ON MOMENT SEQUENCES OF OPERATORS

BY
DaNY LEVIATAN

1. Introduction

Let X, Y be Banach spaces over the complex field and denote by
B = B(X, Y) the space of continuous linear operators on X into Y. Recently
Tucker [6] has introduced a weak extension Y™ of the Banach space Y and has
proved that BY € B(X, Y"). The weak extension Y™ is by construction a
subspace of Y**, consequently if BT denotes the closure of B" in B**(X, Y)
topologized in the natural way we obtain B* C B(X, Y ).

DrerinitioN 1. Given a sequence {¢,,(¢)} (n > 0) € C[0, 1], the sequence
{A,} € B(X, Y) is called a weak moment sequence with respect to {y,(¢)}
if there exists a vector-valued measure p, defined on the o-field of Borel sets
in [0, 1] into B such that

(i) w(-)b* is in rea [0, 1] for each b* e B*(X, Y);
(ii) the mapping b* — u(-)b* is continuous with the B(X, Y) and C[0, 1]
topologies of B*(X, Y) and rea [0, 1] respectively;
(i) "4, = [t¥n(t)u(d@)d* n =0,1,2, ---,b" e B(X, Y);
(iv) [rll0, 1] = sup |22 (B || < =,

where the supremum is taken over allfinitecollections of disjoint Borelsetsin
[0, 1] and all finite sets of scalars a; with | a;| < 1.

DeriniTioN 2. Given a sequence {y,(f)} & C[0, 1], the sequence
{A,} € B(X,Y) is called a strong moment sequence with respect to {yn(t)}
if there exists a vector-valued measure u, defined on the o-field of Borel sets
in [0, 1] into B(X, Y') such that

(i) b*u(+)isinreal0, 1], % e B*(X, Y);
(i) An = [Sva(t)u(dt) n=0,1,2,-;
(iii) [ w0, 1] < .

(For definitions and details see [2].)

It is our purpose to obtain necessary and sufficient conditions on a sequence
fA,} (n > 0) of operators in B(X, Y) in order that it will be a weak or a
strong moment sequence with respect to {¥»(t)} (n 2> 0) in various cases of
sequences {¥,(t)}. We shall be interested, especially, in the case where
¥a(t) = £, n > 0, where the sequence {\,} (n > 0) satisfies

(I1) 0SS N<N< - <M< oer T oo,  2ial/N= o,
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2. Preliminaries

Let @ = || @un||,» = 0, m > 1, be an infinite matrix of real numbers where
an = lforn=0,1,2,---
Denote
(G, ~++ytm) = det"a"b'f"; 0Su< <K ip,r=1-+,m

(if m = 1(41) = ai;,n = 1) and assume that (i1, -+, 2m) > 0 for every
0<#4< -+ <1,. Fora given sequence of operators {4,} (n > 0) define

(21) D*Ai= 2o (—1VG, -+ i4+5—Li4+7+1, -, i+ k)Auy,

k>0,
DA; = A;
and
_ (0,m + Lo, o"n) 1am .
(2.2) Nam = TS n)(m, ,n)D An, 0Z<m<n=12
Min = An, n=0,12 ---
For every fixed n, assuming the Mm, 0 < m < n, are known, (2.2) are
n -+ 1 linear equalities with n 4+ 1 unknowns Ao, ---, 4,. It wasshown by
Schoenberg [4] that solving the equalities (2.2) we get
—_ S (k:m+1:"'7n) _
(2-3) Ak—;o(o,m_i_l,...’n))\nm’ OSkSn-O;I,zy
(the coefficient of M., is (k)/(0) = 1).
Denote
Co = Fom £+ 1, -0, m) 0<km<n=012, .-

(0>m+1"":n)’
and tnm=01mn7 OSmSn=O,1:2:"

We shall use the following results due to Schoenberg [4] (see (8.11), (8.17),
(8.23) and the proof of Theorem 8.1).

