)| < (r) A+ +sDH A+ lt—zl—Ir +sIDV

1 1
- (I+]r=sD¥! (1|t —z]=|r=s|HV }

Proof. Letn € C§°(R) be supported in (—1/2, 2) and equal to 1 in (—1/4, 1/4).
Definem =0,1,2,...and

n27*v(1 —o?) ifm=0

Nmk (0, V) = {n(Z“"’”’v(l — o) — nFmtly(1 —62) ifm >0
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and set
1 .
Tie(pv) = Ay (pv)* / e (1 — o (o, v) do.
-1

LetM > N+ Ny + (n — 1)/2 and set

(1 =232y (o,v) ifm=0
i (0) = M
o (va) (LYY i (0, VI = 6DED2] ifm > 0.
Then
1
29) 200 = A (0)F [ 80 401,0) do
2 -1

by an integration by parts if m > 0.
We may decompose the kernel (2.4) as

where
1
HM(rt,5,2) = s"2r=0-D1 f / Tt ((PrEn))jis  (p5Ens1)
) T, 2,

x 925 (1 = PN (1 = p*)° pyr (En1)EL €775 dp dEpoy.

Fix k and set r&,; = u and s&,,1 = v. From (2.9), we have

1 1
2.10) H(r,t,5,2) = CA%_;_zs"‘l f / Bmru(01)Pary (02)
-1J-1

1
X /]R/O 02 (1= PN = 2’0" Y Enr )by

x ! t=D+proi+psos}ént dp d&,y1 doy dos.

If we integrate by parts with respect to p and &, in (2.10), then by Fubini’s theorem
we obtain

2 1 1 1
@11) H™ (1, 5,2)] < C27k0=D gn=1 f [ f [ (S0 |6k (@2)]
12d-1J-1Jo
x (14+|uoy+voy )™M (1+|t —z+pro+ psoa )™V

a\M
(b—p-) p2*(1—pH)(1—p?)°

a \V
(8§n+l) 1p(§n+1) :+1

X

X

dpd01d02d§n+1 .
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Next note the size estimate
(2.12) |Gmru (@) < € 27MM (Qmtky~1yn=3)/2,

Moreover, ¢k, vanishes unless either 1 — o2 ~ 2"y~ form > 0,0r 1 — 02 <
2%y~ for m = 0. Hence if o is in the support of ¢, then either |u — uo| < 2m+*
or |u + uo| < 2™**, Then from (2.12), the integrand of (2.11) is bounded by

1 1

coke o o
i ()bt O e o W (T 7 = 2+ prow  pson)?
<cC 2k[(n—3)—-3} (uv)—-(n-—3)/2 2(m+d)((n——3)/2+N+N1—M) n_+h{

1 1
X
{(1 +27u+ oM (1 +jt — 2| = plr +sIDV

1 1
+ .
I+ 27 u — DM A+ It —z] — plr — SIDN}

If we integrate over the support of (2¥(1 — p?)) ® dmiu ® dary ® ¥ in (2.11)
for m > 0 and d > 0, we obtain an additional factor of C 2"*4+*(rs)~1. Since

M > Ni+ N + (n—1)/2, we may sum over m and d and get (2.7). Thus using (2.7)
gives

s\ (n—1)/2 _N —k(5+1) —k(3+1-Ny) =N
(;) (1+]lt—z]—rEs) [c Zz +Cu, Zz DIr£s|™™M},

|rds|<2k |rds|>2k

and (2.8) is established. [

For the next lemma, we use (2.2) for J 22 (ps&y+1) in (2.4) and then apply the same
arguments used for Lemma 2.

LEMMA 3. Forr > 1,0 <s < landt, z € R there are estimates as follows: for
fixedk € 2+,

|H(r, t,5,2)| < Cs"7127KCHD p=0=D2 (1 4 112 — 2] — r)™V min{1, 27*r)™™}.

