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One of the most fruitful methods employed in the study of the distribution
of the primes has been the consideration of those functions, such as the Rie-
mann zeta function, which embody the Fundamental Theorem of Arithmetic.
This method (sometimes referred to as the “analytic method”) has also
been successfully applied to the study of generalized prime number systems,
an account of which may be found in [1].

Briefly, a generalized prime number system is a sequence

P={l<pZ<p=< v}

of real numbers such that px — «. The multiplicative semigroup generated
by P is called the generalized integers of the system P, which we denote by

N={1=n1<n2§n3S---}.

Note that two integers n; and n; of N, of possibly equal value, are, neverthe-
less, to be distinguished if they arise as distinct products of the primes P.

The research in generalized number systems has involved considerable use
of the zeta functions, {»(s), defined by either the product or the series

tr(s) = Il 0 = )7 = 25 m?,

wherever the infinite product converges. (It is known that the product and
series converge on the same half-plane, possibly empty.) In the present
paper we prove that, in certain cases (Theorem 2 and Theorem 3), ¢»(s)
can be analytically continued across the abscissa of convergence of its de-
fining series. Part of this information is used to evaluate the asymptotic
distribution of the integers generated by P. Since asymptotic formulae of
this type have already been obtained (with explicit error terms) by a different
means in [6], we shall only outline their derivation here. We also prove
(Theorem 1) that if a general Dirichlet series with non-negative coefficients
has the same general properties as ¢ (s), then it must be ¢ (s). Finally, an
example of a generalized prime number system is given for which p; ~ k log k
and such that the boundary of ¢»(s) is the line Re(s) = 1.

TueoreM 1. Leta; > 0,7 = 1,2, -, and let
F(8) = 2Xima;n”

be a general Dirichlet series which converges at some point of the complex plane.
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Assume that f (s) can be continued to the complex plane asf(s) = F(s) (s — 1)7,
where F (s) is an entire function of finite order such that F (0) = $and F (1) = 1.
Further, Let

g(s) = i b Ne®

be a general Dirichlet series that is absolutely convergent for s = 2; and suppose
that f(s) and g (s) are related by the functional equation

70 (s/2)f(s) = 7 0 (A — 5)/2)g(1 — s).
Then f(s) = ¢ (s), the Riemann zeta function.

Proof. Theorem 1 is similar to a theorem first proved by Hamburger and
later simplified by C. L. Siegel in [9]. The essential difference in our two
results is that we do not assume that the n; are integers in Theorem 1. Our
proof uses some of the ideas in [9], which we shall only outline. Additional
arguments are needed to show that the n; are all integers, and these will be
given in detail. Previous attempts to generalize Hamburger’s result in the
direction of general Dirichlet series have all imposed some lacunarity condi-
tion on the n; (see [2], [3], (4], [5]).

From the hypotheses, the series for f(s) converges for ¢ > 1. This follows
by a well known theorem of Landau. The convergence is uniform for

c>1+434, 6 > 0.
Following the argument in [10, pp. 31-32], we have for z > 0,

o(@) = nf ()0 /21 0) ds

= Trvanf () (/2) ds

@)
® —rzn?
=22 ia; €™,

where n = (2m)™". Using the functional equation, we can express ¢ (z) in
the form

o(@) =1 f( LTI = 9)/2)g(L = 5)a" ds.

We now move the line of integration from ¢ = 2 to ¢ = —1. An applica-
tion of the Phragmén-Lindelof principle and Cauchy’s theorem shows that
¢ (x) may be evaluated as

@) = [ A = 8/ = ) ds + 57 - 1,
-1
where the two terms 2 /* and —1 arise from the residues at s = 1and s = 0,
respectively.
On the line ¢ = —1, g(1 — s) can be expressed in terms of its Dirichlet
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series. The integral can be evaluated termwise:
@) = L ben | m2) PN~ £)/2) ds + 57— 1
&)

—1/2 —mA2 —1/2
=2 PR e ™ 2 — 1.