(@) 0=t <tu< b= 1

(b) Let the points {(fum , Cimn)} (0 < m < n,n > k) be the vertices of a
polygon P{® andlet Pi™ (t),0 < t < 1,be the function describing that polygon.
Then for each fixed Ic k=0,1,2, - the functions Pi” (t) tend, as n — o,
to a continuous function ¢ (%), uniformly im0 <t

(¢) Define as in (2.1) and (2.2)

D*¢:(t)
= k(1) i =L 1, e, K)bu(t), B> 0
D°i(t) = ¢i(t)
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and
_ (O’m"l']-;""n) n—m _ .
Anm(t)'—(m+1"”’n)(m’“_n)l) ¢m(t)7 0Sm<n-—1,2,
>‘1m(t) = d)n(t); n=2012---,
then

(24) Nw(t) 20 for0<t<1 and 0<Mm<n=0,1,2---

and

2o M () = 1.
3. Weak moment sequences

TureoreM 1. Suppose that the sequence {,(t)} (n = 0) s a fundamental set
in C[0, 1], that 1s, {da(t)} (n = 0) spans C[0, 1] in the maximum norm. Then
the sequence {A,} (n = 0) of operators in B(X, Y) is a weak moment sequence
with respect to the sequence {¢,(t)} (n = 0) #f and only if

(3.1) sup | Cisamhen | = M <

where the supremum s taken over all the finite set of scalars cg, -+, an with
|am| < 1and alln > 0. Moreover the semi-variation || p ||[0, 1] = M.
Proof. Suppose, first, that (3.1) holds and define the operator

T:Clo, 1] — B(X, Y)
as follows. For the finite linear combination P(¢) = 2 s_oa:b:(t) define
(3-2) T(P) = If-oaeAi

We shall prove that || T(P) || < M| P| (where | P|| = supo<e<i|P(t) )
and as the finite linear combinations of the ¢,(t), n > 0, are dense in C[0, 1],
we extend T by continuity to the whole C[0, 1]. Now, formula (2.3) can be
written in the following way

Ap = 2 om0 P (tam) Nam, 0<k<n=01,2 --.

Hence forn > k

T(P) = 2 %0aidi = 2 500 2o P{” (tum) Mum

= 2 meo[ 2250 0P (tum) M

and by (3.1) we have forn > k
(3.3) IT(P) || < M suposesa | 2ok aiP5” (1) |-
Since P{™ (t) — ¢i(t) uniformly in 0 < ¢ < 1 we obtain by (3.3)

[ T(P) || < M supogeca | Zioaipi(t) | = M| P|.
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Hence || T || £ M and since it is readily seen by (3.1) that || T' || = M we have
|T| = M. By the representation theorem of operators from C[0, 1} to
B(X, Y) (see [2, Theorem VI. 7.2] or [1, Theorem 3.1]) there exists a vector
valued measure u, from the o-field of Borel sets in [0, 1] to B**(X, Y) satisfy-
ing conditions (i) and (ii) of Definition 1 such that

(3.4) V*T(f) = [of(t)u(dt)d™, feClo, 1], b* e B*(X, Y)
and

(3.5) 1Tl = | w0, 1].

By (3.4)

b4, = b T(¢n) = [sdu(t)u(dt)d*, n = 0,1, 2, -+, b*eB*X, V)
and by (3.5)

[0, 1] = sup || 2 ew(B:) || = M < .

By the construction of u in the proof of Theorem VI. 7.2 [2] and using the
arguments similar to [5] and [6] one can easily prove that for each closed set
F € [0, 1], u(F) e B* and thus it is readily seen that

uw(E) e B¥ for every Borel set E C [0, 1].

Thus we proved that {4,} (n > 0) is a weak moment sequence with respect
to {¢a(2)} (n = 0).

