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1. Introduction and statement of the main result

Let x=(X,%X5,...,%), ¥=(¥1,¥2,...,¥,) be points of the real n-
dimensional Euclidean Space R" and let x'=|x|"'x be a point in the unit
sphere of R", |x|= (3% x?)"2. Let K(x) be a positively homogeneous kernel
of degree —n, that is

(1.1) Kx)=|x|""K(x'), x#0.
The L'-modulus of continuity of the kernel K is defined by

(1.2) wg(s)= slu|p L IK(x+h)—K(x)| dx, |s|<1.
hilhl=s h2<ix|<4
The L'-modulus of continuity of fe L*(R") is defined by
(1.3) o(f, s)=w(s)= slulp I |f(x + h)—f(x)| dx.
h;lh|=s n

We are going to assume that the kernel K satisfies the following properties:
) L K(x")do=0
1.4

G [ IKGc)llog" [K(x) do <o

If the kernel K is odd we assume the weaker condition
(1.5) (iii) L |K(x")| do <, K odd

where 3, denotes the unit sphere and do its “area” element. Throughout this
paper we shall be concerned with operators defined by

16 ov. [ KG=yfo ay

where K satisfies properties (i) and (ii) in (1.4), or (iii) in (1.5).
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498 CALIXTO P. CALDERON

THeOREM A. Suppose that K satisfies properties (i) and (i) of (1.4), or
property (iii) of (1.5). Let f(x) be a function in L*(R"™). Suppose that the
L*-moduli of continuity of f and K satisfy the Dini condition

1
1.7) j () (s) <o,

0 N
Then
(1.8) limI K(x—y)f(y)dy exists ae.,

e€e—0 —y|>e
and moreover, the maximal operator sup I K(x—y)f(y) dy|=K*(f)
. €>0 x—y|>e
satisfies
d

a9 IBERD>DN0I<S+S2 [ oxoo) L

where Q, denotes an n-dimensional cube and the constants C, and C, depend
on n,Q, and K but not on A or f.

2. Auxiliary lemmas

2.1. Lemma. Let T(r)=0 be a nonincreasing radial function belonging to
L*(R™). Let f be a nonnegative measurable function, locally integrable in R™.
Define the following operators:

(2.1.1) m(f)(x) = smls< ; L(x) f@O)dt, S(x)> Sox),
1 1
@12 mol)= int ot Lm ) dt, Q(x)2386(x),

where the infima are taken over all spheres S(x) centered at x such that their
radii are greater than r, and over all cubes Q(x) centered at x and with edges
parallel to the coordinate axes that contain the sphere of radius ir, about x.
Under the above assumptions, the following estimates hold:

O [ Tide-yay=([ 10D ay)mirco
@ [ Thbe-yay=([ Tl ay)emini

Proof. An integration by parts shows

@1y | Tofe-yay=-T.] T ([ fe-pay)rare
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where T',, stands for the volume of the n-dimensional unit ball. Using the
fact that
1
T o d=me, >
r n Jx—yl<r

(2.1.3) gives (i) directly.
The inequality m(f)(x) = C,my(f)(x), C, depending on n only, gives (ii).

2.2. Lemma. Let f be an L* function and w(t) its L'-modulus of con-
tinuity. Suppose that there exists a continuous function wy(t), defined for t =0,

such that (B) wo0)=0,
(2.2.1) (BB) w"t(t) is nonincreasing,
wo(t) _ @o(21)
(BBB) — = C_2 Pt

Assume also that wq(t) and w(t) satisfy the following integrability conditions:
N dt ! dt
2 @ [w0f<n @) [ oenf<e
1

Then f admits the following decomposition. For each positive >0, there exists
a function f that satisfies:
G |fI<CiA ae.,

(i) f=f on a closed set F; its complement G(\) has measure

o <im+ [f 2D i0-so1 asay]

R"XR"

@ [ - f(y)|“’|°("‘ |Z')d dy

=c(im+ [f treo-ron == aray)

R"XR"

R"XR"

@[] Fo-fore==2 s

sc{ [f trwr-son === g dy+nﬂ|1].

R"x<R"

© | 1P dstsA[llfllﬁ JJ -yl o, dy].

R"xXR"

R"XR"
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Here C,, C,, ..., Cs do not depend on A or f.
Proof. Let us fix A >0 and consider the sets
(2.2.3) GiN)={x;f*(x)>A},  G,(A)={x; B*(x)>A},

where f*(x) and B*(x) stand for the maximal functions of f(x) and B(x)
respectively. The maximal function being used is

2.2.4) A*(x)=sup

1
am Q)| J;2(:0 AW dy

where the Q(x) are cubes centered at x with edges parallel to the coordinate
axes.