Moreover,

1 1
H(r,t,5,)|<Cs" (14r -<"+'+2">/2{ + }
(1, 5,2)] (1+) A=z +rD"  (A+lt—z—rD¥

3. Weak type (p, p) estimates

In this section we shall show that the multiplier operator T? is of weak type
(p, p) acting on LP(R" x R) with f(-, t) spherically symmetric for all # in R where
p=2n/(n+1424), 0 <8 < (n—1)/2and prove Theorem 1.
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Now since U’g = ¥, U} g, by summing over k in (2.4), we see that
oo
Ulg(r,t) = (271)‘(”“)[ / H(r,t,s,2)g(s,2)ds dz
R Jo
where
1
H(rt,s,2) = s"2~0-2P2 f f p(1 = p*)* Juc2 (oréns1) T2 (05&n+1)
0

X ¥ (Ent1) g +1 e =2k dpdé,y,.

We will refer the following elementary estimates in the proof of Propositions 1
and 2.

LEMMA 4. Supposer,s > 0andt, z € R. Suppose that

s (n D/2 1
|Ug(r,n) = C AT ot 1g(s, 2)| Xp(rry ds dz

where D(r,t) = {(s,2): |[rxs| > 1, |t —z| > 1, ||t — z| — [r£s]|| < 1}. Then the
right-hand side of the inequality above is bounded by the sum of the two terms

(3.1 ff |5+1 |8(s, )| Xitrasi<1 ir—z1>1) ds dz
and
(n 1)/2 1
(3.2) f f e 18(s, 2| X(r-z1<1.irs1>1) ds dz.

Proof. Tt suffices to show that

(n--l)/2 1
(3.3) f / T3 =5 1g(s, D) XDy ds dz

is bounded by (3.1) where Dy(r,t) = {(s,2): [r —s| > 1, |t —z| > 1, |(r —5) —

(t —z)| < 1}. By the transformation described by u = (r —s)—(t —z)and v =t —z,
(3.3) is bounded by

B4 C ff (r—u )(n n/2 1 80—t — vt — vl dudy
{lul<1.|vl>1} r lu + v|8+! ’ .

Then since |u| < 1 and |v| > 1 and by substituting r’ = r — v, the integral (3.4) is
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bounded by

F—u\ @2 ,
C fﬁ;mgl.lvb” (r/ ¥ v) |UI5+1 lg(r' —u,t — v)| dudv.

. ,_ .
Moreover, since |7 _H“) | for some constant C, we obtain

.__.1 I
¢ /v/uu|<1 i1y [V[FF lg(r' —u,t —v)|dudv.

Forthecase |r —s| > 1, |t —z| > land |(r —s)+ (t —2)| < 1, wereplacev =t —z
with v = r — s and apply similar arguments to get (3.2). O

PROPOSITION 1. Suppose f(x,t) = g(|x|,t) and f € LP(R" x R). Suppose
p=2n/(n+1+25),0<8<(n—1)/2andn > 2. Then

(3.5 N, 1) eR" xR : T f(x, )| xo<ixi<n > @/2} < Ca™PlI FII]

for all & > 0. The constant C does not depend on o or f.

Proof. Recall thatif f(x,t) = g(|x|, ) and T‘sf(x, t) = U‘sg(r, 1),

[ee]
Ulg(r,t) = 2m)~@*D f f H(rt,s,2)g(s, z)ds dz.
RJO

We now consider the case p > 1, thatis,0 <6 < (n —1)/2.
We write

1 0
|U%g(r,1)] < C (/f +[f IH(r,t,s,z)llg(s,z)ldsdz)
RJO R J1

Cd+1).