Conversely, suppose that {4,} (n > 0) is a weak moment sequence with
respect to {¢n(t)} (n = 0). The vector-valued measure existing by Definition
1 defines an operator

T:C[0,1]1—B(X,Y)

by the equation (3.4) (see [2, Theorem VI. 7.2]). The operator T is bounded
and satisfies (3.5).
Now
b (o dwham) = BT (X samhanm(t)) for every b* e B*(X, Y)

hence
Z::»=0 OmMNpm = T( Z:fmo am)\nm(t) )

whence
(36) I 2@t | < || T || suPosist | 2ommo mham(t) |-
For every finite set of scalars g, « -+, @, with |a,| < 1 we have by (2.4)

| 2o @m A ()] < Domo M () = 1, 0<t< 1.
Hence by (3.6)

sup || 2meocm M | ST = [ w10, 1] < oo,

where the supremum is taken over all the finite sets of scalars aq, * -+ , i, With
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lam | < 1. This completes the proof of (3.1). In fact it is easily seen that

Sup || 2ommo ot N || = | T[], Q.E.D.
For a sequence {4,}(n > 0) of operatorsin B(X, Y') define
(B7) Am,+y Aul = Ziom U/ Wan(W))Ai, 0 < m <n =1,2 -
[4.] = 4., n=20,12 ---,
where Won(z) = (2 — Ap)+ oo+ (2 — \).

TueoreMm 2. Let {\,} (n > 0) satisfy (1.1). Then the sequence {A,}(n > 0)
of operators in B(X, Y) is a weak moment sequence with respect to the sequence
(™ (n > 0) if and only if

(38)  sup || omeo@nMmirt o Maldm, o, Au] = M < w,

where the supremum s taken over all the finite sets of scalars ao, - , o, with
lam| < landalln > 0. Moreover if No = 0, then || ||[0, 1] = M.

Proof. We deal, first with the case Ny = 0. Let @ be an infinite Vander-
monde defined by the sequence {\,} (n > 0), thatis, @ = | \a ' ||n > 0,m > 1.
Then it is readily seen by (2.2) and (3.7) that

(39) Nam = (_1)an+1‘ e 'M[Am) e yAn]’ OSmSn=0,1,2, Tt

By Schoenberg [4] Theorem 9.1, we have ¢,(¢) = "™ n > 0, and by the well-
known Miintz theorem the sequence {1} (n > 0) is fundamental in C[0, 1].
Hence by Theorem 1, (3.8) is necessary and sufficient in order that there will be
a vector valued measure u, from the o-field of Borel sets in [0, 1] to B satisfy-
ing conditions (i), (ii) and (iv) of Definition 1 and such that

(3.10) b*A, = [§"Mu(d)b®, n=012--,bB*X,Y)

Define a vector-valued measure », on the o-field of Borel sets in [0, 1] by-
»(E) = p(EM) for every Borel set E(EM = {£''|te E}), then by (3.10)

b*A, = [§ 8 (dt)b¥, n=012"-,b"¢B*X,Y)

Conditions (i), (ii) and (iv) or Definition 1 are straightforward. This com-
pletes the proof in the case N\ = 0.

Assume, now, that \o > 0. Suppose that the sequence {4,} (n = 0) is a
weak moment sequence with respect to the sequence {£"} (n > 0). The
vector-valued measure u, existing by Definition 1, defines (see [2] Theorem
VI.7.2) an operator 7 : C[0, 1] — B(X, Y) by the equation (3.4). Define
sequences {4,}, (A} (n > 0) by

(3'11) *IO = T(l); gn = A (n > 1)1 5\0 = O; 5‘” = M1 (n Z 1)7

then the sequence {A,} (n > 0)is a weak moment sequence with respect to the
sequence {#} (n > 0). The sequence {\,} (n > 0) satisfies (1.1) with Xy = 0
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and for this case we have already proved Theorem 2. It is readily seen that for
n>2m2>1

(3.12) G, ooy Al = [Ama, -+ 5 A,
hence by (3.8) for the sequence {4,}, {\.} (n > 0),
SUP || Dm0 @ Mgt o+ MNa[Am, o, A
< sup || ZmEs o Amir e AnalAm, o0, || < .

