NUMERICAL INVARIANTS OF KNOTS

BY
RicuarRD E. GOODRICK

In the following, we will define two numerical invariants of knots and show
that they are equivalent. The first, the bridge number of a knot, describes
the minimum number of overcrossing arcs of any representation of a given
knot, and was first described by Schubert [1]. The second, the local maximum
number of a knot, is the minimum number of local maxima, of any representa-
tion of a given knot.

In the following, a knot is a piecewise linear embedding of 8" into E®. Let C
denote the cube

{@y2)0=s2=1,0sy=10=s251

and D;, 0 = ¢t = 1, the disk
{(z,9,2)|0s2=1,05y=s1z=1t}.
If a knot K is represented as n ares Ay, Az, -++, A, where
4; = {(x7y’z)|x = "'/(n'l' 1)1?/ = ‘},O§Z§ 1},
through C and n connecting arcs on the boundary of C, then K is said to bein a
standard n bridge position. The bridge number of a knot K, denoted by B (K)
is the minimum number of 4 ; among all standard n bridge positions represent-

ing K. A knot K is said to be in standard position with n local mazima if K
is represented as being contained in C so that

(1) K n D, is n points,

2) KnD,,0 =t = 1isa finite number of points,

) if pe (K n (interior C)) and N is a neighborhood of p, then there
exists a point p’ ¢ N such that the z coordinate of p’ is greater than the 2z
coordinate of p.

The local mazimum number of a knot K, denoted M (K ), is the least number of
local maxima among all standard positions with » local maxima representing K.

It is easy to show that a knot can be put in a standard n bridge position or
in a standard position with n local maxima. Hence, given K, M (K) and
B(K) are well defined.

TaeoreEM 1. If K 45 a knot, then M (K) = B(K).

We first prove that B(K) = M (K) by showing that if K is a knot in stand-
ard » bridge position, then K can be moved by a space homeomorphism to a
position with 7 local maxima.
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Figure 1

Assume that K is in a standard n bridge position and that D is an open disk
on the boundary of C such that (closure of D) n K = &, Thus K lies in the
interior of a closed disk (boundary of C) — D, except for n linear segments.
Let

P = {@,y,2)|[e =220rx=1—2/2,y=1/n+1),1/2 =22 =1}

(Fig. 1). Define % to be a space homeomorphism taking (boundary of
C)—D onto Dy and A; onto Ai. Hence hy(K — Uy 4;) is n arcs,
By, -+, B,, lying in the interior of Dy.. Let a;, b; denote the endpoints
of B; and x; the midpoint of B;. Construct the arc B; by moving

a= (z,y,1/2) e B; to
(w d(e, ;) )
'Y 2d(a; , x;)

where d(a, x;) denotes the arc length along B; of the point « to z;. Let A,
be a space homeomorphism that moves B; to Bi,i=1,2, -+ ,n,and leaves
Ui, A: fixed. Hence hs hy (K) is in a standard position with  local maxima.

Next, we assume that a knot K’ is in a standard position with » local maxima.
Let p1, p2, - -+ , Pu be the n points of K’ n Dy and 3, @3, « -+ , &, vertices of K’
such that p;x; is a linear segment of K’. Define yy, -+« + , y» such that y; ¢ Dy
and the triangles y; z; p; and y;2;p;, ¢ ¥ j, have at most z; in common (Fig.
2). A space homeomorphism taking x;p; to ;y: p: leaving K’ — Ui~ 2;p;
fixed will be denoted by h;. Let A4 be a space homeomorphism that moves
hs (K'), without introducing local maxima, such that

(1) no three points of D, n k3 (K’), 0 < ¢ = 1, have the same z coordinate,

(2) only a finite number of D, n 43 (K’) have two points with the same x
coordinate

3) if D, n hs(K’) has two points with the same x coordinate then
D; n h(K') contains no vertices of K’.
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FiGURE 2

To construct k4 , first order the vertices #; (K’ ) and put a small spherical neigh-
borhood about each vertex. Then, using the ordering, move the ¢*» vertex
to another point in its neighborhood so that the 1-simplexes joining this new
point are in general position with respect to the y axis and satisfy condition
(3) with respect to the previously moved l-simplexes.

Without loss of generality, we can assume that hshs(K’) — Ui= y:p: is
contained in the interior of C. Hence

hahs(K') — Ui— (interior of y; p:)

consists of n ares Bi, By, ---, By having n vertices bi, -+, by which
are local minima. Let Iy = {(z, y, 2)| (x, ¥, 2) e C and y = 1},
L = {(x, 94, 2)| (=, v, z) e C and there exists a point p ¢ Ui~ B;,
p = (@, y, 2') such that 2’ =x,z’ =z and y = ¥}, and Ly =
{(x,9,2)| (x,y,2) ¢Candforsomeb; = (2',y,2'),z =2,z =2 andy = y'}.
We now show that
Liu Iy uLyu (Ui BY)

simplicially collapses to

Liu Lyu (U Br) [21.

By property (2) of ks we can define Dy, , Dy, , +++ , Dy, such that 1 = ¢ > & >
+ > tg > 0, all crossings of ks (K') in the y direction lie between D,
and D, , and no more than one crossing lies between D,; and Dy, ,,, % = 2, 3,
,K—1. LetCi={(z,9,2)| (x,y,2)eCand t; = 2 = tia}. AsLenC
consists of a disjoint collection of 2-cells, we can collapse Ly n C; to

LinCin (Liu Lyu (Ui B)) u Dy,).
Assume that Ly n (Uj.; C;) has been collapsed to
Lin (Ui Ci) n (Lnu Lyu (Ula Bi) u Dyy,,).

There is at most one B; n Cj a connected component of which is an over-
crossing arc. Collapse the part of L» n Cjyy lying below this arc, then collapse
the remaining part of Ly n Cj;1. Hence we have Ly n (Ui C;) collapsed to

Lin (Ui5iC)n (Inu Lyu (Uj= Bi) u Dyyy,).
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It follows that
LiuvLyu Lyu (U BY)
collapses to
L1 U La U (U?:q B,').

Let N (Lyu Ly u Ly u (U= B:)) denote the second derived neighborhood of
LivI,uLsu (Ul B:)in C. Define ks to be a space homeomorphism taking
C onto N(In u Ly u Ly u (U= B})) leaving Ui By fixed.

As (Inu Leu Ly u (U1 B})) collapses to (Iy u Ly u (Ui~ B7)), there is a
space homeomorphism kg taking

N(yv Lu Lyu (U B;)) onto N(Liu Ly u (U B;))
leaving Ul B fixed [2]. Let
Li = {(@y,2)|z=1/2,1 2y 2 1/2,and z = i/(n + 1)}.

There exists a space homeomorphism %7 taking L, onto Ly, Bi onto 4;, and
Ly onto L. Let h; be a space homeomorphism of

Niu Lyu (UB:)) onto N(Iyu Ly u (Uim 4)))

such that ,
I(Inu Lyu (Ui BY)) = hi(Iau Lyu (U= BY)).

Finally, let ks be a homeomorphism taking N (I, u Ly u (Ul 45)) onto C
leaving Uj-; A; fixed (Fig. 3). Hence hghshehshahs(K’) is a standard n
bridge position.

A link is a piecewise linear embedding of Ui Si onto E*. If K is a link,

Figure 3



418 RICHARD E. GOODRICK

then we can derive B(K ) and M (K) in a similar manner as in knots. Hence,
using the same proof as in Theorem 1 we obtain the following,

Tueorem 2. If K s a link, then B(K) = M (K).
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