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ON THE DERIVATIVE OF A POLYNOMIAL

BY
N. K. GoviL, Q. I. RaHMAN AND G. SCHMEISSER

1. Introduction and statement of results

It is well known that if p,(z) =Y r_, ¢,z" is a polynomial of degree at most
n, then (for references see [16])

(1) max |pi(z)| =n max [p.(2)],

where equality holds if and only if p,(z) is a constant multiple of z". If
p.(z)#0 in |z|< 1, then [11], [5], [2]

n
2 max |p(2)| =5 max |p.(2)| -
On the other hand, we have [18]

n
’ = —
(3) max |pi(2)| =5 max |p. (2)|

if p,(z) is a polynomial of degree n having all its zeros in |z|=1. Hence in
(2) (as well as in (3)) equality holds for all polynomials p,(z) of degree n
which have all their zeros on |z]|=1.

Inequality (2) can be replaced [12], [9] by

n
@) max |pi(z)| =3 max |p.(2)|

if p,(z)#0 in |z| <K, where K> 1. Here, we have equality if

(5) Pn(Z)=CO{1+(:) % ze ™ +- - +<:> El;(ze“‘)"+o . .+_I_<1_n(zeia)n} )

Besides, it can be shown that if a polynomial p, (z) of degree n having all its
zeros in |z| =K >1 is not of this form, then strict inequality holds in (4). In
other words, there is equality in (4) for p,(z)=Yr_0cz"#0 in |z|<K
(K>1) if and only if |c,/co|=n/K.

Now let us consider the following problem. Given that the polynomial

fa(z)=20-1a,2"
is univalent in |z| <1 how large can (max_, |f4(z)|)/max. -, |f.(z)| be? We

may apply (4) to the polynomial p,_,(z)={f.(z)/z =:Y"_% c,z* which is of
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degree n—1 and does not vanish [10] in
6) |z| <2 sin 7/n.

However, this cannot lead to a sharp estimate of (max_,|f%(2)|)/
maxlzl=l lfn(z)l Since [3]a [4]

2
o al_|e2|22Y2 o)
Co a;
whereas, in general [6, p. 319]
Cq a, - w
' 2= 122 =2 cos ——.
7) Co a, cos n+3

We would do better if we knew the improvement that can be obtained in (4)
when |ci/co| is given to be =cn/K where 0=c=1. Given that p,(z)=
Yr_0c,z”#0 in |z|<K (K>1) it is indeed desirable to know the depen-
dence of

(8) (g}gg{ Ipa(z)l)/g}ggc lpn ()|

on the coefficients ¢g, ¢4,...,¢, (1=m=n). It is clear that these coeffi-
cients are not quite arbitrary. For example, if

n

pa(z)=Y ¢,z"#0 in |z|<K,

v=0
then |ci/col =n/K,

2

n(n—1c¢, n?

K2
n2

1

© (n—1)

2K?* ¢, K? (c1)2 -

Co Co

The latter relationship is not obvious but can be proved as follows.
The polynomial p,(Kz)#0 in |z] <1 and hence by a result of Dieudonné
[7],
pn(Kz) n
p(Kz) 1 °
e(2)
where ¢(z) is analytic and |¢(z)|=1 in |z| < 1. Thus, if ¢(2) =Y"_, v,z" then

Y ve, (Kz)' ™ "
v=1
K= I 1
Y c(Kz)¥ z———=——
v=0 'YO 1+ Z 1‘: zv
v=1 Yo
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or

2
Kﬁ+K2{29—(91> }z+° . =—ny0{1+(11+y0)z+~ - }
Co Co \Co Yo

Comparing coefficients on the two sides, we get

Cy
K— = _n709
Co

c c.\?
KZ{Z-C'Z— <-C_1> }= —n(y, +v93).
0 0

Since |@(z)|=1 in |z|<1, we have [13, p. 172, exercise # 9] |yo|=1,
lva]+|vo/?=1, and therefore

ﬁ=£| |<_r.l_
Co KVl =ge
o R - ()£
n(n—1)c, n>\co —n "¢y \co n? \¢
K?|c. |2
=lyl=1-|yvfP=1-—= |2} .
|71l |’Yo| 2 o

Inequalities (10), (11) below give respectively, the dependence of (8) on
le1/col and on ¢, ¢4, Cs.

