THE AUTOMORPHISMS AND CONJUGACY
CLASSES OF LF(2, 2")

BY
JosepH B. DENNIN, JR.

1. Introduction

Let I" denote the 2 x 2 modular group; that is, the group of 2 x 2 matrices
with integer entries and determinant 1 in which a matrix is identified with its
negative. Let I'(n) denote the principal congruence subgroup of level »; that is,
the subgroup of I" consisting of all matrices congruent mod # to +1 where I is
the identity matrix. A subgroup G of I' is called a congruence subgroup of level
n if G contains I'(nr) and » is the smallest such integer. Let LF(2, n) =
SL(2, n)/ +1 where SL(2, n) is the special linear group of degree two with co-
efficients in Z,, the integers mod n. Then LF(2, n) is isomorphic to I'/T'(n).
The congruence subgroups of I and hence the groups LF(2, n) play an impor-
tant role in the study of elliptic modular functions and so the structure of both
I' and LF(2, n) have been studied in some detail (cf. the bibliography for some
examples). In particular, in [5] D. McQuillan determined the automorphisms
of and explicit representatives for the conjugacy classes of LF(2, p"), p an odd
prime. In this paper, we determine explicit representatives for the conjugacy
classes of LF(2, 2") in Section 2 and determine the automorphisms of LF(2, 2")
in Section 3.

The following notation will be standard. H, = LF(2, 2"). An element A4 in
H, will be written +(a, b, ¢, d). ¢% will denote the natural homomorphism
from H, to H,, 1 < r < n, defined by reducing all the entries in a matrix in
H, mod 2". K% will denote the kernel of ¢% and it is well known that the order
of K" = 23" if r # 1and 2°""*if r = 1. Let X be a set of representatives,
including 1, for ¥/V? where V is the set of units in Z,.. u will denote an arbitrary
element in X.

2. The conjugacy classes

LF(2, 2) has order 6 and LF(2, 4) has order 24 and the representatives of the
conjugacy classes in these groups are easily obtained by listing the elements and
calculating. For LF(2, 2), one has +1, +(0, —1,1, 1), +(0, 1, —1, 0); for
LF(Q2,4),onehas +1, +(1,2,0, 1), +(0, 1, —1,0), +(1,1,0, 1), +(0, —1, 1, 1).
So we consider H,, n > 3. The following result, analogous to Lemma 1 in [5]
will be useful.

LeMMA 1. Let N, be the number of solutions of the congruence

Ax* + Bxy + Cy* = D (mod 2 )
where A, B, C, D are integers, D # 0 (mod 2) and r > 3. Then N, = 2" 3N,.
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Proof. The proof is by induction on » with the case r = 3 obvious. Suppose
r > 3 and (a, b) is a solution to (1) mod 2"~ !, If B # 0 (mod 2), then (a, b)
generates two solutions to (1) mod 2". To see this, consider

Al@a + 27"  + B@a+ 2"'0)b + 2" ') + C(b + 27" 's)> = D (mod 2")

and observe there are precisely two solutions for (#, s) since at least one of @ and
bis odd. So N, =2-N,_;. If B= 0 (mod 2), then (a, b) generates eight
solutions to (1) mod 2. To see this, consider

A@+ 272 + Bla+ 2"%)b + 27"%) + C(b + 2"2%)%> = D (mod 2")
which has two solutions for (¢, s). The eight solutions are then given by
@+ 272t + 271, b + 27725 4+ 27718

where ¢, ¢’ are in {0, 1}. However, these same eight solutions to (1) mod 2" are
also generated by the solutions

(@+27%0b),(@b+2"% and (@+272b+ 272

to (1) mod 2"~ ! and by no other pair (c, d) which is a solution to (1) mod 2"~ *.
SoN,=2:N,_,.

