SOME FINITE DIFFEOMORPHISM GROUPS

BY
Epwarp C. TurRNER

The group of isotopy classes of diffeomorphisms of a smooth compact mani-
fold M (denoted by D (M)) is generally large and very hard to compute, even
for simple manifolds. In this note we describe a class of manifolds M (com-
pact, simply connected and without boundary) for which © (/) is finite: the
proof, however, gives no effective way to determine its order. The conditions
defining the class depend only on the homotopy type of M minus a point,
M — my, and included are manifolds whose homology requires arbitrarily
many generators.

We say that M is spherical if M = m, is homotopy equivalent to a wedge of
spheres St \/ ... \/ 8% Poincaré duality implies that ! is even and
that if 8% ** appears in the wedge, so does " ™*™*: thus | = 2m and

M — mpe S8\ oo\ SFntlyy GR D\ L\ ginhm—D)H

and we say M is spherical of type (ky, -, km ; n). The (m 4+ 1)-tuple
(o, - ykm;n)is admissibleif 1 < k; +1 < n/2 (g0 ki < n — k; — 2),
15 n#k;# 2 (mod 4) for all ¢, and none of the following can be expressed
as linear combinations of {k;, ---, ks} with non-negative integer coeffi-
cients: k; (other than the trivial k; = k), n — 1 and n — 2. (The condi-
tion n # k; ¥ 2 means there are no spheres of dimension 3 (mod 4) in the
wedge.)

TuEOREM. If M s spherical of admissible type, then D (M) is finite.

Remarks and examples. (1) A spherical manifold of admissible type is
1-connected since k; = 1 for all <.

(2) If m = 0, M" is homotopy sphere, whose diffeomorphism group is
known to be finite.

(3) If m = 1, we need only that » — 1 and n — 2 not be multiples of k,
and the mod 4 conditions. This includes many of the products 87 X 8¢
whose groups are known. Also included are many “homology tori”
(Hx(M) =~ H4 (8" X 8%)) for which the Hurewicz homomorphism is onto
in both dimensions p and ¢ (see Remark 6); e.g. p-sphere bundles over
g-spheres which admit cross sections.

(4) There are many examples of admissible (m -+ 1)-tuples: e.g., let
P = Di -+ Pm be a product of odd primes and k; = 4(p/p;:), n = 3 (mod 4);
or k; = 3(p/p:) and n be a multiple of 12.

(6) Every (m -+ 1)-tuple corresponds to at least one spherical manifold:

(Sk1+l X Sn—k;—l) Koo K (Sk,,.-i-l X Sn-k,,.-—l)
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is spherical of type (1, - -, km ; n). In general, if M and M’ are spherical
of type (k1, *++ , km ;n) and ki, -+, km ;n) respectively, then M % M'is
spherical of type (k1 , --- o For, v ,k,',.' ;).

(6) An algebraic characterization of spherical manifolds is that the
homology be free and the Hurewicz homomorphism be onto in all dimensions
less than n. There is then a natural map of a wedge of spheres into the
manifold which induces an isomorphism on homology: by the Whitehead
theorem, it is a homotopy equivalence.

Proof of the theorem. We proceed into two stages: let 3¢ (M) be the group
of (homotopy classes of) homotopy equivalences of M and ©" (M) be the
kernel of the forgetful map

Then we show that 3¢ (M) and D" (M) are finite by fitting them into exact
sequences whose other terms are finite. We make use of Hilton’s formula
[1] for the homotopy groups of a wedge of spheres:

Tp+1 (Skl+1 A\VAREEIAV/ S’"H) = @q Tt (Sq+1)

for ¢ of the form ¢ = Y a; k;, a; a non-negative integer. In particular, this
group is finite unless there is such a ¢ = p or an odd ¢ such that p = 2¢. In
what follows, (k1, - -, ki), I = 2m, will come from the admissible (m + 1)-
tuple (k1, *+* , km ;n) DY kmys = n — ki — 2for1 = ¢ = m. Then in the
admissible case, there are no solutions in non-negative integers a; of

ki = Zj,ﬁajkj, 1 éi)jél’
n_1=zja,~k,~, 1§7';.7—S-l

(To see this, start with the observation that since n/2 < k;if m < j £ I, at
most one a; can be nonzero in this range and can be at most 1.) It follows
that for a spherical space M with admissible type, =, (M — mop) and
Tn—i;—1 (M — mo) are finite and mp,4a (M — mo) is the direct sum of a finite
group and Z, corresponding to w41 (8**).

Step 1. 3¢(M) is finite. 3¢(M) is a natural subgroup of the semi-group
[M, M] of homotopy classes of maps of M to itself which fits into the exact
sequence corresponding to the coexact sequence of spaces.

M—-—my—M-—>M/M — m==8"
namely
(M) — [M, M]— [M — mo, M].

Since M is 1-connected, [M — mo, M) >~ [M — mo, M — my] which is just
@t w1 (M — mp)

(as a set, not as a group). Using Hilton’s calculation and the assumption of
admissibility, this sum is finite except for the image of

@ 5-1 Thi+1 (Sk‘ﬂ) ~ Zl.
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However, any homotopy equivalence will have to have =1 in each direct
summand—this can easily be seen by considering the induced automorphism
on homology groups and recalling that the k; are distinct. Therefore the
image of 3¢ (M) in [M — m, , M] is finite.

To see that =, (M) is also finite we consider the homotopy exact sequence of
the pair (M, M — mp):

Ta (M — mo) — ma (M) -2 w0 (M, M — mo).

ma (M — my) is finite by Hilton’s result, so it suffices to show that a is the zero
map. If not, then from the diagram

wa(M) =2 7o (M, M — m0)

W e
H,(M) — H.(M, M — my)

there is a map f: 8" — M" such that f«([S"]) = k[M"] for some nonzero k.
(The isomorphism in the diagram follows from homotopy excision [3; p 484]
and the fact that M is 3-connected.) Then

@) n[8™) = co kM] = k(ca[M]).
Since f*(¢) = 0 (it lies in a zero group) if 4 ¥ n, and by Poincaré duality,
every element of H;(M) is of the form ¢ n {M"], H;(M) is pure torsion: as

this is impossible for spherical M, a is zero. Therefore m, (M) is finite.
Although the sequence

wa (M) 2 (M, M] B (M — mo, M)

is not an exact sequence of groups, for each fe[M — my, M], the set of

g ¢[M, M) such that 8(g) = fis in (1 — 1) correspondence with , (M ).
Restricting to

o (e (M) — (M) — BB (M),

we conclude that 3¢ (M) is finite.

Step 2. D" (M) is finite. In [4], it was shown that D" (M) is a homomor-
phic image of $[{M X I] (the homotopy smoothings of M X I is in [5]) which
fits into an exact sequence:

bPpie — SIM X I — [ZM, G/0].
Since bP, 42 is always finite, it suffices to show that for spherical M of admissi-
ble type, [ZM, G/0] is finite. From the coexact sequence
SM — mp) —» (M) - 8"
we have
mu41(G/0) — [ZM, G/0] — [2(M — myo), G/0]
and the last term is just
®@m(G/0).
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where [ runs over the values k; + 2 and n — k;. Since 7;(G/0) is finite un-
less I = 0 (mod 4) and the conditions of admissibility preclude this possibility
for I of the form k; + 2, n — k;orn + 1, [EM, G/0] is finite.
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