For the integral I, by Lemma 1 when0 <r <land0 <s <1,

1
H(r t,s,2)|<Cs" ' ——mom—ou
1H( ) (14 |t — z])5+!
We thus have

1
I < C( f f 1865, DIs" " Xg—si1) ds d
R JO

1
+ f / (s, 2)ls" |t —ZI_(8+')X(|r—z|>11deZ>
R JO
= C(, + Ip).
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We now consider the integral I and let g be the conjugate component, 1/p+1/q = 1.
For the integral I,, since r, s < 1 and |t — z| < 1, we have

w 1/p
C(// Ig(s,z)l”S”“xur-usndsdz)
R JO
1 1 (n-1) l/q
x (f / slon= )__"—]qX{lr—zlsllds dz)
RJO

o0 1/p
c (/f |8(S,Z)|p5n_1X(|;_z[5|;dsdz) .
R JO
Sincer <1,

00 1/p
I, < Cr—(n+1+25)/2 (/l;l(; |g(s’ Z)lpsn—IX{lt—zlsl)ds dz) )

For the integral I, since |t — z| > 1, we have

o) 1/p
I, <C (// lg(s, 2)|Ps"! dsdz)
R JO
1 1/q
X / +f +/ / s[(n—l)-ﬂ'-,,'ﬁ]qlt_z|—(5+1)qudz
lzl<$ ] Liti<lzl<2lt| lz=2]¢] JO

—
< Cr®tH2/2 (1 4 4p)) Gt L 1p-

Is

IA

IA

Consequently for r < 1,

—(L
(3.6) I < Cr0++272 4 i)y=G+ 7)1,

0 1p
+ C a2 (/}R/O Ig(s,z)l”S"_‘Xw—zlsudeZ) '

For the integral II, since 0 < r < 1 and s > 1, by Lemma 2,

S)(n—l)/Z 1 1
(1 + |r£sD! A+ It =zl = [r£sIDV

Let E; = {(s,2): |rEs| > 1,|t —z] < 1,||t —z| — |rLs]| > 1}, E; =
{(s,2): |rks| > 1,1t —z| > 1, ||t — z| — |r£s|| > 1}, and E3 = {(s5,2): |r£s| >
1,|t —z| > 1, ||t — z] — |[r£s]|| < 1}. Then

< C(]./El+-[-/lsz+/z3 |g(s,z)||H(r,t,s,z)|dsdz)

C I, + I, + I1,).

HG, 15,01 = € (

r
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Now consider II and let g be the conjugate exponent, 1/p+1/g = 1. For the integral
I1,, since [r+s| = s and ||t — z| — |r£s|| & 5, we have

(n /2
fla = Cf,/ _(8+1+N)X(It—zlsll|g(& 2)|dsdz

) 1/p
Cr==bri2 (/}R/l Ig(s,z)l”S"‘1X(|z—z|sudst>
°° (22 -@+1+N) - 250 )g Y
([ s Xiit—zl<1) ds dz
1

0 I/p
Cr=-n2 ( fR /0 lg(s, 217"~ X(r—zi<1) ds dz) '
Sincer < 1,

00 I/p
I, < Cy=n+i+29/2 (/R /0 Ig(s,z)I”S""X(|r-z|5ndsdz) .

For the integral 11, since ||t — z| — [r%s]|| > 1 and |t — z| > 1 and |rEs| & 5, we
have

IA

IA

1,

IA

(n n/2
c f / Sl 217N g(5, )| Xrmeior) ds dz

1) 1/p
C D72 (/[ Ig(s,z)l”s"_ldsdz)
RJ1
dVy)
lzl<ilel S lel<lzi<2lel
® [(n—l)_(5+1)_(n b _N 4
+ st Ut —z|™"ds dz
lz|=2]¢] /1

—(L4N—
Cr=0=D2 (1 4 ey~ £

IA

IA

Sincer <1,
I, < Cr—(n+1+26)/2 a+ ltl)—(%+N—|) "f"p

Finally, for the integral II, we apply Lemma 4. So

37 1. < c/f ‘w 18(s, DI X(irsizt lr—z1>1) ds dz

(n 21
+Cf/ S 18 (s, I Xqir—zl<1.irs1>1) dS dz.
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The first expression in (3.7) is bounded by

C(/f lg(S,Z)|pX(Ir:l:SI51)dez)
RJI
o 1/q
x / +f +/ / Xirasisn |t = 2|7+ ds dz
lel=3irl  J<izi<2l Jziz21

—(L+d) 0 Up
< CU 4 (/R [0 Ig(s,z)l”X{|r¢s|5ndsdz) .