First we will classify the elements of H, — K}. Note thatif 4 = +(a, b, ¢, d)
is in H, — K}, then, by conjugating by +(0, —1, 1, 0) if necessary, we may
assume that b # 0 (mod 2"). Let

s = trace of +(a, b, ¢, d) = +(a + d).
Let N(t, ) = +(1, u, t, 1 + ut) where 2 divides ¢.
THEOREM 1. Suppose A = +(a, b, c,d) is in H,, n = 3, A is not in K},

b # 0 (mod 2") and 2 divides s* — 4. Then A is conjugate to N(t, u) where u is
chosen such that b~ u is a quadratic residue and t is chosen such that

s — 2 (mod 2%).

tu

Proof. We need B = +(y, v, w, x) such that B4 = N(¢, u)B. This leads
to the following congruences (mod 2"):

w=ul(ya -1 + e M
x=ut@wd—-1) + by) )
aw + cx =ty + w + tuw 3)
bw + dx = tv + x + tux O]
1 =yx — ow. %)

(1), (2), and (5) in turn give
by> + (d — a)yv — cv®> = u (mod 27). (6)
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Pick the u such that b~ !u is a quadratic residue mod 2". Then v = 0 and
y = (b~ 'u)!’? (mod 2") is a solution to (6) and with ¢ chosen such that tu =
s — 2, the y, v, w, and x from (1), (2), and (5) also satisfy (3) and (4).

COROLLARY 1. If 2| s, then A is conjugate to exactly one element in N; =
{N(t, u): 8 | t} and the conjugacy class of A has order 3 - 224,

Proof. By selecting the proper sign, we may assume s — 2 and hence ¢ is
divisible by 8 since exactly one of s — 2 or —s — 2 is. By Theorem 1, A4 is
conjugate to some element in N,. If N(¢, u) is conjugate to N(¢/, «’), then by
comparing traces either tu = ¢t'u’ (mod 2") or tu + 2 = —t'u’ — 2 (mod 2").
In the second case, —4 = t'u’ + tu (mod 2") which is impossible since 8
divides ¢ and ¢’. In the first case, reducing mod 8, we see that +(1, &, 0, 1) is
conjugate to +(1, ', 0, 1) in H; which implies that ¥ = »’. But then ¢ =
t’ (mod 2"). So N(¢, u) is conjugate to N(¢', u’)ifand only ift = ¢t'andu = v'.
So A4 is conjugate to exactly one element in N,. To find the elements
+(y, v, w, x) in the normalizer of N (¢, u), use the argument of Theorem 1 and
solve y2 + yvt + v?ut = 1 (mod 2"). This has 2° solutions mod 8 and so by
Lemma 1, 2"*2 solutions mod 2". So there are 2"*! elements in the normalizer
of N(t, u) and 3 - 22"~ * elements in its conjugacy class.

Since there are 2" !N (¢, u) in N,(2"~3 choices for ¢ and 4 choices for u), this
accounts for 3 - 2°"~ 3 elements in H,.

COROLLARY 2. If 4| s, then A is conjugate to exactly one element in N, =
{N(t, 1): 2 || t} and the conjugacy class of A has order 3 - 223,

Proof. Applying Theorem 1 and its proof, we see that with 2 || # and ¢/,
N(¢, u) is conjugate to N(¢’, «') if and only if us’ = 1 or 5 (mod 8) and tu =
t'u’ (mod 2") or uu’' =3 or 7(mod 8) and tu + t'v’ = —4 (mod 2"). By
Theorem 1, A4 is conjugate to N(¢, u) for some ¢, u with 2 {| ¢ and by the previous
comment u can be chosen to be 1. For the normalizer of N(z, u), we must solve
¥* 4+ yut + v*t = 1 (mod 2") which has 2"*! solutions. So there are 2"
elements in the normalizer of N(z, u) and 3 - 2°"~3 elements in its conjugacy
class.

Since there are 2"~ 2 elements in N,, there are 2"~ 2 distinct conjugacy classes
represented here accounting for 3 - 23"~ elements of H,.