THeOREM 1. If p,(2)=Y1_( 2" is a polynomial of degree n having all its
zeros in |z|=K =1, then
n lcol+K? |c|

’ S .
(10) max |pi(z)|=n T K og 72K [c)] 12X P (2)] 5

furthermore
11
, n A-ADA+K2AD+K(n—1) |u—2?
X P =T T K+ K2+ K AD + K(n— D) | 1% et P2
where
2

(12) a=Xa 2K o

n Co n(n—1)c,

It follows from (9) that the quantity appearing on the right hand side of
(11) is, in general, smaller than the one appearing on the right hand side of
(10).

Equality in (10), (11). For even n, equality holds in (10) for

1 . . ) . .
pn(z)=co X" (ze™ + Ke*™)"?(ze™ + Ke )2 = Co{l +_I% (cos a)ze™ +- - } ,
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where y and a are arbitrary real numbers. Whether n is even or odd,
equality holds in (11) for

1 — (n—n)/2
(13) pu(2)=co—(z +K)”l<z2+2Kzu+K2>
K n—n,

n 2n n
=Co{1+a-IZ z+{1+(n—2)a2—n__:11 (1—a)2} K 224+ - ] i

and in fact for p,(ze™) for all real v, if n, is an integer such that n/3=n,=<n,
n—n, is even, and

mSasl.
n+n,
The hypotheses n,=n/3 and
23n1—n23n1—n
n+n, 2n

make sure that max,,|—, |p.(z)| and max,,_, |p;(z)| are both attained at z = 1.
Hence

maqup;,(zn n1(1+2K"“ n1+K2)+(n nl)(1+1<)(1+1<"“ n’“)
z|= —ny
{nla)lclpn(z)l (1+K)(1+2K"“ :1+K2>

z|= il (3}

This is easily seen to be equal to

n A=ADA+K2]A)+K(n—1) |u—A?
1+K(A—-A\DA—K+K*+K|AD+K(n—1)|u—A?

since for our polynomial A =a and

nll{l a’-2(1- a)2 nl}

which is non-negative because we supposed that
= 3 nl —n = 3 nl -
n+n, 2n
It may be mentioned that not all polynomials of degree n (having all their

zeros in |z|= K> 1) for which equality holds in (11) are covered by p,(ze™),
where p,(z) has the form (13).

Coming back to our problem about univalent polynomials, if f5(z)=
a,z+a,z’>+a,z> is univalent in |z]<1, then we may apply (10) to the
quadratic

2=

w—A

p(z2)=a;+a,z+asz?
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which does not vanish in |z|<+/3 and where |a,|=(2v2/3)|a,|, to conclude
that

1+v2
max Ip5(2)|= o max |p2(2)] .

Since f5(z) = zp,(z), we have

max Ip2(2)| =max |f5(2)|
lz|=1 |lz|=1

22 e a2

max |f3(2)| < max (pa(2)|+ p5(2)) =

and the following corollary holds.

CoroLLARY 1. If fi(z) =a,z +a,z*+asz> is univalent in |z|<1, then

(14) max |f5(2)| === max|fs(2)] .

The estimate is sharp and equality holds for

fa(z)= al(z +¥ z2+%z3> .

If p,.(z) is a polynomial of degree n, then q,(z):=z"p,(1/Z) is a polyno-
mial of degree at most n and |p, (z)| =|g.(z)| on |z| =1. Besides,

(15) max |pi.(2)| = n max |p. (2)| —max |q.(2)].

If p,.(z) has all its zeros in |z|=< k <1, then q,(z) has all its zeros in

|z|=1/k =1. Hence we may apply Theorem 1 to g,(z) and deduce from
(15) the following

CoroLLARY 2. If p,.(2)=3"_,c,z" is a polynomial of degree n having all
its zeros in |z| =k <1, then

Icn|+lcn 1|

(16) E}g)f |p£l(2)|2 n (1 + k2)n IC |2 Icn 1| I?Ia)f |pn(z)l’
furthermore
a7

n(1—-|w)(1+k? o))+ (n—-1)k/Q—w?|

max P2 = o oD =k + K2+ k J@]) + (n = Dk [0 mlma"'p"(z)l
where

___1_cn—1 _ 2 Ch—2
(18) “= e’ Yrmooe o
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Like (10), (11), the inequalities (16), (17) cannot, in general, be improved.
Corollary 2 improves upon the estimate [12]

(19) max |p(2)| =

which also happens to be sharp.