For the second integral in (3.7), since |r+s| = s and |t — z| < 1, by the similar
computations used for the integral 11, it is bounded by

00 1/p
C p-(nt1+29)/2 (fmfo Ig(s,z)l”S""'xu:-usndsdz) -

Hence

(38) I < Cr=OH¥/2 (1 4 py~GHV=D o

- 1/p
+ C pm (4142072 (/Rfo Ig(s,z)I”S""Xu:—zlsndeZ)

a1 o0 1/p
L+ )G (/R fo |g<s,z>|"xuris.sl,dsdz) .

Collecting (3.6) and (3.8), it follows that for p > 1,

[U8g(r, D Xjo<r<y < Cr T2 (1 4 1gy=GHN=Dy £

—(L
+ C @2 () ey =GH g

o /p
+ C et 422 (fm / Ig(s,z)I”S""'xur—ztsndeZ)
0

i, 00 1/p
+C 1+ t))y G (/R f |g(s,z>|"xuris|5udsdz) :
0

We now consider the case p = 1, thatis § = (n — 1)/2. The only expressions we
treat differently for this case are the integral /1, and II,. Thus,

[oe)
I, < Cro-hr fR [ s xumacnlg(s. 2l ds dz
1

o
<cr™ /R/O lg(s, 2)Is" " Xe-2i<1) ds dz.
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Similarly,

11

IA

o0
C =P /}R f st = 217 1905 DI Xmsion) ds dz
1

IA

Cr-"(1+lt!)_Nf/ 1g(s, 2)Is" 1 ds dz
rJi

Crr @+ If

IA

We may now proceed as in the case p > 1. This completes the proof of Proposi-
tionl. 0O

PROPOSITION 2.  Suppose f(x,t) = g(|x|,t) and f € L?(R" x R). Suppose
p=2n/n+1+28),0<8§<(n—-1)/2andn > 2. Then

(3.9 Hex, 1) € R" X R T £(x, )] X(up»1) > @/2}l < Ca || fII]

for all @ > 0. The constant C does not depend on o or f.

Proof. We first consider the case p > 1, thatis0 < § < (n — 1)/2.

We now write
1 o0
C(// +// |8(S’Z)IIH(r,t,s,z)ldsdz)
RJO R

cui+1v)

\U°g(r, I

IA

and claim that

(3.10) |U%g(r, )l xpr>1y

- —(L4N-
< Crm®HBRA 4 )N £,

00 1/p
+ C p-(nt1420)/2 (/Rfo |g(s,z)I”S”"an—usndst)
o0 1/p
+ O+ ) ( /R fo |g(S,Z)le{|rd:slsl}d3dZ)
0 1/p
+C (1) BN (f [ |g(s,z)l"Xur-nsudsdz)
R JO

o) 1/p
+C (/ / 18(s, DIP X(ir—s|<t.{t—z1<1.r/2<s <2r) AS dz) .
R Jo

Next we split the range of the integration as follows: Let G, = {(s,2): |r£s| >
Lt —zl < Lt =zl = |r&s|| > 1}, G2 = {(s,2): Irks| > 1|t —z| > 1,
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It —z| —|rxs]| > 1}, Gy = {(s,2): |[rEks| > 1,|t —z| > 1, ||t —z| — |rxs]| < 1},
Gy = {(s,2): Ir=s| < L|t—2z] > L|lt—z|—1|r=s|| > 1}, and G5 =
{(,2: lr=s|=sLt—=zl<L]It—z|—|r=s||<1,r/2<s <2r}.
Consider I and let g be the conjugate exponent, 1/p + 1/g = 1. By Lemma 3
whenr >1and0 <s <1,
1

A+t =z =rDV’

m < c(ff +ff +/ Ig(s,z)IIH(r,t,S,Z)Idsdz)
Gy G, G3

= Cdll, + 1, + 111,).