THEOREM 2. Suppose A = +(a, b, ¢, d) has s* — 4 = 5 (mod 8). Then A
is conjugate to +(0, —1, 1, 5) and the conjugacy class of A has 2*"~! elements in
it. +(0, —1, 1, ) is conjugate to +(0, —1, 1, ") if and only if s' = +s5.

Proof. Weneedto find B = +(y,v,w, x)suchthat BA = +(0, —1,1,5) " B.
It is sufficient to solve w = —ay — cv, x = —by — dv, yx — vw = 1 all
mod 2" which yield

cv? + (@a—d)yp — b*> =1 (mod 2".
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Since (@ — d)? + 4bc = s> — 4 = 5 (mod 8), b, ¢, and (a — d) have to be
odd. Then cv? + (@ — d)yv — by? = 1 is solvable mod 8 and so is solvable
mod 2". For the normalizer of +(0, —1, 1, 5), we must solve y? — yvs + v> =
1 (mod 2") which has 4 - 3 solutions mod 8 and so, by Lemma 1, 3 - 2"~ ! solu-
tions mod 2". So there are 22"~ 1 elements in its conjugacy class. The usual
calculations show that +(0, —1, 1, s) is conjugate to +(0, —1, 1, s") if and
only if &' = +s.

Since s is odd, there are 2"~ 2 distinct conjugacy classes with representatives
+(0, —1, 1, 5) accounting for 2°"~3 elements in H,. Any element in H, — K
is conjugate to one of N(¢, ) with 8 dividingzor2 || tortooneof +(0, — 1, 1, s)
since the number of elements in their conjugacy classes is

3. 23n—5 + 3. 23n-—5 + 23n—3 =5- 23n—4

which is the order of H, — K.

Now we must determine representatives for the conjugacy classes in K. Since
K!isnormalin H,and K}, € K/, 1 <r<n -1, K} — K, splits in H,
into complete classes of conjugate elements. K} _, has four conjugacy classes
represented by

£, +(1+2"740,0,1 +2*7%), £(1,227%,2"741) and £(1,271,0,1).

Now consider the following sets of matricesin K} — K}, for2 <r <n — 2:

1 Pmyr,u) = +(1,2u + 277, 27" m, 1 + 227" 2m + 2% *1mu) where
1 <m< 2n—r—1;

Q) Mw,r,u) = +(1, 2w, 2'wu, 1 + 2*"w?u) where 1 < w < 27" and
w,2) =1;

B) Q@ r) = +( + 28 + 27" 2q, 27+ 2r+1 1 — 2" 4 2"*2J) where
1 < a < 2*7""2 and d is chosen so that the determinant is +1;

4 D(x) = +(x,0,0,x ) where 1 < x <2"and x = 1 (mod 2), x # 1
(mod 2'* 1),

To see that an element in one of these sets is not conjugate to any element in
a different set, reduce mod 2"*2 and observe that in K'*2 — K'12 their images
belong to the sets corresponding to the original sets. Then a straightforward
calculation shows that these images are not conjugate and so the original
elements could not be conjugate.

PROPOSITION 1.

element order of conjugacy class
i) D(x) 3.3
() QO(@a,r) 22n=2r=3

(i) P(m, r, u) 22272073 ifm = 1 or 2 (mod 4)
<224 ifm = 0 (mod 4)
22272 ify = 1or5(mod8)and w = 1 (mod 8)
22207 2r=3  ify = 3 or 7 (mod 8) and
w = 1 or 3 (mod 8)

mm

@) Mw,r, u)

W W wWww
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Proof. (i) =(a, b, ¢, d) is in the normalizer of D(x) if and only if bx = bx ™!
and cx = cx ! (mod 27). Since D(x) is in K' — K", ,, D(x) can be written

+( + 2'u,0,0, u — 2"

where 2 does not divide g and u? — 2*u*> = 1 (mod2"). So x — x~ ! =
2'*1y (mod 2") and +(a, b, c, d) is in the normalizer if and only if 2"~ "1
divides both b and ¢. Since b and ¢ are both even and ad — bc = 1 (mod 2"), a
has to be odd and d = a~ (1 + bc) (mod 2"). So there are 2"*2" elements in
the normalizer of D(x) and 3 - 22"~ 2"~ 3 elements in its conjugacy class.