Conversely, if (3.8) holds, define the sequences {4,}, {X.} (n > 0) by (3.11)
with one exception, 4, is an arbitrary bounded operator. By (2.3) fork = 0
and (3.9) for the sequences {4,}, {X.} (n > 0) we get

(—1)"5\1- .x”[go, ,g”]
= 4o = 2ona (=) "Rt o Naldm, oo, A,
hence by (3.12)
(8.13) Ryr +er Ralldo, -+, Al
SN ol + | et (=)™ e Mol -+, Ancill-
Now, if |an| < 1for0 < m < n,
[P SHCTIPRIIS W ¥/ SRPRRINY B |
S Y W 17 YR 44
+ || omt At Amgat o Aaca[Amy oy An |,
hence by (3.8) and (3.13)
< || 4ol + 2M.
Thus we have proved that
(3.14)  sup || oo am R o Aaldm, oo Al = H < o

where the supremum is taken over all the finite sets of scalars a0, - - - , a,With
|am| < 1and allm > 0. As the sequence {\,} (n > 0) satisfies (1.1) with
Ao = 0 we obtain by (3.14) and Theorem 2, which we have proved for this case,
that the sequence {\,} (n > 0) is a weak moment sequence with respect to
{t%} (n > 0). This implies the desired conclusion. Q.E.D.

For the sequence {\, = n} (n > 0) we have

Mm = (m)A" "Am, o<m<n

where A’4, = A, and A*4, = A* 4, — A*"4,;1. This leads us to the fol-
lowing consequence of Theorem 2.

CoROLLARY 1. The sequence {A,} (n > 0) of operators in B(X,Y) 4s a weak
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moment sequence with respect to the sequence {£"} (n > 0) if and only if
Sup || Zomo an(m)A ™Ay || = M < oo

where the supremum is taken over all finite sets of scalars «g, --- , a, with
|am| < landalln > 0. Moreover || u||[0, 1] = M.

Corollary 1 may be looked upon as a generalization of the well-known
Hausdorff solution of the moment problem.

4. Strong moment sequences

TurorEM 3. Suppose that the sequence {$,(t)} (n > 0) s fundamental in
[0, 1] and that Y <s reflexive. Then the sequence {A.} (n = 0) of operators in
B(X, Y) is a strong moment sequence with respect to {,(t)} (n > 0) if and only
if (3.1) holds. Moreover || p ||[0, 1] = M.

Proof. If Y is reflexive, then the measure p obtained by Theorem 1 takes
values in B(X, Y') and the proof of our theorem is similar to that of [2] Theorem
V1.7.3, Q.E.D.

Similarly we obtain

TaeoreMm 4. Let {\.} (n > 0) satisfy (1.1) and suppose that Y is reflexive.
Then the sequence {A,} (n > 0) of operators in B(X, Y) s a strong moment
sequence with respect to {7} (n > 0) if and only if (3.8) holds. Moreover, if
No = 0, then || n]|[0, 1] = M.

Theorem 3 is a generalization of [3, Theorem 1], and Theorem 4 is a generalj-
zation of [3, Consequence 2 and Theorem 2].

REFERENCES

1. R. G. BartLE, N. DunForp AND J. T. ScaEwARTZ, Weak compactness and vector meas-
ures, Canadian J. Math., vol. 7, (1955), pp. 289-305.
. N. Dunrorp AND J. T. ScEWARTzZ, Linear operalors I, Interscience, New York, 1958.
. D. LevIATAN, A generalized moment problem for self-adjoint operators, Israel J. Math.,
vol. 4, (1966), pp. 113-118.
4. 1. J. SCHOENBERG, On finite rowed systems of linear inequalities in infinitely many
variables, Trans. Amer. Math. Soc., vol. 34, (1932), pp. 594-619.
5. D. H. Tucker, A note on the Riesz representation theorem, Proc. Amer. Math. Soc.,
vol. 14 (1963), pp. 354-358.
6. , A representation theorem for a continuous linear transformation on a space of
continuous functions, Proc. Amer. Math. Soc., vol. 16 (1965), pp. 946-953.

W N

UNIVERSITY OF ILLINOIS
URrBANA, ILLINOIS