For the integral I11,, since ||t — z| — r| & r, we have

|H(r, t,s,2)| < Cr—(n+1+28)/2 Sn—l

1
I, < Cr*(n+l+28)/2ff r_NIg(S»Z)'Sn_lX{Ir—zlfl}dez
RJO

IA

1 1/p
C p= (142972 (/1;_/0 Ig(s,z)l”S”'IXur-z;sudeZ)

1 1/q
I (=))
x (// 17075 ]qX(It—zlslldez)
R JO

oS 1/p
Crmienr (fm/o Ig(s,z)I”S"'IX{lt—zls”dsdz) '

Now consider I1I,. Since ||t —z| —r| > land |t — z| > 1,

IA

1
I, < Cr-nt1+29/2 fmfo It =217 |g(s, DIs" " x(r—g>1) ds dz

1 1/p
C y—(n+1+20)/2 (f/ lg (s, z)|”s”‘1dsdz)
R JO

1/q
1
_1y—la=b -
y f +f +[ / sI=D=452  _ 21-Na g gz
lzl<$ ] Hitl<lzl<2le| lzI=2¢ JO

) —(d4N-1
C r=OFH+8/2 (1 4 1)~ GHN=D o)

Finally, consider the integral III.. By Lemma 4,

IA

IA

1
1
@1 o, < C/R/o It—_—zF_;;|g(s»Z)|X{|r:ts|51,|r~z|>1}deZ

1
+Cr_("+1+25)/2[/ 1§ (s, 2)I8" " Xqit—21<1.rs5>1) S dz.
R Jo
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The first row integral on the right-hand side of (3.11) is bounded by

) 1/p
C 1+t ([R /0 |g(S.Z)|pX{|ris|51)dst) .

By the similar computations used for the integral III,, the second row integral of
(3.11) is bounded by

. 1/p
C r=n+1429/2 (/Rfo |g(s,z)l”S”"Xurvzlsndez> ’

Thus,

(3'12) Il < Cr—(n+1+28)/2 1+ Itl)-(%+N—1) ”f"p

- 1/p
1 C 14292 ([Rf lg(s, 17" Xe—z1<1) ds dz)
0

—d ®© I/p
+C A+t~ (fm fo |g(s,z)|”X(|ris|51)dsdz) .

For the integral IV, since r, s > 1 by Lemma 2,

He 15,2 < C (S)(n—l)/2 1 1
rits, g - .
¢ r (1 + IrEshP™ (1 + (2 — 2] — IrEs DY
Thus,
r/2 2r [>e]
IV < C(// +// +/[ Ig(s,z)IIH(r.t,s,z)Idsdz)
R J1 R Jr/2 R J2r
= C{UV,+ 1V, +1V,).
Then,
Vet 1V, < (f/ +[/ +f |g<s,z>uH<r,t,s,z>|dsdz)
G, Gy Gs

= ('P(r, t) + Q(r’ t) + R(rv t))'

For the integral P(r, t), we firstassume s < r/2ands > 1. Thensince |[r£s| ~ r and
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|lt—z|—|rEs|| = r,with1/p+1/qg = 1for p = 2n/(n+14+268), 0 <8 < (n—1)/2,

r/2 o\ (n=1)/2
CA/ (;) rm N i<y 18 (s, 2)  ds dz
1

s Yp
< Cr~(n+1+26)/2 (A;[ |g(S.Z)lpS”_IXut—zlsl}ds dZ)
1

R 1/q
8 (// S[ ’ ! ]qX(IT—zlsl]dsdz)
RJ1

00 1/p
< Cr(nti+29)/2 (/f Ig(s,z)I”S"“‘Xur—zlsndeZ) :
RJ1

Ifs > 2randr > 1,with 1/p+1/q = 1, thensince |rs| ~ s and ||t —z| — |[r£s]|| =

5,
© g\ (=1)/2
C_/sz (;) 57O 1<) 18 (s, 2) | ds dz
.