(i) =+(x, y, w, z) is in the normalizer of Q(a, r) if and only if

2r+1y = 2r+1w (1)
x4 2ty = 2ty + 27 2qp + 2"z (mod 27) ?)
xz —yw=1. 3)

(1) implies that w = y (mod 2"~"~!) and then (2) implies that
x =yl + 2a — 2d) + z (mod 2""""1),

Now solving (3) mod 8 and using Lemma 1, one obtains 3 - 2"* 2" elements in
the normalizer of Q(a, r) and 22"~ 2"~ 3 elements in its conjugacy class.
The proofs of (iii) and (iv) are similar.

THEOREM 3. A complete set of representatives for the conmjugacy classes in
K' - K} 1,2 <r <n—2,is given by:

(i) {D(x)|x # y~*' for any two D(x), D(»)};

() {Q(a, r)};

@iii) {P(m, r, u):ifm = Oor1 (mod 4), then u is arbitrary; if m = 2 (mod 4)
then u = 1 or 3(mod 8)};

iv) {M(w, r,u):if u =1or5 (mod 8), then w = 1 (mod 8); if u = 3 or,
7 (mod 8), then w = 1 or 3 (mod 8)}.

Proof. (i) A conjugate of D(x) has the form
+(cdx — bex ™1, ab(x ™! — x), cd(x — x~Y), —bex + adx 1)

and so D(x) is conjugate to D(y) if and only if x = x ! (mod 2") or ab and
cd = 0 (mod 2"). In the second case, one has y = —x ! since ad — bc =
1 (mod 2"). So D(x) is conjugate to D(y) if and only if y = +x~1.

(i) We show that Q(a, r) is not conjugate to Q(a’, r), @ # a’, by induction
onn — rwherer =n — (n — r). If n — r = 2, there is only one value for a.
For n — r > 2, if Q(a, r) is conjugate to Q(a’, r), their images mod 2"~ ! are
conjugate and so by the induction hypothesis, they reduce to the same element.
Soa’ = a + 2"""3. Butthen

i(xa Y, W, Z) : Q(a’ I') = Q(a,a I‘) : i(x9 Y, W, Z)
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if and only if

y=w+ 2" 2 1)
z=x+ yt 2)
z=x+ wt ?3)
w=y+ 2" )

all mod 2"~"~1, where ¢ is odd. Then (1) and (4) imply z = x (mod 2). If x
and z are even, then w and y are even which contradicts xz — yw = 1 (mod 2");
if x and z are odd, (1) implies that y = w + 2"7""2 (mod 2""~1) and (2) and
(3) imply that y = w (mod 2"~"~') which is a contradiction. So Q(a, r) is not
conjugate to Q(a’, r).

(iii) Direct calculation shows that distinct representatives for conjugacy
classes with representatives of the form P(m, r, u) are given by P(1,n — 2, 1),
P2,n—2,1), and P(2,n — 2,3) in K!_, — K%_, and by P(l,n — 3, u)
and P(4,n — 3, u) withu = 1,3,5, or 7and P(2,n — 3, u) withu = 1 or 3
inKi_ 5 — Ki_,. Assumer < n — 4. For a fixed 4,

+(a, b, c, )P(m, r,u) = P(m', r,u) - +(a, b, ¢, d)
if and only if

2bm = (2 + u)c 1)

Q2+ wa+ 2" bmu + 2) = (u + 2)d ¥))

2dm = 2m'a + 2" 'm'c(u + 2) 3)

