
ILLINOIS JOURNAL OF MATHEMATICS
Volume 35, Number 3, Fall 1991

SOME REMARKS ON COMPLEX POWERS OF (- A)
AND UMD SPACES
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SYLVIE GUERRE-DELABRIERE

Introduction and notations

If X is a Banach space, (f, e’, ) a measure space and 1 < p < +o, we
will denote by Lp(f, X) (Lp(f) if X R), the Banach space of classes of
Bochner measurable functions f from l to X such that

f llf( t)ll d (t) < +

equipped with the norm

Ilfll, fallf(t)ll dtz(t) 1/p

We will also denote by C(R, X) (C’(R) if X R) the space of C-func
tions from R to X such that lim +/- Ilf(t)ll 0, equipped with the norm

Ilfll= sup{llf(t)llx, t R}.

We recall that X is UMD if martingale differences with values in X
converge unconditionally in L2(f, X)where f is any probability space, that
is: there exists a constant C > 0, such that whenever (Mk)k is a bounded
martingale in L2(I, X) and (ek)kr is a choice of signs,

k=l

<C where dk+ Mk+ Mk.

By a martingale, we mean that there exists an increasing sequence of
tr-subalgebras (’k)k r Of ’ such that Ek[Mk/ Mk, where Ek is the
conditional expectation with respect to ’k. It is well known that this
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condition is equivalent to the st-convexity of X and also to the fact that the
X-valued Hilbert transform ’(R) Idx is a bounded operator on L2(R, X).
These results were proved by D. Burkholder [Bu] and J. Bourgain [B1].
We will denote by A the Laplace operator on C(R). We will use the well

known fact that A is a convolution operator and the Fourier transform of its
distribution kernel K is K(x)= -x2 on R.
Here we are interested in the operator (-A)is where s R: in agreement

with theory of complex powers of operator [K], we will define this operator as
the convolution by the kernel K, such that /(x) (x2) on R. We know
by results of E. Stein [$1], [S2] or of R. Edwards and G. Gaudry [EG], that
this operator is bounded on Lp(R) for all p (1, +o). As a consequence of
T. McConnel in [B2] or J. Bourgain [M], it is easy to see that if X is UMD,
then (-A)is (R) Idx is a bounded operator on Lp(R, X) for all p (1, +)
and sR.
Using techniques introduced in [B1], we are going to prove an inverse

property.

Main result

THEOREM. Let 1 < p < oo andX be a Banach space. If (-A)is (R) Idx is a
bounded operator on Lp(R, X) for all s R, then X is a UMD space.

Proof. First of all, we can suppose that p 2 (by using the results of T.
Coulhon and D. Lamberton [CL]).
Then, it is shown in [V] that, under the hypothesis of the theorem,

s --, (-A) is
(R) Idx

is a strongly continuous group and thus the norm of (-A)S (R) Idx is
uniformly bounded for s in compact subsets of R.
We are going to work with the scalar multiplier (x2)gs, x R on L2(R, X).

By the usual transference techniques developed by R. Coifman and G. Weiss
in [CW] which are applicable in the vector valued setting as well by results of
J. Bourgain [B2], if T denotes the torus, we know that the discrete multiplier
((n2)is)n a z is bounded on L2(T, X).
By changing s to s/2 to simplify the notation we can work with the

multiplier ms(n)= In[ ’s and suppose that its norm is less than A for all
s [-1, + 1]. That means that if

f(O) E jeijO L2(T, X)
jz
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and

msf(O) ., ms(j)Ajeij
jz

then

IImfll<,x) AIIfll<,x) for s [- 1, + 1].

To prove that X is UMD, we are going to consider, as in [B1] bounded
X-valued martingales (Mk)k N on TN, associated with the filtration induced
by the coordinates, defined by the inductive rule

mk+l(O1,...,Ok+l ) mk(O Ok) + (]k(O1,...,Ok)@k(Ok+l)

(so that dk+ 1(01, Ok+ ) tk(01, Ok)(k(Ok+ )) with

By an approximation argument, we can assume first that dk 0 for k > k0
and second that the thk- and Ck-functions are respectively X-valued and
R-valued trigonometrical polynomials, namely, for k _< k0,

(k( O l’ Ok ) E
IJll <Lk,1

k(0) E bjeijO, b0=0
IJl <Kk

E aj jk
eijO eijkOk

IJkl Lk,k

where

Kk, Lk,y N for 1 < j < k, 1 < k < k0,

aj,...jk X for IJll < Lk,1,..., IJk[ < Lk,k,

byR forlj[ < Kk, bo-- O.