s 1/p
< Cr-br2 (/R/ Ig(s,z)I”S”‘IXur-zmndsdz)
2r

% 1850 Gr14N)- D) e
X s 7 X2y ds dz
R J2r

o 1/p
< Cr-(n+1+28)/2 (/l;‘/; |g(s,z)I”S"_IX(lt—zlsl}ds dZ) .
r
Consequently,
o 1/p
(3.13) P(r,t) < Cr=+1429/2 (/Rfo Ig(s,z)I”S"“an—zlsndst) :

Likewise, for the integral Q(r, t), we also consider the cases s < r/2 and s > 2r. If
s <r/2,then with 1/p + 1/q = 1 we have

112 se\(n=1)/2
c [ ()" e =2 Mg, - ds s
1

-
) 1/p
< Cr-t1429/2 (f/ 1g(s, 2)|Ps"! dsdz)
RJ1

® rezh _@=n v
x f +[ +f / S840, _ 21=Na g gy
lzl<$1e] plti<lzi<2lel  Jiziz2) J1

_ —(A4+N-1
< Cr®HH/2 (1 4 )~ GF )||f||,,.
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Ifs > 2r,then with1/p+1/g =1,

(n /2
C//; s — 217V g (s, 2) [ X(r—21>1) ds dz
r

[ 1/p
< Cr~(-h/2 ([/ 1g(s, 2)|Ps"! dsdz)
R J2r
1/q
% 85D (5y1y0on) -N
X + + st2 7 9t -z " dsdz
lzi<3 11| $itl<lzl<2le| lzI>2}r) J2r

—(n+1428)/2 —(L4N-1
< Cr= O (1 4 ey~ GHNED) £,

Accordingly,
(3.14) Q(r, 1) < Cr=®HI+D/2 (1 g~ GHN =Dy £y

We now pass to the integral R(r, t) with 1/p + 1/ = 1. By Lemma 4 we have

(3.15) R(r,1t) < // |a+1 18 (S, )X (jrasi<1.jr—z>1) dS dz

<n—1>/2 1
e / / rEs|F 18(s, D) Xqir—z1=1,Irs1>1) ds dz.

The first expression on the right-hand side of (3‘15) is bounded by

o) 1/p
C 1+t~ G+o ( /R / g (s, 2)I7 X(irs1<1) dS dz) :
0

Moreover, by the similar computations used for the integral P(r, t), the second ex-
pression in (3.15) is bounded by

00 1/p
C r_("+1+25)/2 (/l;f |g(S, Z)|psn_])({|;_z|_<_1} ds dZ) .
0

Thus,

0 1/p
(3.16) R(r,t) < C 1+ |t])" G (fmf !g(s,z)l”x“riusudMZ>

0

00 1/p
+ Cr—(n+1+23)/2 (/l;f ‘g(s, z)lpsn—l Xlir—zl<1) ds dZ) .
0

Next, we consider the integral IV,. If |[r&s| > 1, we have the same results with
IV, and IV,. If |r — 5| < 1, we have the following expressions for the integrals IV:

3.17) f/ +f lg(s, )| H(r, t,s,2)|ds dz.
GA Gs
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Since ||t —z| — |r —s||~ |t —z| and 1/p + 1/q = 1, the first expression above in
(3.17) is bounded by

00 o\ (1-1)/2 _
(3.18) cff (2) It = 217 18 (s, DI X(tr=si<1i—zl>1) 5 d2
RJ1 N

00 1/p
C (// lg(s, Z)|pX(|r—x|S”dez)
rJi
o 1/q
x f +/ +f f Xir—si<nylt —z|™V4 ds dz
|Z|5%W $ltl<lzl<2lf| 1z|>2|t] /1

—LN-1) 00 1/p
Ca+1) G (/R fo Ig(s,z)le(lr-s|51}dsdz) .