Q2 + we + 27 dm(u + 2) = 2bm’ + 2dm’'(u + 2), 4

all mod 2"~". Suppose m — m’ # 0 (mod 2""~!). Then (1) and (4) imply
that b = 0 (mod 2") and (2) and (3) imply that a = 0 (mod 2"). Therefore
ad — bc = 0 (mod 2"), a contradiction. Assume that if m (respectively m’) = 0
or 1 (mod 4), then u(u’) is arbitrary and if m(m’) = 2 (mod 4), then u(u’) = 1
or 3 (mod 8). If P(m, r, u) is conjugate to P(m’, r, u’), then their images under

", are conjugate in H,,; and so u = u’ (mod 2"*3). Therefore u = u’
(mod 8) and so # = u’. Therefore, by the first part of the argument, m = m'.

(iv) One argues as in (iii) showing that if M(w, r, u) is conjugate to
MW, r, u), then w?u = w'?u’ (mod 2"~") and then applying @7, , to see that
these elements are conjugate if and only if they are equal.

Now since all these conjugacy classes are distinct, one uses Proposition 1 to
show that the number of elements contained in the union of these classes equals
the order of K" — K", which is 7-23"73 73, {Q(a, r)}, {D(x)}, {P(m, r, u):
m = 2 (mod 4)}, and {P(m, r, u): m = 0 (mod 4)} each contribute 3 - 23# 7373
elements; {M(w, r, u): u = 1 or 5 (mod 8)}, {M(w, r, u): u = 3 or 7 (mod 8)},
and {P(m, r,u): m = 1 (mod 4)} each contribute 3 - 23"73"~* elements. Adding,
one gets 7- 33" 73773 elements as desired.

Finally we give representatives for conjugacy classes in K7 — K3.
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ProOPOSITION 2. In K} — K3, a complete set of representatives for the distinct
conjugacy classes is {P(m, 1, u): if m = 0 or 1 (mod 4), then u is arbitrary; if
m = 2 (mod 4), thenu = 1 or 3 (mod 8)}.

Proof. The order of K¥ — K7} is 3 - 23"~ % and calculating as in Proposition 1
and Theorem 3, we see that the number of elements obtained from conjugacy
classes represented by the P(m, 1, u) is 3-23""° and that these classes are
distinct.

Note that there are no Q(a, r) and D(x) elements in K{ — K} and that the
M(w, 1, u) give the same classes as the P(m, 1, u).

3. The automorphisms

The elements S = +(1, 1, 0, 1) of order 2"and T = +(0, —1, 1, 0) of order
2 generate H, and ST = +(1, —1, 1, 0) has order 3. Aut (H,) =~ H, since H,
is isomorphic to S;. Suppose n > 2. The center of H,, is

{1 +2"71,0,0,1 + 2"°Y), +1}

and so the group I, of inner automorphisms has order %|H,|. Let U; =
+(u;, 0,0, 1) for u; € X, u; # 1. Then f(B) = U,BU; ! is an automorphism
of H,, not an inner automorphism, and f? is in I, since f} is the inner auto-
morphism given by +(u;, 0,0, u;!). For n =2, let G, = I, u fiI,. The
following will show G, = Aut (H,). Forn > 3, 1let G, = I, u fiI, U f31I, L
f3I,. Then G, is a subgroup of Aut (H,) of order 2|H,|. This follows from the
facts that I, is a normal subgroup of Aut (H,) and so is normal in G, and that
(fif)(B) = A-f(B)- A~" where uu; = wa®and 4 = +(a,0,0,a™").

LemMA 2. If o is an arbitrary automorphism of H,, n > 2, there is an auto-
morphism < in G, such that

10(S) = N, 1), w(T) = (0, b, ¢, 0)
wheret = 0 (mod 4) and c + bt = +1. If n > 3, thent = 0 (mod 8).

