ON CONJUGACY OF HOMOMORPHISMS OF TOPOLOGICAL
GROUPS i

BY
D. H. Leg anp T. S. Wu!

Let F be a compact topological group and G a locally compact topological
group. Let Hom (G, F) denote the space of all continuous homomorphisms
from F into G with uniform convergence topology. Assume that 6 and ¢ are
elements in Hom (F, G) and that G is either compact or a Lie group. Then
we have shown in [3] that if 6 and ¢ are in the same connected component of
the space Hom (¥, G), then 6 and ¢ are conjugate, that is, there exists an ele-
ment g ¢ G such that 8 (z) = go(x)g ' forall z ¢ G.

In this note, we continue the investigation of the space Hom (¥, @) and ex-
tend the previous result to the case where G is any locally compact topological
group.

Let I,, for g ¢ G, denote the inner automorphism of @ induced by g. The
following are the main results:

TreEoOREM I. Let F be a compact group and G a locally compact group. Let
€ & Hom (F, G) be a connected component of the space Hom (F, G). Then if
6 and ¢ are in @, then 0 and ¢ are conjugate.

Traeorem II. Let G be a locally compact group such that G is compact modulo
its identity component, and F a compact subgroup of G. If {g\ : X € A} i3 a net
in G such that the restrictions Ig, | F of I, to F converge to an element 6 e Hom (F, @),
then there exists an element h e G such that 0 <s identical with I, on F.

1. The proof of Theorem |

Throughout this section, we assume that F is a compact group and G is a
locally compact group. As before, Hom (¥, G) denotes the space of con-
tinuous homomorphisms of F into G with uniform convergence topology (which
is identical with the so-called compact-open topology). For a topological
group L, L, denotes the connected component of the identity.

Let @ be a connected component of the space Hom (¥, G) and let 6 ¢ €.
Then, since 6 (F) is compact, the subgroup H = 0 (F )Gy is closed in G, and hence
is locally compact with H/H, compact. The following lemma reduces the
conjugacy problem to the case where the image group is compact modulo its
connected component of the identity.

1.1. Lowma. If ¢ eC, then ¢’ (F) C H.
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Proof. LetxzeF. Then {6(x)|6e@} = A is connected and contains 0 (z).
Since 6 (z)G, is the connected component in G containing 6 (z), A < 0(x)G,.
Hence 6’ (F) € 6(F)Gy = H follows.

The following has been proved in [3].

1.2. Lemma. If G is a Lie group, then any two elemenis in C are conjugate.

1.3. LemmA. Let G be a Lie group such that G/Gy is finite. Let A and B be
compact subgroups of G, both of which are contained in a maximal compact sub-
group K of G. If g e G is such that I,(A) = B, then there exists an element k ¢ K
such that I, = I, on A.

Proof. Itiswellknown (see, for example, Hochsehild [1, p. 180]) that there
exists an exponential manifold factor E of G such that

(i) kEK' = EforallkeK,
(ii) E X K — G sending (e, k) to e-k is an isomorphism of analytic mani-
folds, and
@iii) for any compact subgroup K’ of @, there exists an element e ¢ E such
that eK’e C K.

Thus g may be expressed uniquely as g = ek with e ¢ £ and k¢ K. Thus, for
aeA,I,(a) = ekak ¢ = beB. Then (b~eb) (b 'ka) = ek. Since A and B
are contained in K, b"'ka ¢ K, and, by (i) above, b™'eb ¢ E. Thus, by (i),
b'b = eand b ka = k. HenceI,(a) = Ix(a),forallacA.

Tueorem I. Let G be a locally compact group and F a compact group. Let
e € Hom (F, @) be a connected component. If 6 and ¢ are in C, then they are
conjugate.

Proof. By Lemma (1.1), we may assume that G/Go is compact. Thus
0(F) and ¢(F) are contained in maximal compaet subgroups K; and K,,
respectively, of G. Since K; and K, are conjugate, let g ¢ G' be such that
gKyg™ = K.

Now let N be a normal compact subgroup of G, such that L = G/N is a Lie
group and let = : G@ — G/N be the natural map. Now we define

x* : Hom (F, @) — Hom (¥, L)

by #*(@) = 7o 6,0 e Hom(F, G). Clearly =* is continuous; hence =*(6)
and 7" (p) are in the same component (namely, the component containing
#*(@) in Hom(F, L)). Thus, by (1.2), there exists ! ¢ G/N such that
0* = I, o ¢* where 6% = 7*(0) and ¢* = =*(¢). On the other hand,
gK: g = K implies that

7 (@)r (Ka)w(g)™ = =(Ky).

Now we may write 0% = I, 0 I g-10 I, 0 ¢*. Let C be a maximal compact
subgroup of G/N containing 0* (F) and I, o ¢*(F). Then Ij.-1 maps
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I (@* (F)) onto 6* (F); thus, by (1.3), there exists ¢ e C such that I;,r -1y = I,
on I (¢* (F)). Thus, for each z ¢ F,

0% @) = c-w(g)-* @) (),

or what amounts to the same thing, 8 (z) = kgo ()9 'k "a (z), for all z ¢ F and
for some ke 7 *(C) and a(z) e N.