Finally, with 1/p + 1/g = 1 the second expression in (3.17) is bounded by

o0
(3.19) C// 18, 2 X(r=si<1, 1—zl<1.r/2<s<2r) dS dZ
rJ1

” 1/p
<C (// |g(s,z)I”Xur—slsl,|z—z|5|.r/2<s<2r}dsdz)
RJ1

1/q
X (/f ds dz)
{lr—s|<1,lt—z|<1}

0 l/p
<C (/R/ 18Gs, DI X(r=si<1.)t—z|<1,r/2<s <2r) AS dZ) .
0

Thus, from (3.13)=(3.16) and (3.18)~(3.19),

IA

IA

(320) IV < CrHFD2 (4 y=GEND o

. 1/p
+ Gyt (fmfo 1g(s, DIP"™" X(ie—ai<1) ds dz)
(L *° p
+C(1+ eyt (/Rfo Ig(s,Z)l”X{lrislsndez)
5 1/p
+C 1+t~ GHND (/R/O 1g(s, 2)1” X(ir—s1<1) ds dz)

00 1/p
+C (f f |g(S, Z)IpX{|r—x|51.|t—z|51,r/2<s<2r} ds dZ) .
R JO

Combining (3.12) and (3.20), we obtain (3.10) for p > 1.
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We are now left to consider the case p = 1, thatis, § = (n — 1)/2. The only
expressions we treat differently for this case are the integrals P(r, t) and Q(r, t). The

other parts are the same as for the case p > 1. Thus, consider the integral P(r, t). If
s <r/2ands > 1, then [r£s| =~ r and ||t — z| — |rLs|| = r and we see that

/2 g\ (n=1)/2
Cf/ ( ) r N a2 18 (s, 2)] ds dz
RJ1

7
r/2
< Cr””// 18 (s, 2)Is"™" X(r—zi<1) ds dz.
RJ1

If s > 2r andr > 1, then |r&s| & s and ||t — z| — |r£s]| ~ s and we obtain

®© e\(-1)/2
¢ // (;) 57O Y —ai<ny |8 (s, 2) | ds dz
R J2r

o0
= Cr—("_l)/zf/ lg (s, 2)Is NV x(y_n<iy ds dz
R J2r

IA

oo
Cr(n_])/sz l8(s, )Is" ™ Xip—z1zny ds dzr ™.
R J2r

Recalling that r > 1, it follows that
o0
Pr,ty<Cr™ /] 18(s, 2)Is"™" X(ir—z1<1) ds dz.
R Jo
Now consider the integral Q(r,¢). If s < r/2 and s > 1, then we have
112 g\ (n=1)/2
e [ [T (E)" et - g, Dltpu-aon ds dz
RJI r/2
<o [ [T - g ok dsds
R J1

Cr L+ 1t)MIfl.

IA

If s > 2r and r > 1, then the integral Q(r, ¢) is bounded by

X 5\ (=172
C/ f ()" sl = 2™V g, Dz ds dz
RJ2r N

o0
Cr=(n=br2 (f/ It —z|™ Ig(s,z)IS"dsdz)
R J2r

o0
Cr“"“>/2(1+|tl)_N// lg(s, 2)Is" " dsdzr™.
R J2r

IA

IA

Thus,
o, t) <Cr (1 +1th™If .

We may now proceed as in the case of p > 1. This proves Proposition 2. O
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Now we turn to the proof of Theorem 1.

Proof. Since |U’g(r,t)| = |U%g(r, )lxjo<r<iy + [Ug(r, ) x(r>1), by using
Propositions 1 and 2 we have

// rmldrde < //
{(r): [Ug(r.0)|>a} {(r.0): (U2 (r.D) | x0<r<1y>0t/2}

+ /f "Vdr dt
((r.0): \Ueg(rD)| xpr>1)>/2}

CaP|fL. O

IA

Appendix

Let 1 < p < 2. Denote the quasi norm (sup,. o ?|{x € R* : | f(x)| > a}|)/? of
fin LP-® by || fllLr~. Let T,, f = m" % f. We define the class of Fourier multipliers
M(L?E ,, LP®) to be the set of all bounded measurable functions m so that for all
f € CE®Y N LE,,(RY),

1Tw fllzre < Cll fllp

The best constant C is the norm of the operator T, and we write |m| 4 for this
quantity.