Proof. Since o(S) has order 2", there exists an inner automorphism which
sends o(S) to N(¢, u;) for some ¢, u; where 4 | ¢ since {N(¢, u): 4 | ¢t} is a com-
plete set of representatives for conjugacy classes of elements of order 2". If
n > 3, by Corollary 1, ¢ can be chosen so that 8 | z. But then

SN w)) = £(1, uf, tu?, 1 + tu;)

which is conjugate to +(1, 1, fu;, 1 + tu;). So there is an element p in G, such
that po(S) = +(1, 1, ¢, 1 + ¢) for some t. Now po(ST) has order 3 and so
trace 1 while po(T) has order 2, is not in K}, and so has trace 0. Let po(T) =
+(a, b, ¢, —a). Then the trace of pa(S)pa(T)is ¢ + (b — a)t = *+1 (mod 2")
so that ¢ is odd. By a simple calculation for LF(2, 4), there exists an m such
that

N(@, )™ "po(T)N(, D™ = +(0, b, ¢, 0) for some b, c.
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Now K} _, is a characteristic subgroup of H, since it is the only normal sub-
group of H, of order 8 so the proof can proceed by induction on n. Since po
induces an automorphism on H,_,, one uses the induction hypothesis and then
comes back up to H, to get

N@, D)7"po(T)N(, 1) = *(a, b, ¢, —a)

where a = 0 (mod 2"™*). If a = 0 (mod 2"), we are done. If a # 0 (mod 2"),
then conjugate by N(¢, 1)>"™" = +(1,2""1,0, 1) to get

N(@t, ) "2 "pa(T)N(t, 1)t = (@ + 2" ¢, b,c, —a + 2" '¢)

= %0, b,¢,0)

since ¢ is odd. As seen earlier in the proof, since the image of ST has trace 1,
¢ + bt = +1 (mod 2%).

If t = 0 (mod 2"), then 7o is the identity and so o € G,. Suppose ¢ = 0
(mod 2%) but ¢ # 0 (mod 2°*!) where 3 < v < n — 1. We set v(t) = v and
make the following definition.

DerINITION. A mapping p of H, has weight v if p(S) = N, 1), p(T) =
+(0, b, ¢, 0) where ¢ + bt = +1 (mod 2") and v(¢) = v.

To determine the automorphisms of H, we use the following unpublished
fact communicated to us by J. G. Sunday.

LEMMA 3. A presentation of H, is given by generators A, B and relations
A* = B? = (AB)® = (49BA'°B)? = 1 where 5¢ = 1 (mod 2").

Reduced mod 4, N(¢, 1) and +(0, b, ¢, 0) with ¢ + bt = +1 (mod 2") and
8 | t generate H,. Therefore, using Theorem 8 of [1], one sees that they generate
H, With 4 = N(t, 1) and B = +(0, b, ¢, 0), the relations 4*" = B* =
(AB)® = 1 are easily seen to be satisfied. So p is an automorphism of weight v
if and only if (49B4'°B)? = 1.

THEOREM 4. For n > 17, there are no automorphisms of weight <n — 5 and
all mappings p of weight >n — 4 are automorphisms. For n = 6, 5, or 4, all
mappings of weight >n — 3, n — 2, or n — 1, respectively are automorphisms.

We do the proof for » > 10 and indicate the necessary modifications in the

calculations for the cases of smaller n. First we find b and c¢ specifically.

LEMMA 4. For n > 10 and mappings of weight >n — 5, for n = 8 or 9 and
weight >n — 4, forn = 6 or 7 and weight >n — 3 andforn = 4 or 5 and weight
>n—2,b= (@t — 1) and c = £(t + 1). For n =9 and weight = n — 5
and for n = 7 and weight =n — 4, b= +(t — ) and c + £(1 + t — t?).
Forn = 8andweight =n — 5,b = +(t — 1 + 2" Yandc = +(1 +t — t3).
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Proof. Consider
¢+ bt = +1(@mod?2") and bc = —1 (mod 2%).