The auxiliary function B(x) is defined by

(225) peo=[ 2= gy ay

The exceptional set G(A) is going to be defined by G(A) = G,(A)U G,(A).
Consider a Whitney covering for G (for details see [9, Chapter VI, Section
I]. Thus G is expressed as |JT Q, and the covering possesses the following
properties:

(2.2.6) () QPNQY=¢, i#j.
(aa) diam (Q,)=distance (Q,, F)=4 diam (Q,).
(aaxa) If Q, and Q; are adjacent then there exists two universal con-
stants C; and C, such that C, diam (Q;) =diam (Q,) = C, diam (Q)).
(av) If Q and Q; do not touch, then distance (Q, Q;)=diam (Q,),
s=1i,j.

Our next step is to define f(x):
(22.7) f(x)=f(x) on F,
=w. on Q where u=1/|Q J fdt,
Q.
k=1,2,...,m,...

Clearly, from properties (2.2.6), we have |u,|< CA, with C depending on n
only; hence

(2.2.8) |fl<CA.

Our next steps will be to estimate

j " j ) _“’O_G’Q’le(x)—f(yﬂ dxdy=L B(x) dx+L B(x) dx.

lx—y|*
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Estimate for §z B(x) dx. From the definition of f(x) we get

29 [ Bwan=[ [ @EDy)—fy)layar

+ (Bl | 2D ay)an

. lx—=y"

Using properties (2.2.1) and the fact that x € F we have

210) il | 2= a

<= S _ wO(lx_ykD
=C LI =l 1O ==

=C Z wo(|x — yil)

T lx—wl®

[ Gw-fonay
o8
v [ elx—yD
=C'y - |f(x)—f(y)l dy
1 JQ |x—Y‘
where y, stands for the center of Q.. Taking into account (2.2.9) and

(2.2.10) we get

(2.2.11) J' B(x) dx=(1+C" I B(x) dx

where C” does not depend on A or f.

Estimates for g B(x) dx. Consider

e21) | Beax=[ ([ 2= f0-Folay) ax

" L (L Qf,%l—zlz IFe) = F I dy) dx.

Let us interchange the order of integration in the first term of the right-hand
member of (2.2.12). It is readily seen to be dominated by |z B(y) dy; thus

- = ao(x—
@213 [ ([ 1F0-Foi 2 g) acaren| s ay
G \JF |x—yl F
The second term on the right-hand member of (2.2.12) reduces to
(2.2.14) 2l — J' j Mf;f—l) dy dx.
ik o Jo, |x—vl
Let us fix i and consider the subindices s such that Q, touches Q; and the
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subindices v such that Q, does not touch Q,. First we are going to estimate

(2.2.15) 2l — L L %";ﬁjﬁn dy dx.

From property (2.2.6) it follows that there are at most N different Q, (here,
N depends on the dimension only). Using the fact that |w; — | <2CA we
see that (2.2.15) is dominated by

wolly —x|) _
(2.2.16) Z 2C)\L§ dyj y—xT" | (y) — i (x)| dx

where ¢, stands for the characteristic function of Q,. From properties

(2.2.6) it follows that there exists a factor ! (depending on the dimension
only) such that

(2.2.17) Q, < lQ;

where 1Q; stands for the dialation of Q, 1 times about its center. By this last
remark, we have (2.2.16) dominated by

(2.2.18) 20\ j dyj“’T‘;ffL;'%D | (x) — i (y)] dx

1Q

which, in turn, is dominated by

(2.2.19) 2C)\j @olt) <I|¢i(x)—¢i(x—t)| dx)dt

fi=<dldiam@) "
=2C\ - constant - |Q,].

Consequently, (2.2.15) is dominated by

(2.2.20) Const A|Q;].

Our next step will be to estimate

(2.2.21) I (Z e — u,,|j 9—‘&'—},@ dy) dx.
Q ‘v Q, lx -yl

Now, we shall make use of (2.2.6) (av) and properties (2.2.1) and get the
following estimate for (2.2.21):

(2.2.22) Const Y. T"y('y——f—') J o — £()] dy

v

<Const T L j Ifx)— f(y)l%‘ﬂx—l—fﬂdy

=Const L (I [f(x)—f(y)| || —vD dy) dx.

|n
i
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Inequalities (2.2.20)—(2.2.22) give

wo(' 1) -
(22.23) Gji Foo-Fon S axdy=sc(r (Gul+ [ G0 dx).
By the size of G, and the estimates (2.2.11) and (2.2.13) we obtain (iii) of

the thesis. The other parts are easy consequences of this one and will be left
to the reader.