We now split R¥* into R* @ R'. Let p > 1. Denote by L (L?) the space of
all measurable functions f of the form f(x’, x”) = g(|x’|, x”") where g is defined on

(0, 00) % R!, for which

0 1/p
||f||L:;d(LP) = (f f lg(s, z)|Pst! dsdz)
R Jo
is finite.

We define the class of Fourier multipliers N'(L” (L?), LP'®) as the set of all

rad
bounded measurable functions m so that for all f(x’, x") = g(|x'|, x") € CP Rk,
0

T fllLre < D ||f||L£d(Lp)-

The best constant D is the quasi norm of the operator T,,, and we write ||m||xr for
this quantity.

LEMMA 5. Suppose f. and f are measurable functions on R**' and f. — f
almost everywhere. Assume that || fe||Lro < M 1P for some M > O andforalle > 0.
Let o > 0 be fixed. Then aP|{x € R¥* | f(x)| > a}| < M.

Proof. Suppose aP|{x: |f(x)| > a}| > M. Then from the right continuity of
I{x: | f(x)| > a}|, there exists >a such that a?|{x: | f(x)| > }| > M. Define E =



514 SUNGGEUM HONG

{x: |f(x)| > a}. We know |E| < oo. Then by Egoroff’s theorem for every n > 0,
there exists F C E such that |E \ F| < n and f. — f uniformly on F. We choose
€ small so that | f.(x) — f(x)] < (@)/2 for x € F. Moreover on F the inequality
|f(x)| > B implies that | fe(x)| = | f ()| = [ fe(x) = fF(X) > B—(B—)/2 > a.

From this, {x: [f(x)| > B} N F C {x: |fe(x)] > o} and «?|{x: |f(x)| >
BYNF| < aP|{x: |fe(x)| > a}|. Since {x: |f(x)| > B} = ({x: [f()| > BINF)U
({x: | fl > BYN(E\ F)),

af|{x: | fx)| > B} —aP|E\ F| < aP|{x: [f(x)| > B} N F|
< oPl{x: [fe(x)| > a} < M.

A

When 7 is sufficiently small, this is a contradiction. O

The following is based on de Leeuw’s restriction theorem [3].

THEOREM 2. Letm(§', &") be contained in the class N(Lmd(L”) L?*) and be
continuous. Then mg»(§') = m(&', §") is contained in the class M(LL,,, LP-*) and
the multiplier norm of mg» does not exceed that of m.

Proof Let fi € CPRY N L (R*) and fo. € CP(R!) with fo, (&) =

l/p=n2) "¢" $C) and supp ¢ C B(0, 1) (the unit ball about the origin). So f.(x") =
€l/r 8 i< a> and || foll, = 1. Define fe(x',x") = (fi ® fr).x"). So

I feller wry = Il fillzz,,- Since we have

B2 TwW(/(1 ® fZ.e)(x,, x")

- 1 1 eINT e A/ p— l)¢( ) 1<x’.$’>+i<x"~$”>d ' dE"
G [ [ e R T 5 ¢ dt

v

¢ (x/ ex//)ei<x”.a>
2 9
ol

where m€ (&', ") = m(&’, €£” + a),

¢
Tm‘ ® v
(f ‘ ||¢u,,) y

Then for all « > 0, we have a?|{(x", x"): |Tu(fi ® mﬁl—)(x XN > a}] <

lm IR fo 1 Lp and by the Lebesgue Dominated Convergence Theorem, Ty« (fi ®

= Tmc <f1®€1/[)

(3.22)

< lmliall fille,-

Wﬂl_) converges to (T, fi) ® —— Ild?II as € — 0 where m,(£') = m(&’, @). Then from
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Lemma 5, we have

v

(3.23) T f0® ——| < Imiwll fillz
1615 || oo
Hence m, is contained in the class M(Lfad, LP-*®) and thus
Imallpm < limlin. a

Even if we replace the continuity assumption of m by almost everywhere condi-
tions, Theorem 2 still holds.
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