Then +b — b* = —1(mod 2"). Let b = 2r + 1 and t = 2" 5x for some
r, x. Then one has

+2r + 1 — 2" 3p2x — 2" 3x — 2" "x + 1 =0 (mod 2").
Consider the plus value and note that if n» > 10, then 8 | (r + 1). So one has
2(r + 1) — 2" 5x = 0 (mod 2").

So r = 2" %x — 1 (mod 2"~ !) which implies that b = 2" 5x — 1 = ¢t — 1
(mod 2%). Thenc = 1 + ¢ (mod 2"). Similarly for the minus value, one gets

= —(t—1)(mod2") and ¢ = —(1 + t) (mod 2").

So the proof is done for » > 10 and mappings of weight >n — 5. By appro-
priately modifying the form of ¢, the other cases are done in an analogous
fashion.

As in [5],
r r+ 1\, r+1 r+ 2\ .,
N@ 1)y = +(1 t 12, t+ 12,
= Q) (73 () (5)
rt+(r:1)t2,1+<r;1>t+(r:2)t2> (mod £3).

THEOREM 5. If n > 8, there are no automorphisms of weight n — 5 and any
mapping of weight >n — 4 is an automorphism. Forn = 4, 5, 6, 7, any mapping
of weight >3 is an automorphism.

Proof. Suppose 2" |t* and B = +(0,¢ — 1,¢ + 1,0). This is the situa-

tion unless » = 8 or 9 and weight = n — 5 or n = 7 and weight = n — 4.
Now

canaeny < s (10914 g () 10( ) (1) (9]
s [o=a(3)-(3)):
oo ()11 )
2-1G)+ 3
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I
-

which is not in K7} so that it has order 2 if and only if its trace is 0. But 5¢
(mod 2") and so g can be written as

1 =22 4 2% — o 4 2% (mod 2"
so that the trace of (42BA'°B) is
(—63 — 1/32¢% — )t = 16(t)(—17)/3 (mod 2%

For n > 10 this is congruent to 0 if and only if 2"~* | ¢. For smaller values of ,
the trace is easily calculated from this formula. For the special cases n = 9
and 8, weight = n — 5 and n = 7, weight = n — 4, one uses the form for B
given in Lemma 4 and retains the ¢2 term in A4 to get that:

for n = 9, trace (49BA'°B) = 28 (mod 2°);

for n = 8, trace (49BA'°B) = 27 (mod 2%);

for n = 7, trace (4BA'°B) = 0 (mod 27).
COROLLARY 1. There are no automorphisms of weight <n — 5.

Proof. Since 8 | t, we may assume #» > 8 and for n = 8, the corollary is true
by Theorem 5. If ¢ is an automorphism of weight x on H,, n > 8,3 < x <
n — 5, then ¢ induces an automorphism of weight x = (x + 5) — Son H, 5
which contradicts Theorem 5.

The proof of Theorem 4 is now complete. Using Lemma 2, Theorem 4 and
the following Proposition, one obtains Aut (H,).

PROPOSITION 2. Suppose p, ¢ are automorphisms of H, of weight v, and v,
respectively (v, may equal v,). Then G,p # G,0.

Proof. If G,p = G,0, then p = 1f;,0 for some ¢ an inner automorphism,
fi = +(@;, 0,0, 1). Let p(S) = N(¢t, 1) and o(S) = N(¢/, 1) with ¢ # ¢’. Then

fio(S) = (L uy, t'uy ', 1 + 1)
which is conjugate to +(1, u;, ¢”, 1 + t”) where t"u = ¢’ (mod 2"). But by

Corollary 1 to Theorem 1, N(¢, 1) is not conjugate to N(¢”, u;) and so is not
conjugate to f;0(S). Therefore there is no inner automorphism 7 such that

p = tfio.

THEOREM 6. Aut (H,) = |J, G.p, p an automorphism of H, of weight
>n — 4.
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