Equating the two expressions for ¢ (z), we obtain

© —rnls -—1/2 ——1/2 —m\2/z
b4 e = it by e

Now replace z by z " in the last equation, multiply the resulting equation
by tz™* exp (—wt'z) with ¢ > 0, and integrate both sides of the product

over 0 < z < ». This yields the equation

(1) _]_-+ Z a; e——21rnjt —
2 j=1

1 0
t kzt + >\2

The argument up to this point is essentially that given in [10]; and if it is
assumed that the n; are integers, this argument can be continued in the usual
way to show that f(s) = ¢(s). We shall now show that, in fact, the n; must
be integers.

Note that equation (1) is valid for complex ¢ with Re(¢) > 0, and that the
right side of (1) defines a meromorphic function on C with simple poles only
att =0and ¢ = 4N,k =1,2,---. Sett =268+ tu, 6 > 0, in equation
(1), multiply by 1 — | %[, and integrate over —1 < u < 1. We obtain

1 ! N ! —27n j (8-+1u)
é‘[_l(l—lul)du—l—;ajf_(l—lul)e i du

_ L= PO+ = ul)
2w 16+md vt Zlb 162~—u2+2i8u+)\,“;du

which we write compactly in the form

A+ B@) = C() + D).
We see immediately that A = 1/2 and
2) limg,o+ C(8) = 1/2.

Performing the indicated integrations in B (8) gives

= —omss 1 — cos 2mn;
B 6 - . 2mn ;8 ] .
( ) ]—‘Zl a] € 21r2n%.

Therefore,

(3) lim B(5) = Z ay 1000 2

>0t n?

by the monotone convergence theorem. Finally, to evaluate lims.o+ D (),
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note that

1— |u]
- - <
|62~—u2—|—216u—|—)\}‘;|_1 forl <M <2

for e > 2

N1

ungformly in |u| <1 and 0 < & < 1. Hence, Lebesgue’s theorem on
dominated convergence is applicable, and we have

(4) limD(6)=lika1Mdu=0

30+ = L1 N —u?
since each integrand is an odd function of . Putting (2), (3) and (4) to-
gether along with A = 1/2 yields the equation

O=Z Vl"“COSQﬂ"nj

i=1 2w’

Therefore, either a; = 0 or 1 — cos 27n; = 0,7 = 1, 2, --- , and in either
case f(s) has an ordinary Dirichlet series.

Following the argument in [10] again, we note that the left side of (1) is
invariant under ¢ — ¢ 4 ¢. The right side of (1) also shares this property
and has the aforementioned meromorphy. Then, if some A ¢ Z7, the right
side of (1) has a pole at 7\, and, by periodicity, at 2(Ax — [\s]). But this
shows that A; < 1 which is forbidden behavior for a number in a general
Dirichlet series. Therefore, all Ay e Z", and g(s) also has an ordinary
Dirichlet series. Theorem 1 now follows from that of Hamburger.

Let U = {(ug, us, --+)iup > p '}, where each u = (uz, uz, --+) in U
is a sequence of real numbers, indexed on the rational primes, satisfying the
given conditions. For each u ¢ U, define a perturbed zeta function ¢ (s, w) by

§(87 u) = Hp (1 - (u’p p)_s)—17

wherever the product converges. Further, let 9 (u) = 3¢ (s, u) denote the
natural boundary of ¢ (s, ) in those cases where the product converges in a
non-empty half-plane.

Now it is desirable to determine 9 (u) as u varies over U. This has only
been accomplished in special cases; and the extent of the difficulties encoun-
tered, in general, can be seen in Theorem 2 and Theorem 3. In view of
Theorem 1, if ¢ (s, ) converges in a non-empty half-plane and satisfies the
other conditions of Theorem 1, then the factors u, simply permute the primes
among themselves.