DEerINITION.  Let ¢(t) denote the function

(f%s-)- ds) B()

where B(t) is the characteristic function of the interval [0, 1]. Let wo(s)
denote a function coincident with the L'-modulus of continuity of K if
0<s=1 and extended for values of s>1, so that properties (2.2.1) and
(2.2.2) (y) are met.

2.3. Lemma. Let f(x), A and f (x) be the functions and the real parameter

of Lemma 2.2. Let ¢(x)=f(x)— f(x). Then it is possible to find a sequence of
cubes {A.} that satisfy:

(i) UT A2 G(A) where G(A) is the set introduced in Lemma 2.2.
(i) Each point in R" belongs to at most N,, different cubes and

T lAd<cPlGn)|

1

where the constants C® and N,, depend on the dimension only.

(i) j le(y)| dy <C@A |Al, k=1,2,..., where C? depends on n only.
A,

k

(W) §¢(|Ak|”")L lo(y)| dy

scs,3>(||ﬂ|1+ [ o=y - sy dxdy)

R"xXR"

where C is independent of A, G(A) and f.

Proof. Consider f, A>0, G(A) and f as introduced in Lemma 2.2 and
é(1), wo(t) as defined above. We shall define the following covering for
G(M): For each xe G(A) we are going to select a cube centered at x, with
edges parallel to the coordinate axes and such that

IGNOX)| _
23.) Q)| (10)
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If Q'(x) is any other cube centered at x such that Q' > Q then

2.3.2) IGnQ]_ (i>"

Q' ~\10

and consequently if Q" is any cube such that Q"> Q(x) we have

(2.3.3) ﬁlg%‘S @)

From (2.3.1) we have, trivially, |Q(x)|=(10)" |G(A)|. Let us divide R" into a
mesh of cubes that are nonoverlapping and have volume 4™(10)" |G(A)|. Call
them J; and consider the sets G(A\)NJ;, j=1,2,...,m,.... Each set
G(A)NJ; is bounded and, moreover, is covered by members of the family
{Q}. Apply Lemma 2a in [5, p. 60] to each set G(A)NJ; and get

o

(2.3.4) U Q¥>GM\)NT,

k=1

Each point of R™ belongs to at most 4" different cubes Q. By construction
we have

(2.3.5) G\ < Lch QY.

Since |Q¥|=4"(10)" |G(A)| =|J,|, each point in J; could be covered by cubes
{Q¥} or by cubes associated with the 3" — 1 neighboring J;. Thus, each point
in R" belongs to at most 4" - 3" different Q. Let us relabel the cubes QY
as A,. By construction, parts (i), (ii) and (iii) are satisfied. It remains to show
@iv).

Let us denote by F the complement of G and by T(|x|) the kernel
wo(|x))/|x|". We have

[ Tx-ylem-emlay= [lei{ [ Ttx-v) dx) dy
(2.3.6) it

R"XR" G

= (Tli)" i Lk le ()| dyL T(|x—yl) dx.

1

If ye A, and ¥(x) denotes the characteristic function of F, we have

@37 [ lewas| Ty ax=[ et ay[Tule—yhweo ax
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where Ti(s)=T(s) if |s|>4diam A, and T,(s)=T(4 diam A,) if |s|=
diam A,. By (2.3.3) and Lemma 2.1 we have

(23.8) L o) dy( [ Tulie—yDe) dx

| =a[ tewi[1- (3Y] L. 2o g

sm=2"
| o ay)(Z5E oA .
A
Combining (2.3.6), (2.3.7) and (2.3.8) we get the thesis.

3. Proof of Theorem A

Let A >0 be a fixed real number and construct G(A) and f as in Lemma
2.2. Define ¢ by

3.1.1) f=f+e.
Let {A,} be the family of cubes constructed in Lemma 2.3. Let Ky(x) be the

kernel that equals K if |x|=1 and is zero otherwise and consider the
truncated integral

(3.1.2) J Ko(x—y)f(y)dy where xeR"— Cl 20A,.
lx—y|>e 1
Clearly, we have

(3.1.3) | U) 204,

(o wollx —yl) _
<A(llﬂ|1+ | =m0 f(y)ldxdy)

R"xXR"
where C, depends on n only. Let 6, (y) be the characteristic functions of the
Ap’s and let 8. (y)
n(y)=———.
) oj(Y)
i=1

Let k’ be the indices of the cubes that do not touch the ball of radius €

about x and let k” be the indices corresponding to the cubes that intersect
the sphere of radius € about x. Let

1
M=o L o (y)me(y) dy.

k

Since (12)™" <mn(y)=1 over A, we have
(3.1.4) |l < CoA
where C, depends on n only. Let ¢(y)=Y7 web:(y). Then |o(y)|<C,12"A.
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Let us write the truncated integral (3.1.2) as

[ Ry ay=F [ Kaemyetymn-mo dy
x—y|>e k' YA,
(3.15) +E [ Ky maldy

+ j | Ko(x —y)o(y) dy.
x—y|>e€
Majorization for ’

Y L Ko = Y@ () me(y) = e ()] dy.