Now since G/G is assumed to be compact, for each neighborhood U of 1 in
@, there exists a compact normal subgroup Ny of @ such that G/Ny is a Lie
group and that Ny & U.

Then by what we have shown in the previous paragraph,

0(x) = ky-ge (113)9_170;10411 (z) forxzeF

with all &y contained in a maximal compact subgroup K of G, and ay(x) e Nv.
Thus we obtain a net {kv}, U neighborhoods of 1in K. Since K is compact,
there exists a subnet &y converging to an element & ¢ K. Thus

0(z) = lim; (kv g¢ ()9 Koto avn(®)) = koo ()g "'k,

since lim; ey = 1. Hence the proof is complete.

2. The proof of Theorem I

Throughout this section, the following are assumed. G is locally compadct,
and compact modulo Gy and F is a compact subgroup of G. We also main-
tain notation previously introduced.

2.1. Lemma (Montgomery and Zippin [4]). Let G be a Lie group and F a
compact subgroup of G.  Then there exists an open set O in G such that F S O with
the following property:

If H is a compact subgroup of G and H C O, then there is an element g e G such
that gHg ' < F. Moreover, given any neighborhood W of the identity of G, O can
be so chosen that for any H C 0, g can be selected in W.

TaroreM II. Let G be a locally compact topological group such that G/Go s
compact, and F a compact subgroup of G. If {gr : X € A} is a net in G such that
I,, | F, the restriction of I,, to F, converges in Hom(F, G) to an element
0 e Hom(F, @), then there exists an element h ¢ G such that 6 s identical with I) on
F.

Proof. Since G/Gyis compact, G can be approximated by Lie groups. That
is, for each neighborhood U of 1, there exists a compact normal subgroup N
such that N € U and that G/N is a Lie group. In this case, G has a maximal
compact subgroup and all such are conjugate. Let F and (F) be contained
in maximal compact subgroups K’ and K, respectively. Thus there exists an
element g ¢ G such that I,(K’) = K. Let N be a compact normal subgroup
such that G/N is a Lie group and let 7 : @ — G/N be the natural map. Then
x(K) is a maximal compact subgroup of G/L. Since limy (I,, | F) = 6 and
since N is normal in G, 6(N) € N and thus 6 induces a homomorphism
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6:w(F)— G/N. Itis clear that Iy, | = (F) converge to 6 in Hom (= (F),
G/N). Moreover, I, om = mwol,, ,for \eAimpliesthatfor |F = w06 |F.
By (2.1), there exists an open subset O in L such that = o 0(F) = 8x(F) is
contained in O and that the property described in (2.1) holds.

Since I, | 7 (F) converges to 8, we may assume that I, o = (F) < O for
all A ¢ A. Hence, if W is a compact neighborhood of 1 in G, then there exists
wy € W such that _

Ly © Ly o 7 (F) S w8 (F).
We note that

I wwy) © -r(n) omr =1 w(wy) © I wgy) © Lrg—-1) © I w(g) © T
Since Iy o 7 (F) = wo I, (F) S w(K), there exists & ¢ K such that

Iy = jﬁwmw'l) on = (F)
by (1.3).
Since W and K are compact, there exist subnets of {wn ¢ \ ¢ A} and of
{kx : X ¢ A} which converge to w ¢ W and to k ¢ K, respectively. Thus we may
assume that limy wy = w and limy ky» = k. Thus passing to the limit, we have

Iy = Iy o8 onw(F).

Hence, for each = ¢ F, kak™ = wd(x)w  a(z) for some k ¢ K, a(z) e N and
weW.

Now let U be any neighborhood of 1 in G¢. Thus if Ny © U is a compact
normal subgroup of @ such that G/Ny is a Lie group, then there exists ky e K,
ay ¢ F — Ny and wy ¢ W such that, for each z ¢ F,

ky xk;l = Wy O(x)wEIaU (x).

Since the ky form a net when U varies over all neighborhood of 1, the kv con-
verge to an element & ¢ K using the compactness of K. Similarly w = limy wy
exists and belongs to W. Hence kzk™ = wf (x)w " holds, since limy ay (z) = 1.

Thus §(z) = w kz (w %)™ and thus § = I,-u on F, which completes the
proof of the Theorem II.

Example. Let T1, T, be the countable product of the circle group, with ele-
ments in Ty, T, denoted by (z:), (y:), respectively. Let A be the discrete
abelian group generated by countable generators, {a;, az, --+}. For each F,
regard a; as an automorphism of Ty X T defined by

@ ({Z)y W) = @iy oo s T Yry Toga, =)y Wr, Y2, <o 0 ).

Let G be the semi-direct product of 7'y X Teand A. Let F = ((1,), (¥s), 0)),
6 be the inclusion F — @, and define the automorphism (e, 8) of Ty X T, by

(e, 0) ((1‘5)’ (:W); <0>) = «y!'>’ (y‘>: (0>)'
Then (e, 0) = liMpsw ojag-ay © 0. But (o, ) 7 I, 00 forany z ¢ G.
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Thus this example shows that the condition that G/G,be compact in Theorem
IT is necessary.
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