The hypothesis of the functional equation in Theorem 1 is necessary to the
conclusion in order to distinguish {(s) from other general Dirichlet series
which can be continued by F(s)(s — 1)™", F(1) = 1, F(s) entire. The
functional equation may not be necessary in the case of ¢ (s, u), however,
due to the fact that { (s, ) has an Euler product representation. Of course
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it is critical that in the extension of ¢ (s, ) to C by means of ¢ (s, u) = F(s)
(s — 1), we require that F (1) = 1.

TaEoREM 2. Let w = (v, v, -+-), where v > L; and let &§(u) denote the
comb-like set

§w) = Uynfsis= (@8 + #y)/n;0 < 2 < 1} u (0, 1],

where the first union vs over all non-real zeros p of ¢(s) and over all positive
intergers n. Then (s, u) s analytic on D) = {s:Re(s) > 0} — &(u).
Moreover, if

Nu)={l=m<n<mn<. .}

denotes the integers generated by P (u) = {vp}, then
Z,.,.g 1 =c@azlogz) ™ + 0@(og z)” log log ),

where

_GeEN™™ 1 (Sm) Yy
ale) = ’W‘gQ(Zm)) ’
and

g(m’ 8, 7)) = (1/2m) Zdlm,(d.2)='1 M(d)v_msld .
We first prove a lemma.

LemMAa. Let ¢ and 2 be complex numbers satisfying |cz| < 1and |2] < 1. Then
there exist complex numbers h(m, ¢), m = 1,2, --- , so that the equation

(1 _ cz)“l _ fI <1 + zm)h(m,c)

m=1 \1 — 2™

holds.

Proof of Lemma. Let ¢ be a complex number, and consider the system
of equations

(5) Samdh@ A+ (- =¢", n=12, -
It is clear that if » is odd, then
20k (n) = 2ain u(d)c™.
A simple calculation shows that if n is even, then
20k (n) = D ain,@2= k(d)c™.

Therefore, the last formula holds for all integers n.
Now choose 2 so that |z] < 1 and |cz| < 1. Multiply the n-th equation of
(5) by 2"/n and sum over all n:

]

Sl B + (-

n=1 n n=1d|n

00 © _dm
2@ 5+ (=1,

I
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where we have put n = md. It follows that
—log (1 — cz) = 231 h(d)(log (1 + 2%) — log (1 — 2%)),

where the logarithms have their principal values. Exponentiating the last
expression gives the lemma.

Proof of Theorem 2. With s > 1, v > 1, and p a rational prime, we apply

the lemma to (1 — (vp)™) " withe = v,z = p°, and h(m, ¢c) = g(m, s, v).
Thus, )
e 0 1 —ms\ g(m,s,v
(1_(Up) ) = H(l—-l_—zl:,;;;> .
m=1 — P

Taking the product over all rational primes yields

B 1 + p—ms g(m,s,v) B o g_2(1718))g(m,.xz,v)
stow = () - OEemg)
where the interchange of limits is justified by the absolute convergence of the
double product when s > 1. This is the important step to show that { (s, u)
can be continued across the line Re(s) = 1. Here we see in this procedure
that the use of the product representation for { (s, u) is essential.

Now put

w 5 g(m,s,v)
H(s) = (§(2s)>—”—”2,g <§(<21:;;> ’

We specify the branches of log ¢ (ms), m = 1, 2, - -+, by requiring that their
values be real for s > 1.

Let A be any compact subset of ®(u). Then log { (ms) is analytic on A
for all positive integers m. Furthermore, for s € A, we have the estimates
llog H (s)| = |—3v"log ¢ (28) + 2 _m=s g (m, s,v) (21og ¢ (ms) — log ¢ (2ms))|

< |57 log ¢ (2s)]
+ 2on lg(m, 5, 0)[ (12 log ¢ (ms)| + [log ¢(2ms)|)

< K(A) + 2wzu g(m, s, )| (|2 log ¢ (ms)| + [log ¢ (2ms)]),

where M is chosen so that Re(ms) > 2 for all se A, when m > M. From
the estimates