P
We are going to use the fact that ¢(y)n, (y)— w0, (y) has mean value zero
over A,. Let y, be the center of A,. We have

(3.1.6) ;L Ko(x =)o )me(y) — b ()] dy

= kz L« [Ko(x —¥) = Ko(x = yi) L (¥) M (¥) — i ()] dy.

Now consider the expression

(3.1.7) Ml(x)=51f L |Ko(x — )= Ko(x =yl ()] me(y)+lise] 8(y)) .

Clearly M,;(x) dominates (3.1.6).
Majorization for

D] R yMe0)m) - mb} dy
k” Ydx—y|>e

It can be readily seen that for the cubes whose subindices have been labeled
{k"} we have

(3.1.8) A c{y; €2<|x—y|<2e}.

Let vi(x)=|o(y)| mc(y)+|mc| 6 (y) and let v, be the mean value of v, (x)
over A,. Then, we have

(319 |Y j e Ko(x = yXe(y)m(y) — b (y)} dyl

K"

=

< Kol =l (Z ) dy

L2<Ix —yl<2e 1

+3 L IKo(x = 3| (e (y) — 86 (y)) dy

=Const A + ; L |Ko(x = ¥) = Ko(x = yi)| (v () + 11e6ic(y)) dy.
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M) = [ IKalx =)= Kox =3l () + 03 dy.
1 Ja,
Collecting estimates we get

(3.1.10)

T [ IR y)o)mo) - i)} dy| = Const -+ M),

k"

Estimates for the functions M,(x) and M,(x). A calculation using the
homogeneity of Ky(x) shows

1

(3.1.11) j |Ko(x + h) — Ko(x)| dx<Cj
x|>2lh|

h|

wo(t)th if |h|<1/2

where wq(t) is the modulus of continuity of the kernel K as defined in (1.2)
and C is independent of h. By the definition of m (y), pk, ¥ and vy, (g) we
have

[ wway<c| lewiay,

A Ase

(3.1.12)

i 14 =G, [ let] ay.
Aw

Consequently

(3.1.13) j - (M (x) + M,(x)) dx

"—J20A,
1

scnicf 2o 4t [ loty) dy
k=1 A

At

Notice that if |A,|*" > 1/2 then (K, * ¢ )(x) =0 because x € C(20A;). From
Lemma 2.3 and 3.1.13) we get

G114 [BM0+ M@ >Vl < (Il + | antto(0 F).
Let

K¥({)=sup

€>0

[  Kalx=)f) ay|.
x—y|>€
So far we have

(3.1.15) KE¥P=KE({F)+ K@)+ CA + M, (x)+ M,(x).
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Since f and & belong to L? we have

(3.1.16) [EKEP+KE@)> ] =3 (FE+olB

=1+ [ wotvor %)

where C does not depend on A or f. Select a constant L > C,, and evaluate
|[E(KE(f)>LA)|. From (3.1.15) we have

(3.1.17)  |E(KE()> LA|<|E(KF(f) + K§($) + M;(x) + My(x) > (L — C,)A)|
=1 (1 [ wot0or )
T@L-Cy A\ @0 t)

In order to finish the proof consider

(3.1.18) j_| K(x—y)f(y) dy = j K(x—y)f(y) dy

x—y|>1
+j K(x-y)e(y) dy.
x—y|>1

Since f(y) belongs to L2(R,) the first term of the right-hand member of
(3.1.18) does not represent any difficulty. Now let K,;(x) be the function that
equals K(x) if |x|> 1 and zero otherwise. Let us integrate the absolute value
of K, * ¢ over a sphere S centered at the origin and such that diam (S)=
diam (A,) for all k. Let A be the cubes A, such that distance (A%, S)<
10 diam S. For those cubes we have

(3.1.19) L de K3 (x =)l me(y) le(y)] dy
=C,log @0 diam ) | K(eIda[ lo(y)lay.

For the cubes A} such that distance (A}, S)=10 diam S we have

G120 [ ([ IK@-ylnmlemd)

k.

=C, j le(y)| dy I |Ki(x—y)| dx
A, x|<diam S

k

<BoG.(|_lewlay)

where

(3.1.21) Bo= sup IIK(y)l dy
r>8d(S),
r—d(S)<|yl<r+d(S)

with d(S)=diam (S). This finishes the proof of Theorem A.
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