An application of (16). If we wish to study the location of the zeros of a
polynomial p,(z)= Y1, c,z° in terms of its norm (cf. [15])

o, | = max |p. ()|

we need some further information about the polynomial in order to get
non-trivial conclusions. Thus, to mention a simple example, the polynomial
p.(z) has at least one simple zero in the disk

lz|s(%_lj_1>1/n’

and this result is best possible as long as the coefficient ¢, is the only
additional information given. In view of the well known Gauss-Lucas
theorem we may apply inequality (16) repeatedly to get the following
analogous result involving |c,|, |c,| instead of |c,|.

CoroLLARY 3. The polynomial p,(z)=Y4_o c,z2” has at least one zero in
1 @=2/0=D) (||, [\ V=D -1/2
2 )
|Co| n

(20) |z|=max {1, ((1 +;l-
As a supplement to (19) it was shown by Govil [8] that if K =1, then for a
polynomial p,(z) of degree n having all its zeros in |z|=K,

(21) ax pi(z)| =

Cq C1

Co Co

Where "pn“ = maxlz|=1 |pn(z)|'

Here we shall give a 31mpler proof of the latter inequality. In fact, it is not
much harder to prove the following more general result.

TueoReM 2. Let f(z) be an entire function of order 1 type T having all its
zeros in Im z=m, where n=0. If

im/2
hy(m/2): =lim su log|f(re | _

and SUP_spex <o |f(X)| = M <0, then

(22) sup |f'(0l=17

—ooTx <

— M

The result is sharp and equality in (22) holds for the function e™ —e™™.
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Inequality (21) can be obtained by applying Theorem 2 to the function
P ( eiz).

Finally, we prove:
TueoreM 3. If f(z) is an entire function of exponential type 7 such that

h(mw/2)=0o =7, then at an arbitrary point x, of the real axis which is not a
simple zero of f(z), we have

(23) SN v o TN )

X=X 2

d
plic)]

where M =sup_..<, <. |f(x)]. The example f(z)=e™ —e " shows that the
result is best possible.

Remark. Notice that

d
| 15001 | =170,

However, the function f(z) =e'™ —ge > with sufficiently small & >0 shows
that under the assumptions of Theorem 3 nothing better than Bernstein’s
inequality |f'(x)|=7M can be obtained as an upper bound for |f'(x)|.

CoroLLarY 4. If p,(z) is a polynomial of degree at most n, then at an

arbitrary point e*® on the unit circle which is not a simple zero of p,(z), we
have

d . .
l-——- |p,. ()] | S'—1~/M2—|p,,(e"’°)|2 where M =max |p,(z)|.
de 0=0, 2 lz|=1

2. Alemma

For the proof of inequality (11) we shall need the following:
LemMma. If f(z) is analytic and |f(z)|=1 in |z|<1, then

_a —|al) |2>+|bz|+|a| (1—|a))
lal(1—lal) |z[>+|bz| +(1~]al)

where a = f(0), b =f'(0). The example

RN N (R

shows that the estimate is sharp.

(24) If(2)|

(zI<D),

Proof. Let us assume that |f(0)| <1 since otherwise the result is obvious.
Choose vy such that f(0)e”™ =|f(0)| and consider the function

1 (@)~ |fO)|

¢ =0 ez =1



326 N. K. GOVIL, Q. . RAHMAN AND G. SCHMEISSER

which is analytic in |z|<1 and satisfies |@(z)|=1 there. Further
_ _f(©)e”
IfOP-1

Hence by a well known inequality [13, p. 167], which is proved by applying
Schwarz’s Lemma to the function

¢(0)

q)(z):=_<p(_2)—cp(0) ’
e(0)e(2)—1
we have
(25) |¢(Z)ISW——=:A(2) (z]<1),
T-Trop At
ie.

e™f(z)—1f(0)|
If(0)] e™f(z)—1

From this an upper bound for |f(z)| can be deduced in precisely the same
way as (25) is obtained from the inequality |®(z)|<|z|. Indeed, e™f(z) lies in
the disk D which is the image of {w: |w|=|z| A(z)} by the Mdbius transfor-
mation

=|z|A(z) (z|<1).