1 —ms/d gy (m) —¢ —mo
= < —
lg(m,s,0) | = 5 d]m,(;,z)=1 p(d™*| < 5 0ax (077, 07),

where ao(m) = D aim 1, and from
12 log ¢ (ms)| + | log ¢ (2ms) | < 27, m > M,
we see that the series defining log H (s) is uniformly convergent, and, hence,

analytic for s e A. It follows that { (s, u) is analytic on D (u), the analytic
continuation being given by

(6) € (©))H(s) = £ (s, u).
This proves the first part of Theorem 2.
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We shall only adumbrate the proof of the asymptotic distribution of the
number of N (u), since their distribution has already been obtained in [6].
For large « > 0, define functions S(z) and T (z) by

S(x) = anSz 1 and T($) = anﬁz (1 - n]/x)
Then for + > 1, we have the integral representation
(1) T(@) = af o) Egsds
‘We now use the representation (6) of ¢ (s, u) to deduce from (7) that

T(z) = H(1)q f Vf_(j_q__:—: ds + O(z(log z)"” ' log log z),

where @; is a horseshoe-shaped contour running counter clockwise about
s = 1. We then deduce that

Sx) = H(l)"f@ (s — 1) 'ds + 0 (z(log z)°" " log log @),

where @, is a loop running counter clockwise about the line (— «, 1]. Ob-
serving that

n[ 2 (s — 1) s = 2og )" /T ),
Ca
we have the result stated in Theorem 2.

TueoreM 3. Let q be an odd prime. For each integer k, 1 < k < q — 1,

choose real numbers w, > k~'. For each prime p, define real numbers u, by
Up = U if p =k (mod q); and let w = (ug, us, -+-). Then if

&) = Uy afsis = @B() + iv(x)/n;0 <z < 1} u (0, 1],

where the first union 1is over all positive integers m and over all zeros

p(x) = Bx) + iv(x), B(x) > 0, of all L(s, x) (mod q), ¢ (s, u) is analytic
on
Dy(u) = {s:Re(s) > 0} — &, (u).

Furthermore, the integers N (u) are asymptotically distributed as

2oz L~ e(un, ooy uga)z(log 2)P Mg o oo,
where
Blur, =+, ups) = (i’ + - +ua)/(g— 1) — 1,
and where ¢(us , + - -, Uq_1) 18 a product of L functions raised to various complex

powers.
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Proof. Let (k, q) = 1, ¢ = prime, and define
E = EQ,m,n,s,u) = pn)x@)g(m, s, w)/in(qg — 1),

where g (m, s, u) has its usual definition, and where & is defined by kk = 1
(mod ¢). The argument used in Theorem 2 to continue ¢ (s, %) to D (u) can
be used, mutatis mutandis, to continue ¢ (s, u) to D, (u) in the present case.
The expression

2 n\\ F(l,m,n,s,u)
(8) t(s,u) = L imns, x ))

l,mI,_nI=1 x (modq) (L(2lmn37 X”)

where the innermost product is over all characters modulo ¢, and where
F(l> m, n, s, ’ll,) = Zlqc;}~ E(l> m, n, s, uk)7

provides the aforementioned analytic continuation. The asymptotic distribu-

tion of the numbers of N (u) are calculated in a straightforward manner using

standard properties of L-functions, together with the representation of

¢ (s, u) given in (8).

In Theorems 2 and 3 it was shown that certain classes of perturbed zeta
functions can be continued across the abscissa of convergence of their de-
fining products. Although a complete characterization of such functions has
not been made, the next theorem (Theorem 4) shows that there exist per-

turbed zeta functions, close (in a sense to be described) to the Riemann zeta
function, which have the line Re(s) = 1 as their natural boundary.

TuroreM 4. There exists an element u e U such that u, — 1 as p — « and
d(u) = {s:Re(s) = 1}.

Proof. The idea of the proof is due to Harold G. Diamond, conveyed to
the author in private correspondence. His idea is based on the consideration
of some research in [7].