Then, with this notation we have to show that there exists a constant C
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(independent of ko) such that for all choices of signs (ek)kN, we have

ekdk+l(O1 0k+l)
k L2(TN, X)

<C
k0
E dk+l(O1 0k+l)
k L2(TN, X)

If f is a trigonometric polynomial on T, defined by

f(O) E ’jeijO
Ijl <L

we will denote by sp(f), the set of integers j such that Aj 0.
We are going to use Bourgain’s transform [B1]: For in T, and for a

monotone increasing N-valued sequence (Nk)k r, we can define

k0
F(O) ., t)k(O1 -]" NlO,...,Ok d- Nkl]l)(k(Ok+ "l- Nk+lO) L2(T, g),

k=l

fk($) dPk(O, + N,$,..., Ok + Nk$)CPk(Ok+ + Nk+,$ ) L2(T, X),
k

Sk= .Lk,jN.
j=l

Since b0 0, with this notation, we get

sP(fk) c [-Sk Nk+iKk,Sk Nk+l] kJ [--Sk -l- Nk+l,Sk -l-

The aim is to prove that we can choose s R and an increasing sequence
(Nk)k of integers such that the multiplier m(n)--Inl, n Z, acts
almost like a given choice of sign ek on each fk.

LEMMA 1.
Then

Let tk > 0, S > 0, ek ++_ 1 and choose ek epkzc with Pk N.

Proof of Lemma 1. It is an easy application of the inequalities

[in i
ek le; logln[ eip, <_ pgTr s logln I1

and

[PkZr S loglnl < 6k ** e(p’-)/ < In < e(p’+)/.
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LEMMA 2. There exist s (0,1], two increasing N-valued sequences
(Nk)ke N and (Pk)kN and a decreasing non-negative sequence (ik)kN,
converging to 0 such that

(1)

(2)
(3)
(4)

e 1
tk + -<

2 k + IIfk II=<,
eiPk+l gk+l

INk+ Sk, Nk+IKk q- Ski c [e(pk+lzr-Sl+l)/s, e(Pk+xZr+6k+l)/S],
Nk+ Sk >_ Nkgk_ Sk_ 1.

Proof of Lemma 2. First of all, note that (1), (2), (4) can be verified with

Nk +, Pk +, ’3k 0 sufficiently fast.
The main problem is to deal with (3).
An easy computation shows that (3) is equivalent to

Pk +17r ik+
log( Nk+ Sk )

Pk+17r- tk+_<s <
log(Nk+lKk+S*)

Choose

S
Pk + "- log Nk+ l,

Then, up to negligible terms, the inequalities become

ik+l <s<s log Nk+

s log Nk+ + tk+
log( Nk+ Kk )
s log K,

s
log( Ne+ Kk )

d-
log( Nk+ Kk )

This condition can be realised if and only if

that is,

s log Kg _< ik+l,

tk+ls < log Kk

So, if we choose s less than

then if (Nk) tends to + sufficiently fast, (1)-(4) hold.
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Back to the proof of the theorem. Let e > 0 and (e,), N be any sequence
of signs.

Let us suppose that s, (N),N, (P),N and (,)N are given by
Lemma 2. Then, assuming (1)-(4), we are going to describe the action of the
multiplier m(n)= In i, n Z, on F(@):
With (1)-(4) it is clear that for k < k0,

sP(fk) C [--e(pk+’+k+)/, --e(pk+z’-’k+l)/s

U e(pk+lr-k )/s, e(Pk +fa’--k+)/s ].

Then, we can write

msF() ., ekfk(d/)
k L2(T, X)

k0

+ llf IIL2(T, X) e.
k-1

And then, by hypothesis,

E
k-- L2(T, X)

<- IlmsFIIL2(T.X) + e

<--AIIFIILT.X) + e.

We can integrate this last inequality in/91, ",/9,, Using the invariance of
the measure on T by the transform 0y 0y + Ny@, it is easy to see that we
obtain

k-- L2(TN, X)
<A

k--- L2(TN, X)

or equivalently, . ekdk+
k= L2(TN, x)

<A dk+
k L2(TN, X)

Letting e --. 0 proves the theorem with C A.

Remark. This theorem is also true for some other operators on L2(R, X)
of type T (R) Idx, where T is a convolution operator on L2(R)with "nice"
associated multiplier.

The origin of my interest in complex powers of operators is the paper of G.
Dore and A. Venni [DV]. See also [G] for an extension of their result.
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I am very grateful to B. Maurey who showed me the starting point of this
proof for analytic martingales. I must thank also Y. Raynaud who helped me
to understand this subject and with whom I had a lot of very fruitful
conversations.

I want to mention that T. Coulhon gave me a lot of motivation to work on
this question by his great knowledge of the subject.
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