_w—IfO)

CTFOw-1

this leads to the desired result.

3. Proofs of the theorems

Proof of Theorem 1. Since p,(z)#0 in |z| <K, we have [17, p. 33]
np.(2)+(—2)pn(2)#0 for |{|<K, |z|<K,

ie.
np,(z)—zpn(z) # —¢pi(z) for |{|<K,|z|<K.
Consequently,
puz)  |_1
—=|=— for |z|=K.
np,(z)—zpu(z)l K 2
Hence if

Kp.(Kz)

fe)= np,(Kz)— Kzp}(Kz)’
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then |f(z)|=1 for |z|<1, f(0)= Kc,/nc,, so that [13, p. 167]

K
|z|+—
n lco

1

If(z)|= (Iz|<D).

K|c

uinl et ¥
n lcg

|z|+1

Thus in particular

1 n lcg
K? 1

Ipn(z)|= |np.(z)—zpi(z)] (z|=1).

n

If g,(z):=z"p,(1/2), then, on |z|=1, |np,(z)—zpi(2)|=|q4(2)|, and there-
fore

2
145
n

C

Co

C1

Co

lpa(2)l= lan(z)l (z|=1).

L
K21
n

+1

Combining this with the inequality (see for example [9, p. 511])
(26) max (Ip1(2)| +1ar(z)) =<n max |p.(z)]

valid for all polynomials of degree at most n, we get (10).
In order to prove (11), we observe that

2K?%c, (&)2
n(n—1)c,

F@=-nf b=t- -2

ncy
and then we use the lemma to conclude that

A=ADzP+(n—=1) =A% |z +|A| A —[A]
AL A=IAD [P+ —1) [ =A% [z]+ (1= (7]

lf(2)l= (z|<D.

Hence for |z|=1, we have

LA+ =D ]w— A K+ A-ADK? )
KA(I=\D+ (- D w27 K +(1-Apkz 9+

and this combined with (26) gives us (11).

Ipi(z)|=

Proof of Theorem 2. If g(z) is an entire function of exponential type T
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such that

@) g(z)#0 for Imz>-n=0,
1 im/2

(ii) he (1/2) =1lim sup _g_gg(r;ez =0,

(iii) ~ sé]p< |g(x)| =M<,

then ([14], see the proof of (1.7) and in particular p. 592, line 3)
27 lg’(x)|=e™™ |g'(x)—irg(x)] for —oo<x<oo,

If f(z) satisfies the hypotheses of Theorem 2, then the Phragmén-Lindelof
principle ([1, Theorem 1.4.2]; also see [1, Theorem 6.2.4]) shows that
hs(—/2) must be 7 and so g(z):=e" f(Z) satisfies all the three conditions
mentioned above. Consequently, |7f(x)+if'(x)|<e ™ |f'(x)| for —o<x <o
which implies that

Tfx)=1+e ™) |f'(x)] for —co<x<co,

This gives the desired result.

Proof of Theorem 3. Let SUP_wey<w |f(X)| =M <o, Then

F(Z):=f(2)f(_2)—g~

is an entire function of exponential type 7+ 0 and SUP_o.y <., |F(x)|=M?/2.
Besides, F(z) is real for real z. Hence according to a theorem of Duffin and
Schaeffer (see for example [1, p. 215])

4 > M
wror{fer+ 2w lwr b { L] = oy,

From this it follows that at an arbitrary point x, of the real axis where
f(xo) # 0 inequality (23) holds. By continuity, it is true at every point of the
real axis other than a simple zero of f(z).

For the proof of Corollary 4 we have only to note that f(z)=p,(e) is an
entire function of exponential type *=n and hi(7w/2)=<0.
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