Let r1, 72, -+ be the sequence of positive rational numbers, where we put
Tm = Gm/bm; Gm, bmeZ". Consider the sequence of complex numbers
{(om + ©m)}m=r, Where o, = 1 — 27" Clearly, every point of the line
Re(s) = 1,t > 0, is a limit point of this sequence. We shall now construct
a generalized prime number system for which p, ~ k log k, k — «, and such
that

t) = I - 0 = )™
has a fractional order at the points (om + ©rm), (6m — trm), m = 1,2, -+,
To do this, define a function & (u), v > 2, by

h(u) = D mes 27/logu) @ — w7 7" cos (r, log u)).

Clearly, h(u) is continuous for v > 2. For z > 2, define

H (x) =/: h(w) du.
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Since H (z) is strictly increasing to « on [2, « ), a unique sequence of real
numbers 2 < p1 < pe < - - is defined by

) pe=H"(k), k=1,2,---.

We now show that the p; defined in (9) satisfy py ~ k log k, k — «, by show-
ing that

(10) H@) = li@) + o(li(z)), ©— .
We have
H(z) = fdu ¥ o m f’ " cos (1, log ) du
2 logu m=tl 2 Tog w
logz 6amu

cos (rmu) du

= li(z) - Yo [
m=1 1
Choose ¢ > 0, and choose M so that

Zm)M 27" < e

og2

Then

Sm %
| Zm>M2—mf &Mdu|<ef

log2 u log2

logz logz

€ du < 2eli (x)
u

for all sufficiently large z. Also, if ¢* = maXi<m<s om, then
logz d,u ) . lO z
ey 2 f " cos (rmu dul < 2° gT _ . ’
| > 1<men @ w| < 2 log fog ® o (li(x))
since o© < 1. It follows that (10) holds; and, consequently, pr ~ k log ,

k— .

Define a function ¢, (s) by
e(6) = I (0 — )7,
where the py are given by (9). For Re(s) > 1,
(11 log £5(s) = — 2imalog (I — pi’) = i pi” + ®u(s),

where ®;(s) is analytic for Re(s) > %. Since H (z) is a strictly increasing,
continuously differentiable function of z, so is H ' (z). Thus, we may apply
the Euler summation formula to the evaluation of Y i p:°. We obtain

St = [ o dt [ L ()@= Wl - ) du+ i

Re(s) > 1,
where we have put
Pu = H—l(u)) w2 1.

Make the substitution 4 = H (y), and let ¢ > 2 be the real number such that
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1= H(). Then

Z;;l p?

2) = [y H@a+ [ (- EE) - HV - D

. +ip°,
= [ vH@ ay+ 20
where &, (s) is analytic for Re(s) > 0.
When s > 1, we may evaluate the integral f v H (y) dy

termwise, obtaining

© » 0  —s © . w© . mlO
fcyH'(y)dy= Y _ gy — > 2 fcy ”"‘Mdy

¢ logy m=1 log y

R A = ® ey €O8(rmv)
=f ve”'dv-—z2"’f e " 2 gy

loge m=1 loge v

where we have made the substitution y = ¢’. Thus,
f y"H' () dy

= —log (s — 1) + &u(s) — Tia2 " Re { [~ o7
(13) oge
cexp (= (s — om — Tru)v) dv}

= — log(s — 1) +@s(s) + 2m=127""log ((s — om)* + 7m) + 4 (s),
where ®; (s) and ®,(s) are entire functions of s. Combining equations (11),
(12), and (13), we have for s > 1,
log {p(s) = — log (s — 1) + 2me12 " log ((s — o)’ + 7h) + &s(s),
where ®;(s) is analytic for Re(s) > 3. Hence, for Re(s) > 1,
() = = 17 ITnm (5 = o)’ 4+ 1) exp @s(9)).

But this representation of ¢, (s) shows that it cannot be continued across the
line Re(s) = 1. This proves Theorem 4.
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